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SIDONICITY IN COMPACT, ABELIAN HYPERGROUPS

BY

KATHRYN E. HARE (WATERLOO, ONTARIO)

1. Introduction. Lacunarity has been extensively studied in a variety
of settings. In this paper we investigate Sidon-type sets in duals of com-
pact abelian hypergroups, and from our study derive new conclusions about
central Sidonicity in compact, non-abelian groups.

It is well known that every infinite subset of the dual of a compact,
abelian group contains an infinite Sidon set ([13]) but that there are com-
pact, abelian hypergroups (and compact, non-abelian groups) whose duals
contain no infinite (central) Sidon sets (cf. [14]). The main result of this
note is to show, in contrast, that p-Sidon sets, for p > 1, are plentiful. In
particular, we prove that every infinite subset of the dual of a compact group
contains an infinite central p-Sidon set for all p > 1. This extends results
previously established for all infinite, compact, connected groups [8], which
in turn extended work of [3].

Formally, we prove more. We introduce a generalization of Sidon sets
in duals of hypergroups, called (a, p)-Sidon sets, which arise by considering
classical Sidonicity with the Fourier transform weighted by (—2a)th powers
of the 2-norm of the characters; (1, p)-Sidon sets are p-Sidon sets, (1, 1)-Sidon
sets are the usual Sidon sets. By an essentially constructive method, we prove
that any infinite subset E of the dual of a compact, abelian hypergroup K
which satisfies

inf{|[x[2: x € E} =0,
contains an infinite set which is (a, p)-Sidon for all a < p. The condition on
the 2-norms of characters is a natural one, satisfied by many hypergroups.
If it is not satisfied and if, in addition, the dual, K, is also a hypergroup,
then it is known that E contains an infinite Sidon set [18]; the case when
the 2-norms are bounded away from zero and the dual is not a hypergroup
remains open.
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We also investigate (a, p)-Sidonicity properties of the entire dual object,
and again obtain new results for compact groups.

For definitions and basic facts about hypergroups we refer the reader
to [1] and [11]. References [10] and [13] are good resources for lacunarity
on groups. Lacunarity on hypergroups has been studied by a number of
authors, e.g. in [7], [12], [16] and [18].

2. Definition and basic properties. Throughout this paper K will
denote a compact, abelian hypergroup with dual K.

NoTATION. For E C I?, 1 <p<ooandaeR we define

lanB) = {(a)xer N a)lop = (X larllxlz>) " < oo}

la,oo (B) = {(ax)xer * [I(ax) a0 = ig%ﬂax’”XH;Qa} < oo}

and

Ifa=1and p <ooora=0andp= o0 we will just write {,(E) for the
weighted [, space. Of course, if inf{||x||2 : x € E} > 0 then the [, ,(E)
spaces are identical for all a (and fixed p).

We let Trigp(K) denote the space of trigonometric polynomials on K
whose Fourier transform is supported on E. More generally, a subscript
on a function space X will denote the subspace of functions whose Fourier
transform is supported on E.

Motivated by [9] we make the following definition:
DEerFINITION 1. Let £ C IA(, 1 <p<2andae R Wecal E an
(a,p)-Sidon set if

sup {|(FO0) lap = £ = D FOOXIxl2” € Trigp(K). [f]loo <1} < oc.

A (1, p)-Sidon set is customarily called a p-Sidon set and a (1,1)-Sidon set
is the classical Sidon set.

Obviously, it is easier to be an (a,p)-Sidon set as p increases and a
decreases. More generally, 1o, C log/pq if 1 < p < g < 2, so that if £ is
(a, p)-Sidon then F is (b, q)-Sidon for all ¢ > p and b < agq/p.

As with Sidon sets there are a number of equivalent properties; we list
some below.

PROPOSITION 2. Let EC K, 1<p<2andacR. Let 1/p+1/p' =1
and let b=p'(1 —a/p) ifp# 1 orb=1—a if p=1. The following are
equivalent:

(1) E is an (a,p)-Sidon set;

(2) there is a constant ¢ such that || fllqp < c||flloc for all f € L (K);
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(3) there is a constant ¢ such that whenever ¢ € Il (E) then there is

—

a measure p on K such that p(x) = ¢(x) for all x € E and ||u|arx) <
cl|lp,p -

The proofs are similar to those found in [10] §37.2 or [5] for compact
groups.

