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Correlation dimension
for self-similar Cantor sets with overlaps

by

Karoly Simon (Miskolc) and Boris Solomyak (Seattle, Wash.)

Abstract. We consider self-similar Cantor sets A C R which are either homogeneous
and A — A is an interval, or not homogeneous but having thickness greater than one. We
have a natural labeling of the points of A which comes from its construction. In case of
overlaps among the cylinders of A, there are some “bad” pairs (7,w) of labels such that
7 and w label the same point of A. We express how much the correlation dimension of A
is smaller than the similarity dimension in terms of the size of the set of “bad” pairs of
labels.

1. Introduction. In the literature there are some results (see [Fal],
[PS] or [Si] for a survey) which show that for a family of Cantor sets of
overlapping construction on R, the dimension (Hausdorff or box counting) is
almost surely equal to the similarity dimension, that is, the overlap between
the cylinders typically does not lead to dimension drop. However, we do not
understand the cause of the decrease of dimension in the exceptional cases.
In this paper we consider self-similar Cantor sets A on R for which either
the thickness of A is greater than one or A is homogeneous and A — A is
an interval. We prove that the only reason for the drop of the correlation
dimension is the size of the set of those pairs of symbolic sequences which
label the same point of the Cantor set. We do not know a similar statement
for the Hausdorff dimension.

2. Theorem. Consider a family of contractive similarities S; : R — R,
i =1,...,d, where S;(z) = \jxz + t; for some \; € (0,1) and ¢; € R. Let
A be the attractor of the iterated function system {S;(z)}%_,, that is, the
unique non-empty compact set such that
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d
A= Si(a).

We may assume, without loss of generality, that 0 = t; <t; for ¢ > 1. Then
the convex hull of A is the interval [0, b] for some b > 0. Since we must have

[O, b] D Sl([O, b]) = [ti,ti + )\zb] for all i,

we immediately obtain

b= ti
LTI
Suppose that b =t4/(1 — Ag). It will be assumed that
ti .
(1) 0:t1<ti,i§é1; 1_>\‘<b,Z§éd.

There is a natural labeling of the elements of A by symbolic sequences.
Let ¥ ={1,...,d}". For 7 € X we let

II(1) = lim S;,. -, (0) =t +Arjtr, + An Anstry + ...

where S, ;, =5 0---085; . Clearly, A = II(X). Notice that conditions
(1) are equivalent to having a unique symbolic sequence for both 0 and b:

on-'0)={111...}, O '(b)={ddd...}.

The number s > 0 such that Zle A = 1 is called the similarity di-
mension of the iterated function system. Let p be the product (Bernoulli)
measure on X with weights (A\],..., ), and let v denote the “push-down”
measure on A, that is, v = po II~!. The measure v is the “natural” self-
similar measure on the attractor. Let uo = p x pu. We will consider the
correlation dimension of A defined as follows (see [CHY]):

Dy(A) =sup{a>0:1,(v) < oo}
where
() 1= | {lo =yl dv(a) duty) = | 11(7) — 1) dps.
AA 2

It immediately follows from the definition and the potential theoretic
characterization of the Hausdorff dimension (see [Fa3]) that the correlation
dimension is always a lower bound for the Hausdorff dimension. Further,
one can estimate the correlation dimension of A from a long typical orbit of
any point x € R as follows.

Let (i1,...,4n,...) be a typical element of X' (with respect to the “nat-
ural” measure p on X). Then it follows from [Pe] that the limit

Clr) = Tim —#{(k1)

n—>oon2
|Si, 0...08;,(x) = S;,0...08,(x) <rand [,k <n}
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exists and is independent of z. Therefore one can estimate C(r) from a long
typical (with respect to u) orbit. Then using Proposition 2.3 of [SY] we can
compute the correlation dimension by the formula

. logC(r)

We are going to express the correlation dimension Dy(A) in terms of the
set of “bad” pairs

Z={(r,w)eX?: (r) = H(w)}.

Define a metric ¢ on the symbolic space X' as follows: for 7 and w in X
denote by 7 A w their common initial segment and let

o(T,w) = A" where A=A -0\,

If 71 # wy then o(7,w) := 1. The metric on X? will be

n *

92((7—7 w)v (T/7 wl)) = maX{Q(T7 Tl)a Q(wa w/)}'

Recall that the upper (respectively lower) boz dimension of a compact
set K in a metric space is the limsup (respectively liminf) of the quantity
log N(K,¢e)/log(1l/e) as e — 0, where N (K, ¢) is the smallest number of balls
of diameter € needed to cover K. If the lower and upper dimensions coincide,
their common value is called the box dimension. We write dimg K, dimp K,
and dimyg K for the upper box dimension, box dimension, and Hausdorff
dimension of K respectively.

