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HOMEOMORPHIC NEIGHBORHOODS IN u"***-MANIFOLDS

BY

YUJI AKAIKE (IBARAKI)

1. Introduction. The notion of n-shape for compact spaces was intro-
duced by Chigogidze [5]. Generalizing n-shape to locally compact spaces, the
author [1] introduced the proper n-shape, which is defined by using embed-
dings of spaces into locally compact AR-spaces. In the case of dim < n+ 1,
the proper n-shape of locally compact spaces can also be defined by using
their embeddings into locally compact (n+ 1)-dimensional LC™ N C™-spaces
(cf. [2]). In this paper, we prove a p™*l-manifold version of the result of
[11], that is, if X and Y are Z-sets in u™*1-manifolds M and N respectively,
and n-Shy,(X) = n-Sh,(Y), then X andY have arbitrarily small homeomor-
phic p" 1 -manifold closed neighborhoods. As a corollary, if X is a connected
Z-set in a p"t'-manifold and X € SUV™, then there exists a tree T such
that X has arbitrarily small closed neighborhoods homeomorphic (=) to the
A, 1-product TA, 1 u" Tt of T and p"*t. Here, property SUV™ is a non-
compact variant of property UV™, and the A, 11-product is defined in [10];
it plays the role of the Cartesian product in the category of " *!-manifolds.
For a locally finite polyhedron P, PA,1u™! is the p"T!1-manifold having
the same proper n-homotopy type of P.

2. Preliminaries. In this paper, spaces are separable metrizable and
maps are continuous. The (n+1)-dimensional universal Menger compactum
is denoted by p"*! and a manifold modeled on p"*! is called a p"*!-
manifold. We define u+!t = punt1\ {*}, where * € y"*1. Recall that two
proper maps f,g: X — Y are properly n-homotopic (written ~p g) if, for
any proper map « : Z — X from a space Z with dim Z < n into X, the com-
positions fa and ga are properly homotopic in the usual sense (fo ~, ga).
A p"*Hlmanifold M lying in a p™*!-manifold N is said to be n-clean in N
(cf. [8]) if M is closed in N and there exists a closed pu™*!-manifold §(M)
in M such that

(i) (N\ M)UGS(M) is a p™*-manifold;
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(ii) 6(M) is a Z-set in both M and (N \ M) U §(M); and
(iii) M \ 6(M) is open in N.

REMARK 2.1Let P be a PL-manifold and L a submanifold in P such that
Bd L = Bd(P\L). By [7, Theorem 1.6], there exists a proper UV "-surjection
f: N — P from a p"*!-manifold N satisfying the following conditions:

(a) f~Y(K) is a p"T1-manifold for any closed subpolyhedron K of P; and
(b) f~Y(Z) is a Z-set in f~1(K) for any Z-set Z in a closed subpolyhe-
dron K of P.

Then it is easy to see that M = f~1(L) is an n-clean submanifold of N
with §(M) = f~Y(BdL).

LEMMA 2.2. Let Y be closed in a locally compact C™ N LC™-space N.
Assume that r : Vo — Y is a proper retraction of a closed neighborhood V
of Y in N. Then for each closed neighborhood V of Y in N there exists a
closed meighborhood V' of Y in N such that V' C VNV, and idy: =~ 7|y
in V.

Proof. Let W be an open cover of V N Vy such that if one of any
two W-close maps from an arbitrary locally compact space is proper, then
the other is also proper. Since int(V N V) is LC™, there exists an open
cover U of int(V N V) such that any two U-close maps from a space with
dim < n to int(V N Vy) are W-homotopic. By the continuity of r, for any
UeUNY ={UeceU|UNY # 0} and x € UNY there exists a closed
neighborhood V, of x in N such that V, C U and r(V,) C UNY. Since
Y is locally compact, {V,, | z € Y} has a locally finite refinement 1. Then
V' =J V' is the desired neighborhood. =

Let X and Y be closed sets in locally compact C™ N LC™-spaces M and
N respectively. Recall that a proper n-fundamental net f = {f\ | A € 4} :
X —» Y in (M, N) is generated by a proper map f: X — Y (or f generates
f) provided f = fy|x for all A € A. The proper n-homotopy class [f] of f is
generated by f if f generates some f’ € [f].

