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1. Introduction. Let o be an algebraic number. Roth’s celebrated the-
orem [13] says that for any § > 0 there are only a finite number of rational
approximations z/y of o with

(1.1) o —z/y| < 1/y2+5, y > 0.

In this paper we consider approximations of « by algebraic numbers of
bounded degree. More precisely, let d € N and suppose p > 2. We look for
solutions in algebraic numbers 3 of degree < d of the inequality

(1.2) o — B < Ho(B)~",
where Hy(3) denotes the maximum modulus of the coefficients of the mini-
mal defining polynomial of a over Z. For rational 3, say f = z/y, we have
Hy(B) = max{|z|, |y|} and hence for d = 1 the inequality (1.2) is essentially
equivalent to (1.1).

Wirsing [19] proved that (1.2) has for

(1.3) > 2d

only a finite number of solutions.
As a consequence of his famous subspace theorem W. M. Schmidt [15]
was able to prove the best possible result ([16], p. 278): (1.2) has for

(1.4) p>d+1

only a finite number of solutions.

Unfortunately, the underlying method of Thue—Siegel-Roth is ineffective
in the sense that it does not provide upper bounds for y or Hy((3) respec-
tively. However, it allows giving an explicit upper bound for the number of
x/y € Q satisfying (1.1). A first result was proved by Davenport and Roth
([3], 1955). This bound was improved by Bombieri and van der Poorten ([1],
1987) and independently by Luckhardt ([10], 1989) using the modified proof
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98 H. Locher

of Roth’s Theorem presented by Esnault and Viehweg (4], 1984). The latest
results are due to Evertse ([7], 1996, [8], 1998).

It is the purpose of this paper to prove such a quantitative result of
Wirsing’s theorem.

To state our theorems we have to define the height of an algebraic num-
ber. Let K be a number field and M (K) its set of places. For v € M(K)
denote by | - |, the associated absolute value, normalized so that on Q we

have |- |, = | -| (standard absolute value) if v is archimedean, whereas for v
non-archimedean |p|, = p~! if v lies above the rational prime p. We put
|- o = | - |LQl/IK:QL

where K, denotes the completion of (K, |-|,) and Q, denotes the completion
of (Q,]-]p). We also denote the unique extensions of | - |, and || - ||, to K,
by |- |, and || - ||, respectively. For € K we define the height of x by

(1.5) H(x)= [] max{1|z].}.

veEM(K)

Let | - | denote the standard absolute value of the complex numbers C,
and Q the algebraic closure of Q in C. For any positive number z we define
log™ « = logz if z > e and 1 otherwise.

The following is a quantitative version of the result (1.3) of Wirsing ([19],
Theorem 1).

THEOREM 1. Let 0 < 0 < 1, d € N and o be an algebraic number of
degree f. Consider the inequality

(1.6) o= Bl < H(B) >
to be solved in elements 3 € Q with
(1.7) deg f < d.

(i) There are at most
d'log(6/) ,  dlog(6/)
26
e - 5 log 5
solutions 8 € Q of (1.6) and (1.7) with H(3) > max{4®"/5 H(a)}.
(ii) There are at most

log™ log H(a) . 915d°
log(1+ 6/(4d?)) 0
solutions 8 € Q of (1.6) and (1.7) with H(B) < max{44d2/‘5, H(a)}.
We suppose every number field to be embedded in Q and every valuation

of the number field to be extended to Q. The following generalizes Theorem
1 to include non-archimedean primes.
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THEOREM 2. Let 0 < d <1, d € N and F/K be an extension of number
fields of degree f. Let S be a finite set of places of K of cardinality s.
Suppose that for each v € S we are given a fized element o, € F. Let H be
a real number with H > H(o,) for all v € S. Consider the inequality

(1.8) [ min{1,lla, = Bll.} < H(B) 7>
veES

to be solved in elements 3 € Q with

(1.9) K(8): K] < d.

Then there are at most

d>**log(6f) , dlog(6f)
7s+19
€ ' §s+4 log 5
solutions 8 € Q of (1.8) and (1.9) with
(1.10) H(B) > max{H,4*/%}.

We have claimed above that Theorems 1 and 2 are quantitative versions
of Wirsing’s result (1.3). But in our theorems we have the exponent 2d?
instead of 2d. The reason is that our height H(-) as defined in (1.5) is
normalized in a different way than the height Hy(-) in (1.2). For algebraic
numbers [ of degree < d we have ([17], Chapter I, Lemma 7B)

H(B) <4 Ho(B) <4 H(B)™

Therefore we get an additional factor d in the exponent. For the height H(-)
the best possible exponent in (1.6) and (1.8) would be d(d + 1).

To prove the best possible result Schmidt uses an induction argument
which depends upon his subspace theorem. It is not clear how this argument
can be used to obtain a quantitative result.

Independently, J.-H. Evertse [8] also proved a quantitative version of
Wirsing’s theorem (1.3). Moreover, he gave an explicit upper bound for the
number of solutions of a more general problem considered by Wirsing [19].
His upper bounds for (1.3) are similar to ours.

2. The auxiliary polynomial

2.1. A generalization of the index. Let P be a non-zero polynomial in
m variables X1, ..., X,, with complex coefficients. Roth [13] introduced the
index of a polynomial at a certain point to measure to what extent the
polynomial vanishes at that point. In this section we will define a different
measure for this need. It was introduced by W. M. Schmidt ([18], p. 139).
Let a € C™ and r € N". We write P in the form

P(X1,.. ., Xm) =Y ai(a)(X1 — an)" .. (X — )™

i
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with ¢ = (i1,...,%,) and unique coefficients a;(c). Let M be a subset of
R™ and put
kar(P)={(1/r1,. . im/Tm) : ai(a) # 0}.
We say P is M-centered at o with respect to v if ko r(P) C M.

