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MINIMAX PREDICTION FOR THE MULTINOMIAL AND
MULTIVARIATE HYPERGEOMETRIC DISTRIBUTIONS

Abstract. A problem of minimax prediction for the multinomial and
multivariate hypergeometric distribution is considered. A class of minimax
predictors is determined for estimating linear combinations of the unknown
parameter and the random variable having the multinomial or the multi-
variate hypergeometric distribution.

1. Introduction. The problem considered in the paper belongs to a
class of estimation problems for which the aim is to predict the value of
a random variable Y on the basis of the observation of a random variable
X, where X and Y have a distribution dependent on the same unknown
parameter. The paper deals with a special form of such problems—mnamely,
with the problem of finding a minimax predictor for the multinomial and
multivariate hypergeometric distributions. In the paper of Trybuta (1958)
a minimax estimator was found for estimating the parameters of the mul-
tivariate hypergeometric distribution and of the multinomial distribution
under a weighted quadratic loss function. Wilczynski (1985) obtained a
minimax predictor of a random variable distributed according to the multi-
nomial law when the loss function has a more general form than in Trybula
(1958).

In this paper it is assumed that X and Y are random variables having the
multinomial or multivariate hypergeometric distribution with the unknown
parameter p = (p1,...,p,). Assuming the loss function to be of the form
(1) below, in both cases minimax predictors of linear combinations of the
form Z = ap + bY are determined. The results obtained generalize the
corresponding results of Trybula (1958) and Wilczyniski (1985).
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2. Minimax prediction for the multinomial distribution. Let
X = (Xi,...,X,) be arandom variable having the multinomial distribution
with parameters (n,p), i.e.,

P{X =x=(z1,...,2,)}
n! .
_ mpgfl...pf’” ifx; €{0,1,...,n}and z; + ...+ z, = n,

0 otherwise,

wherep; > 0,i=1,...,r, and p1+...+p, = 1. We observe the values of this
random variable and using an estimate d(X) = (d1(X), ..., d,(X)) we want
to estimate the linear combination Z = ap + bY of the unknown parameter
p and the random variable Y = (Y1,...,Y,) which has the multinomial
distribution with parameters (m,p). We assume that a,b,n and m are
known, X and Y are independent and the loss connected with the estimator
d(X) is of the form
(1) L(d,Z) =Y eij(di — Z:)(d; — Z),

i,j=1
where the matrix C' = (¢;;) is nonnegative definite and Z; = ap; + bY;.

We shall be interested in finding a minimax estimator of Z, that is, an

estimator do(X) = (d¥(X),...,d%(X)) for which

sup R(do,Z) = inf sup R(d, Z),

ZeZ d zcz
where R(d,Z) = Ep{L[d(X),Z]} is the risk function and Z = {Z =
(Z1,...,Zy) €ER": Z1+ ...+ Z, = a+ bm}.

This problem was considered by Trybuta (1958) in the case when a = 1
and b = 0, and C' is an arbitrary nonnegative definite diagonal matrix, and
also by Wilczyniski (1985) in the case when a = 1 and b = 0 and when a =0
and b =1 and C is an arbitrary nonnegative definite matrix.

The following two theorems and the lemma will be used to prove the
main results of the paper established in Theorems 3 and 4.

THEOREM 1 (Sion, see Aubin (1979)). Let g : P x Q — R. Suppose that

(a) P and Q are convex, compact subsets of Euclidean spaces,
(b) p+— g(p,q) is conver and continuous for each q € Q,
(¢) ¢ +— g(p,q) is concave and continuous for each p € P.

