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1. Introduction. Let (M,g,J) be a connected, n = 2m-dimensional,
m > 2, semi-Riemannian manifold of class C*° with a not necessarily definite
metric g and an almost complex structure J such that

(1) 9g(JX,JY)=9(X,Y), X, YeZ(M),

where =Z(M) is the Lie algebra of C'™ vector fields on M. A manifold
(M, g, J) satistying (1) is called almost Hermitian. The almost Hermitian
manifold (M, g, J) is said to be a para-Kdhler manifold ([12], [13], see also
[10], p. 69) if its Riemann—Christoffel curvature tensor R satisfies the Kédhler
identity

(2) R(X,Y,Z,W)=R(X,Y,JZ,JW), X, Y,Z,WeZ(M).

Evidently, every Kéhler manifold satisfies (2). The converse statement is
not true; see e.g. [13] or [17].

In this paper we consider para-Kéhler manifolds which satisfy curvature
conditions of pseudosymmetric type. In Section 2 we give precise defini-
tions. Pseudosymmetric manifolds constitute a generalization of spaces of
constant (sectional) curvature, along the line of locally symmetric (VR = 0)
and semisymmetric (R - R = 0, cf. [14]) spaces, consecutively. Profound in-
vestigation of several properties of semisymmetric manifolds gave rise to
their next generalization: the pseudosymmetric manifolds. Both the study
of the intrinsic aspect and the study of the extrinsic aspect led to this con-
cept. We have e.g. the following two theorems. Every manifold M which
can be mapped geodesically onto a semisymmetric manifold is pseudosym-
metric. Every totally umbilical submanifold, with parallel mean curvature
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vector field, of a semisymmetric manifold is pseudosymmetric. This concept
of pseudosymmetry in the proper sense belongs to a larger class of curva-
ture conditions of pseudosymmetric type. For more detailed information on
the geometric motivation for the introduction of pseudosymmetry, and for
a review of results on different aspects of pseudosymmetric spaces, see e.g.
[6] and [16]. We just mention here the following application. Curvature
conditions of pseudosymmetric type often appear in the theory of general
relativity, which is rather surprising in view of the purely geometrical origin
of the concept. For more information on this aspect see e.g. [3].

2. Preliminaries. Let (M, g) be an n-dimensional, n > 3, semi-
Riemannian connected manifold of class C*°. We denote by V, S and
the Levi-Civita connection, the Ricci tensor and the scalar curvature of
(M, g), respectively. We define on M the endomorphisms R(X,Y), X AY

and C(X,Y) by

R(X,Y)Z =[Vx,Vy]Z = Vixy1Z, (X NY)Z =g(Y,Z2)X — g(X, 2)Y,

- - 1 - -
C(X,Y) =R(X,Y) + n_2<nf XY - (X/\SY—i—SX/\Y)),
respectively, where X,Y,Z € Z(M), Z(M) being the Lie algebra of vector
fields on M, and the Ricci operator S of (M, g) is defined by S(X,Y) =
9(X,8Y). The (0,4)-tensor G is defined by

G(Xl, e ,X4) = g((Xl AN XQ)X37X4).

The Riemann curvature tensor R and the Weyl curvature tensor C of (M, g)
are defined by

R(X1, X2, X3, X1) = g(R(X1, X2) X3, X4),
C(Xb X2a X37 X4) = g(év(Xla XQ)X?M X4)
Further, for a symmetric (0, 2)-tensor field A on M, we define the endomor-
phism X Aq Y of Z(M) by (X AaY)Z = A(Z,Y)X — A(Z,X)Y, where
X,Y,Z € Z(M). Evidently, we have X Ay Y = X AY. For a (0, k)-tensor
field T on M, k > 1, and a symmetric (0, 2)-tensor field A on M, we define
the (0, k + 2)-tensor fields R - T and Q(A,T) by
(R : T)(Xb s Xka X7Y) = = T(ﬁ(X’ Y)X17X27 s 7Xk)
— = T(Xy, . X1, R(X,Y) X),
Q(AvT)(Xl) L) Xka X7Y) = = T((X NA Y)X17X27 s 7Xk)
— =T Xy, X1, (X AL YY) X).
Curvature conditions involving tensors of the form R - T and Q(A,T) are
called curvature conditions of pseudosymmetric type. E.g. manifolds satis-
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fying the condition
(3) R-R=LprQ(g,R)
on the set Up = {x € M | R — ;755G # 0 at x} are called pseudosym-

metric; in particular, for Lr = 0 they contain the semisymmetric spaces
(R- R =0). Manifolds satisfying the condition

(4) R-S=LsQ(g,5)

on the set Us = {x € M | S — Zg # 0 at z} are called Ricci-pseudo-
symmetric; in particular, for Lg = 0 they contain the Ricci-semisymmetric
spaces (R - S = 0). Manifolds satisfying the condition

(5) R-C=LcQ(g,C)

on the set Uc = {x € M | C # 0 at z} are called Weyl-pseudosymmetric;
in particular, for Lo = 0 they contain the Weyl-semisymmetric spaces
(R-C=0).