ExXAMPLE 3. An important example of a compact, abelian hypergroup,
whose dual is also a hypergroup under pointwise operations, is the space
G of conjugacy classes of a compact group G [11]. A function f on G
which is constant on the conjugacy classes may be viewed as defined on the
hypergroup G and we will denote this function by f#. It is known that

Gr={(Trx)*/degx : x € G}.

Given P C @, we will denote by P# the corresponding subset of G - It is
easy to see that P is central Sidon if and only if P# is a Sidon set in G;. A
subset E of G is called a central (b, p)-Sidon set in [9] if there is a constant

c such that whenever f =3 _pdyay Trx € Trigg(G) then

£l > o St ay) .

Since || Trx/deg x||5 2 = d2, it follows that if f is as above, then

— 1/p
2
1% 0 = (D2 d2anl”)
and consequently P# is (a,p)-Sidon if and only if P is central (2a — 1, p)-
Sidon in the sense of [9]. It is due to this relationship that the main results
of the present paper apply to give new results for central (a,p)-Sidon sets
in duals of compact groups.

The work of Pisier shows the important connection in compact groups
between Sidonicity and the A property. These (a, p)-Sidon sets satisfy similar
A-like properties. It is an open problem if such conditions are sufficient in
any sense.

PROPOSITION 4. If E is an (a,p)-Sidon set then there is a constant c
such that for all s > 1 and for all f € L% (K),

-~

1£1l2s < /sl fllb.g
where 1/q=1/p' +1/2 and b= (4p — 2a)/(3p — 2).

The proof is similar to the analogous results for Sidon sets in groups and
hypergroups (see [2] and [16]) and is omitted.

REMARK 1. Notice that a difference between this proposition and the
corresponding result for the group case is that when p = ¢ = 1 we obtain
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the inequality
[1fll2s < ev/sl[fllb,2

with b = 2, rather than b = 1. The necessity of this choice of b can be seen
in [15]. There, in Example 1, Rider constructs a compact group G and a
central Sidon set {x,, } consisting of representations of degree 2" which have
the property that if f = Tr x,,, then || f||2s = 2"(*=1/*) and ||ﬂ]b,2 = gn(b—1),
Obviously, we cannot have the inequality || f|l2s < ¢y/s ||]?”b,2 satisfied for all
s > 1 and n € N with any choice of b < 2.

3. Existence of (a,p)-Sidon sets. The main purpose of this paper is
to demonstrate the plentifulness of (a,p)-Sidon sets when a < p. The key
tool for showing this is the following theorem.

THEOREM b. Suppose K is a compact, abelian hypergroup and {XR}QIA(
satisfies inf ||xp|l2 = 0. Let 0 < e, <1/3, n=1,2,... There is a subsequence
{Xn,} such that if

f= ZaankHXnngz € Trig(K)

with ||f]lee < 1, then ag| < [Ixn, I3" .

Proof. Asin [17], let {D,} be a bounded, approximate identity in
Trig(K) with [[Dall1 = 1. Set ¢1 = Xm”XmHQ_la where [|xn,[lz"" > 16.
We now proceed to construct the subsequence {x,, } inductively. Assume
@i = Xn: || Xn, 2_1 fori=1,...,j5 — 1 have been chosen, and for each such i
select D; € {Dq} satisfying [[¢i * Dilloc > 2||¢illoc- Since inf || xn 2 = 0 we
may choose ¢; = Xn, || Xn; |2 ! with the following properties:

(1) llé5l1% = 2(5 + 1);

(2) 16511 = min{f|¢ifloo, | Difloc s =1,...,5 = 1}

(3) llglloe™ > 401,

For each i choose z; € K so that [¢; x D;(z;)| > 2@ * Dl so.

Now assume that

N
f = Z Ak Xny, ||X’nk |’;2

k=1
with || f|leec < 1. For convenience we write f = Zszl brdr with by =
arl|Xn,|l3 . Observe that as {¢y} is orthonormal, |b| < ||f|l2 < 1.
We begin by evaluating the convolution of Dy with f at zn:
N-1
f*Dn(an) =bn(dn * Dy(zn)) + Y bi(¢; * Dn(an)),

j=1
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to obtain the bound
N-1

byl én * Dy (zn)| < |1 % Dnlloe + Y |5l 165 * Dvlloc-
j=1

Since | D (2n)| > 5ll¢nlloc and [[¢;+ Dl < 5 llocI Dl < 165l
this gives the estimate

b < u¢ — (1 Z 651100 ),

which by properties (1) and (2) yields
2N
 llenll=
For j =1,..., N — 1 we similarly have
[ Dn—j(en—j) = bn—j(dn—j * Dn—j(2n—;))

lbn| <

N—j—1
> br(¢k x Dn—j(zn—j))
k=1
j—1
+ Z bN—k(PN—k * DN—j(TN—j))
k=0
and hence
9 N—j—1
byl < (14 3 HmerrbN ellon -kl 1Dyl )
fon sl b T &

