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A generalized Kahane-Khinchin inequality

by
S. Yo, FAVOROV (Kharkov)

Abstract. The inequality

. 1/2
Slog Zane%“‘”" digy . ..dypn > Clog (Z \an\z)

with an absolute constant C, and similar ones, are extended to the case of apn, belonging
to an arbitrary normed space X and an arbitrary compact group of unitary operators on
X instead of the operators of multiplication by g2,

The classical Khinchin inequality has the form

(1) ($02) " < oe(Fanta),

where {a,} is a finite {or an infinite, with a bounded sum of squares) se-
quence of real numbers, £, is a sequence of Rademacher random functions
(this means that the £, are independent and £, = +1 with probability 1/2),
£ denotes the expected value, and ¢ is an absolute constant.

For any p > 0 and any random function 5§ we define

(2) 181z = (ESI)**, p>0.
Then inequality (1) can be rewritten in the form
(3) 18]z < C|8][2

for

(4) S = Z Chné‘n.
For {a,} complex the sum
(5) S = Zane2wiﬂpn

is usually considered, where the s, are independent and uniformly dis-
tributed on [0,1]. Inequality (3) is also true for (5) (with another con-
stant C).
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102 S. Yu. Favorov

It follows from the Jensen inequality that (2) is an increasing function of
p (in particular, the inequality opposite to (3) with € = 1 is trivial). That
is why the inequality

(6) 181l < Cip, @)lIS g,

for the sums (4), (5) or more general ones is also named the Khinchin in-
equality.

J. P. Kahane proved inequality {6) for the sums (4) and (5) with an,
helonging to an arbitrary Banach space X; the constant C(p,q) depends
neither on a, € X, nor on X {1). This inequality is also valid for the sums

(N S = Z QpTp, Tn € X,

where o, are elements of a compact (in the strong topology) subgroup I” of
the group of unitary linear operators on X, and the expected value in (2)
is calculated with respect to the direct product of the Haar measures on I
The only additional restriction on I" is the following: the operator

0<q<p,

(8) e :x— —x helongs to I

D. Ullrich [9] and the author [1] simultaneously and independently proved
a stronger result than inequality (6), namely

(9) 5]z £ CYSllo,
where S is defined in (5) and
(10) [|Sllo = exp E(log|S1)

(the opposite inequality with C' = 1 is obvious). This inequality has a num-
ber of applications: in the theory of Bloch functions [9], in the theory of value
distribution of holomorphic mappings into Banach space [1-2], in the theory
of almost periodic functions [3]. It should be mentioned that inequality (9)
with the sum of Rademacher functions (4) is not true.

It is easy to see that the definition (2) also makes sense for p < 0,
and (2) and (10) define a decreasing function p — ||S|p for all p € R
Ye. A. Gorin and the author [4-5] obtained sufficient conditions for se-
quences of independent random vectors =, € R™ and linear operators
An € L(R™,R™) under which inequality (6) is satisfied for § = 3 Apzn
with g < 0 < p. This inequality was named the generalized Khinchin in-
equality.

In particular, (6) is true for any p > ¢ > —(m ~ 1) when z,, are equidis-
tributed on the unit sphere in R™ and A, are operators of multiplication
by ar & R. This result for m = 2 is slightly stronger than (9).

(1) For example, this inequality follows from Th. 4, p. 20 of [6]; see also [8].
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'I'he proofs of all these results make use of the Fourier transform and
seem to be of little use in the infinite-dimensional case. D. Ullrich [10] gave
a new method and proved (9) for the sum (5) and a, € X, where X is
an arbitrary Banach space and C is an absolute constant. For a random
vector 5 with log-concave distribution inequality (9) was established by
R. Latata [7]. Therefore it is natural to describe groups of unitary operators
in X' for which inequality (9) (or (6) for ¢ < 0) is satisfied for the sums (7.
Observe that the group I" = {e,e™ } is not of this type. This situation differs
from the case of ¢ > 0 (Kahane-Khinchin inequality).

The purpose of the present paper is to prove the following result:

THEOREM. Let X be an arbitrary normed space and I' be a compact and

connected (in the strong topology) group of unitary linear operators on X
with the Hoar measure u such that

(11) S alr)du(a) =0 forall ze X
r

and

(12) Se<ocoVe<1/2VzeX pla: oz —2|| < elfe} > <.
Then the inequality

(13) 1Sl < CIIS_q

is true for any ¢ € [0,1) and any z1,...,2, € X for the sum (7) with
a; € I'; the constant C' depends only on g and g. Condition (12) cen be
omitted if the norm in X is defined by the scalar product.

Inequality (13), together with the Kahane—Khinchin inequality, imply
that inequality (6} for the sums (7) is true for all g, p e R, ~1 < ¢ < 0 < p.
Then (13) is also true for an infinite sum if the latter converges almost surely.
This follows from the Fatou lemma and the equivalence between almost sure
convergence and convergence in LP(I"*°) for all p > 1 for the sums (7) (see,
for example, [6]).

Conditions (11) and (12) are satisfied, for example, when X is a complex
normed space and I' = {z — ¥*g}, © € [0,1]; in this case our theorem
gives a stronger inequality than (9). Conditions (11) and (12) are also sat-
isfied when X is the space of functions integrable on the unit circle T and
such that

fzydt=0 and {|a(t+h) ~2(t) dt < KIR|2)a(t)) zem;
T T

here I' is the group of shifts {z(t} — z(t+h)}. Inequality (13) for ¢ = 0 has
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the form

(] H imj(w hy)

T j=1

2 1/2
‘Lm dhy ... dhn)

k)
< Cexp X log”Z:cj(t+hj)HL . dhy ... dhy,
™ i=1 M

where z; are arbitrary functions of ¢ and the constant C depends only on ¢
and K.

