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In memory of Paul Erdds

E. Bombieri and U. Zannier [1] have recently proved an important theo-
rem which permits improving most of the results of papers VII, VIII, X and
XTI of this series. In order to state the results I shall use the same notation as
in those papers, explained below, together with a new usage of the matrix
notation.

N and Ny are the sets of positive and non-negative integers, respectively,
Q is the field of algebraic numbers.

Bold face letters denote vectors written horizontally, * = [z1,...,zk],
x ! = [xl_l, .. ,x;l] and similarly for z; ab is the scalar product of a
and b.

The set of k x [ integral matrices is denoted by 9 ;(Z), and the identity
matrix of order k by Ij. For a matrix A = (a;;) € My 1(Z) we put

k k
h(A) = max |ay|, @ = {Hfﬂ?“,...,nxﬁ“].
(2% i Pl

For a Laurent polynomial F' € K[z, '], where K is any field, if F =
Hle x;" Fo(x), where Fyy € Klz] and (Fp, Hle x;) =1, we put
JF = Fy.

A polynomial F is reciprocal if JF(x™!) = +F(z).

A polynomial is irreducible over K if it is not reducible over K and not
a constant. For K = Q we omit the words “over Q”. If F' = ¢[[}_; F¢,
where ¢ € K*, F, are irreducible over K and pairwise coprime, and e, > 1
(1 <o <s), we write

S
can o
F = const H E;
o=1
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274 A. Schinzel

and call this a canonical factorization of F over K. If K = Q, then C%n is

replaced by = If

S
can
JF = const H F:
o=1
we put

KF = const H* Fyo,
and if K =Q

LF = const H** Fye,
where [[ is taken over all F,, that do not divide J(z'® — 1) for any a €
ZF\ {0} and []*" is taken over all F, that are not reciprocal. The leading
coefficients (i.e. the coefficients of the first term in the antilexicographic
order) of KF and LF are equal to that of F. Note that K F' depends only
on F' and the prime field of K, which in this paper is always Q.

If T is any transformation of K[z, z~!] into itself and F € K[z, z }]
then

KF(Tx) = K(F(Tx)),
and if K =Q
LF(Tx) = L(F(Tx)).
The Bombieri—Zannier theorem can be stated as follows.
THEOREM BZ. Let P,Q € Qlz] and n € ZF. If (P,Q) = 1, but
(KP(z"™), KQ(x™)) # 1, then there exists a v € Z* such that
=0 and 0<h(vy) <c(P,Q),
where ¢1 (P, Q) depends only on P and Q.
In the sequel ¢;(...) denote effectively computable positive numbers de-
pending only on parameters displayed in parentheses. Theorem BZ extends

Theorem 1 of [7] from k£ < 3 to arbitrary k in the crucial case [K : Q] < oo
and immediately implies that in Theorem 2 of [7],

ea(P, Q)Nkfmin{k,6}/(2k72) (1(01;%0];7)]\1;;9
can be replaced by
c2(P,Q)N*1.
Theorems 3 and 5 of [7] can now be extended in the following manner.
THEOREM 1. Let F € Z[x] \ {0}, ko be the number of variables with

respect to which F is of positive degree, and ||F|| be the sum of squares of
the coefficients of F. Assume KF = LF. For every vector n € Z* such that
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F(z™) # 0 there exist a matrizc M = (p;;) € My, 1(Z) and a vector v € Z*
such that

(1) 0< gy < s < exp(9ko) - 217175 (i), piy =0 (i <),

(2) n=vM,
and either
(3) KF(zM) 2" const H Fy(2)°
o=1
implies
(4) KF(z") E" const ﬁ F(xv)%,
o=1

or there erists a v € Z* such that
(5) =0 and 0<h(vy) <c3(F,M).
Theorem 4 of [7] is extended as follows.

THEOREM 2. Let F € Q[z] \ {0} and n € ZF\ {0}. If JF(a™) is not
reciprocal, then KF(x™) is reducible if and only if there exists a matriz
N € M, 1.(Z) of rank r and a vector v € Z" such that
(6) h(IN) < ea(F),

(7) n=vN,
(8) KF<yN):F1F27 y:[ylvayr]v erQ[y] (Z:172)7
(9) KF(*) ¢Q (i=1,2).