2.2. Estimation of volumes. Suppose 0 < v <1 and € > 0. Let m € N.
We put

&) =[{he{l,...om}:0<an <A} = X (2n),
h=1

where X[, denotes the characteristic function of the closed interval [0,~].
The sets

M.(m,y) ={z € [0,1]": & (@) <m(y+e)},  M(m)= [ M(m,7)

are the main objects of this section. We always consider the complement of
M, (m,~) and M_.(m) with respect to [0, 1]™. More precisely, we put

MZ(m,v) = [0,1]" — Mc(m,y) and MZ(m) = [0,1]™ — M.(m).
LEMMA 2.1. Suppose 0 <~y <1, >0 and let m € N. Then

(2.1) | de<entmem
Mg (m,y)

The line of the proof is the same as the proof of [16], Chapter V, Lemma
4C.

Proof. The integral on the left-hand side of (2.1) exists, since the bound-
ary of M¢S(m,~) lies in a finite union of hyperplanes. For all x € MS(m,~)
we have &, () — m~y > me. Therefore

(22) ™ | da
Mg(m,y)
< | @ e = (S XG0 (@) =) gy

Mg (m,y) Mg (m,y)

m
— S 7€ L (X0 (@r) =) dop < S H e (X0 @n) =) dop
Mg (m,y) [0,1]m h=1

_ ( ie’YE(X[Ow] (@)=) dx)m.
0
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Note that e¥ < 1+ y + y? for |y| < 1. Hence we get

1
(2.3) Se’YE(X[o,«,] ()= dx

0
1

<\ @ +re(x0m1(@) =) + 7% (X0, (@) = 7)°) do

1
<1492 (X (2) = 7) do + 9% = 1+ %%
0

(2.2) and (2.3) together give
er=’m S de < (142%™ < er'em
Mg (m.y)
and the lemma follows.
LEMMA 2.2. Suppose 0 < ¢ <2/3 and let m € N. Then
da < 26—(m63/16+10g€)'
Mg (m)

Proof. In analogy to Lemma 2.1 the integral on the left-hand side exists
since the boundary lies in a finite union of hyperplanes. We put

21-¢) if 2(1—¢) €N,
n =
[2(1—¢)] +1 otherwise;
2
%=i-g (1§i§L(1—€)D7 m=1-—c¢

For every v € [0,1 — €] there exists an ¢ € {1,...,n} with

(2.4) vi—e/2<y <
Next we show that
i=1

Trivially, & () < m, and so we have
M.(m) = ﬂ Mc(m,~) = m Mc(m, ).
v€[0,1] ~€[0,1—¢]
Now let v € [0,1 —¢]. Take i € {1,...,n} satisfying (2.4). Since &, (x) is
non-decreasing in -y, for all x € ﬂ?zl M j2(m, ;) we get
&(w) <&y (x) <m(vi+¢/2) <m(y+e/2+¢/2) =m(y+e)
and hence & € M.(m,~). Thus we have verified (2.5).
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From (2.5) we get by De Morgan’s formulae M¢(m) C |J;_, M), (m, ;).
We now apply Lemma 2.1 to get

n
dx < S dx < 26*%(1*%‘)827”/4'
Mg(m) ;L:l M;:/g(m7'yi) 1=1
Since
€ € € 2 2 2
in v(le-n)=-(1-2)>°% < 21— <[Z]l-1<2
121@‘1%171%(1 i) 2(1 2> 27 and n < [5(1 8):|+1 L] 1< 6

we conclude

dx < ne—EBm/16 < 26—53771/16 < 26—(53m/16+10g5).
9

Mg(m)
The following lemma, is one of the main reasons for the exponent 2d?.

LEMMA 2.3 ([18], Lemma 7.2.1). Let I1,...,Ip be subsets of {1,...,m}
and let d € N with Zszl |I| > Dm/d. Then

D
Zinf{ Z Tp X € Ma(m)} > DTm(l — 2ed?).

2
k=1 hely 2d

LEMMA 2.4. Let ry,...,rm € N. The number of tuples © € Z™ with
0<in<rp, A<h<m)and (i1/r1,...,im/Tm) & Mc(m) is

R R e

mini<p<m Th
M¢(m) ==

Proof We put &, ,(x) = [{h e {1,...,m} : 2z /r, <~} and
M={xel0,r]x...x[0,rn]: {&ar(x) <m(y+e),Vy €[0,1]},
Me={xel0,m]x...x[0,ry]:Fyel0,1]:& () >m(y+e)}.

Observe that SMC de = rq.. -ng dxz. We denote by G°¢ the set of

integer points of M€, thus
gc :{7/ S/ (il/’rlv"'vim/rm) €M5(m), ngh Srhy 1< hSm}

Mg(m)

For ¢ € Z™ we put
Q; = [’il,il + 1] X ... X [im,im+ 1]
Now we can write the assertion as

| do- gdm+om(W).
min mT
Uicge Qi Me tshsm i
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For ¢ € M€ it follows that ([x1],...,[z]) € M and hence © € J;cg. Q-
In other words, M® C J;cg. Qi- Therefore it suffices to show

26) | =0, (et ),

minlghgm Th

Uiegc Qi_MC

We have

U Q- M={zelo,m]x...x[0,rm:

1€G®

Iy € [0,1] : &+ (([z1], -+, [zm])) > m(y +e)} N M.
Let & € J;cge Qi — M°. There exists some 7 € [0, 1] with
(2.7) H{he{l,....m}:[zp]/rn <7} >m(F +e).
On the other hand, for all v € [0, 1] we have
(2.8) Hhe{l,....,m}:xp/r, <~} <m(vy+e).
Observe that for all permutations 7 of {1,...,m},
(29) (.%'ﬂ.(l), - ,l'ﬂ-(m)) S U Ql — M°€.
i€ge

Thus additionally we can assume

(2.10) r1/r1 <o ST [T
and therefore we also have
(2.11) [z1] /1 < o< [xm] /T

Weput b = [{h € {1,...,m} : [zn]/rn < 7}|. Then (2.7) and (2.11) together
give

(2.12) h>m@E +e¢)> m([x;]/r; +€).

