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On a certain map of a triangle
by

Grzegorz Swirszcz (Warszawa)

Abstract. The paper answers some questions asked by Sharkovski concerning the
map F : (u,v) — (u(4d —u — v),uv) of the triangle A = {u,v > 0: u+v < 4}. We
construct an absolutely continuous o-finite invariant measure for F. We also prove the
following strange phenomenon. The preimages of side I = AN {v = 0} form a dense
subset |JF~"(I) of A and there is another dense set A consisting of points whose orbits
approach the interval I but are not attracted by I.

1. Introduction. The theory of dynamical systems deals with maps (or
flows) on some spaces and investigates the structure of their trajectories from
the topological, analytic or statistical point of view. There is one large class
of systems where this aim is achieved: hyperbolic systems. Now the main
problem is to develop a qualitative and ergodic theory for nonhyperbolic
systems. The standard examples of such systems are: unimodal maps of
the interval ([1]), the Hénon map ([3]), the Lozi attractor ([3]), iterations of
rational maps of the Riemann sphere ([2]).

Here the formulas defining the dynamics are extremely simple (e.g. given
by quadratic polynomials) whereas the analysis of the orbit structure is very
difficult.

Recently Sharkovski proposed a simple map of a triangle A generalizing
the unimodal map of the interval (similar to the Hénon map, see below).
He asked whether there is an attractor inside the triangle with some good
properties: transitivity, expansion, existence of an ergodic invariant measure
etc. In this paper we show that if there is an attractor then it must be very
strange. There exist two subsets {2 and A of the triangle with the following
properties:

(i) £2 and A are disjoint,

(ii) £2 and A are each dense in A,
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46 G. Swirszcz

(iii) {2 is the union of the preimages of a side I of the triangle A,
(iv) the trajectories of points of A approach the side I but they are not
attracted by I.

Therefore there cannot exist a closed, transitive and topologically ex-
panding attractor.

Moreover, we give an explicit formula for the invariant o-finite measure.
The next task is to study its ergodic properties. We plan to do it in the
future.

2. Statement of the results. We consider the following dynamical
system:
(1) F(u,v) = (u(4 —u —v),uv).

The mapping F' maps the triangle A with vertices (0,0), (0,4), (4,0) onto
itself. Let I denote the interval [(4,0);(0,4)]. It is worth noticing that fo
restricted to I is the map x — (4 — ) (a full parabola).

In the present paper we prove the following theorems:

THEOREM 1. The map fo has an absolutely-continuous o-finite invariant
measure.

THEOREM 2. The preimages of I form a dense subset {2 of the triangle.

THEOREM 3. There exists a dense subset A of the triangle disjoint from
2 with the following property: for each p € A we have w(p) NI # 0 and
w(p) is not included in I.

3. Changes of variables and notation. We shall also use another
chart

r=wu-2)yVud—-—u—-v), y=ud-—u—v)—2.
Here the map takes the form

(2) f(@,y) = (ylzl, 2* - 2).
Y
2
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Now f maps the circle D = {22 +y? < 4} onto itself and f(0D) = dD. The
fixed points of f are X° = (0,-2), X! = (-1,-1), X2 = (v/3,1).

We shall use the following notation:

o X = (z,9),

o Xy = (zp,y1) = fF(X) = fo...0 f(X),

] Xn(X) = (.1‘0]}1.1‘2 N ZCn_l)2,

e 11(C')—the Lebesgue measure of a set C,

e Jf(X)—the jacobian of f at the point X,

i Q(X) :4—1‘2—:1/2,

o ['=0D = {o(X) =0},

o A= Uzozl ().

It is easy to see that
(3)  o(f(X)) =4~ [2%y + (2* = 2)’] = 2°(4 — 2® — ¢*) = 2”p(X)
so that
(4) o(Xx) = xk(X)o(X).