Further we have
THEOREM 3. Let F € Q[z]\ {0}, n € Z*\ {0}, K be the field generated

over Q by the ratios of the coefficients of F(x™) and K be its normal closure.
Assume that F € Klz|, F(z™) # 0 and for all embeddings T of K into K,
JE(x™™) =
— ¢ K.
JET(zm) ?

If KF(z™) is reducible over K there exist a matric N € M, (Z) of rank r
and a vector v € Z" such that

(11) h(IN) < es5(F),
(12) n=vN

(10)

and JF(y™) is reducible over /IE, where y = [y1,...,yr]-



276 A. Schinzel

This theorem implies

COROLLARY 1. Let a = [ag,...,a;] € Q***, n = [ny,...,n,] € N¥,
0 <ni <...<mngand let K = Q(a1/ag,...,ar/ao). If ap € K and
K(ag + Z?Zl a;x") is reducible over K, then there exist a matriz Ny €
M (et1) /2,5 (Z) and a vector vy € ZIEAD/2] gych that

(13) h(No) < cg(a)
and
(14) n = ’U()No.

COROLLARY 2. Under the assumptions of Corollary 1 the number of
vectors m such that ny < N and K(ag + 25:1 a;x™) is reducible over K

is less than c;(a)NI(k+1)/2],

COROLLARY 3. Let a = [ag,...,ar] € C**! be such that ay € K =
Q(a1/ag, ..., ar/ag). The number of integer vectors m = [ny,...,ng| such
that 0 <ny < ... <nkp <N and K(ao+ Z§:1 a;x") is reducible over K
is less than cg(a)N*~1,

Corollary 1 improves in the case K = Q and extends Theorem 2 of [3],
while Corollary 2 drastically improves Theorem 1 of [5]. The exponent
[(k 4+ 1)/2] cannot be further improved, as will be shown by an example,
the gist of which is in [3]. Corollary 3 improves Theorem 2 of [6] and the
Theorem of [8].

Further we have

THEOREM 4. Let F' € Q[x]\ {0}. There exist two finite subsets R and S
of Ule I, x(Z) with the following property. If n € Z¥\{0} and JF(a™) is
not reciprocal, then K F(x™) is reducible if and only if the equation n = vIN
is soluble in v € Z" and N € RNM, 1(Z) but unsoluble in v € Z* and
N € SNM; 1 (Z) for each s < r.

The reducibility condition given in Theorem 4 is more readily verifiable
than that of Theorem 2, because of the relation (9) occurring in the lat-
ter. It is conjectured that a similar reducibility condition holds without the
assumption that JF'(z™) is not reciprocal and over any finite extension of Q.

The proofs of Theorems 1-4 are based on several lemmas.

LEMMA 1. For every polynomial P € Q[z] \ {0},
LKP=1LP.
Proof. See [2], Lemma 11.

LEMMA 2. For every polynomial F € Z[x] and every vector n € ZF such
that F(z™) # 0 there exist a matric M = (p;;) € My 1(Z) and a vector
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v € ZF such that
(15) 0 < pyy < pyy <exp(9k) - 217175 (i £ ), pyy =0 (i <),
(16) n=uvM,

and either
LF (M) “Z const f[ Fge
implies ~
LF(z™) “Z' const f[ F,(z¥)%,
o=1

or there erists a vector v € Z* such that
=0 and 0<h(y) <cy(k,F).

Proof. See [2], Lemma 12, where c9(k, F') is given explicitly.

LEMMA 3. If F € Q[x] is irreducible and non-reciprocal and a matriz
M € My, 1(Z) is non-singular, then

LF(z™M) = JF(zM).

Proof. See [7], Lemma 17.

LeMMA 4. If F € Qz]\ {0}, KF = LF, M € 9, 1(Z) and det M # 0,
then
(17) KF(zM) = LF(zM).

Proof. By Lemma 1 we have, for every polynomial P € Q[z] \ {0},
(18) LP|KP|JP.

Assume first that F is irreducible. If F = cx;, c € Q, then JF(2M) = ¢,
hence KF(zM) = LF(zM) = ¢. If F|J(x'® — 1) for an a € ZF \ {0}, then
F(zM) | J(zM'® —1), hence KF(zM) € Q and (18) implies (17). If F # ca;
for all c € Q and all i < k, and FtJ(z'® — 1) for all @ € Z* \ {0}, then
KF = F, hence KF = LF implies that F' is not reciprocal. By Lemma 3
we have LF(zM) = JF(zM) and (18) implies (17).

