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A PROPERTY OF THE UNITARY CONVOLUTION

BY

A. SCHINZEL (WARSZAWA)

The unitary convolution a * b of two arithmetic functions (i.e. functions
from N to C) a and b is defined by the formula

(@xb)(n)= Y a(d)b(n/d).
(d,nd/lg):l

The inverse of a function f under the unitary convolution, if it exists, is
a (unique) function g such that

0 e} =t

W. Narkiewicz proved in [1] the following
THEOREM. Ewvery arithmetic function f such that f(1) # 0 and

S If )] < o

has an inverse g such that
oo
> lg(n)] < oo
n=1

The proof was based on the theory of normed rings. Narkiewicz [2] (Prob-
lem 12) asked for an elementary, direct proof of this result. It is the aim of
this paper to give such a proof.

LEMMA 1. If f(1) = 1 the inverse function of f exists and is given by
the formulae

(2) o) =1,
w(n) k

(3) g =S S @) forn>1,
k=1 dy...dp=n i=1

(di,dj)=1,d;>1
where w(n) is the number of distinct prime factors of n.
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Proof. We shall check that the function given by the formulae (2) and
(3) satisfies (1). For n = 1 this is true, thus let n > 1. By (2) and (3) we

have
> fg(5) =9+ X fdg(5)+ i)
(d,nd/lg)=1 (d,n/d)ilﬁ 1<d<n
w(n)
=—fm)+Y (=) Hf
k=2 d=n =1

(dz,d ) 1,d;>1

+ > f(d)

d|n
(dyn/d)=1,1<d<n
w(n/d)
Y Y Tl =o
k=1 .dr=n/d =1

(dl,d )=1,d;>1

since the first and the second double sums contain the same terms with
opposite signs.

LEMMA 2. If a sequence a of real numbers a; > 0 satisfies

o
ZCLZ‘ < o0,
i=1
then also
o
Zk! Z Qi - .. Gy, < 0.
k=1  i1<...<ik

Proof. Let us denote »; _ _; ai, ...a; by 7(a) with 7o(a) =1 and
let | be the least positive integer such that

oo
L= Zai < 1.
i=l

We have the inequalities
k'ri(a) < 71 (a)”
(from the Newton polynomial formula) and the identity

min(k,l—1)

(@) = Z Ti(a1, ..., a1-1)Tp—j(ar, Qig1, - - .).

J=0
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Hence

o min(k,l—1)

Z klmi(a) = Z k! Z Ti(a1, ... ai—1)Tp—;(a, ai41, .. .)
k=1 k=1

§=0
-1 o
= ZTj(a’lv B 'aal—l) Zk!Tk—j(al,al+1, .. )
=0 k=j
-1 T |
SZTj(aly-..,al—l)Z — 'Lk_J.
=0 y (k—j)!

However, for |z| < 1,
oo

o d7
—j _ Z k_ S RPN R
k (k—j) daﬂ da:J (1) =il —=2) '

=J

Hence

-1 o) ] L
§j=0 k=3 1)

-1
= ZTj(CLl, - .,al_l)j!(l — L)ilij < 00.

J=0

Proof of the Theorem. By the assumption,
| f(n)

Zi

2|51

By Lemma 1 the inverse function of fo(n) = f(n)/f(1), denoted by go,
exists and satisfies

Z [go(n)] <1+ Z Z | foldr) - .. fo(dy)|

d1...dk n
(dz,d Y=1,d;>1

< S k(L@ 1 fo@)-. ).
k=0

On applying Lemma 2 to the sequence
a; = foli+1)] (i=12...)

< 00

we obtain

go(n)
f(1)

Z |go(n)| < oo, hence also i

n=1

< 00
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However, g(n) = go(n)/f(1) is the inverse of f(n), which completes the
proof.
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