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Weyl sequences: Asymptotic distributions
of the partition lengths

by

ANATOLY ZHIGLJAVSKY (Cardiff) and ISKANDER ALIEV (Warszawa)

1. Introduction: Statement of the problem and formulation of
the main results

1.1. Weyl sequences. Let 6 be an irrational number in [0,1) and =) =
kO (mod 1) for k = 1,2,... The collection of points W, (0) = {z1,...,z,}
is sometimes called the Weyl sequence of order n.

In the present work we derive asymptotic distributions of different char-
acteristics associated with the interval lengths of the partitions of [0, 1) gen-
erated by W, (0). The main result establishes the two-dimensional asymp-
totic distribution of

(nmin{x1,...,z,}, n(l —max{z1,...,x,}))

as n — oo. It then yields a number of results concerning the asymptotic
distributions of one-dimensional characteristics.

Assume that yo, = 0, ypnt1,, = 1 and let yi, (K = 1,...,n) be the
members of W,,(6) arranged in increasing order. Define
(1) 0ml) =y1n = kirrllin T, Ap@)=1—-ypn,=1— max Ty

N ) k=1,...,n

and consider the partition of [0, 1) generated by W, (6):

Pn(g) = U Ikma where Ikm = [yk,naykJrl,n)-
k=0

It is a well known property of the Weyl sequence (see e.g. [3], [4]) that
for any n > 1 the partition P, () of [0,1) contains the intervals I ,, whose
lengths |1, | can only get two or three different values, namely, §,,(0), A,,(0)
and perhaps 6,(0) + A, (6).
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an(0) = k:minn |Ik.n| = min{d,(0), A, (0)}, A,(0)= kir%gx | Tk.n,

yeer .

Bn(0) = max{6,(0), An(0)},  n(0) =0n(0)+An(0), &n(0)=n(0)/Bn ().

All these quantities, namely §,,(0), A,(0), a,(0), An(0), Bn(0), v,(0) and
&n(0), give a rather complete description of the partition P, (#). We are inter-
ested in their asymptotic behaviour as n — oo. The main result of the paper
is formulated in Theorem 1 below and presents the joint asymptotic distri-
bution for (nd, (0),nA,(0)). In Corollaries 1-4 and Theorem 2 we derive the
one-dimensional asymptotic distributions for all characteristics introduced
above.

As demonstrated in Section 2, there is a close relationship between the
Weyl and Farey sequences, and the quantities introduced above also charac-
terize certain properties of the Farey sequences. (For example, a, (), whose
asymptotic distribution has been derived in [2], characterizes the error in
approximation of 6 by the Farey sequence of order n (see (11)).) The present
paper thus also studies some distributional properties of the Farey sequences.

In what follows “meas” stands for the Lebesgue measure on [0,1), {-}
and |-| denote the fractional and integer part operations respectively, o(-)
is the Euler totient function and dilog(+) is the dilogarithm function:

t
log s
dilog(t) =
£

ds.

— S

Also, we shall say that a sequence of functions v, (6), 6 € [0, 1), converges
in distribution as n — oo to a probability measure with a density ¢(-) if for
any t > 0,

lim meas{f € [0,1) : ¢, (0) <t} = Sq(s) ds.

n—oo

The rest of the paper is organized as follows: the main results are formu-
lated in Subsection 1.2, a relationship between the Weyl and Farey sequences
is discussed in Section 2, all proofs are given in Section 3.

1.2. Formulation of the main results. For 0 < s,t < co define
D, (s,t) = meas{f € [0,1) : nd, () <s, nA,(0) <t}.

One can interpret @,(-,-) as the two-dimensional cumulative distribution
function (c.d.f.) of the random variables nd,,(0) and nA,,(#), assuming that
6 is uniformly distributed on [0, 1).

THEOREM 1. The sequence of functions @,(-,-) pointwise converges, as
n — oo, to the c.d.f. d(-,-) with density
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d*®(s,t)

@) olsn ="

s+t—1 for 0<s,t<1, s+t>1,

6 s(1—s)/(t—s) for0<s<1<t,

m2st | t(1—t)/(s—t) for 0<t<1<s,

0 otherwise.
This means that for all measurable sets A in R2,

lim meas{6 € [0,1) : (n8,(6),nA,(9)) € A} = S d(s,t)ds dt.