From the above property it immediately follows that f(z,y) € I' iff
either x = 0 and f(z,y) = X° or (z,y) € I'. Therefore

A= ] fx%ur
n=1

Of course f is not differentiable in D, but it is differentiable in D\{(x,y) :
x = 0} and we have the formulas

@ Dpioo = |1l 'z‘], JFX) = 207 JFHX) = 25, (0).

4. Proof of Theorem 1. We define v(B) for any subset B of D as

v(B) = \(4—2%—y?) " d’X.
B
The measure v has a density with respect to Lebesgue measure

dv _ _
==ty = (e y)
m
and is invariant with respect to the map f. Indeed, as f is two-to-one,
_ 1 _
v(B) =\ o(z,y) 1 d’X = 3 | olf (@) I (f(2,y)) d*X.
B f=4(B)

Now from (3) and (5) we obtain
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1 S 2.’E2

v(B) = = aﬁgcx)d2X':z4f_1G%).-

f=1(B)

5. Proof of Theorem 2. We work in the coordinate system (u,v)
but we preserve some notations: A is the triangle, I = {(u,0) € A}, A =
U=, F(D).

The map F is not invertible, but F restricted to each of the sets A_ =
{0 <u <2}, Ay = {2 <wu <4} is invertible and the inverse functions are

9:(t,0) = <2iv 2im>

Wherever it does not lead to misunderstanding we shall identify points
(u,0) from I with their first coordinate u.

Let us denote by v = AN {u = 2} the segment separating A, and A_.
One can see that v = F~3[(0,0)]. For any finite sequence a = (ay,...,ax),
a; € Z, we define

v =ghlo . oglil(y)
where o; denotes the sign of a;. We have [J,v* C A. We denote the
endpoints of v* by a(® =~4N 1. As F|; is a full parabola, the points al®)
form a dense subset of I (see [1]). We consider eight curves 6}, j = 1,...,8,
parts of preimages of I, such that:

(i) 6] = v* for some a,
(11)5]CF k(y), k =2,3,4,5,
(iil) « (1) < oz((]z) < oc(()g) where oz((]]) =& NI,
1
() ofl = 2 (2.0).0§) = ¢ 0 g, 02 (2.0,
) a

) = [ 2 (14251

Remark 1. The property (v) follows from the first four ones and the
fact that g_|; is conjugate to the tent map ¢ (see the proof of Lemma 4).

We define (5{ :gi_(ég), ozg = (5{ NI,i=12...,7=1,...,8. Of course
&) C A for every 4, j. The curves 6/ divide the set P. = {(u,v) : v < ¢} into
an infinite sequence of domains w;, i = 1,2,... (see Figure 2). We define
additionally wq as the part of P. lying to the right of the curve &5.

Assume that C' C A is an open ball with C' N A = (). We strive to show
that there would have to exist an iteration F'™ such that

(i) F*(C)NP. =Cpe # 0,
(ii) Cy ¢ is not contained in any wy.

These two properties will lead us to a contradiction with the assumption
CNnA=0.



Map of a triangle 49

v

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

/) |

[ /) AN

(YO (10 (NO O{o 0/0 (YO (]/0 (]’0

The property (i) is achieved by means of the following lemma.

LEMMA 1 (Exponential contraction). There ezists a constant K such
that if C is as above (C N A =) then the set E of points in C' such that

v < K -277/?

has positive Lebesgue measure.
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We shall prove this lemma later.

The map F restricted to the interval I = AN {v = 0} is a quadratic
map (full parabola) and is conjugate to the tent map u +— 2u for 0 < u < 2,
u— 4 — 2y for 2 <wu < 4. It is a strongly expanding map.

It turns out that this expanding property is not lost in the small neighour-
hood P: of I. So, whenever some distinct points of £ C C' approach I then
they should diverge along I. Their v-coordinates tend to 0 very fast, but
their u-coordinates should behave randomly.

The property (ii) follows from the following two lemmas.

LEMMA 2 (Strong distortion). For every X\ > 0 and every integer m > 0
there exists n > m such that
(1
u
for some U® = (u®,0®) ¢ FY(E), i = 1,2, where E is the set from
Lemma 1.