To state our theorem, we will need the notion of thickness (also called
Newhouse thickness; see [PT]).

Let K C R be a compact set and let K be its convex hull. Then K \K =
U§:1 E;, | < oo, where E; are complementary intervals (gaps). Enumerate
the gaps so that |Eq| > |E3| > ... For k > 1 let Fj be the component of
K\ U!Z] E; containing Ej. Then Fj, = F} U E}, U F}, where F}. and F} are
the closed intervals adjacent to Ej. Define 0y = max{|F}|/|Ex|, |Fr|/|Ex|}-
The thickness of K is defined as 0(K) = inf{0 : k > 1}.

THEOREM 1. Let A be the attractor of the iterated function system
{S:}4. | such that Si(x) = Niz +t; for 0 < X\; < 1, and (1) is satisfied.
If either

(a) the set A has thickness greater than one, or
(b) My =... =X and A — A is an interval,

then
(3) Dy(A) = dimp X? — dimp Z.

REMARKS. 1. It follows that dimy A > dimg X* — dimpZ. Notice that
dimyg A = dimp A since A is a self-similar set [Fa2].
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2. One can show that, in general, Dy(A) cannot be replaced by dimpg A
in (3). The idea is to take a self-similar set such that some cylinder-intervals
coincide. Then the measure v is no longer the natural choice to estimate the
dimension dimy A = dimp A.

3. If the thickness of A is greater than one then A — A is an interval but
the converse is not true.

4. Tt is easy to check whether A — A is an interval in the homogeneous
case A = A1 = ... = \,,. Indeed, then A — A is the attractor of the iterated
function system {T;;} where T;;(x) = Az + (t; —t;). It follows that A — A is
an interval if and only if [-b,b] = U,; T35 ([0, b]).

3. Notation and preliminaries. Throughout this paper 7,w always
mean elements of Y. Further, we write 7 := 7...7, and let [7] be the
cylinder set of sequences 7 € X starting with 7. We say that [7] is an
e-cylinder if

AT T < g gnd ATVl > g
The set of e-cylinders will be denoted by C.. Clearly, X' is the only 1-cylinder.
By the definition of the metric g, an e-cylinder [7] has diameter A™, hence
Amin € < diam[7] < e

where A\pin = min{); : i < d}. Define [7,0] = [7] x [@] € X2. This is a
cylinder set in X2 which will be called an e-cylinder if both [7] and [@] are
e-cylinders in X. For any ¢ > 0, the collection of e-cylinders C? = C. x C-.
provides a disjoint cover of X2 by sets of diameter approximately equal to .

For A C X? let N.(A) be the number of e-cylinders intersecting A. Then
a standard argument shows that

Recall that p is the product measure on X with weights (A],..., )
where Z?Zl Af = 1. Thus, the measure of an e-cylinder [7] satisfies

() Ain€” < pl7] < €.

For an e-cylinder [7,@] we have A28 &2 < us[7, 0] < 2. 1t is easy to deduce
from this that dimg X2 = 2s and

(6) (AcC X? dimpA < 2s) = uz(A) = 0.

The function f(7,w) := II(7) — II(w) measures the distance between
the projections of two elements of X. Observe that Z = {(r,w) € X? :
f(r,w) = 0}. Let

H. = {[7,0] € C2: [7,®]| N Z # 0}.
The cardinality of H. will be denoted by N, := N.(Z).



Correlation dimension 297

4. Upper estimate. Here we prove the upper estimate in (3). This is
straightforward and does not use the assumptions (a) or (b) of Theorem 1.
Let [7,&] € H.. Then [T,&] N Z # 0, hence Sz(A) N Sz(A) # 0, and

[f(r,w)| = [ (7) — H(w)] < diam(5#(4)) + diam(55(4))
= (A" 4+ A\¥) diam(A) < 2be
for 7 € [7] and w € [@]. Therefore, by (5),

(T, w) |7 dpa > (2b) 7™ pa[7, 0] = AT, (26) 70>
[7.]

We have
I(v) = g |f(ry @) dpp > ) g |f(,w)|~* duy > const - N £~
H,

X2 e [T,0]
Thus, if lim sup,_, log Nc/log(1/¢) > 2s—a, then I, (v) = oo. This, together
with (4), implies

DQ(A) S 2s —RBZ.

