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ON THE METRIC THEORY OF CONTINUED FRACTIONS

BY

I. ALIEV (WARSZAWA), S. KANEMITSU (FUKUOKA) axp
A. SCHINZEL (WARSZAWA)

For a positive integer n let P(n) be the measure of the set of irrational
numbers x € (0, 1) such that the best approximation of x with denominator
< n is a convergent of the continued fraction expansion (in the sequel c.f.e.)
of . We shall show

THEOREM.
1
w2 n
This answers a question proposed to A. Schinzel by M. Deleglise. The
proof is based on several lemmas. We let

0
b P PN

Pn)= ¢ + 62(10g2)2+0< >

1 g « gv 1
be the Farey sequence of order n.
LEMMA 1. For each i < N we have
, . 1
1 e
qi+1 qi qiqdi+1

and q; + qiy1 > n.
Proof. See [4], Chapter 2, §1.

LEMMA 2. For each pair of coprime positive integers a, b such that a < n,
b<n and a+ b > n there exists one and only one i < N such that

4% =a, ¢i+1 =0
Proof. See [3], Lemma 1, or [1], Lemma 4.1.

LEMMA 3. An irreducible fraction p/q, where ¢ > 1, is a convergent of
the c.f.e. of an irrational number x if and only if

lp— gl <|p' —2q/|
for all pairs (p',q') € Z*, where 0 < ¢’ < q, (p',¢') # (0,0), (, q).
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Proof. See [4], Chapter 2, Theorem 10.
LEMMA 4. Let x € (0,1) be irrational and for i =0,1,...,N — 1,
- +pz‘+1, o = 1<pi n pz‘+1>.
¢ + Qi+ 2\¢ G+
(i) If © € (pi/qi, m;), then p;/q; is a convergent of the c.f.e. of x.

If z € (¢;,m;), then p;y+1/qi+1 is not a convergent of the c.f.e. of .

)
(ii) If z € (my, c;), then p;/q; is not a convergent of the c.f.e. of x.
(i)

)

(iv) If € (mi,pit1/qit1), then piy1/qiv1 is a convergent of the c.f.e.
of x.

Proof. It suffices to prove (i) and (ii), the proof of (iii) and (iv) is
analogous.

Assume that x € (p;/qi,m;). Then

1
G+ qiv1
Hence, if (p/,q') € Z?, 0 < ¢’ < q;, (0. ¢') # (0,0), (pi, ¢;) we have either
¢ =0,p #0and

0<gz—p; <qm; —p;=

' —qz[=p[>1,
r (v, q') = (Pit1,¢i+1) and
1

! /ZL’ — . — . x| > . — - m;, = ——
\p Q| \pz+1 QZ+1’ Pi+1 — Gi+11My Qi+Qi+17

orq¢' >0, (p',q') # (i, @), (Pi+1,Gi+1) and
/ /
; 1
- qm|>qmm{p pz,’p/_pm}_ .
7 gl lq di+1 max{q;, ¢i+1}
In any case |[p’ — ¢'x| > |p; — ¢;z| and by Lemma 3, p;/q; is a convergent of
the c.f.e. of x if ¢; > 1. If ¢; = 1 then p;/q; = 0 and obviously the same is
true.
Assume now that x € (my,¢;). Then m; < ¢;, hence ¢; > g;y+1 by (1).
We have

1
0 <pit+1 — ¢it1Z < Pit1 — Gip1My = ———— < GT —P;
Qi + Gi+1

and, by Lemma 3, p;/¢; is not a convergent of the c.f.e. of .