If we choose v = xj /77, then (2.10) and (2.8) imply

(2.13) h<|{hef{l,...,m}:an/ry, < a;/ri}| < mag/ry +€).

The combination of (2.13) and (2.12) gives

(2.14) rﬁ(ﬁ/m—s) < <r,~L(E/m—€)+1.

The value h depends on @, but the possible values of h range between 1 and
m, since h is positive. As (J;cge Qi — M C [0,71] X ... x [0,7,] we finally
conclude from (2.14) that

m

dm<zr1...rm :Om( T1...Tm )
T

- minlghgm Th

{wEUiegcQi—MC:ml/mS...Szm/rm} h=1

Now (2.6) follows immediately using (2.9).
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LEMMA 2.5. Suppose ¢ > 0. Let P € C[Xq,...,X;n], a € C™ and r €
N™. Let j € Z™ with0 < jp, <7rp (L < h<m) and j1/r1+...+jm/Tm < €.
Suppose P is M.(m)-centered at o with respect to r. Then

8j1+--~+j77z
OXI .. oXy
is Mac(m)-centered at o with respect to r.

Proof. Since j,/r, < € for all h € {1,...,m} the lemma is an easy
consequence of the definition of the set M.(m) .

2.3. Heights and Siegel’s Lemma. Let K be a number field and M (K)
its set of places. Let n € N. For « € K™ and v € M (K) we put

], = max{e1ly, ..., |2alu} and lz]], = |2V,

If v is archimedean we put

@lop = (12 + ..+ [2D)Y? and ]|y s = |2l @O,

The height and the euclidean height of x € K™ are defined by

Ha) = [ lel.  He@ =( ] lallos) [T lel.

veEM(K) veEM(K) vEM(K)

v|oo v)[oo

We have H(x) < Hg(x) < v/n H(x). The height of a polynomial is defined
as the height of its coefficient vector. We use the notation

i OXT L OX

Let P € Q[Xq,...,X,,] have degree < 7, in X;, (1 < h <m). Let j € Z™
with j, >0 (1 < h < m). We have

(2.15) H(AIP) < omtFrm [ (P).

Finally, we are able to construct the auxiliary polynomial.

Al =

LEMMA 2.6. Suppose 0 < € < 1. Let F/K be an extension of number
fields of degree f, let aq,...,as € F' and m € N. Suppose

16 -
m > 8—3(log(6sf) +loge™Hh).

There is a constant R = R(m) such that for all v = (r1,...,rm) € N™ with
rp > R (1 < h < 'm) there exists a non-zero polynomial P € K[X1, ..., X]
such that

(i) degy, P <rp (1 <h <m);
(ii) P is M.(m)-centered at the points o = (g, ..., o) (1 < k < s)
with respect to r;
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(iii) H(P) < C(F)(4H)™t+"m  where H = max{H (a1),..., H(as)}
and C(F) denotes a constant depending only on F.

Proof. Weput N = (r1 +1)...(r,, + 1) and

M=[{icZ™: (i1/r1,...,im/Tm) & Mc(m), 0 <ip <rp, 1 <h<m}.

Let P € K[Xy,...,X,,] with (i). We need to determine the coefficients of
P such that (ii) and (iii) hold. (ii) says that
(2.16) AP(ay) =0
for all ¢ € Z™ with (i1/7r1, ... im/Tm) € Mc(m), 0 <ip <7p, 1 <h<m
and 1 < k < s.(2.16) is a system of linear equations, where the unknowns
are the coefficients of P. To solve (2.16) we will apply Siegel’s Lemma in the

form given by Bombieri and Vaaler [2].
Lemma 2.4 says

M=rr | deso, (i)

miny<p<m T
M<(m) 1<h<m Th

and therefore it follows from Lemma 2.2 that

M 1 T1...Tm
N S (ri+1)...(rm+1) <m1n1§h§m 7‘h>

Mg (m)
1 T1...T
< 26—(mg3/16+loge) + ) : m .
(ri+1)...(rp+1) ™ miny<p<m Th
Hence for large r1,...,r,, we get
(2.17) M/N < 3¢~ (me*/16+loge)

By assumption,
16 1 16
m > g—g(log(6sf) +loge ) = = log(6sf/e).

This is equivalent to

(2.18) 3sfe(me*/16+lose) < /9.
The inequalities (2.17) and (2.18) together give
(2.19) sfM < Nsf3e~(me*/16+lose) < /9

If we denote by A the matrix corresponding to (2.16), then by [2], Theorem
12 and (2.19) we get a non-zero polynomial P € K[Xy,...,X,,] satisfying
(i), (2.16) and

H(P) < C(F)( max Hg(a)) MW=/ < 0(F) max Hg(a),

arowof A arow of A

where C'(F') denotes a constant only depending on F'. By standard estimates
we know that Hg(a) < (4H)™* " and the lemma follows.
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3. Roth’s Lemma. The essential ingredient to Roth’s Theorem in [13]
is the so-called Roth’s Lemma. We quote its version proved by J. H. Evertse
[6], which is a quantitative improvement on the original. J. H. Evertse proved
this result by using Faltings’ Product Theorem [9].

Let P be a non-zero polynomial in unknowns Xi, ..., X,, with complex
coefficients. Let @ € C™ and r € N™. We define, as in [13],
Indg P

=min{iy/r1 + ... Fim/rm  A'P(@) #0, 4 €Z™, i, >0, 1 <h <m}
and say that P has index Ind, P at o with respect to r.

PROPOSITION 3.1 ([6], Theorem 3). Let m be an integer > 2, let T =
(r1,...,mm) be a tuple of positive integers, let P € Q[X1,...,X,,] be a non-
zero polynomial of degree < 1y in Xp forh=1,..., mandlet 0 <e < m+1
be such that
(3.1) rh/rher > 2mP /e forh=1,...,m — 1.