5. Lower estimate

LEMMA 5.1. Suppose that at least one of the conditions (a), (b) of The-
orem 1 is satisfied. Let [T,&] € C?\ H.. Then one of the sets Sz(A) and
S5 (A) lies in a connected component of the complement of the other one.

Proof. The assumption [7,0] € C2\ H. means that [7] and [@] are
e-cylinders in X such that S7(A) NS (/1) 0.

Suppose first that condition (a) is satisfied, that is, A has thickness
greater than one. Then both S7(A) and S;(A) have thickness greater than
one, since they are similar to A. By the Gap Lemma of Newhouse (see [PT,
pp. 63-82]), S7(A) N Sz(A) = 0 implies that one of these sets lies in a
component of the complement of the other one.

Now suppose that condition (b) is satisfied, that is, A — A is an in-
terval and A = A; for all ¢. Then all e-cylinders have the same length
n = |log(1/e)/log(1/A)]. It follows that the sets S7(A) and Sz(A) are both
translated copies of A" A. Observe that

{a€R:A"AN(A"A+a) # 0} = \"A—\"A

is an interval. Therefore, Sz(A) N Sz(A) = 0 can only happen if the convex
hulls of these sets are disjoint. This means that each of these sets lies in the
unbounded component of the complement of the other one. m

The next lemma is the key part of the proof.
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LEMMA 5.2. Suppose that at least one of the conditions (a), (b) in The-
orem 1 is satisfied. Let [T,0] € C2\ H.. Then for every o < s there exists
C > 0 such that

(7, 0)| 7% dpz < Ce>7
7]
Proof. Using Lemma 5.1, we can assume without loss of generality that

S7(A) lies in a connected component of R\ Sz(A). Write 1T = 111... and
d =ddd... We have

(7) [f(r,w)| = (1) — I (w)| -
> min{|f(r,71)|,|f(7,7d)|} forT €T andw € w

since II(71) = min S3(A) and II(7d) = max Sz(A). Now we have to use
condition (1) which implies that |f(7,71)| &~ A" and |f(7,7d)| =~ \™"\79,
up to a multiplicative constant. Let

A = [F1™)\ [F1™ Y], By, = [Fd™]\ [Fd™] for m > 1,

and
Ao =[]\ ([F1] N [7d]), Bo:=0.
Then
[7] = U (Am U Bp).
m=0

It follows from (1) and the definition of e-cylinders that
|f(7,71)| > const - \"AT* > const - eAT*  for 7 € Ay,
and
|f(7,7d)| > const - \™ > const -& for T € A,,.

By (7) this implies

|f(T,w)| > const - eA]" for 7 € A,,.
Similarly, using (1) and (7) we deduce

|f(T,w)| > const - eA\]' for 7 € By,.
Clearly,

W(Ag) < p[r1™] <A1 and w(Bp,) < e®Af° for m > 0.

Putting everything together, we obtain
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[ (7, w) |7 dpao
[7,0]
=\ > | @Ewldul(r) duw)
[@] m=0 Ap,,UB,
< const S Z (eTUATHEINTT 47N AT dp(w)
[] m=0
= const - e°~ ¢ S Z ()\(lsfa)m + )\ésfa)m) du(w)

[w] m=0
S C’&?S_O‘,u,[fu] S C€2S—a7
for some C' > 0. Here we used (5) and the fact that o < s. m

Now we can conclude the proof of the lower estimate in (3). It is enough
to show that I,,(v) = 0 for every a < 2s—dimpZ. Fix such an a. Notice that
Z contains the diagonal in X2, hence dimgZ > dimp X = s, and therefore,
a < s.

Let A, be the union of e-cylinders in X? intersecting Z, in other words,
the union of cylinders from H.. Let ¢, := 27". Clearly, Z = (", Ac,.
Since A; = X? we have

o0

22 = U (A‘En \AEnJrI) U Z'
n=0
By Lemma 5.2,
L= | 1) dus+ {1f(r,0)] " dus
n=0A4, \AE,'H_1 Z

o0
<OY Nepneni® + {1f(,w) 7 dpe.
n=0 Z

We can assume that dimpZ < 2s since otherwise the estimate Dy(A) >
2s — dimp Z is obvious. Then ps(Z) = 0 by (6). Thus,

Io(v) < CY  Np-ueyy2” (nF1Esme)
n=0
By assumption,

1 N —n —_—
lim sup 08 Mo dimpZ < 2s — «a,

n—oo Nlog2

so the above series converges. This completes the proof of Theorem 1. =
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