If k < j—1then N—k > N—j, soby (2) we have | Dn_j|loo < [[on—rllod "
Thus if we let
j—1

Sim1= 3 Ibnl lon-ell2*,
k=0
we can write

x| < 1+ N —j=Dllén—; 157 +5j-1).

2
[N —jlloo
Upon noting that ||¢x—_;[|sd 7 > 1 this can be simplified to

by —j] < (Sj—1+ (N = j)llon—; 153 ).

I —jlloo

Of course, S; = S;_1 + |bn—;| |¢n—;ll50 7 so our previous estimates, to-
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gether with the fact that H(;SN_J-H;EN’j > 2, show that
2(N —J)

lpn—jllse =7

S; <25;_1 +

Iterating, this gives

J j—k+1
. 27 N —k
S; <275y + E ( )

pefl IV [t

Since Sp = |bn|||én]|5Y, our bound for |by| established earlier in the
proof gives

J j—k+1
21—k+L(N — k)
S;i<>. — .
T gl N

By property (3) it follows that §; < Zi:o 2F=N—=1 and this is bounded by
1 since j < N — 1. Thus

2 2(N —j 1
‘bN—j| < ( 1—J52V,j < 1—2en_j
lon—illoo  [ldn—jl lo—j1150
by (1). Hence
2(1—
lar] = [bx] [Xnell2 < x50~

as claimed.
An important corollary of this result is

COROLLARY 6. Suppose 1 < p < 2 and E is an infinite subset of K
satisfying

(%) inf{||x|l2: x € E} =0.
Then E contains an infinite subset which is (a,p)-Sidon for all a < p.

Proof. Choose a sequence a;  p and pick 0 < g < 1/3 so that
0k = 2(p(1 —e) —ax) > 0. Let {xr} be a subset of E with decreasing
2-norms satisfying ||xz[|5* < 27%. We apply the theorem to {xx} to choose
a subsequence {xy,, } = E” with the property described in the statement of
the theorem.

Given a < p, select N such that ay > a for all kK > N and assume

F= bexm Ixnellz* € Trigp (K)

with || f]lcc < 1. From the theorem we see that
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N-1 0o
A1 5 = > 1kl e 122 + D 10kl 12
k=1 k=N

2 l—er)—a
<O+ I 3707
k=N

where C' is a constant independent of f. Since ar > a for all k > N it
follows that

7 5
5, <C+ D Ixnelly" < C+ 1.
k=N

Thus E” is an infinite (a, p)-Sidon set for all a < p.

REMARK 2. Suppose E satisfies (¥). Let f(x) = x(x)|/x|[;> be an E
function. Then

I 2
1 lloo = [ 1lpeplx 57,

and hence if € > 0 then E is not a (p+¢, p)-Sidon set. It is an open problem
if £ may contain infinite (p, p)-Sidon sets.

COROLLARY 7. If K is an infinite, compact, abelian hypergroup, whose
dual is a hypergroup, then every infinite subset of the dual of K contains
an infinite (a,p)-Sidon for all a < p. In particular, it contains an infinite
(a,1)-Sidon set for all a < 1 and infinite p-Sidon sets for all p > 1.

Proof. Let E be an infinite subset of K. If sup,cp |Ixl[2 > 0 then E
contains an infinite Sidon set [18], and hence an infinite (a, p)-Sidon set for
all a < p. Otherwise the corollary above applies.

Perhaps the most important consequence of the theorem is the following
corollary which was previously obtained for compact connected groups by
using the representation theory and structure theory of Lie groups [8].

COROLLARY 8. If G is any infinite, compact group then every infinite
subset of the dual contains an infinite central (a,p)-Sidon set for all a <
2p — 1.

Proof. We just need to recall that E C G is central (2a — 1, p)-Sidon
if and only if E# C Gy is an (a, p)-Sidon set in the hypergroup sense, and
that Gy is a hypergroup.