Further, let B, ..., 0m be algebraic numbers with
(3.2)  Hg((1,8))™ > {emt+rmHg(P)}®™ /9" (1 < h <m).
Then Indg, P < ¢.

4. A quantitative result. Suppose 0 < ¢ < 1. Let F//K be an extension
of number fields of degree f. Let S be a finite subset of M (K) of cardinality
s. Suppose that for each v € S we are given fixed elements a,, € F. Suppose
H(a,) < H (veS). Let m € N with m > (16/&3)(log(6sf) + loge™1).

Under these assumptions the hypotheses of Lemma 2.6 are satisfied.
Let R = R(m) be the constant given by Lemma 2.6. Suppose r, > R
1 < h < m). Then there is a polynomial P with

4.1 PeK[Xi,....,Xn], P#0;
) degy, P<ry (1<h<m);
)

P is M.(m)-centered with respect to r

N
W N
~—

(

(

(

(
at the points o, = (ay, ..., ) (v €S);

(4.4) H(P) < C(4H)mHtrm,

where C'= C(F) is a constant just depending on F'.

LEMMA 4.1. Suppose 0 <6 < 1,d €N and 0 < & < 6/(20d*). Let T be
a tuple of mon-negative integers with

> I, =1-45/(24d%).

vES
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Suppose there are elements 31, . .., Bm € Q satisfying

[K(Bn) - K] <d,
(4.5) H(B)"™ < H(B)™ < H(B) ™ (1< h <m),
(4.6) ot = Bulle < H(Bp) ) (1<h<m,veSs)
and
(4.7) H(B)¥/? > max{CY™ 2TH3*} (1 < h <m).

Then Indg P > €.

Proof. Let 7 € Z™ with 0 < j, <7, 1 < h <m and

(4.8) Ji/ri+ .t gm/rm S e
Put
(4.9) T(X) =) aXj.. X =APX).

We have to show
(4.10) T(B) =0.
First we establish an inequality for the height of 7". From (2.15), (4.2),
(4.4) and (4.7) we get
(16H2I3)1+4rm F(T) < (25 H2I5)++7m f(P) < C/(27 H3T5)ri+e+mm

m /2
<o(TTaB™)
h=1
By (4.7) we have C' < H(B;)"</2 <[], H(Bx)"™"/? and therefore
(4.11) (16 H2/s)ri++mm F(T) < ( I1 H(ﬂh)’”h)e.
h=1

We will need (4.11) later on.
Put E = K(f1,...,5m). We denote by £ <§> K, the set of K-embeddings
of F into K, i.e. the homomorphisms of F in K, which are the identity on K.

For each place w of E which lies over v of K, there existsa A € E 5 K, with
laly = |\(a)|, for all @ € E. There are in fact [E,, : K,] such embeddings.
With these notations the product formula reads

L A T

pEM(Q) weM(E) peEM(Q) veM(K) \  pX
wlp vlp N
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for all x € E*. From (4.1) and (4.9) we know that T has coefficients in K
and hence T'(8) € E. Therefore to prove (4.10) it suffices to show

(4.12) IT I Il ree)ie <t

peEM(Q) UEJV|I(K) AGE‘EJ?U
v|p

Let v € M(K). In the sequel we estimate ||

(4.13) %:{1 if v | 0o,

A\eELER, IT(A(B))]o- Put

0 ifvfoo
and r =71 + ...+ ry. For v ¢ S, by trivial estimates of (4.9) we get

) I moek< II (20 maxlad T 100G
h=1

A\eELE, AeELE,
= 25K max |a,[[P5T T 1 A8w) 0
1
A\eELE,
1<h<m

Now, let v € S. We can write (4.6) as

(4'15) ’Mv(av) - Nv(ﬂh)‘v
< H(By) DCLANKQ/IE D] (1< h<m, v e S),

where 1, denotes a fixed K-embedding of Q in K,. Let A € E & K,. We
expand T'(X) around the point () = (o (@), - .-, fy(aw)) in a Taylor
series to get

(4.16)  [T(A(B))]s < 2" max AT (i (ew)) [T OBR) = pro(e0))™
h=1

v

By trivial estimates we get

(4.17) | AT (o () < 47" max faglo | (L, oo ()3

The main term we have to look at is max} [}, [A(Bn) — o (cw)|i,
where the maximum is taken over all ¢ with AT (u,(aty)), # 0. By (4.3),
(4.8), Lemma 2.5 and p,(A*T(cw,)) = AT (p,(ev,)), for tuples i satisfy-
ing AT (py(aey))w # 0 we have (i1 /71, ... ,im/Tm) € Ma.(m). Therefore it
suffices to consider the term supyear,_ (m) [1ne1 [NBr) — po(a) 577

If X(Br) = po(Br), we can estimate the factor satisfying (4.15) non-
trivially. Hence we treat the cases A(fn) = po(Br) and NBr) # wo(Bn)
separately. Put

Lo={he{l,....,m}:A(Br) = po(Bn)}
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We have

(4.18) sup H IN(BR) — o () 50T
z€EMac(m) 1

( sup [ 1A(BR) = pae av)l“”)

x €M, (m) hely

< (s T A = malan)lz).

w€Mae(m) e,

We estimate the first factor of (4.18) trivially and get
(4.19) sup H IN(BR) — o () 50T
€M (m) he Ty

m

H 25 [ (L, M) (1, pro () ) [

For the second factor of (4.18) we use ( 5) and (4.5) to get
sup H ’A /Bh — Mo av)‘whrh

€ Mo (m) hely

- sup H ‘:uv Oév Mv(ﬁh)‘ihrh
rEMs. (M) hely

< sup H H(lgh)—l‘h’rhFv(2d2+§)[K:Q]/[KU;Qp]
.’EEMQE(’I’)’L) hGIA

—r1 Ty (2d2+6 _[K:Q]
< sup H(B) (2740 12, G 2onery @

rEM>, (m)

-~ 2 [K:Q] -
_ H(/Bl) r117(2d°+9) [Kv:Qp] 1nf:L‘€M2€(m) Zhgszh.