A

COROLLARY 1. The sequences of functions nd,(0) and nA,(0) converge
in distribution, as n — oo, to the probability measure with density

0 fort <0,
6 J1 for 0 <t <1,

1
TIOgT—i_E for t > 1.

The proof of Corollary 1 consists in computation of SSO $(s,t) ds where
&(+,) is defined in (2).

COROLLARY 2. The sequence of functions no,(0) converges in distribu-
tion, as n — oo, to the probability measure with density

1 for 0 <t <1/2,
12 ) 1—¢ 1—t
(4) ¢Aw:;§ t<1—kg - > for 1/2 <t <1,
otherwise.

(Note again that Corollary 2 has been proved in [2], by different argu-
ments. )

COROLLARY 3. The sequence of functions nf3,(0) converges in distribu-
tion, as n — 00, to the probability measure with density

0 fort <1/2,
1—t. 1—t 1
12 ) 2" e 20 249 1/2<t<1
(5)  dpt) =5 g e m 2 frl2st<l,
" t=1, t_1+1 fort>1
(0] — or .
BT Ty =

COROLLARY 4. The sequences of functions ny,(0) and nA,(0) converge
in distribution, as n — oo, to the probability measure with density

_12{0 fort <1,

=" t-2 t—1 1
(6) ¢4(1) 2 log [t — 2| — ; log(t—1)+§logt fort > 1.

2t
To make the difference between the asymptotic behaviour of §,, G,
and v, transparent, we provide Figure 1 which depicts the densities ¢s,

¢ and ¢..
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Fig. 1. Asymptotic densities for ndn(0), nBn(0) and nyn(0)

THEOREM 2. The sequence of functions &,(6) converges in distribution,
as n — 00, to the probability measure with density

@ o) = -3 (125 + ECED). e,

2

Theorem 2 can certainly be deduced from Theorem 1. This however
would require evaluation of an unpleasant integral; in Section 3 we instead
give a straightforward proof.

2. Relationships with the Farey sequences and
continued fractions

2.1. Relationship with the Farey sequences. The Farey sequence of order
n, denoted by F,,, is the collection of all rationals p/q with p < ¢, ged(p, q)
=1 and 1 < ¢ < n. The numbers in F,, are arranged in increasing order,
and 0 and 1 are included in F,, as 0/1 and 1/1 respectively. There are
|Fn| = N(n) 4+ 1 points in F,, where

(8) N(n) = Zcp(q) = %n2 + O(nlogn), n — oc.

The following well known statement establishes an important relation-
ship between the Weyl and Farey sequences.

LEMMA 1 (e.g. [3]). Let 6 be an irrational number in [0,1) and W,,(0) be
the Weyl sequence of order n. Let {q0} and {q'0} correspond respectively to
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the smallest and largest members of Wy, (0):

Define p = 1q0] andp' =1+ |¢'0] . Then p/q and p’/q' are the consecutive
fractions in the Farey sequence F,, such that p/q <0 < p'/q .

Let us rewrite the quantities (1) in terms of the Farey fractions p/q and
p’'/q" introduced in Lemma 1:

9) 0n(0) = {q0} = ¢ — | 0] = qb — p,
(10) A,(0)=1—-{d0} =1+ 0] —qd0=p"—4'6.
This in particular implies
11 A(0) = min |g0 — p).
(11) an(0) p/rgleu}nlq P

2.2. An asymptotic property of the Farey sequences. In the sequel we shall
use an asymptotic property of the Farey sequences formulated as Lemma 2.

If p/q and p’/q’ are two consecutive Farey fractions in F,, then we call
(¢,4") a nmeighbouring pair of denominators. It is easy to verify that for a
fixed n the set of all neighbouring pairs of denominators is

Qn=A{(d):qd €{1,...,n}, ged(q,¢') =1, ¢+q >n},

and these pairs, properly normalised, share the asymptotic two-dimensional
uniformity. Specifically, the following result holds.

LEMMA 2 (see [1]). Let v, be the two-variate probability measure assign-
ing equal masses 1/N(n) to the pairs (¢/n,q’'/n), where (q,q") take all pos-
sible values in Q,,. Then the sequence of probability measures {v,} weakly
converges, as n — o0, to the uniform probability measure on the triangle
T=A{(z,y):0<z,y<1l,x+y>1}, that is, for any continuous function f
on R?,

Vo7 X Ja/md/m) =2y dedy, 0 ox.
(¢,q')€Qn T

2.3. Association with continued fractions. Let us now indicate an inter-
esting analogy between the quantity &, () and the residuals in the continued
fraction expansions.