The inclusions among the above mentioned classes of manifolds can be
summarized in the following table; in general, for manifolds with dimension
> 4, all inclusions are strict [6].

RS:LSQ(gvs) ) RR:LRQ(97R) c RC:LcQ(g,C)
U U U
R-S5=0 > R-R=0 - R-C=0

In the present paper, we prove that on para-Kéahler manifolds the cur-
vature conditions of pseudosymmetric type R-T = LQ(g,T) for T = R, S
and C reduce to the corresponding curvature conditions of semisymmetric
type, e.g. R-T=0 for T=R,S and C, respectively. This question for Ricci-
generalized pseudosymmetric para-Kéhler manifolds (i.e. manifolds realizing
a curvature condition of the form R - R = LQ(S, R)) was treated in [2].

Let £ denote the class of all almost Hermitian manifolds (M, g, J). Fur-
ther, the class of all para-Kéhler manifolds will be denoted by £1. According
to [10], we denote by L5 and L3 the classes of all almost Hermitian manifolds
realizing the relations

R(X,)Y,Z,W)=R(JX,JY,Z W)+ R(JX,Y,JZ W)+ R(JX,Y,Z, JW)
and
R(X,Y,Z,W)=R(JX,JY,JZ, JW),

respectively, where X, Y, Z, W € Z(M). As shown in [10] (Lemma 5.1,
p. 68), we have the following inclusions:

£1C£2C£3C£.

Some results on the above classes of manifolds are presented in Chapter 11
of [10].
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3.Para-Kéhler manifolds of pseudosymmetric type. Let (M, g, J),
n = dim M > 4, be a para-Ké&hler manifold covered by a system of coordi-
nate neighbourhoods {U;u"}. We denote by J}’f = Jhk the local components
of the almost complex structure J. Morever, let Chijk, Ruijr, Si; and g;;
be the local components of the Weyl conformal curvature tensor C, the
Riemann—Christoffel curvature tensor R, the Ricci tensor S and the metric
tensor g, respectively. Thus, by (1), we have

(6) Jli‘]i = _6§m i d7 grs = Gkt JM = gksJi'
Further, (2) takes the form

(7) JnJi Rrsjk = Rhijis

whence, by (6), we obtain

(8) Jn Rk — J7 Renjr = 0.

Further, using the above relations, we find

(9) JTSRTsjk: = 2Ajk7 Jrerijs = _Aija

where Aji = —J7Ss.
3.1. Ricci-semisymmetric para-Kdhler manifolds

PROPOSITION 3.1. Every semi-Riemannian Ricci-pseudosymmetric para-
Kahler manifold (M, g,J), dim M > 4, is Ricci-semisymmetric.

Proof. Let z be a point of the set Ug and let U C Ugs be a coordinate
neighbourhood of x. Then the equality

(R ' S)hiTS = LSQ(97 S)hirs

holds on U. Transvecting this with J;Ji and using the Ricci identity and
(7) we obtain

(R ' S)hirs = LSQ(Q; S)hzrs‘];‘]l?
Thus by (4) we have
LSQ(gv S)hzrst]]r']li = LSQ(Q? S)hijk'
Suppose that the function Lg is non-zero at x. Then the last equality gives
Q(ga S)hzrsjjrjli = Q(ga S)hijkv

which, by contraction with g"*, yields Sij = ©~9ij, a contradiction. Thus
the function Lg vanishes identically on Ug, which completes the proof.

The above proposition generalizes Theorem 1 of [11].
3.2. Pseudosymmetric para-Kdhler manifolds

PropPOSITION 3.2. FEvery semi-Riemannian pseudosymmetric para-
Kahler manifold (M, g,J), dim M > 4, is semisymmetric.
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Proof. Let x be a point of the set Ur and let UcC Ugr be a coordinate
neighbourhood of z. Then the equality

(R R)nijkrs = LrRQ(g: R)nijirs

holds on U. Now, in the same way as in the proof of Proposition 3.1 we
obtain

LrQ(g; R)nijkrsdi Jow = LrRQ(9, B)nijrim-
Suppose that the function Lg is non-zero at . Then the last equality gives
(10) Q(g: R)nijrs i Ty = Qs R)nijhim-
Since every pseudosymmetric manifold is Ricci-pseudosymmetric, from

Proposition 3.1 it follows that the equality

K
(11) Sij = i

holds at x. Contracting (10) with ¢"™ and using (11), (7), and (9), we get
"7 "7 2K K K
(12) Jl Jj Ryris — Jl Jerjis + ;le‘ij — EJUJM + EJliji
K
= (n — 3)Ryiji — gGlijky
where Ji; = Jgs and Giijr = gikgi; — 91;9ik are the local components of
the tensor G. Transvecting (12) with J; and and using (6) and (7), we find
2K K K
—J) Rykin — JpRsint — —J1ignk — = Jkignt — = Jikgni
n n n
K K
= (n —3)JyRepii — Egklt]hi + Egikt]hl-