LEMMA 3. There exists € > 0 such that if UM U belong to one com-
ponent wi, k=1,2,..., in P. = {v <&} then
2
(1.99)7! < % < 1.99.
u

Now let UM = (uM)vM), UR) = (4 v(2)) be points in C,, . such that
there does not exist any i > 0 for which UM, U®) € w;. Therefore either
UM e w,;, U ¢ wj, i # j, or UM, UR € wy. Since F*(C) is connected,
in the first case it would intersect some &/. As 67 C A it would mean that
F'(C)NA#0=CnNA#0D, a contradiction.

Assume then that U(l), U@ ¢ wpo. This means that u(l),u(z) >92-42
and therefore |u™) —u)| > 0.99-(2—+/2) > 0.4. This is a quite large number
and the first four preimages of v (whose equations can of course be written
explicitly) divide wg into subsets of diameter smaller than 0.4. Therefore
also in this case F™(C) intersects A, which ends the proof of Theorem 2. m

Proof of Lemma 3. Let UM, U® belong to one component wy, of
P.\ {6%} and let wy, be bounded by two curves ¢’,6” € {07}, " on the right
of ¥'.

It is enough to show the estimate of Lemma 3 for the case when the
points lie on these curves: UM e ¢, UR) € §”.

If UM, U@ are on the side I then v; = vy = 0 and v = ol u® = ozg,’,

which can be calculated. Indeed, the map F’ restricted to I is conjugate to
the tent map

[ p € [0,7/4],
p {ﬂ/z —2p, [n/4,7/2],
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by means of the conjugation u = 4sin® p. So, we get
G _ g2 U 1 G) g2 e
oy’ = 4sin BEDTRE Pl = §pz oYy = 4sin®(j + 7)m27 "

Therefore

(k) 2
ail S@[k:—i-?]
al! l+7

where © ~ 1.053. Indeed, sin® a/sin? 8 < O(a/B)? for a, 8 < /8 (see the
proof of Lemma 4).

Now we have to extend this estimate to points above I.

If € is small then in the first eight domains wq,...,ws the required es-
timate holds (with a very wide margin). The problem is with the domains
wy, for large k.

We shall estimate the relative positions of the points UM, U®?) by the
relative positions of their iterations US", US?. Because F (u,v) = (u(4 — u

—v),uv) the trajectories {U7S1)}~7 {U7§2)} remain in the domain P, ie. v <

e and v < e if ug), WP <242 (i.e. in the domains U]oil wj).
Let n be such that Uél), 52) € wj, 3 = 1,...,8. We shall estimate
u® /u from above by means of ug)/ug) which is good. We introduce

additional two points on the side I:
U® — (u(l),O), U@ — (u(2)70)
(the projections of UM U®R) onto I). Let U = (ug’),O), Uty = (ugfl),O)
(u® = u®, y® =4?) be their trajectories. We write
u@ 4B @ L@

WD @ L w3

LEMMA 4. There exists a continuous function £(v), v > 0, £(0) = 1, such
that if ud) <2 —1/2 and ug) < 2 then

(3) (3) (4) (4) (2) (2)
T g2l U g2l T g3y U
@9 m = m w9 Gy

From this lemma we get

(2) (2)
u Te(p@y. Un_
a0 =€)

where ugf) /ugl) has a good estimate (because we are in the first eight do-
mains):
(2) (3+1) 2
U, o5 8
-~ . < . | = .
0 [14 O(e)] 5 = 14 O0(e)]-O (7)

o7
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One can check that if © = 1.053 then 6% - (8/7)% ~ 1.97. From this, Lemma
3 follows. m

Proof of Lemma 4. The map F is conjugate to the map
T(p,q) = (arcsin(2/cos? p — q/4sinp), 4gsin® p) = (p1,q1)

by means of the conjugacy h(p,q) = (4sin® p,q). T restricted to the interval
[0,7/2] x {0} is the tent map

| 2p, € [0,7/4],
tp) = {732 — 2p, 2[97T/4,7T/2].

