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Strongly meager sets and subsets of the plane
by

Janusz Pawlikowski (Wroctaw)

Abstract. Let X C 2. Consider the class of all Borel ' C X x 2% with null vertical
sections Fy, x € X. We show that if for all such F' and all null Z C X, J,c F= is null,
then for all such F, J,c x Fo # 2. The theorem generalizes the fact that every Sierpiriski
set is strongly meager and was announced in [P].

A Sierpinski set is an uncountable subset of 2% which meets every null
(i.e., measure zero) set in a countable set. Such sets may not exist, but they
do, e.g., under the Continuum Hypothesis.

A strongly meager set is a subset of 2 whose complex algebraic sum
with null sets cannot give 2.

Answering a question of Galvin I proved in [P] that every Sierpiriski
set is strongly meager (see [M] and [P] for more about Galvin’s question).
Since Sierpinski sets may not exist, this result is somewhat defective. Here
we prove its “absolute” version, which seems to be of independent inter-
est. The paper is an elaboration of the Note given at the end of [P]. A
different elaboration, using “small sets” of [B] and closely following my
lecture at Cantor’s Set Theory meeting, Berlin 1993, is given in [BJ] in
Section 5 (repeated in [BJ1]). There is, however, a major gap in the expo-
sition in [BJ], namely, in the proof of Lemma 5.5, where one really needs
a sort of Kunugui-Novikov theorem (see the proof of Lemma 4 below).
Also it seems reasonable to avoid “small sets” because they do not form an
ideal.

Let X C 2%¥. Consider the class of all Borel F' C X x 2% with null vertical
sections Fy, z € X. If for all such F, |J . x F, is null, resp. # 2¥, we say
that X € Add, resp. X € Cov. (See [PR] for an explanation of this notation.)

Here Borel means relatively Borel. It is useful to remember that for a
Borel F' C X x 2¢, the function x — u(F}) is Borel. In particular, any Borel
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subset of Y x 2¢, Y C X, with all vertical sections null, extends to a Borel
subset of X x 2“ with all vertical sections null.

THEOREM. Suppose that every null subset of X C 2¥ 4s in Add. Then
X € Cov.

The theorem implies that every Sierpinski set is strongly meager as fol-
lows. Suppose X C 2¢ is a Sierpinski set. Let D C 2% be null. We want to
see that D + X # 2“. Consider

F=|J{z}x(D+u).
reX
Clearly F' is a Borel subset of X x 2“ and all its vertical sections are null.
Also, every null subset of X, being countable, is in Add. So, by the theorem,
Upex Foe #2°. But D+ X = J . x Fu.

NOTATION. Given a set K and A C 2% let u(A) be the measure of A
in the product measure arising from assigning to each point in {0, 1} weight
1/2. Note that if K is finite, then u(A) = |A]- 27151,

For K C L Cwand AC 20 let [A] = {t € 2¢ : t|L € A} and let
A|K = {t|K : t € A}. Likewise, for A C (2E)* let [A] = {(t1,...,tx) €
(2)F (41| L, . .., t,|L) € A}.

Clearly u(A) = p([A]). Note that any clopen subset of 2 can be written
as [A] for some A C 2". Also for A C 2" and m > n, [A] = [B], where
B={re2™:1|ne A}

For o € w<¥ of length n+ 1 , let o* be o|n.

We use the following abbreviations:

3°° — there exist infinitely many,
V> — for all but finitely many,

\/nimmUn>m7

Ao — Un Mo

For FC X xTand x € X let F, = {t € T : (z,t) € F}. Likewise, for
FCXxSxT, xeX,se S, let Fpy ={teT: (x,st) € F} etc. In
particular, if FF C X X (2¥)%, to,...,t, € 2¥, then

Fxto...tn = {<tn+1, .. > € (Qw)w : <l’,t0, . ,tn,tn+1,. . > S F}

Let F[X] = U,cx Fe- If I has all sections F,, z € X, null, we say that
Fis X-null.
The following simple lemma is crucial.

LEMMA 1. Let every null subset of X be in Add. Suppose F' C X x (2¥)¥
1s Borel and X -null. Then, given null Y C X, there exist t € 2* and Borel
null Z C X \'Y such that Fyy, © & Z, are null.
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Proof. Let
G = {(x,t) € X x 2% : u(Fy) > 0}.

Then G is Borel and X-null. By Fubini’s theorem find ¢ € 2 \ G[Y] such
that

Z ={z: (x,t) € G}
is null. (This is possible because G[Y] is null.) m

We shall need the following property B, which is a Borel version of prop-
erty H of Hurewicz (for more see [FM], [PR]):

X C 2% has property B if, given for each n € w a Borel cover {U}]! }rco
of X, there exist k,’s such that X C A U<, Ug-

It is not hard to see that we can use increasing covers in this definition
and write X C A U . Also, easily, X has property B iff for any Borel
function f : X — w*, f[X] is dominated. (Y C w® is dominated if there
exist z € w® such that V>*°n y(n) < z(n), for all y € Y.) Moreover, it is
enough to consider only f for which all f(z) are increasing.