EXAMPLE 9. In [12], Lasser constructs a family of hypergroups K (a, f)
whose characters are the Jacobi polynomials associated with o and 5. When
these polynomials are the Legendre polynomials or the Chebyshev polyno-
mials of the second kind, no infinite subset of the dual of K («, ) is Sidon.
But since every infinite subset of the dual satisfies (x), each such set contains
an infinite (a,p)-Sidon set for all a < p.
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The same is true for the countable, compact hypergroups introduced by
Dunkl and Ramirez (see [4] and [16]).

4. Sidon properties of K. Since ||f|o = ||f]2 = H]?HLQ, the entire
dual K is obviously (1, 2)-Sidon. The final result of our paper will show that
this cannot in general be improved for compact, abelian hypergroups if we
assume, in addition, that K is a hypergroup under pointwise operations.
First we require a preliminary result on multipliers.

TERMINOLOGY. (i) We will say (ey) € M(C(K),1,(K)) (the space of
multipliers from C(K) to lp(f()) if (eyay) € lp(l?) whenever f =
S~ ayx|xll5? is a continuous function.

(ii) We will say (ey) € M(lq(I?),M(K)) if S evayxlxllz? € M(K)

~

whenever (ay) € [4(K).

LEMMA 10. If K is a compact, abelian hypergroup whose dual is a hy-
pergroup, then

M(C(K),1,(K)) ~ {i%féf(m Z ;ié’ <2,

Proof. Standard arguments show that if ¢ > 2 and 1/s = 1/2 — 1/q
then
M(lq(K), l2(K)) = 1s(K).
Obviously, M(l,(K),ls(K)) € M(l,(K), M(K)).
Let E = (ey) € M(Iy(K), M(K)) and let (by) € l,(K). Only countably
many b, # 0, so without loss of generality we may assume K is countable.

Consider uniformly bounded, independent random variables {&, } on a
probability space {2, with variance one and mean zero. Clearly, {{, (w)by} €

lq([A() for a.e. w and hence

Zexgx(w)beHXHz_z € M(K) fora.e. w.
By Thm. 4.8 of [6],

> ebyxlixllz? € L2 (K),

ie. {eyby} € Iy(K). Thus E is a multiplier from lq(l?) to Iy(K) and so
belongs to I,(K). Consequently, M(lq(l?), M(K)) ~ I,(K) and by duality
M(C(K),lq/(f()) ~ I,(K). If p= ¢ then s = 2p/(2 — p), which completes
the proof.

THEOREM 11. Suppose K is a compact, abelian_hypergroup whose dual
is a hypergroup. If 1 < p < 2 and a > p/2 then K is not an (a,p)-Sidon
set. If inf ||x|l2 =0 and a > 1, then K is not an (a,2)-Sidon set.
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Proof. The proof is similar to [9], (1.11). Assume K is (a, p)-Sidon and
f and h are trigonometric polynomials on K. If ¢ is the (a, p)-Sidon constant
of K then

1/
WAl il flloe = (IR * flloo > C(Z |h )PIf( )|p||x||52a) p.

Define a trigonometric polynomial H by If&) = @)Hxﬂg(l*a)/p. Then
1H * fllp = 1+ fllap < (L/[B]1][flloo-

Hence H is a multiplier from C(K) to lp(l? ) with operator norm at most
(1/¢)||hl1. Applying the lemma, we see that H € I,(K) for s = 2p/(2 — p),
with operator norm comparable to || H||,.

Now take for h a bounded approximate identity {h,} C Trig(K), with

||hall1 = 1. By the previous remarks it follows that there is a constant C
such that

(>, m<mmuwwﬂ*@%%v8ﬁp¢z
sup,, [ha (0| 1x[15 it p—2.

As h;(\x) — 1, the previous inequalities imply that

C=WMMSwum={

(i) ST <o ifp £ 2
X
and
(ii) sup x| < oo ifp=2.
X

As ||x]l2 <1, (i) clearly fails if 4(1 —a) < 2(2 —p), i.e. p < 2a, and (ii) fails
when a > 1 and inf || x|z = 0.

The analogous result is already known for central (a,p)-Sidon sets in
duals of compact, connected groups [9]. By our usual arguments this can
now be improved to

COROLLARY 12. If G is an infinite, compact group then G is not central
(p — 1,p)-Sidon for any 1 < p < 2. If the degrees of the irreducible repre-
sentations of G are unbounded, then G is not central (a,2)-Sidon for any
a>1.
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