Then there exists a saddle point (p,q) € P x Q, i.e., a point (p,q) for which
inf su ,q) =sup g(p,q) = g(p,q) = inf ,q) = sup inf ,q).
pepqegg(p q) qegg(p 9) =9(P.q) = inf 9(p, ) qegpepg(p q)

THEOREM 2 (Karmanov (1986), Theorem 3.5.4). Let g : Q — R be a
convez function defined on a convex subset @ = {q = (q1,...,qn) € R™ :
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alq—b; >0, i=1,...,m} for some ay,...,anm € R" and by,..., b, € R.
An element g € Q is a solution to the equation inf,co g(q) = g(q) iff there

exist real numbers uy, ..., Um, u; > 0,7 =1,...,m, for which
m m
T—
= E u;a;, E (a; @ — bi)u; =0,
i=1 i=1

where g'(q) stands for the gradient of g at q.

LEMMA 1 (Ferguson (1967)). Let m be an a priori distribution of a pa-
rameter 0 and let r(mw,d) = E;R(d,0) denote the Bayes risk of an estimator
d of 0. If dy is a Bayes estimator of 0 with respect to an a priori distribution
o and

sup R(dy,0) = r(do, ™),
0co
then dgy is minimazx.

Define ¢ = (¢11,...,¢) and P = {p = (p1,...,0r) : 0; > 0, p1 + ...
.+ p, = 1}. Let m,p stand for the a priori Dirichlet distribution
D(afy,...,a0,) of p with density

& afB;—1 : " o 4:
[ljeal (@)Hp £ pi=> pi=1

(2) h(ph N ) = JEA i=1 i€EA
" pi>0,i=1,....m
0 otherwise,

where a« > 0, 8 = (01,...,0:) € Pand A={i e {1,...,r}: 5; > 0}. We
denote by mg the a priori distribution of p defined by P(p = ) = 1. The
following lemma determines the Bayes predictors of Z with respect to the a
priori distributions 7, 3 and 73 of p.

LEMMA 2. Under the loss function given by (1) with C nonnegative def-
inite, the predictors

®) GO = () (X4 56,

n+ o
(4) d}(X) = (a+bm);

of the linear combination Z are Bayes w.r.t. the a priori distributions 7, g
and mg, respectively, and their Bayes risks are

(5) r(7a,5,d*7) = wy [ZCU O‘WJ N Z o, Bl aﬁz + 1)}
i#]
- ’U)QﬂTCﬁ “+ wsc ﬁ,
(6) r(mg,d%) = bm(cT B — BTCB),
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where
042 —n
(7) w1 = (CL + bm)Qm — me = w2 — Ws,
2
_ 2

(8) Wy = (a + bm) m,

n
(9) w3z = (a + bm)QW + bzm.

Proof. For any predictor d(X), the loss function L(d, Z) can be rewrit-
ten in the form

r

L(d,Z) = Z cij(ds — Zi)(dj — Zj)

ij=1
: d; d;
= ij bm)? — — D — —pj
i;f’(ﬁ " <a+bm p><a+b pﬂ)
B P 1 (I Y
bt / a+bm / /
T d]
- Zcijb(avam)(Yi—mpi) o bm P
ij=1

+ > b (Vi — mpi) (Y — mpy),

ij=1
SO
(10) R(d,Z)=E Z cij(a + bm)? di —p; d; —p;
’ P = + a+bm ') \a+bm
+ Ep[ D b (Vi —mpi)(Y; — mpj)]
ij=1
If we want to find an estimator dy such that r(m,dg) = infgep r(m,d)

(for any a priori distribution =), it is sufficient to find one for which the
expectation

T

EW{EP[ > Cij(a+bm)2<ajlém _p") (a—?bm _pjﬂ}

i,7=1

attains its minimum. Thus the predictor will be the product of a + bm
and the Bayes estimator of the parameter p, so that it is given by (3) if
T = Tap3, and by (4) if 7 = mg. The risk function associated with the
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predictor d*#(X) given by (3) is
(11) R(d*?,Z) = wip” Cp + w7 CB + wsc” p — 2wz 3" Cp,

where wi, we and ws are given by (7), (8) and (9), respectively. Using the
Liouville equation (Fichtenholz (1985), Vol. 3), we can show that

Bi(aBi +1) aB3i3;
E7r i) — Mi E7T 2 = Eﬂ' iPj) — .
a,ﬁ(p) /87 a,ﬁ(pz) Oé+1 9 a,ﬁ(ppj) Oé—’—]_,
so that 7(7a,5,d*?) is of the form (5). The risk function associated with
the predictor d®(X) given by (4) is
(12) R(d?(X),Z) = (a +bm)?6TCB — 2(a + bm)*8TCp

+ [(a 4 bm)? — b*m|p? Cp + b*mc’p,

so that the Bayes risk 7(73,d?) is given by (6). =
The following theorem determines a minimax predictor of Z.