PRroPOSITION 2.3. If Y is a locally compact LC™-space, then the proper
n-homotopy class of £ : X — Y in (M, N) is generated by a proper map
fX-—>Y.

Proof. Since Y is LC", there exist a closed neighborhood Vj of Y in N
and a proper retraction r : Vy — Y by [3, Lemma 3.2]. By Lemma 2.2, for
each closed neighborhood V' of Y in N there exists a closed neighborhood
V' of Y in N such that r|ys >~ idys in V. Then there exist a closed
neighborhood U’ of X in M and Ag € A such that fy[pr =~ fa,|or in V'
for all A > Xg. Let v' : N — N be an extension of r and f{ = r'fy,.
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Note that f' = {f{} is generated by f = rfy,|x, i.e., fi]x = f. Since
f§\|U/ = T'/f)\0|U/ ZZ f>\0|U’ 22 f)\|U’ in V for all A > )\0, we have f’ ZZ f. m

3. Homeomorphic neighborhoods in ;"*!-manifolds

LEMMA 3.1. Let X be a Z-set in a p"™ ' -manifold M. Then there exists a
closed embedding F : M — pt such that F(M) is a neighborhood of F(X)
in ™t and F(M) is n-clean in pt with §(F(M)) ~ M.

oo

Proof. By [6, Theorem 9], there exists a proper (n-+ 1)-invertible UV"-
surjection f : M — P from M to a locally finite (n + 1)-dimensional poly-
hedron P. We can assume that P is a closed subpolyhedron in (72(*+1+1 x
{0}) \ {*}, where * = (0,...,0) € I2("*)+2 Then there exists a proper
(n + 1)-invertible UV™-surjection f : N — I?(TD+2\ £ from a pnt!-
manifold N as in Remark 2.1. Since J2FDF2\ {x} ~n yntl and f is
proper UV"™, we have N ~ pt (cf. [7, Theorem 1.3]).

Let N(P) be a regular neighborhood of P. By Remark 2.1, M’ =
FTYN(P)) and M"” = f~Y(BdAN(P)) are p"*'-manifolds in N and M’
is m-clean with 6(M’) = M". Since P is a Z-set in N(P), it follows that
N(P) ~p BAN(P). By [7, Theorem 1.4], there exist homeomorphisms
g: M — M and ¢ : M — M"”. By the Z-set unknotting theorem [4],
there exists a homeomorphism h : M’ — M’ such that h(g(X)) N M" = 0.
Then F' = hg is the desired closed embedding. m

THEOREM 3.2. Let X and Y be Z-sets in p™*t-manifolds M and N re-
spectively, such that n-Shy,(X) < n-Sh,(Y). Then, for each neighborhood U
of X in M and each neighborhood V of Y in N, there exists an open neigh-
borhood V' of Y such that for every pu™ 1 -manifold closed neighborhood S of
Y in V' NV, there exists a u" ' -manifold closed neighborhood R of X in U
which is homeomorphic to S.

Proof. By Lemma 3.1, we can assume that M = N = p%f! and U is
n-clean. Let f: X — YV in (u2,uit)andg={gs |6 € A} : Y - X
in (u2t!, plt') be proper n-fundamental nets such that gf ~" ix. Let
U’ be a closed neighborhood of X such that U’ C int U. Then there exist
dg € A, Ap € A and a closed neighborhood W of Y with W C V such
that g&f)\|X 2; ldX in U/7 95|W Zg gEO‘W in U/ for each ¢ > 50, A > )\0.
By the Z-set approximation theorem [4], there exists a Z-embedding gj, :
W — int U approximating gs,. Note that g5 |y is properly n-homotopic to
the inclusion in p . By the Z-set unknotting theorem [4], there exists a
homeomorphism & : ' — 2+ such that hgj |y = idy.