Taking the product over all K-embeddings of E into K, gives

(420) H sup H ‘/\ ﬂh — Jby av)‘xhrh

_ ®EM>.(m)
\eELER, T hely

77"1Fv(2d2+5) I[(I,jg ]Z K _ inszMg (m) Z}LEI Th
< H(p) Y aeBoRy . A

To apply Lemma 2.3 we need a lower bound for ZAGEE)F |Ix]. Let 65,
denote the Kronecker symbol. We have ’

S nl= Y ke {Lom) A = w8}

K — K —
NeESE, \eESE,
- Z Z ON(Bn) st (Br) = Z Z ON(B1) 1t (Bn)
\ep& g, 1Shsm L<h<m g K

_ Z B K(5)] > Z [EK]:m[EK]

d d
1<h<m 1<h<m
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Now we apply Lemma 2.3 to (4.20) with [E : K] in place of D and 2¢ in
place of € to get

(4.21) H sup H IAN(Br) — poo () [on"n

__ wEM2-(m)
reEEE, =\M) per,

[E:Q] _ 2 _S_
< H(ﬁl)_[K“:Qp]mﬁ(l 4ed )(1+2d2)Fv'

The combination of (4.18), (4.19) and (4.21) gives
(422) [ s [N — sl

<(CTT 25 sl B 1 A )
A\eESE,
1<h<m

_ _[E:Q] 1—4ed?)(14+-5,)T,
x H(f) Tepp) M1 (1—4ed”) (14 557)

< @ pla)) (T 10 AGE)

\eELE,
1<h<m

X H(ﬁl)_ [I[i:;%]p]mr1(1_4€d2)(1+#)n)
and the combination of (4.16), (4.17) and (4.22) gives

(4.23) II TGl

AEESK,
< H 2H1}TmaX‘AiT(NU(av>)’v H IA(Br) — pro () |3
K ’ h=1
AN E—K,

< 8= I manc ag 7| (1, pao () [V

x H maxH|/\ﬁh — i () |2

)\GE<—>KU

1672 e g [ (1, g e, ) 2T

r K mry (1—4ed?) (1425 )T,
X ( H ’(1,>\(ﬁh))lvh> (B1) 1 gy ( )(1+3552) T

r\eELER,
1<h<m

Finally, if we take the product over all valuations of E, then (4.14) and
(4.23) together lead to
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wey T I (I rosl)

pEM(Q) vE%ISK) NEEE,

<( H (16[E:K]TZUEM(K>,U|17HU[K@':QP] H |(17Mv(av))’g[E:K]r[Kv:Qp]))
pEM(Q) veS, v|p

x( H ( H m?x|ai|1[)m:@p])[E:K})

pEM(Q) ve]\/‘[(K)
v|p

(TT(T taer) ™)

PEM(Q) veM(K) — \ pX
vlp 1<h<m

X H(ﬂl) (£:Q]rmry (1 4Ed2)(1+ 62)Zves

Kov:Qp]

For the middle term of the right-hand side of (4.24) we have

(425 (I maxmiyng:@p})m:m

pEM(Q)
veM(K),v|p

S | A | (B YEAITED R

peM(Q) \eES R
cE—K,
veEM(K),v|p T<h<m

— ( H maX’ai|LKU:QP]/[K2Q])[E:Q]

pEM(Q)
veM(K),v|p
. [K,:Qp]

S | RO | AT
peEM(Q) weM(E),w|v
veEM (K),v|p 1<h<m

(E E:Q]
[T meste) (T T 0.moiz)
veM(K) h= leM(E)

(E:Q]

7= T] #(s,))
h=1

Before we estimate the first term of the right-hand side of (4.24) we
make some remarks: For each v € S there exists some w, € M(F') such that
o (2) o = |2]w, for all z € F, hence |(1, pro())]o < H(ap)FHQ/Fuw:Q],
Further from (4.13) we have

H 168K Xoenrry,oip o [Ko:Qp] _ 16[EQr

pEM(Q)
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Therefore for the first term of (4.24) we get

(4.26) H (16[E:K]TZUGM(K) Ko [Ky:Qp] H |(1,uv(av))ﬁ[E:K]r[K“’Qp])
pEM(Q) vES, vlp

16U ] [ H(aw) 2P el i, @,o])r
PEM(Q) veS, vlp

16150 T H(a,)EKIFQ Fu K 1)

(
-(emell
-
<

IN

16170 T H (a, )2 QF K]/ Fu, K 1)
veS

EQlr
16 [ H(a ) < (16H ) B,
veS

Now we simplify (4.24) using (4.25), (4.26), >, cq I = 1 — 0/(24d%),
(4.11) and (4.5) to

w1 I (I o)

PEM(Q) ve]wl(K) )\GE‘EJ?U
v|p

KU:QP]

< (UG PR g (1) 2 ﬁ @)

« H(ﬂl)7[E:Q]mr1(1745d2)(1+2d2 )2 ves Lo

< ( i[l H(ﬁh)rhY[E:Q] ( ;ﬁ H(ﬁh)rh’) e

% H(ﬂl)7[E:Q]mr1(1745d2)(1+2d2 )1-5252)

< (,f[l H(ﬁh)m) [E:Q](lﬁ)(ﬁ H(ﬁh)rh)

< (hf:[lem)

Since ¢ < §/(20d*) and § < 1, by elementary estimates we get

(1+¢)? — (1 — 4ed?) (1 + 2;) <1 - 245d2> < 0.

Therefore the exponent in (4.27) is negative, hence (4.10) holds true and
the lemma follows.