Let PO = (p() ¢®) = p=Y(U®), i = 1,2,3,4. As (sinz)/x is decreasing
in [0,7/2], we have

i 8
(6) 1> > Can T 5 0.974495  for z € [0, 7/8).

x T 8
Let

-2
o= <§ sin%) ~ 1.053.
v

Because

(@) inZ p@)
(% . s p .o
(7) U(j) - sinzp(j)’ ] = 172’3747

1 [p@12 W 2
§|:—:| SWSQ —= | > Z,]—1,2,3,4.

p® for i = 3,4 we get p%?’)/pgf) = p® /p™ and

2 3 3
@ <O Zﬂ =0 Z£ ’ < @2£
u@ — 7 [ p@) pgl) - ug)'

Now because pg) =27

then

Note that this holds because ug) < 2 by assumption. This ends the proof
of the first inequality of Lemma 4. Similarly we get the inequality

o) e _ u® _ u@® - yuld
u®  u@ T B u®

as u® = u® u® =u® . As F(u,v) = (u(4 —u —v),uww), we immediately
get uP > Y (the points on I “move faster” than the ones above). From
this the second inequality of Lemma 4 follows.

If (p1,q1) = T(p,q) and ¢ = 0 then p; = 2p and we have
(10) p1(p,0) = p1(p, @) < 2pg,

(11) q1(p,q) < %q.
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Indeed, |arcsin a — arcsin b| < 2|a — b| for a,b < +/2/2. Thus
arcsin(2y/cos? psin p) — arcsin(2y/cos? p — ¢/4 sin p)
< 4sinp(y/cos? p — \/cos2p — q/4)
< gsinp
~ \/cos2p + +/cos2p — q/4
as tanp < 2p for p < w/4. The inequality (11) is a consequence of the fact

that 4sin7/8 < 3/5.
From (11) we obtain
3 n
q7(12) < <g> v,
Now from (10) we have
P2 =pi0P.4?) = pi(p2,0) — 2¢PpP = (1 - ¢?)2p®

and hence

< qtanp < 2pq

P > 2(1 = (3/5) 0@ )p?.

By simple induction we obtain

P > []j (1 _ <§>iv(2)>]2np(2).
(@) = [lj (1 _ (g)ivmﬂ -

The infinite product is convergent, so the definition is correct and &(v(®)

We put

has all the desired properties. Because pgﬂl = 2"p4) = 275(2) for the fourth
point on the ¢ = 0 axis, we get from this and (8),

(4) (4)
Un <O [pL

Mok

2
2
Pn

Now the first inequality of Lemma 4 follows from (9). m

6. Proof of Lemmas 1 and 2. In this section we shall work in the
(z,y) chart.

Proof of Lemma 1. As C is a connected set disjoint from A =
Uo_, f7™(I), f¥|c is a diffeomorphism onto its image for every k. We have
(from (5))

p(fE(C)) = | TrFd?X =28 | yi(X) d*X.
C C
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Let K > 0 be a constant whose value will be specified later. We define
Con={XeC:oX,)>K-27"?} forn=0,1,2,...
We shall show that
(12) p(Cu) < SX 22,

From this, Lemma 1 follows because the set C'\ |J C,, consists of points
which approach the boundary I" very fast, and has positive Lebesgue mea-
sure for large K (the explicit relation between o(X,,) and v, will be given
later).

To show (12) we use the formula

2" § Xa(X) X = p(f"(Co)) < (D) = 4
Cn

and the estimate
o(X 1 n
XX 2 (028 = 2(x,) = K272
for X € C,,. Therefore
MK -27272(C,) < 47w

We shall call the property o(X,,) < K-2="/2 X ¢ C\{JCp,n=1,2,...,
exponential contraction. The ratio v/2 of exponential contraction can be
replaced by any other ratio d > 1.