The following lemmas are well known.

LEMMA 2. If all null subsets of X C 2% have property B, then X has
property B.

Proof. Let {U}}kew, n € w, be increasing Borel covers of X. Find
kn's with p*(X \Up ) < 27" Let Z = X \ A, U . Then Z is null, so
it has property B. Thus Z C A, Ut for some [,’s. It follows that X C
/\n Urﬁax(kn,ln)‘ "

LEMMA 3. (1) If A C 2¥ is null then for any sequence {e,} of positive
reals there exists an increasing sequence {a,} € w* together with sets B,, C
29" of measure < ey, n € w, such that A C\/,[By].

(2) If an, € w and B, C 2%, n € w, are such that ) p(B,) < co, then
A=\, B, is null. If moreover K C w is such that Y, u(By)-21"El < oo,
then also A|(w \ K) is null (in 2°\5).

Proof. We prove the first part, the second is straightforward. Given null
A C 2% and £ > 0, we can cover A by an open set of measure < £/2", which
next can be split into disjoint clopen sets. In this way we can find clopens
Ci, i € w, such that A C\/,C; and ), pu(C;) < e.

Suppose now that {e,} is a sequence of positive reals. Use the above
to find clopens Cj, i € w, such that A C \/,C; and ) . p(C;) < €o. Next
find an increasing sequence {i,} such that » ;. u(C;) < &,41. Finally, let
Ag = U4, Ci and for n > 0 let A, = Uin_lﬁi;in C;. Then pu(A,) < &, and
AC\, A,. Each A,, being clopen, is of the form [B,] for some B,, C 2%~.
We can easily arrange that a, 11 > a,. =
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It follows from Lemma 3 that, given {b,} € w* and null A C 2% there
is an increasing {a,} € w* such that

Von |la, N K| <b, = A|(w)\ K) is null.

LEMMA 4. Suppose that F C X x 2¥ is Borel X-null. Let {,} be a
sequence of positive reals. Then there exist for each n a countable Borel
partition Uy, of X together with integers ay;, and sets Ay, C 20U of measure
<en, U€eU,, such that

rc\/ | uxl[4g]

If additionally X has property B, we can require that for some increasing
{an} € w? all afy, U € Uy, equal ay,.

Proof. This is a parametrized version of the first part of Lemma 3. We
indicate the main steps.

For any € > 0 there are Borel sets W; and clopens C};, i € w, such that
FCV,W;xCjand forall z € X, 37,c e,y W(Ci) < &, where K(z) = {i :
T € Wl}

This follows from the following facts:

e any Borel subset of X x 2 with open vertical sections can be written
as a union of countably many disjoint sets of the form W x C, W Borel, C
clopen (a theorem of Kunugui and Novikov, see [K]);

e for any Borel B C X x 2¥ and € > 0, there exists a Borel A C X x 2,
B C A, such that vertical sections of A are open and u(A, \ B;) < ¢ (the
sets with such a covering property form a monotone family that includes all
finite unions of Borel rectangles).

Note that the function z +— (. ; #(Ci) is Borel. (Because the
function p(C;)1lw, that takes p(C;) on W; and 0 outside is Borel and
Dick @y MCi) = 35 1(Ci)lw, (z).) It follows that for any § > 0 we
can find a countable Borel partition U of X and numbers jy € w, U €
U, such that on each U the mapping = +— K(z) N jy is constant and
D iek(a)\ju MCi) <.

Using this find Borel sets U, and integers j,, 0 € w<%, such that

e Uy=2X, jp =0,

e U, is partitioned into U,~’s, k € w,

e if |o| > 0, then j,« < j, and x — K(x) N [j=, jo) is constant on U,,
e if |o| > 0, then on U,,

Z ,LL(CZ') < Elo|—1-

i€K (@)N[jo* ,Jo)
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If |o| > 0, let

B, = U C;, xzeU,.
€K (2)N]jox,Jo)
This is a clopen set of measure < €51, 80 we can find a, € w and A, C 29
of measure < ¢|5—1 such that B, = [A,].
Now just note that

\VWixc; €\ | J{Us x [45] s 0 €0}
i n>0
Up to some enumeration, we are done. m

The following lemma is a version of Miller’s [M1] result that additivity
of measure is below number b. (See also [PR].)

LEMMA 5. Add C B.

Proof Let Y € Add. Let Y > y — 7 € w* be Borel with all 3’s
increasing. Define F' C Y x 2% by

te Fy s 3¥nVi<nt(yn)+i)=0.