THEOREM 3. Under the loss function given by (1) with C nonnegative
definite, the predictor of Z defined by

Qg .

b bm)? — b2
do(X) = (a+ m)(n+a0 +n—|—a0ﬂ0> if (a +bm) m >0,
(a + bm) By otherwise,

where
nb*m + |a + bm|y/(a + bm)2n + b2mn(n — 1) |
(a4 bm)% —b>m ifn>1,
(18) = + bm)? + b*
(a+bm)” + b'm ifn=1,

(a+bm)? —b>m
and By is a point (3Y,...,3%) for which
(14 "o — 5 € = maax(c” 3 — 57 CP)
18 MINIMAL.

Proof. Consider the Bayes predictors d*?(X) of the linear combination
Z with respect to the a priori distribution 7, g of the parameter p, which are
of the form defined by (3). The risk function associated with the predictor
(3) is of the form (11). If (a + bm)? — b*m > 0, then there exists g > 0
for which w; = 0. It is easy to check that ag is of the form (13). Set
R1(B,p) = R(d*8,Z). Taking a = aq yields w; = 0 and wy = ws, and,
consequently,

(15) R1(B,p) = wa(87CB+c"p—26"Cp).
Notice that the function R;(-,-) : P x P — R is convex w.r.t. (3, concave
w.r.t. p, continuous w.r.t. (3,p), and P is a convex, compact subset of R".
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From Theorem 1 it follows that there exists a point (Gy, pg) € P x P such
that

(16) ng Sug Ry (B,p) = sup Ri(6o,p) = R1(So, Po)

1
Be pPE pPEP

= inf R = inf R .
jnf 1(8, po) Eggégp 1(8,p)

It is well known that for the components of the saddle point, one can choose
Po and [By—independently—at which the outer extrema are attained in the
following minimaxes:

rglea%cﬂuelp Ri(0,p) 6116179 R1(8,Po),

17 .
(17) min sup R (8, p) = sup Ri(Bo, p).
BEP pep peP

Temporarily assuming that the matrix C' is positive definite we see that

the point po = (p?,...,p2) for which
(18) cI'py — ngpo = ma%((ch —plfCp)
pe

is a unique solution to (17). On the other hand, the strictly convex function
Ry (B, po) of the variable § (because we assume that C' is positive definite)
attains its unique minimum at §y = po. Hence, (po, po) is the only saddle
point.

In order to find py for which (18) holds, also in the case when C is
nonnegative definite, we use Theorem 2. In our case:

ar = (1,0,...,0), as=(0,1,...,0), ..., ar = (0,0,...,1),
Gry1 =01+ ...+ ap, Qr42 = —Qr41,
bi:(), izl,...,r, br+1:—b7s+2:1.

Thus po = (pY,...,pY) is a solution to (18) iff there exists a constant zg
such that for all ¢ € {1,...,r},

T
if p0>0, then 23 eyp)— i = 2,
j=1
and
T
if p?=0, then QZCUP?’ — i > 70
j=1

The predictor d**P°(X) is Bayes w.r.t. the a priori distribution 74, p, -
The Bayes risk associated with the a priori distribution 74, p, and the pre-
dictor d*oPo(X) is

T(T"Oéodﬁ’ov da07po) - Eﬂao,po [R(da07p07 Z)] =R (P07 p0)~
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Making use of (16) with 8y = po yields

sup R(d*P°, Z) = sup R1(po, P) = R1(Po,Po) = 7"(Tag,py, dP0).
ZcZ pPEP

Then dp(X) := d*Po(X) is minimax by Lemma 1.