Let V' = h(intU) and S C V NV’ be a closed u™*!-manifold neighbor-
hood of Y. Then S’ = h=1(S) is a u"*!-manifold closed neighborhood of
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g5,(Y) lying in int U. Let W’ be a closed neighborhood of Y lying in int S so
that g5 (W’) Cint S’. Then there exists A > A¢ such that f\(X) C W'. By
the Z-set approximation theorem, we can assume that f) is a Z-embedding.
Note that g5, fA(X) C g5, (W') Cint S” and g5, falx =~ gs,falx =~} idx in
U’ C intU. By the Z-set unknotting theorem, there exists a homeomor-
phism A’ : p2tt — plf' such that h'gs falx = idx and Wit =
id,n41\ ;- Then R = 1/(S7) is the desired neighborhood. m

For the A, 11-product, refer to [10].

LEMMA 3.3. Let P be a locally finite polyhedron embedded in p"F1 as a
closed set and U a neighborhood of P in u™+t. Then there exists a u™*!-

manifold closed neighborhood V of P such that V .C U, V is n-clean in p!
and V = §(V) ~ PA, 1 u™ L.

Proof. We can assume that P C (I2(+D+1 x {0}) \ {x} ¢ 12(v+D+2\
{*} = M as a closed subpolyhedron and p"f* is obtained from M by the
Lefschetz construction [9, 2.1, II]. Let £ be a combinatorial triangulation
of M and U be a neighborhood of P in M such that U = p% ™t N U. By
Whitehead’s theorem [12], there exists a subdivision £’ of £ such that £’
refines {M \ P} U{U}.

Let N(P,sdL’) be a regular neighborhood of P obtained from the
barycentric subdivision sd £" of £’ and let V be a p™*!-manifold obtained
from N(P,sdL’) by the Lefschetz construction. Then V is n-clean in
ptl and such that 6(V) = p! N BAN(P,sdL') and V \ §(V) =
pi Nint N(P,sd £'). Now there exists a proper deformation retraction
r: N(P,sdL') — P, and we have a proper UV™-retraction r|y : V — P.
Since there exists a proper UV "-surjection PA,,1u"*1 — P (see [10]), and
by [7, Theorem 1.4], V and PA,1u""! are homeomorphic. Since P is a
Z-set in N(P,sd L"), we have N(P,sd L") ~} Bd N(P,sd L"), which implies
(V) =V by [7, Theorem 1.4] again. m

THEOREM 3.4. Let X be a Z-set in a u™*'-manifold M and P an (n+1)-
dimensional locally finite polyhedron such that n-Sh,(X) < n-Sh,(P). Then
X has arbitrarily small closed neighborhoods Uy, o € A, such that

(1) each Uy is n-clean in M;

(2) Ua ~ 6(Ua) ~ PATL-I—LU“JFI; and

(3) for each o, € A there exists a homeomorphism h : U, — Up
fizing X.

Proof. By Lemma 3.1, we can assume that X and P are closed sets

in . Let f: X — P and g: P — X be proper n-fundamental nets in
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(uft, pitt) such that gf ~7 ix. By Proposition 2.3, f is generated by a
proper map f : X — P. Let A = {« | a is a closed neighborhood of X in
puit}. For each o € A, there exist §, € A and a closed neighborhood W
of P which is homeomorphic to PA,, 1", such that gs|w ~ gs.|w and
gsf =~} idx in « for all § > J, by Lemma 3.3. By the same argument as in
Theorem 3.2, we may assume that gs_|w is a Z-embedding of PA,, 1"}
into @ and X C g5, (W). Then gs_al|X o~ g(s_algéaﬂX ~n fin PAnppth

Let o, 8 € A. Since g<5_al|X ~n f 96_51|X in PA,,;1u""t, by the Z-set
unknotting theorem, there exists a homeomorphism G : PA, u"t! —
PA,  1p™t! such that Gg(;_a1|x = gé_ﬁl\x. Then h = gs, Gggl1 is the desired
homeomorphism. =

In [1], it is proved that if X is connected, then X € SUV™ if and only if
n-Sh,(X) = n-Sh,(T") for some tree T. So we have the following:

COROLLARY 3.5. Let X be a connected Z-set in a pu™ 1 -manifold and X €
SUV™. Then X has an arbitrarily small closed p™+!-manifold neighborhood
V such that V =~ TAn+1u”+1 for some tree T.
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