We would like to emphasize that the connectedness of I' separates just
the cases I' = {e,e"} and I" = {z — e*™¥z}, » € [0,1]. Condition (11) is
weaker than condition (8) that was used for the Kahane-Khinchin inequality
(however, Kahane’s proof needs only a little change when we replace (8)
by (11)). Condition (12) means that the orbits of any element of X are “not
very long”. Perhaps this condition appears because of the method of the
proof; the author could neither omit condition (12) nor prove its necessity.

Proof (of the Theorem). First of all we prove (13) for sums e @1 + o2
with a constant Cs. Further we assume that (13) is true for any sum (7) of
n—1 terms with a constant Cp,_; and prove (13) for a sum (7) of n terms with
a constant C,. The theorem will be proved if the product Hf:3 Cn/Ch-1
converges {2). Of course we may assume ¢ # 0.

It is easy to see that for any z,2' € X,

a9 el =] Jer -2 du@)|| < § llaw - 'l du(e).
r r

Therefore for any =’ € X with ||z']| = 1, there exists an element =" belonging
to the orbit I'(z') such that ||z’ — z”|| > 1. Consequently, the connected
image of I'(z") under the map 7 : z — |lz — 2" || contains the segment [0, 1].
Let ¢t € (0,1/4), N = [1/(2t)] and &1, ..., 2~ be the preimages of the points
4/N under the map 7. The balls {z € X : [z —mz;|| <t} are pairwise disjoint,
S0

N

Z,u,{a e’ — x5l < 8} < 1.

F=1
The properties of the Haar measure imply that p{e : |z’ — || < t} does
not depend on & € I'(z}, therefore

plo: oz’ — x| <t} <1/N < 4

(%) Barlier this method permitted M. I. Kadets to obtain an extremely simple and
elementary proof of (9) with a, € C (private communication).
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for all z € I'(z') and ¢ € (0, 1/4), so

{liaz' — |~ dp(e) < [t 2 dpfa: [l - o] < £}

I 0
2

277 4 qSt_qmlu{af aa' — ol < t}dt
0

<47/(1-gq).

‘ Let n = 2. We may assume ||z:|] = 1 and |jz2|| < 1. If a point o' € I'(zq)
is nearest to —xg, then for any a € I,

it

lamy —2'|] < 2f|cw; + 3|
and

_ —1/q
(Mlons -+ el = dufon) du(es))

= (fliems +2all 7 du()) ™" 2 (o)

This inequality implies (13) for n = 2 because |ja1z1 + azzs|s < 2.
Let now n > 3. For k < n define

Sp=aiey ... + QL Tg-
It is easy to see that

I18allz < (n = 1) n—2)"1 Y 1S, — ajz; — ezl

itk

Therefore

n—2
(15) [Sn-2llz 2 ——IISall2
under a suitable numbering of ©,._1,z,. On the other hand, inequality (14)
implies
(16) [1Sn—2ll2 < [|Sh-1]l2 < [[Sull2
and
(17) [2n ] < (|8 2-

Consider for a fixed 8 € I' the expression

S(8) = ac1&1 + ... + Gn2Zn— + Gn1(Tao1 + Bxn)
and define

r(8) = 15(8)I3118a3% ~ 1, Man = maxr(8).
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Inequalities (16)—{17) and
(18) 18812 < Sn-1llz + [lznl

imply M, < 3; the inequalities (15) and [|§(8)]|2 > ||Sn_zll imply the
estimate

(19) r(8) > max{—4/n, —8/9}.

It is not difficult to see that

(20) §r(8) du(8) = 1Salz® § 115(8)113 du(6) — 1 = 0.
r r

Suppose that the inductive hypothesis is true. Replace S, by g (8) in
(13). Then

(1) [SalZE = §IS@IZEdu(d) < €, § 18837 du(8)
r r
= Ci_yl|Snliz® § (L+7(8))7%/" dpu(8).
r

Since (1+1)79/2 < 1—(g/2)t+ A(g)t? for t > —8/9 and ¢ € (0, 1), (19)-(21)
imply

1/q
15012 < Cn1llSnll—q[1 + Alg) Sr(ﬁ)zdn(ﬁ)]
Ir

and

[0 au(0) = (3o + 57 ) § P autd) < (34 5 ) 3

r 3n
If the norm in X is generated by a scalar product, then by (11) we obtain
18&l1F = > sl
i<k
Therefore
I5(8)113 = 1|Sn-2l3 + |21 + Beall® < 2]|Sall} — [|Sn-2l3.

Now inequality (15) implies the estimate M, < 4/n, and we may take
Cr, = (14+36A(g)n")HYIC, . In. the general case we calculate the measure
of the set

D={B eI |r(8)—r(Bo)l < Mn/2},
where 3 is a point of I' such that r(3) = M,. It follows from (16)-(18)
that for any 3,8 € I',

r®) (@) s LA ¢ yyse g ol
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Then condition (12) and the estimate M, < 3 imply

#(D} z p{B : |iBzn — Bomn| < Mallzn|/8} 2 (Ma/8)°.
By {19} and (20) we obtain

1 8
WD) sMa < Jr(@)du(B) < | [r(B)|du(8) <
D gr{B}=0
and M, < 8(23~1n=1)/(e+1) Therefore we can take
Cr = Cr1(1 + 86 A{g)n~ et/ (er1h1/a,
The theoremn is proved.
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