In the case when (a + bm)? — b*>m < 0 consider the Bayes predictors
d?(X) = (a + bm)B3 w.r.t. the a priori distributions g of the parameter p.
The risk function of d?(X) is given by (12). Temporarily assume a-+bm # 0;
then it turns out that this function is convex w.r.t. 3, concave w.r.t. p, and
continuous w.r.t. (3,p). In the same way as in the case (a+bm)*—b*m > 0

we can show that (g, By), where (3 is a solution to equation (14), is a saddle
point of R(d”,Z). Moreover,

sup R(dﬁo, Z) = bzm(cTﬁo — B(%FCBO) = r(wBo,dﬁo).
pPEP

Now it follows from Lemma 1 that d?(X) is minimax. In the case when
a+bm =0,

R(d”(X),Z) = b*m(c"p — p" Cp)
and

sup R(d?(X),Z) = sup R(d*(X),Z) = b*m(c” By — BT CBo) = r(ms,,d™).
peEP pEP

Thus by Lemma 1, in the case (a + bm)? — b*m < 0 the predictor do(X) :=
d”?(X) is minimax. =

3. Minimax prediction for the multivariate hypergeometric
distribution. Let X = (Xi,...,X,) be a random variable having the
multivariate hypergeometric distribution with parameters (W, W, n), i.e.,

Pp{X:X: (331,...7«777")}

() ()
r1) \ ifw; € {0,1,..., W;}, i=1,...,m
= (W) l’1+...+xT:n,

n

0 otherwise,

where Wy + ...+ W, =W, r > 2, 0 < n < W, W > 2and p =
(Wi /W, ...,W,/W). Suppose that n and W are known and we want to
find a minimax estimator d(X) = (d1(X),...,d,(X)) of the linear combi-
nation Z = ap + bY of the unknown parameter p and the random variable
Y = (Y1,...,Y,) which has the multivariate hypergeometric distribution
with parameters (W, W m), where 0 < m < W. We assume that X and
Y are independent, and that a,b and m are known and satisfy one of the
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following conditions:
(a4 bm)*(W —n)(W —n — 1) — b*m(W — m)W >0,
W —m)
W -1
Suppose that the loss connected with the estimator d(X) is given by
(1), where the matrix C' = (¢;;) is nonnegative definite. This problem was
considered by Trybula (1958) in the case when a = 1 and b = 0, and C is
an arbitrary nonnegative definite diagonal matrix, and also by Wilczynski
(1985) in the case when @ = 1 and b = 0 and C is an arbitrary nonneg-
ative definite matrix. Set ¢ = (¢11,...,¢) and P = {p = (p1,...,0r) :
pi >0, p1 +...+p, = 1}. The following lemma determines the Bayes
predictors of Z w.r.t. the following a priori distributions of p:

(a+bm)? —b*m <0.

1) the Pdlya-Eggenberger distribution 7, g with parameters «, 3 (a > 0,
8= (B1,...,0-) € P) given by

P{p=Wi/W,...,W,/W)}
WIIN(«) I'(W; + ap;)
711

it W; €{0,... W}, i=1,....r

rW+a) 5 Wil'(as;)
- S W
i=1 jeA
0 otherwise;

2) the multinomial distribution 7 g (with 8 = (8; ..., §;) € P) given by

g |
wi ] MJ/]»! i Wi {0, . Whi=1,....r,

jcA
T Sweywew
=1 jEA
0 otherwise;

3) g defined by P(p = ) = 1, where 8 = (f1,...,08,) € P.
Above, A={ie{l,...,r}: 5, > 0}.