PROPOSITION 4.1. Suppose 0 < § < 1. Let d € N. Let F/K be an
extension of number fields of degree f and let S be a finite subset of M(K)

—[B:QJ(1+e) "' (1-4ed®) (14 552) (1 520)

(E:QI(1+e) ™ ((14e)* —(1—4ed?) (14 357) (1= 52))
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of cardinality s. Suppose that for each v € S we are given fixed elements
ay € F. Suppose H(a,) < H and
m > et d" log(6sf)/6*.
Let E = 42d*m?3/§ and let T be a tuple of non-negative reals with
0
d hv=1-g5
vES

Then the heights of algebraic numbers 3 € Q with

(4.28) [K(B) : K] <d,

(4.29) H(3) > (16H)2m(60d4m3/5)’”

and

(4.30) low — Bllo < H(B) CE+) (€ 8)

lie in at most m — 1 intervals of the type
H,<HB)<HE, (1<h<m-1).

Proof. Suppose the proposition were false. Let H; be the infimum of the
heights of 3 € Q satisfying (4.28)—(4.30). If all the heights of the numbers
B € Q satisfying (4.28)—(4.30) were in the interval H; < H(3) < HE, the
assertion would be correct. Hence there are 3 € Q satisfying (4.28), (4.30)
and H(B) > HF. Let Hy be their infimum. Hence HE < Hj.

Continuing in this way we find Hi, ..., H,, which are defined as follows:
H, =inf{H(B) : 3 € Q satisfying (4.28)-(4.30)},
Hy1 = inf{H(pB) : 3 € Q satistying HF < H(B), (4.28), (4.30)}
for 1 <h <m—1. Let 3, € Q satisfy (4.28), (4.30) and HE | < H(3,,).

By the definition of H,,_; there exists a 3,,_1 € Q satisfying (4.28), (4.30)
and

H(/Bm—l)E < H(/Bm)v H£—2 < H(ﬂm—l)
After m—2 analogous steps we have 31, ..., 3, € Q satisfying (4.28), (4.30),

and
(4.32) H(3) > (16H)2m(60d4m3/5)'”'

Put ¢ = §/(20d*). By trivial estimates we get

(4.33) i—g(log(&s £ +loge=) < m.
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Hence the hypotheses of Lemma 2.6 are satisfied. Let R = R(m) be the
constant given by Lemma 2.6. Now let r; € N be so large that

(4.34) H(B1)™ > H(Bn),

(4.35) H(B)™ = H(Bm)",

(436) H(ﬁl)rl/Q 2 0(60d4m3/5)1n7

where C' is the constant of (4.4). For h = 2,...,m put
r1log H(ﬂl)]

4.37 =g | 1

(437) [ log H(B)

From (4.34) it follows that
(4.38) H(B)™ < H(Bp)™ < HB)" ) (1< h<m).

Moreover, from (4.38) and (4.35) we get H(B,)™ > H(B1)™ > H(Bn)E,
hence 7, > R. By (4.31) and (4.37) the sequence 71,...,7,, is decreasing
and therefore r, > R (1 < h < m). Lemma 2.6 gives us a polynomial
P satisfying (4.1)—(4.4). The inequalities (4.38) are identical with (4.5) of
Lemma 4.1. Hence the hypotheses of Lemma 4.1 are satisfied apart from
(4.7). But by (4.32), (4.36) and (4.31) also (4.7) holds true. It follows that

(4.39) Indg, P > e.

Now we verify the hypotheses of Proposition 3.1. From (4.38) and (4.31)
we get,

T 1 <rh+1 log H(ﬁh+1)) _ log H(Bh+1)
Th1  Tht1 \ (1 +€)log H(B) (1+¢)log H(Br)
Elog H(fh) E

(1+e)logH(By) 1+
Using ¢ = §/(20d*), d > 1, § < 1 and the definition of E yields

E 20F 42m3 om3
(4.40) T R~ L
Th+1 1+ 5042 21 21 - 5042 £

Therefore (3.1) holds true. Put E = (3m3/¢), thus E = (60d*m3/6)™. Since
r1 > ... > Ty we have mry > r1+. ..+ 7. Additionally, from (4.32), (4.36)
and (4.31) we get

(er1+...+rmHE(P))(3m3/a)m _ (€r1+...+rmHE(p))E < (e Qmm/QH(P))E
< (@ oH)™E < cF(16H)™ P
< H(By)"/2H(B)™/? = H(B)"
< H(Br)™ < He((1,8,))™ (1< h<m).
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Hence we have also verified (3.2). Therefore the hypotheses of Proposition
3.1 are satisfied and we get Indg,P < e. This contradicts (4.39) and the
proposition follows.

5. Gap principles
5.1. A gap principle for big solutions

2LEMMA 5.1. Let 6,F,K,S,s,d and «, be as in Theorem 2. Suppose
4447/ < A < B and v > 1 —§/(6d?). Let I be a tuple of non-negative
reals with ), g I’y = ~. There are at most
log(log(B)/log A)
log(1 + ¢6/(4d?))

elements 3 € Q such that
(i) [K(B) : K] < d;
(i) A< H(B) < B;
(ifi) [l — Bllo < H(B)~ L+ (v € S).
Proof. Suppose H > A. First we show that in an interval of the type
(5.1) H < H(B) < H'%/(4d)

lies at most one 8 € Q satisfying (i) and (iii).