Let 6 be an irrational number in [0,1). We denote by 0 = [a1,aq,...]
its continued fraction expansion and by p,/¢. = lai,as,...,a,] its nth
convergent.

Let also

ro=60, r,={l/rn1} forn=12 ...

be the associated dynamical system.



356 A. Zhigljavsky and I. Aliev

As is well known, the asymptotic density of {r,} is

1 1
t) = c— 0<t< 1.
p(t) log2 1+t’ -

For every n > 0, r,, = r,(0) allows the following continued fraction
expansion: 7, (0) = [an+1, @nta, - ... It is not difficult to check (see e.g. [4]),
that

|Qn9 - pn|
rn(f) = ————  n>1
( ) |Qn—19—pn—1|

The role of r,(0) for F,, is played by
£.(6) = min(|qf — pl, [¢'0 —p']) _ an(6)
" max(\q@—p|,|q’9—p’|) ﬂn(e)’
where p/q, p’/q' are the members of F,, neighbouring to 0. Figure 2 compares
the asymptotic densities for r,,(0) and &,(6).

6

QD¢

0 0.2 0.4 0.6 0.8 1

Fig. 2. Asymptotic densities for 7 (0) and &, (0)

3. Proofs
3.1. Proof of Theorem 1. Consider the two-variate function

&, (s,t) = meas{f € [0,1) : nd,(0) > s, nA,(6) > t},

where 0 < s,t < oo. The c.d.f. &(s,t) is related to &(s,t) through the
inclusion-exclusion formula

(12) B(s,t) = 1 — D(s,0) — D(0,1) + D(s, 1).

Let p/q and p’/q" be consecutive fractions in F,, . Define points 6, 65 in
[p/q,p’/q'] such that

no,(01) =s, nA,(0y)=t.
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It is easily seen that

meas{0 € [p/q,p’/q'] : n6,(0) > s, nA,(0) >t}
_ 92—91 for 02—91>0,
o 0 for (92 - 91 < 0.

We now try to find a simple expression for the difference 65 — ;. First,
formulas (9) and (10) yield

s/n+p

/_
g, = Snrp P —t/n

and therefore

/o 1 Vi
6, _ 9, — P t/n s/n+p:<1_tq sq>.

We thus get
~ 1 tqg  sq
()] = - _ 271
o= ¥ (1-o),
(2,4)€Q(n,s,1)
where
Q(n,s,t) =1{(q,q¢') € Qn : 1 —tq/n —sq’'/n > 0}.
Using formula (8) we have
~ 3 2 t /
@n(s,t) = 71‘2T(n) Z n(1q8q>+0(n—1 logn), n — Q0.
(:¢4')€Q(n,s,t)
Applying Lemma 2 we get

(13) B,y (5,1) — B(s,1) = % | (MW) dz dy,

where
Q(S7t):{x7y0§x7y§17 $+Z/ZL 1_tx_3y>0}

The formula for the integral on the right-hand side of (13) can be rewritten
differently in 5 different regions:

1. For s+t <1:

_6
— a2

1
172530753/ 6
B(s § ( )dmdyzl—ﬂ(s—i-t).

1-y

O ey
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2.For0<s,t <1, s4+t>1:
B 6 (1-s)/t 1

11—tz —
D(s,t) = — S S (Hy) dx dy
™o, xy

1 (1=yt)/s
6 1—tx—
A (Isy> d dy
s Ty
(1=s)/t 17y
12 1—
7[_2+7r2(8+t+(1+10g88)10g ts

1
+ (1 +logt —t)log

—1

+ log slogt + dilog s + dilog t>.
S
3. Fors>1,t< 1t

1 (1—yt)/s
6 1—tx — sy
D(s,t) = 3 S S () dx dy

(s=1)/(s—t) 11—y Ty

6 6 s—1
:1—7T2+772<t+(s—10g8—t)10g

S

s—t

1 + (1 —1t)log

S

S —

1-— 1-—
— dilog(1 — t) + dilog s1-1) — dilog t> .