LEMMA 3. Under the loss function given by (1) with C nonnegative def-
inite, the predictors

e B W+a .  aW-n),
(19) 457) = (o4 bm) | e X+ iy B
20) a0 = X 4 (v -,

(21) d)(X) = (a+bm)B;
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of the linear combination Z are Bayes w.r.t. the a priori distributions mq g,
Too,3 and g, respectively, and their Bayes risks are

(22) (T3, d""ﬁ) = 21 E,(pTCp) — 267 CB + 23’ s,
(23)  r(reepd™0) = [(“ - bmgvgw —m) b m(VVVV_ m)]
x [c"B—pTCp),
(24) g, d) = (T - 5T OP),
where
B G [a2(W —n)2 (W —n)(W + «a)?
@) =t e ~ i s )
5 W —m

T

(26) 2= (a+bm)’ [m] |

o (W —n)(W + «)? s W —m
W2W —1)(n+a)2 W1
Proof. Under the loss function given by (1), the risk function associated
with any predictor d(X) of Z is given by (10). Hence (analogously to the
case of the multinomial distribution) the Bayes predictor will be the product
of a + bm and the Bayes estimator of p. Now it is easy to show that the
Bayes predictors w.r.t. m, g, Too,3 and mg are given by (19), (20) and (21),
respectively. The associated risk functions are

(28) R(da’ﬁ, Z) = Apl Cp + 2287CB + z3¢Tp — 22587 Cp,

(27) 23 = (a+ bm)

0,3 . (W—n)(W—n—l)_ W —m
(29) R(d*",Z) = [(a + bm)? W —1) b*m W1 p’ Cp
+ bm)*(W — n)?
+ (CL m%/{/g n) ﬁTCﬁ
20 _ )2
B 2(a + bm%/V(QI/V n) 570p
(a+bm)2(W —n)n  *m(W —m)] r
[ W2(W — 1) W—1 }C P
(30) R(d’,Z) = [(a +bm)? — meWV;__T] p’ Cp — 2(a + bm)?*B" Cp
+ (a+bm)2B8TCB + bzm%ch,

respectively, where 21, zo and z3 are given by (25), (26) and (27). It is easy
to show that the Bayes risks associated with the a priori distributions m, g,
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Toop and mg and the predictors d*#(X), d*#(X) and d’(X) are of the
form (22), (23) and (24), respectively. m

The following theorem generalizes results of Trybula (1958) and Wil-
czynski (1985).

THEOREM 4. Under the loss function given by (1) with C nonnegative
definite, the following predictor of Z is minimax:

W+ ag X ap(W —n)

(;)1) do(X) = (a+bm) W(n+ ap) * W(n+ ao)ﬂo ’
(32) (a4 bm)2(W —n)(W —n — 1) = B*m(W — m)W > 0;
@ do(X) = X 4 (W - )],
(34) (a+bm)2(W —n)(W —n —1) = b®*m(W — m)W = 0;
(35) do(X) = (a + bm)fo,
if
(36) (a + bm)? — b%‘ﬁf_? <0,
where
~ n[(W —=n)(a+bm)?+ *mW (W —m)] + |a + bm|(W — n)VA
(37) Qo =

(a+bm)>2(W —n)(W —n—1) = &2mW (W —m) ’
A= (a+bm)2(W —n)(W — D)n + b*m(W —m)(n — 1)Wn

and By is a point (3Y,...,8%) for which

c'Bo = By Cfo = max(c’ - 57 CB).

Proof. Consider the Bayes predictors d*?(X) of Z w.r.t. the Pélya—
Eggenberger a priori distribution 7, g of the parameter p, which are of the
form (19). The associated risk function is of the form (28). If the condition
(32) is satisfied, then there exists ag > 0 for which z; = 0. It is easy to check
that aq is of the form (37). Set Ry(8,p) = R(d*P,Z). Putting a = ay,
we obtain z; = 0 and 23 = z3, and, consequently,

Ri(8,p) = 22(8TCB + c"p — 26" Cp).
Notice that the function Ry (-,-) : P x P — R is convex w.r.t. [3, concave
w.r.t. p, continuous w.r.t. (3,p), and P is a convex, compact subset of R".