Let 30,31 € Q satisfy By # B, (i), (iii) and H(B;) > A (i = 0,1).
Without loss of generality we assume H(5y) < H(81). Put E = K (B0, 51).
As in the proof of Proposition 4.1 we have

(5.2) |po(cw) — po(Bi) [ @A < ()= CL40) (y € 5, i =0,1)

for some fixed K-embedding u, of Q in K,. Let v € S, say v|p. Hence
|ty (-) o is a valuation of E, which is identical to | - |, on Q. Therefore, there
exists some w, € M(FE) such that |- |,, = |ty(:)]s. Put Sg = {w, : v € S}.
Thus it follows from (5.2) that

H HﬁO - ﬁl”w = H ||ﬁ0 - /61”11)1)

wWESE vES

=[] 160 -5

vES

- H |10 (Bo) — uv(ﬁl)’Lva :Qp]/E:Q)]

vES

H (’ (1 2)‘LE“’U :Qp]/[E:Q)
veS

[Bw,:Qp]/[E:Q]

Wy

IN

Ey,:Qpl/[E:Q
x e, (85) — gl |17 2 1)
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= [T0@.2)

vES

(B, :Qp)/[£:Q]

Wy

< e[ () — g )| € @ L Bt 171

< TLUQ 2, ma{H (5~ G} B /128,
veS 3=0,1
Simplifying this further using H(5y) < H (1), the trivial estimate [E,,, : K]
> 1 and [E: K] < d? gives

(53) TT 1160 — Billw < TT 11, 2)llu, H(Bo) T2 +0)/1E:K]

wWESE veES

2 2
<2 H H(ﬁo)fFv(QHWd ) — 2H(50)’7(2+5/d )
vES

On the other hand, from the product formula we get

G4 I[ Wo-mle=( TI 15%-al)

weSE weM(E)—Sg

> T 1@l Aol (1))

weM(E)—Sg
> (2H (50 H(51) "

The inequalities (5.3) and (5.4) give H(B1) > %H(ﬁo)’y(lﬁ-tg/d?)—l. By
elementary estimates using v > 1 —4§/(6d?), d > 1 and § < 1 we see that

’y<2+;2> f121+2%2.
Therefore
H(Bh) > $H(Go) /0.
Since 444°/0 < A < H(By) we have 1/4 > H(ﬂo)_‘g/(‘“ﬁ) and finally
H(B1) > H(ﬁo)1+6/(4d2)'
This proves (5.1). The interval [A, B] can be covered by

log(log(B)/log A)
log(1 4 0/(4d?))

intervals of the type (5.1) and hence the assertion follows.

5.2. A gap principle for small solutions. J. Mueller and W. M. Schmidt
[12] used the well-ordering of the rational numbers to prove a gap principle
for small solutions. In this section we follow this idea using a packing lemma
instead.



Approzimations of algebraic numbers 117

LEMMA 5.2. Suppose F' > 1 and r > 0. Let xq,...,z, € C with

(5.5) wi—alzr (1<i<j<p)
and
(5.6) il < Fr (10,5 < ).

Then pn < (2F +1)2.

Proof. Without loss of generality we assume x; = 0. The open discs
with center x; and radius r/2 are pairwise disjoint because of (5.5). By (5.6)
they also lie in the open disc with center 0 and radius Fr 4 r/2. Therefore
um(r/2)? < w(Fr +1r/2)? and the lemma follows.

The contraposition of Lemma 5.2 is:

LEMMA 5.3. Suppose F' > 1 and r > 0. Let x1,...,x, € C with |z; — x|
>r (1<i<j<p). Let peNwith F < 3(/u—1). Then there exist x;, x;
with |x; — ;| > Fr.

LEMMQA 5.4. Suppose 0 < 6 < 1. Let d € N and a € Q. There are at
most 214 /5 elements 3 € Q with

(i) deg 8 < d;

(i) H(p) < 2074075,

(i) Jo — ] < H(5)7>" .

Proof. Let u € Z with u > 0. We denote by S(u) the set of all 3 € Q
satisfying (i), (iii) and 2% < H(3) < 24*1,

First we estimate |S(u)|. Without loss of generality S(u) # (). The set
of algebraic numbers of bounded height is finite, hence S(u) is finite, say

S(u) ={p1,... s Buu) }. To make the notations less clumsy we write x instead
of p(u). We have
(5.7) |8 = B;] < 2max{|B; — o, |a — B}

< 2max{H (3;) 2"~ H(3;)~2¥ %}
< 9. 2—2d2u—6u _ 2—2d2u—5u+1

for all 4,5 € {1,...,u}. Let now i # j and put £ = Q(f;, 5;). Denote by
| - | the valuation of E which is the restriction of the standard absolute
value of C on E. Using the product formula we get, in analogy to (5.4),
18 — B = |18; — Bjmf:@}/[Ew:Qoo} > (QH(/Bi)H(ﬁj))_[E:Q]/[Ew:Qoo]
> (2 22wt 1))~ [FQ/[BuQec] — 9= [E:Q)(2ut3)/[Fu:Qec]

By (i) we have [E : Q] < d? and therefore
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‘/61_ _ ,6]‘ 2 2—2d2u—3d2
for all distinct 4,7 € {1,..., p}.
Suppose p > 16. Put F = 1 —1) and r = 272¢°u=3d" Then F > 1
1t 5 (VA

and so we can apply Lemma 5.3 to the set S(u). Hence there exist i, €
{1,...,pu} with

(5.8) 18 — B4 > 5 (/1 — 1)2-2d%u=3d" & (1)~ 24 u=3d -2,

The inequalities (5.7) and (5.8) together give /i < 9= 0ut3d*+3 4 | Con-
sidering our assumption y > 16 we have in general

(5.9) |S(u)| = plu) =p < maX{16,2_25u+6d2+6 n 9—but3d*+4 1)
< 2—6u+13d2 +16.

Note
(2% +6) /6] o0
Sty 2= (1-270) " <1 42/6.
u=0 u=0

Therefore from (5.9) we get

(2 +6)/5] (2% 46)/6] .
|S(u)| S Z (2—6u+13d + 16)
u=0 u=0
(2% +6) /4] e
) 2d* 1 6
< 213d 2—6u 1 . 1
< u;) + s+ 6
2 16-2%° £ 112 9215d”
<314 2
< +5 )+ 5 <=5

and this is the assertion.