Contracting this with g™ and applying (6), (7), (8) and (11), we find k.Jx
=0, whence x = 0. Thus (11) yields S;; = 0. Now (9) reduces to
(13) J*Rrsj =0, JPRpjs =0,
respectively. Further, from (7), by (8), we have
Jp P (R R)rsjkab = (R R)hijkabs

which, by virtue of (3), (7) and the assumption that Lg is non-zero at z,
turns into

Gialonjk + gnoRaijk — Ghalvijk — GivRanjk
= Jhadi Rovjr + Jivdy Rsaji — Jia I Rspi — Jnpd; Rsajk-
This yields
Gia(R - R)phjkim + 9np(R - R)aijkim — Jha(R - R)vijkim — givn(R - R)ahjkim
= Jhat; (R R)spjkim + Jiv (R - R)sajkim
— Jia i (R R)svjkim — JnvJ; (R - R)sajkim-
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Finally, applying (3) and contracting the resulting equality with ¢®™ and
g" we get Ryiji = 0, a contradiction. Thus Lr vanishes at x. But this
completes the proof.

The above proposition generalizes Theorem 4 of [4].
3.3. Weyl-pseudosymmetric para-Kdahler manifolds

PROPOSITION 3.3. Every semi-Riemannian Weyl-pseudosymmetric para-
Kahler manifold (M, g,J), dim M > 4, is Weyl-semisymmetric.

Proof. Let z be a point of Ug. First assume that dim M > 5. Thus, in
view of Theorem 1 of [7] and our Proposition 3.2, the tensor R - R vanishes
at x. Thus R-C = 0 holds at x, completing the proof of this case. Now
assume that dim M = 4. Transvecting the equality

(R - O)nijkim = LcQ(g, C)hijkim
with JLJ/™ and using the Ricci identity and (7) we obtain
(R - Cnijkab = Le TSI Q(g, C)nijkim,
whence
LeQ(9, Cnijras = Le LI Q(g, C)hijhim-

Suppose that the function L is non-zero at xz. Thus the last equality
reduces to

Q(9, nijiab = JLTQ(9, C)hijhim.
This, by contraction with g"?, gives
(14) 2Caijk = JoJi Csrjr + J5J Cskir — J3 Iy Csjir
- Jai JSTCsrjk - JajJSTCskiT + JakJSTCsjira
which, by transvection with J{, turns into
(15) 205, Csigi = J{ Crnjr — Jj Chkir + J;; Chiir
+ gthsrCsk:ir - gthSTCsjir + ghiJSTCsrjk-

Next, contracting (15) with g"* we obtain

(16) Jsrcsrjk = 07
which reduces (15) to
(17) 2J;Csijik = J; Csnjk — J7 Csikn + Ji Csijn-

Next, summing (17) cyclically in h, j, k we get
I Csijk + J5 Csikn + JgCsing = 0.
Now (17), by making use of the above relation, yields
Ji Csijie = J; Csnj-
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From this, by (8) and (5), it follows that
JhaCrijk + gia 5, Csvjk — JnvCaijk — JivJj Csajk
= JiaConjr + gnid; Covjr — JisCanjr. — gnvd; Csajk
and

JhaQ(9, C)vijrim — JroQ(9, C)aijim
+ 9iaJnQ(9, C)svjkim — 9iv I Q9 C)sajkim

= JiaQ(9, C)onjkim — JivQ(g, C)anjkim
+ 9 J; Q(g, C)svjkim — gnvd; Q95 C) sajkim.-

Contracting the last equality with ¢*™ and ¢"?, after some calculations, we
obtain

Jf C sljk = 0.
Applying this and (15) in (14) we get at = the relation C' = 0, a contradic-
tion. Our theorem is thus proved.

Remark 3.1. An example of a non-conformally flat and non-semisym-
metric Weyl-semisymmetric manifold (M, g),dim M = 4, which is a Kéhler
manifold was described in [5] (Lemme 1.1).

Remark 3.2. Let B be the Bochner curvature tensor ([1], [18], [15]) of a
para-Kéahler semi-Riemannian manifold (M, g, J), n = 2m > 4. In [8] Kéhler
Riemannian manifolds with semisymmetric Bochner tensor (R- B = 0) were
considered. From the main results of [§8] (Theorem) we can conclude that
if the tensor B of a para-Kéhler Riemannian manifold (M, g, J), n = 2m >
4, is semisymmetric then the Riemann—Christoffel curvature tensor R of
(M, g,J) is semisymmetric on the subset U C M consisting of all points
of M at which B is non-zero. Most recently this statement was generalized
as follows [9]: if the Bochner tensor B of a para-Kéhler semi-Riemannian
manifold (M, g, J), n = 2m > 4, is pseudosymmetric, i.e. R-B = LpQ(g, B)
holds on Up, then the tensor R of (M, g, J) is semisymmetric on the set Up.
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