LEMMA 5. We have
1 " 1
- +
T2 (¢i + gi+1) max{qi, qit1}
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Proof. Denoting the Lebesgue measure by m we have
N-1
i=0
where S; is the set of irrational numbers in the interval (p;/qi, pit1/qi+1)
for which the best approximation with denominator < n is a convergent
of the c.f.e. of z. Clearly, p;/q; is the best approximation in question for
x € (pi/qi,ci), and pi41/qi1 for © € (¢;, pit1/qi+1). Hence, by Lemma 4,

S; = <<?,min{mi,ci}> U <max{mucz Z;Jrl))\@,

and
— : Dit1
m(S;) = min{m;, ¢;} — — TS a2 ] — max{m;, ¢; }.
q; qi+1
Using (1) we obtain
1 ai—gw| 1 1

m(S;) = = + .
(5:) Qi%i+1  G%i+1(g + qiv1)  2¢igiy1 (¢ + ¢iy1) max{qiqi+1}

Therefore, by (1

)
N-1 N-1
1 pz+1 1
P(n) = - < > +
2 qi+1  q; ; (gi + gi+1) max{¢q;, ¢i+1}

1
((:Z’L + Q'Hrl) maX{Qw QlJrl}

LEMMA 6. For n > 1 we have
1 * ]
— - 49 -
") 3t Z be’
where the sum " is taken over all pairs (b, c) € N? such thatb <mn < ¢ < 2b
and (b,c) =1

Proof. By Lemmas 1 and 2 we have
N-1 n

2 : = > 1

— (@ + qiyr) max{qi, i1} 4=, (a+b)max{a,b}
aib>n
(a,b)=1

For n > 1 the conditions a + b > n, (a,b) = 1 imply a # b. Hence

- 1 - 1
> LD YR
el (a + b) max{a,b} o= (a+ b)b
ajrb>n a<b,7a+b>n

(a,b)=1 (a,b)=1
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The conditions 1 < a < b, (a,b) = 1 are equivalent to b < a + b < 2b,
(a +b,b) = 1. Replacing a + b by ¢ and using Lemma 5 we obtain the
lemma.

LEMMA 7. For arbitrary positive numbers A < B we have

1 B 1 1 1
Z i 108;2 - E@ZJ(B) + Z¢(A) +O<AQ>,

B>i>A
3 ogi Ly Biogpa— 188 p)
: 2% 4 B
B>i>A

log A log™ A
ESu +o (7).

1 1 1 1
> w=5-i+0(®)

1
B>i>A

Y logi=Blog B — Alog A+ O(B),
B>i>A

where (z) = {z} — 1/2 and log* 2 = max{logx, 1}.
Proof. See Walfisz [5], Chapter 1, §1, Hilfssatz 3.
LEMMA 8. We have

=~ u(d =~ u(d 1
;“(d) — o), ;“;2) - 7r62+0<n>.
Proof. See Landau [2], §152 and §153.

Proof of the Theorem. In the notation of Lemma 6 we have

1 1 " () W 1
DT X e M= 2
b=12b>c>n  d|(b,c) d=1 k=1 " 2k>i>n/d

hence by Lemma 7,

« 1 (d) 1 2kd 1 d (n d?
S Xte X (e grie(i) o)

M=

d=1 n/d>k>n/(2d)

N (2 (0 -

= e <<1ogn+nwd +0| 3 > k
—~ n/d>k>n/(2d)

log k 1
+ZO§—ZW>.

n/d>k>n/(2d) n/d>k>n/(2d)
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Now,
2d d (n d? 1
(e ie(i)+o(2) L2
n/d>k>n/(2d)
2d d d?
- (o4 0 (3) +0(55))
non d n
d (n 2d n d?
< (tom2-1u(7) + 30 (35) +o(52))
2 2
= logQIOg—d — glog; dw<n)
noon n d
2d. 2d (n 2
+—1 g¢<2d> + 10g21[)<> +O<210g d)’
while

n/d>k>n/(2d)

Hence, by Lemma 8,
1 < pu(d) /1 , d 2.  n
— = —( =(log2)* — — —1 -
Z be = d? <2(og ) 4n+0 n2 % 4

RS RPN E AN oV O NIPY (I o e
—2(10g2) 7T2+O<n> 4nz pi +0 HZZlog pi

d=1 d=1
3 5 1 1, 4
d=1
We have, by Lemma 7,
n nje n

hence

Together with Lemma 6 this gives the theorem.
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REMARK. The main term in the asymptotic formula for P(n), but not
the error term, can be derived from Theorem 1.3 of [1] and from Lemma 5.
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