6. Conclusion. The following lemma goes back to Mahler [11]. We state
it in the form of [14], Lemma 5.1, but we have used the estimate [5], (46)
instead of [14], (5.9).

LEMMA 6.1. Let 1/2 < v < 1 and s € N. Then there exists a subset S
of cardinality < (e/(1—~))*"" of {(I,...,Is) €REy: 1+ ...+ Ts =7}
with the following property: For every &€ = (&1,...,&) € R® having § > 0
for each i (1 <i <), there exists I' € S such that for each i (1 <i <s),
(6.1) &> (61 + ...+ &)

6.1. Proof of Theorem 2. Let 3 € Q satisfy (1.8)—(1.10). For each v € S
we define &,(3) > 0 through

(6.2) min{1, |, — B} = H(B) & A +0),
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Since
H(ﬂ)—(EUEs & (8))(2d+5) _ H min{1, ||, — Blo} < H(ﬁ)—(2d2+6)
veS
it follows immediately that
(6.3) Y &(B) > 1
vES

Put v = 1 — §/(24d?). Lemma 6.1 says that there exists a subset S of
{(Fv)ves - RSZO : ZUES I, = ’7} with

s—1 s—1 s—1
e 24ed? 66d?
. < =
(64) ’S|_<1—7) ( 0 ) << 0 )

and the following property: For each (§,)ves C R, there exists a tuple
I' € § with

(6.5) &> (Y 6) wes)
wesS

Let (I'y(3))ves be such a tuple for (&,(3)),es. We divide the elements 3 € Q
satisfying (1.8)—(1.10) into classes as follows: § and [ are in the same class
if I'(3) = I'(8). By (6.4), there are at most

(6.6) (66d%/5)°1

such classes. We now fix one class, i.e. let I' € § be fixed and let B be
the set of all § € Q satisfying (1.8)—(1.10) and I'(8) = I'. Put S = {v €
S : T, >0} and s = |S|. Observe that 1 <5 < sand ), s, = 7. Let
B e B.If £&(B) = 0 for some v € S, we conclude from (6.5) and (6.3) that
I'y(B) = I, =0, and hence v ¢ S. Therefore &,(5) > 0 for all v € S. Again
from (6.3) and (6.5) we get &,(8) > I,(8) = I, (v € S). By (6.2) this

implies

(6.7) o — Bllo < H(B) QL+ (4 ¢ ).
Put
(6.8) m = [e*d"® log(6sf) /5% + 1.

Then m > e'*d'3 log(65f)/d* and we can apply Proposition 4.1: either
log H(B3) < 2m(60d*m®/5)™ log(16 H)

or H(f) lies in a union of m — 1 intervals of the type

Hy <H(B) < H2™/ (1<h<m-1).
In the latter case we count the using Lemma 5.1. In each one of the in-

tervals, the number of 3 € Q satisfying (1.8)—(1.10) is bounded by 1 +
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log(42d*m?/6) /log(1 + 6 /(4d?)). By (6.8) and

1) )

this is < 70§d2 log d1°g§68f ). Therefore, the number of elements of 3 € B with

log H(B) > 2m(60d*m?/8§)™ log(16 H)

is bounded by

2 21 415
(6.10) (m_l)m;d logdlog§68f) _ et (1;;%(6sf)

By Lemma 5.1 the number of elements 3 € Q satisfying (1.9), (6.7) and

log d 10g(($63f) .

(6.11) max{ H,4'7"/%} < H(8) < (16H)>" (€04 m /0"
is bounded by

N log(2m(60d*m® /8)™ log(16H) log ™ (max{ H, 444°/5}))

(6.12) 1 log(1 + 0/ (4d2))

Note that

log(16H) 1 3
<-—4+1==-<2
logmax{162, H} — 2 * 5 <

This together with (6.9) and (6.8) implies that (6.12) is less than

2 4,,3\ ™
(6.13) 1—|—%log <4m<60d5m> )

5d? dm\ ™
5 B\
20e'5d'5 log(6sf) eldM log(6sf)
< 55 log 55
- e?2d'5 log(6sf) dlog(6sf)
55 S
Therefore the number of elements § € B satisfying (6.11) is bounded by

(6.13). The cardinality of B is bounded by the sum of (6.10) and (6.13). It
is less than

log(16 H) log~* max{H, 44d2/5} <

IN
|

lo

e?3d log(6sf) dlog(6sf)
55 575
Finally, we conclude from (6.6) that the number of 3 € Q satisfying (1.8)-
(1.10) is less than

lo



Approzimations of algebraic numbers 121

6642\ ° " e23d'5 log(6sf) o dlog(6sf)
5 5 575
e?366°1s2d?* T3 log(6f) , dlog(6f)
= §s+4 log 5
d***log(6f) , dlog(6f)
Ts+19
e . 5ota log 5

<

This is our assertion.

6.2. Proof of Theorem 1. We apply Theorem 2 with K = Q, F' = Q(«),
H = H(a) and S = {oo}. Hence s = 1. In this situation the inequality (1.6)
is identical with (1.8). Therefore (1.6) has at most
026 . d'®log(6f) log dlog(6)
9° J
solutions in algebraic numbers 3 of degree < d with

H(B) > max{4*"/% H(a)}.

(6.14)

2
This proves (i). Since 44¢°/9 < 22" +6)/6 e can estimate the solutions with
H(B) < 4*°/% by Lemma 5.4: there are at most

(6.15) 215" /5
such solutions. If max{44%°/5 H(a)} = H(a) we have to count the solutions
B e Qof (1.6), (1.7) and
2" +6)/5 < 1(8) < H(a).
By Lemma 5.1 the number of those solutions is bounded by
log(log H(a)/ log 92" +6)/9) < log™t log H(a)
log(1+d/(4d?)) ~ log(1+46/(4d?))

The estimates (6.15) and (6.16) show the claimed bound of (ii), and the
theorem is proved.

(6.16) 1+
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