4. For s < 1, t > 1: Analogously to the previous case with the replace-
ment s < t.

5. Fors>1,t>1: &(s,t) =0.
Using formula (12) we can find the density
dd(s,t)  dP(s,t
o(s.t) = 20 _ 4250

dsdt — dsdt
of the joint asymptotic distribution. Calculation then gives (2). m

3.2. Proof of Corollary 2. The function a,,(0) = min{d,(0), A, (0)} is
measurable with respect to B, the o-algebra of Borel subsets of [0, 1), and
it can be associated with the probability measure d®%(t), 0 <t < oo, where

@0 (t) = meas{f € [0,1) : na,(0) <t}
=1—meas{f € [0,1) : nmin(5,(0), A,,(0)) > t}

=1—meas{f €[0,1) : nd,(0) > t, nA,(0) > t}.
Therefore, for all 0 <t < oo,

Do (t) — P¥(t) = 1 — D(t,¢),

n — oQ.
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Calculation gives

—t for 0 <t <1/2,

12

t

1 12
(t—logt—1)+dilog— | + = +1
t 72

for 1/2 <t <1,
1 fort > 1.

Differentiation gives the expression (4) for the density ¢ (t) = dP*(t)/dt. m

3.3. Proof of Corollary 3. The function (,(0) = max{d,(0), A,(0)} is
B-measurable. We then have, for all 0 <t < oo,

P (t) = meas{f € [0,1) : nB,(0) <t}
=meas{f € [0,1) : nd,,(0) <t, nA,(0) <t}.
Therefore, for all 0 <t < oo,
PP(t) — P (t) = d(t,t), n — .

Calculation gives

(0 for 0 <t <1/2,
12 1-—t . 1 12
7T2<2t—logt(t—logt— 1) —dllogt) -5 1
o7 (t) = for 1/2 <t <1,
12 t—1 . 1 12
7r2<log ; (t—logt—1)+dllogt>+7r2—1
for t > 1.

Differentiation gives the expression (5) for the density ¢5(t) = d®°(t)/dt. =

3.4. Proof of Corollary 4. Analogously to the proofs of Corollaries 2

and 3, the sequence of c.d.f.
@7 (t) =meas{d € [0,1) : ny,(0) <t}, 0<t<oo,
pointwise converges to the c.d.f.
()= || d(e,y)dedy, 0<t< oo,
S(t)
where
St)={(z,y):0<z,y<l 1<z+y<t}

Calculation yields (6).

The convergence of the sequence nA4, (6) to the asymptotic distribution
with density ¢, follows from the just proved convergence of the sequence

nyn(0) to the same distribution and the fact that A4,,(0) = v,41(0) for all
6 € (0,1) and all n > n(f) = max{1/6,1/(1 —6)}. m
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3.5. Proof of Theorem 2. The function &,,(0) is B-measurable. Define
(1) = meas{f € [0,1) : £,(0) < t}, 0<t<1.

Let p/q, p'/q" be consecutive fractions in F,,. Consider the behaviour of
£,(0) in the interval [p/q,p’/q']. Define the mediant m = (p +p')/(q + ¢').
Then for 0 in [p/q, m) we have 0,,(0) < A, (), and for 6 in (m, p/q] we have
dn(0) > A, (0) and 9, (m) = A, (m), that is, ,(m) = 1.

If t € [0, 1] is fixed then there is a unique point 6; in [p/q, m] such that

0n(6)
14 n(0:) = =t.
t
1
$n(0)
t
0 6
p/q 6t m=(p+p)/(q+q) p/a’

Fig. 3. Behaviour of the function &, (#) in the interval [p/q,p’/q]

An easy observation shows (see Fig. 3) that

meas{0 € [p/q,m] : £, (0) <t} =0, — p/q.

Formula (14) implies

p+tp
0, —p=tlp —q0), 6 = .
g0 —p=1t(p' —q'0;) Sl
Therefore,
p+tp’ p t

meas{6 € [p/q,m] : £, (0) <t} =

g+td g qlg+tg)
We then get, for all 0 <t <1,
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meas{6 € [0,1) : £,(0) < t}

t : dr
=2 2 vt 2 Vv

(9,94")€Qn (9,94")€EQn

‘ 1
(X )

0 *(q,9)€Qn (q +7d)

where the factor 2 is due to the cases when §,,(6) > A, (0).
Therefore, we can write, for all 0 <t <1,

t
() = |5 () dr, where gi(r)=2 Y 1
0

(9,4')€Qn (g+74)*
Using formula (8) write
¢ (1) = _0 Z L +0(n"tlogn), n — oo.
mN(n) o=z, (a+71d¢)? ’

Applying Lemma 2 we get
12
1) —oe(r) == ||

0<z,y<1
r+y>1

———dzxd .
(x 4+ 1y)? e, e

Calculation of the integral gives the expression (7) for the density. m
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