Then F' is Borel and Y-null, so A = F[Y] is null. Use Lemma 3 to find an
increasing sequence {a,} such that

Vn |[KNay| <n(n—1)/2 = Al|(w\ K) is null.

We claim that {a,} dominates all ’s. Indeed, suppose that 3*°n 5(n) > a,.
Consider

K = J{(n).g(n) +n) : 5(n) = an}.
Then Vn |K Nay,| < n(n —1)/2 (we take to K below a, at most n — 1
intervals).
It follows that A|(w \ K') is null. This is a contradiction because F,, C A
and F|(w\ K) is 2¥\X. (Any element of 2°\X can be extended to an element
of 2¢ which on infinitely many intervals [g(n),7(n)+n) is constantly zero.) m

Proof of theorem. By Lemmas 2 and 5, X € B. Let FF C X x 2“ be Borel
X-null. We seek a point outside F[X]. Let Q = {t € 2 : V*°n t(n) = 0}.
Enlarging F' if necessary we can assume that for all z, F, = F, + Q. Use
Lemma 4 to find an increasing {a,} € w* together with a sequence {4, } of
countable Borel partitions of X such that for some Ay, C 29, U € U, of

measure < 27",
Fc\/ | Ux[4ap]
n UeU,
Let B} be A}, for the unique U € U,, that covers z.
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Say that oq,...,0r € 2% have a diagonal in A C 2% if for some ng <
o Sngo1 S,
oolan, Uoi|[ang,an,) U ... Uog|[an,_,,an) € A.

Say that tg,...,tr € 2 have a diagonal in A C 2% if tg|a,, ..., tx|a, do.
Define £ C X x (2¢)“ by

(to,t1,...) € B, < 3k 3°n to,...,t; have a diagonal in B .
CrAaM 1. E is Borel and X -null.

Proof. Let

B"(k) = {{00,...,0) € (29")**1 . 5y,..., 0} have a diagonal in B"}.
Then |B? (k)| < 2¢n=n232k . (1 + n)k. Indeed, there are < (1 + n)* possi-
ble sequences no, ..., n,_1, and for each sequence we have |B?| times 2¢»*
possible choices for (oy, ..., o).

So

u([Br(k)]) = | By (k)|/2%*FD) < 27(1 4 n)*.
It follows that

wE) <Y [ 2 "t+n)f=0.m

k. m n>m

CLAIM 2. There exist {t;} C 2¥ and a Borel partition {X;} of X such
that each

Exti...tkj HAS X’L'v k Z i7
18 null.

Proof. Apply Lemma 1 with Y = () and F = E to find ¢ty € 2% and
Borel null X; C X such that the following sets are null:

Ea:u HS X17
E:rtoa X ¢ Xl.
Next apply Lemma 1 to Y = X; and
F=|J {2} xE, U | {2} x Eu,
xeXl x¢X1

to get t; € 2¥ and Borel null Xy C X \ X; such that the following sets are
null:
Exa HARS X27

Ea:tl’ T E le
Ea:tot1a X ¢ Xl UXQ.
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Similarly find t2 € 2 and Borel null X3 C X \ (X; U X3) such that the
following sets are null:

Ea:u HS X3a
Ea:tg, M X2a
Ext1t27 MRS Xla

Evtotit,, =& X1UXoU X5,
etc. Finally, set Xo = X \ J;5o Xi- =
It follows from Claim 2 that for z € X,
(tistist,...) & Ey.

Otherwise we would have E,;, ;, = (2¢)“ for some k.
Thus for z € X; and k > i,

V>n t;, ..., tx have no diagonal in B .
For all k and n let
vk = U X; U U{x € X;:Vm >nt,, ..., t; have no diagonal in B"}.
i>k i<k
Then for all k, V,¥’s form an increasing Borel cover of X. By X € B, there

is an increasing sequence {ny} such that

Xc AV
k

Let
t= to’ano Ut1|[an0,am) Utg\[anl,anz) U....
CLamm 3. t ¢ F[X].

Proof. Fix ¢ € X;. Since V*°k x € V,fk, for all sufficiently large k > i
and n > nyg, t;,...,t; have no diagonal in B!'. Hence,

ti’ani U ti+1‘[ani7ani+1) Uu...uU tk’[ankfman) ¢ B;lv
and thus
ti‘am U U tk‘[a’nk717ank) ¢ \/[B;L]
k>1i n
It follows that t & F,.. m

NoOTE. We have really proved that if X € B has all its null subsets in Cov,
then X € Cov. The crucial Lemma 1 goes through because if Y € Cov, then
for all Borel Y-null F CY x 2¢ p*(2¢\ F[Y]) = 1. (Otherwise we could
find in F[Y] a perfect set P of positive measure. Then D = F N (Y x P)
would be a Borel Y-null subset of Y x P such that D[Y] = P. This would
yield a similar subset of Y x 2¢.)