In the same way as in the case of the multinomial distribution we can show
that (5o, o) is a saddle point of Ry (3, p). Moreover,

Rl (ﬁOa ﬁO) = ’r(ﬂ-ao,ﬁovdao’ﬁo)v
so that do(X) := d*0-A0(X) given by (31) is minimax.
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When condition (34) holds, consider the Bayes predictors d*°*#(X) w.r.t.
the a priori distribution 7 g of p. In this case,

(a+bm)?(W —n) (a+bm)?(W —n)?

2
(@7, Z) = LT op o = ey
(a+bm)* (W —n)n  0*m(W —m) T
W2(W —1) W -1 '

Using the same arguments as above we can show that the predictor (33) is
minimax.

Analogously, under condition (36), the risk function (30) associated with
the Bayes predictor d”(X) w.r.t. the a priori distribution 7 is convex w.r.t.
B, concave w.r.t. p, continuous w.r.t. (3, p), and (5o, o) is its saddle point.
Moreover,

sup R(d?, Z) = r(mp,,d™),
PEP

so that do(X) := d?(X) given by (35) is minimax. =
Let us consider some examples.

EXAMPLE 1 (multinomial distribution). Suppose that each of n observed
independently working devices undergoes failure due to one of r possible
reasons. Then the observed values X;, ¢ = 1,...,r, represent the number
of devices which have been damaged for the ith reason. The purpose is
to estimate the value of Z = (Z1,...,%2,), Z; = Y; — ap;, where Y; is the
unknown number of devices in the group of m devices which we should
expect to be destroyed for the ith reason, and ap; is the mean value of the
number of failures due to the ith reason in a group consisting of a devices.
By Theorem 3, under the loss function given by (1) with C' = I, a minimax
predictor of Z will be of the form

(m—a)( 1 X 4 0 5()),

n+ agp n + aqp

where

nm + |m — aly/(m — a)®n + mn(n — 1)
(m—a)?2—m

g —

and By = (1/r,...,1/7).

EXAMPLE 2 (multivariate hypergeometric distribution). A group con-
sisting of W elements undergoes statistical quality inspection. The values
Wi, i =1,...,r, representing the number of elements of the ith quality cat-
egory are assumed to be unknown. On the basis of the observations from
randomly chosen n elements we want to predict the number of elements of
each quality category which should appear among anew randomly chosen
m elements, or we want to estimate the increments (decrements) of these
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numbers in comparison to the mean values of the inspection for a elements.
In the first case we want to find the value of the predictor Z =Y (a = 0,
b = 1; we recall that even this special case of Theorem 4 has not been treated
before), and in the second the value of the predictor Z =Y — ap.

One can give an analogous example related to a voting model. In this
case the values W;, i = 1,...,r, represent the number of persons who are
inclined to vote for the ith candidate. We want to predict the numbers
Y;, i = 1,...,r, of persons, among m voters, who would vote for the ith
candidate.

By Theorem 4, under the loss function given by (1) with C' = I, the
minimax predictor of Z =Y — ap will be of the form:

W 4+ ap ag(W—n)ﬁ "
W(n+ ao) W(n+ag)"
(m—a)> (W —n)(W —n—1) —m(W —m)W > 0,

(i) do(X) = (m—a)

m—a

(ii)  do(X) = X+ (W —n)bo] if

9 W —m
(m—a) MY <0,
where
g = n[(W —n)(m —a)? + mW (W —m)] + |m — a|(W —n)vVA

(m—a)?2(W —n)(W —n—1) —mW((W —m) ’
A= (m—a)*(W —n)(W —1n+m(W —m)(n—1)Wn

and B = (1/r,...,1/r).

REMARK 1. It follows from Theorem 2 that A = {i;} iff ¢;; = ¢ for all
i,j. This case is not interesting, because every predictor d = (di,...,d,)
for which dy + ...+ d, = a + bm is then a minimax predictor, and we may
assume that k > 2.

REMARK 2. The minimax predictor of Z established in Theorems 3
and 4 is a linear combination of the minimax estimator of p and a minimax
predictor of the random variable Y with coefficients depending on a, b, m
and n.
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