Proof of Lemma 2. First we show that
Sup y ¢ g Xn (X)
infxep xn(X)

for some constant K = K(FE) not depending on n. (Here £ = C\ |JC,, is

the subset defined above.)
We have the estimate

p(f*(B) =2 | xn(X) d*X > 2"u(E) inf x,(X).
E

> K -2

On the other hand,

o(X,) = xn(X)%0(X) < 43u%xn(Y)2, XeE,
S

and
p(fM(E)) < p{o(X) < 48113310 Xn}) < 4w SUP Xn

(because o(X) =4 — | X|?). From this the inequality

SUPxcp Xn(X) > w(E)

ianeEXn(X) ~ Ar
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follows. Now because 0(X,,) = xn(X)o(X) we get

supx g 0(Xn)
ianeE Q(Xn)

where K is a constant depending on the initial ball C.
We pass to the (u,v) coordinates. It turns out that the function o(X)

has a simple expression here: it is the second component vs of the second
iteration of U = (u,v). Indeed,

> Ky -2"

o(z,y) =4 — 2% —y* = vu?(4 —u —v) = vy.
Therefore the exponential contraction property also holds in the coordinates
(u,v), which means that for any open set C' C A there exists an open subset
E of C such that v, < K -27"2forUe E,n=1,2,... (compare proof of
Lemma 1). Therefore
SUPxcr Un
ianEE Un
Assume now that the statement of Lemma 2 is false. This would mean
that there exist A, m such that for every n > m, u(l)/u(z) < 2 — A for
every Ur(ll), 7(12) € F'(E), Ut = (u%),vq(l)). One can check that v, =
VoUQULUD - . . Uy—1. Therefore

> Ko - 2",

(1) (l)u(l)u(l)u(l) o (1)
13) 5= FONCHENE) ?2)1
Un u U ’LL e
<1> A ) 0 1
cee U, (Q—A)n_m<L(2—)\)n
2 2 2 2 2
<>u<>u<>u<>. o
where

1) (1) (1 1
L 1 - (“ug)ug).. ()1>
=" pwvees \wPuPu® . ul?
From (13) we get the inequality
LE-AN">K, 2", n=12,...,

which cannot hold for large n. =

7. Proof of Theorem 3. Set B={U : w(U)NI # 0, w(U)N(A\I) #
0}. We have to prove that for any ball Cy C A, Cy N B # 0.

We use the form (II). The map F' has the fixed point (3,0) on the in-
variant interval I = {0 < u < 4,v = 0}. It is a repelling fixed point, as the

linear part of F' at (3,0) is [_02 _33]

Take the set R = {(u,v) : 0 < v < 1/8, |u— 3| < v} (triangle with one
vertex at the source (3,0)) and the sets P, = {(u,v) € A :v < 1/(8k)},
k=1,2,... (stripes approaching the interval I; see Figure 3).
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v

Fig. 3

Let Cy be the ball. From Theorem 1 we know that Cj intersects A =
U2, F({U©}), where U® = (0,0) corresponds to the fixed point X (*)
for the map f. So there exists a connected open subset C{, C Cj such
that F™(C}) C P, for some n and U € cl F*(C}). After several further
iterations the set C{, starts to intersect the triangle R, F™(Cy) N R # 0
(m > n). The points of F™(C{) N R leave P; under next iterations.

We repeat the same analysis with P; replaced with P, and Cy replaced
with C; = C{N F~™(R). We get some Cf such that F™1(C1 N R)N Py # .
Next we apply the same to Cy = C] N F~™ (RN Py) ete.

By repeating this procedure we obtain a sequence of nonempty sets C;
such that Cy D Cy D Cy D ... As A is a compact set the intersection (), C;
is nonempty. Let Uy € (), C;. Then:

(i) for every k there exists n such that F™(Uy) € Py,
(ii) for every N there exists n > N such that F™(Uy) € P, F"(Up) € R.

Therefore Uy € B. This ends the proof of Theorem 3. m
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