286 J. Pawlikowski

Note also that if X € BN Cov, then 2* \ F[X] contains a perfect set for
all X-null ' C X x 2. (It is enough to require in Lemma 4 that A},’s have
measure < 272" and consider B = {o € 2% : 31 € A}, 0|K = 7|K}, where
K is a fixed co-infinite subset of w such that Vn |a, \ K| < n. Then B} is
a subset of 2% of measure < 27". If X x {t} avoids \/,, Uy U x [Bf], then
{s €2¥:s|K =t|K} is a perfect set disjoint from F[X].)

We cannot drop B in the above remark. If we add ws random reals to a
model of CH then the ground model reals constitute a counterexample. (Use
the fact that a random real does not add a perfect set of random reals.)

We cannot require in the theorem that X € Add. It is enough to take for
X a Sierpinski set and for F' the diagonal in X x X. There is however no ZFC
example for this. Indeed, suppose the Dual Borel Conjecture holds, i.e. all
strongly meager sets, hence also all Cov sets, are countable. Suppose also that
every uncountable set has an uncountable null subset. (Both assumptions
are true when wy Cohen reals are added to a model of CH, see [C].) If all null
subsets of X are in Cov, then they are all countable by the first assumption.
So X has no uncountable null subsets, and thus X itself is countable by the
second assumption. It follows that X € Add.

Suppose that all null subsets of X are in Cov. Does it follow that X is
strongly meager? We have the following partial result:

PROPOSITION. Let X have property B. Let D = \/,[By], Br C 2&*,
where L C w, k € w, are pairwise disjoint. Suppose for every finite F' C 2|
D+ (XN(D+F))#2%. Then D+ X #2%.

Proof. Choose tg € 2* and inductively t,, € 2“ so that
tn € D+ (XN (D +{to,t1,...,tn-1}))-
Then for all z € X,
Venax & D+t,.

Indeed, if x € D 4+ t,, and m > n, then t,, € D+ x,s0 x &€ D + t,,.
Let

U ={z:x¢ D+t, =Vm >k x|L,, & By, +tn|Lm}.

Then for all n, U}}’s form an increasing Borel cover of X. So X C /\n U ,?n
for some increasing sequence {k,}. Then for all z,

(remember that V°n x & D + t,,).
So for all z,

vVn Vk > k, tn|Lk ¢ By +$|Lk.
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Let t € 2¢ be such that for all n,

U tn| Ly C t.
kn<k<kni1

Then for all z,

Vn Vk € [l{in,kn+1) t|Lk Q B + $|Lk

It follows that Ve € X t € D+ . m

NOTE. Let small mean small in the sense of Bartoszynski [B]. Suppose
that every small subset of X has property B. Suppose also that for every
small Y C X and small D C 2¥) Y 4+ D # 2%, Then for every small D C 2¢,
X + D # 2% (Every null set is a union of two small sets. So, if all small
subsets of X have property B, then all null subsets of X have property B,
thus X itself has property B. Also, a union of finitely many translates of a
small set is small.)

(B]
[BJ]
[BJ1]
(€]
(FM]

K]
(M]

[M1]
(P]

[PR]

References

T. Bartoszynski, On covering the real line with null sets, Pacific J. Math. 131
(1988), 1-12.

T. Bartoszynski and H. Judah, Borel images of sets of reals, Real Anal. Ex-
change 20 (1995), 1-23.

—, —, Set Theory: on the Structure of the Real Line, A. K. Peters, Wellesley,
Mass., 1995.

T. Carlson, Strong measure zero and strongly meager sets, Proc. Amer. Math.
Soc. 118 (1993), 577-586.

D. H. Fremlin and A. Miller, On some properties of Hurewicz, Menger and
Rothberger, Fund. Math. 129 (1988), 17-33.

A. Kechris, Classical Descriptive Set Theory, Springer, 1995.

A. W. Miller, Special subsets of the real line, in: Handbook of Set-Theoretic
Topology, K. Kunen and J. E. Vaughan (eds.), Elsevier, 1984, 203—-233.

—, Additivity of measure implies dominating reals, Proc. Amer. Math. Soc. 91
(1984), 111-117.

J. Pawlikowski, Fvery Sierpiriski set is strongly meager, Arch. Math. Logic 35
(1996), 281-285.

J. Pawlikowski and I. Rectaw, Parametrized Cichon’s diagram and small sets,
Fund. Math. 147 (1995), 135-155.

Department of Mathematics
University of Wroctaw

Pl. Grunwaldzki 2/4

50-384 Wroctaw, Poland

E-mail: pawlikow@math.uni.wroc.pl

Received 10 June 1997