Assume now that

S
FC%HCHF?’, ce Q.
o=1

Then

KF:cf[KF;o, LF:cf[LF?,
o=1

o=1
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which together with KF' = LF and (18) implies
KF,=LF, (1<o0<s).
By the part of the lemma already proved, KF,(zM) = LF,(z™), hence

KF(z™) = [[ KF,(zM)* = ¢ [[ LF, ()% = LF(2").
o=1 o=1

LEMMA 5. Let @ € Q[x] be irreducible, v = (V1,...,v) € ZF and
(1,---,7) = 1. Then J®(x'7) is irreducible.

Proof. See [4], Lemma 11.

LEMMA 6. If F € Q[z] and KF € Q, then for every vector v € Z* we
have KF(zV) € Q.

Proof. It is enough to prove the lemma for F' irreducible and different
from cx; (1 <i<k), ce Q*. The condition KF € Q gives

F\J(a:ta—l), where a € Z" \ {0}.
If v # 0 the conclusion follows at once, but the case av = 0 remains to
be considered.

Let o = a~y, where a € N, v € Z* and the coordinates of ~ are relatively
prime. We have

J(x'® 1) =[] Ja(z"),
dla

where ¢4 is the cyclotomic polynomial of order d. By Lemma 5, J ¢d(act7)
is irreducible. Hence F = cJ¢4(x ) for a ¢ € Q* and a divisor d of a. The
equality av = 0 gives v’y = (0), hence JF(z?) = cpq(1) € Q.

Proof of Theorem 1. Let ¢1 have the meaning of Theorem BZ and cg
the meaning of Lemma 2. We may assume without loss of generality that
F € Q[z1,...,x,] and apply Lemma 2 with k replaced by ko, n replaced
by ng = [n1,...,n,], and z replaced by z¢ = [21,..., 2x,]. Let My and vg
be the matrix and the vector the existence of which is asserted in Lemma 2.
We put

(,Ufij)i,jgko = M, Wii =1ifi > kg, ij =0if7 > kgorj > ko andi#j;
[vl,...,vko]:'vo, Vi = Ny 1f’L>k§0
This together with (15) and (16) gives (1) and (2). Moreover, by Lemma 2,

either

EN)
(19) LF(zM) = LF(z}™) =" const H Fg(zg)eg

o=1
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implies
S0 o
(20) LF(a") = LF(z™) = const | [ F(x™)%,
o=1

or there exists a -y, € Z* such that
(21) Yoo =0 and 0 < h(vyy) < co(ko, F).

By Lemma 4 the left-hand sides of (3) and (19) coincide. Since the canon-
ical factorization is essentially unique we have s = sy and we may assume
that F, = F2, e, = €2 (1 < o < s). Therefore (JF,(z71), F,(2)) = 1 for
all 0 < s and the number

(22) cs(F, M) = max{cy(ko, F), max ci(JF, (271, F,(2))}

is well defined. We now show that it has the property claimed in the theorem.
By (3) we have

S
(23) F(zM) = Fo(2) [[ Fol2),
o=1
where K Fy € Q. Hence on substitution z = z¥ we obtain, by (2),
F(z™) = Fy(a®) ] Fola®),
o=1
and, on applying K to both sides, by Lemma 6 we infer that

KF(az"™) = const | [ KF,(z").
o=1

If KF,(2°) = LF,(z") for all ¢ < s, then since F,(z%) = F2(a%),
(20) implies (4), while (21) and (22) imply (5) with v = [v,,0,...,0]. If
KF,(zV) # LF,(x?) for at least one o < s, then K F,(z") has an irreducible
reciprocal factor. Hence

(KF,(x7"),KF,(z")) #1

and by Theorem BZ there is a v € Z* such that yn = 0 and 0 < h(y) <
c1(JE,(z71), F,(z)), which gives (5) by virtue of (22).

LEMMA 7. Let F € Q[x] with KF ¢ Q. If n € Z* and KF(a2") € Q,
then there exists a vector v € ZF such that
(24) n =0 and 0 < h(vy) <co(F).

Proof. See [7], Lemma 18.

LEMMA 8. Let G € Q[z]\{0}, n € Z*\ {0}, K be the field generated over
Q by the ratios of the coefficients of G(z™) and K be its normal closure.
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Assume that G € K[x]|, G(z™) # 0 and
(25) JG(x™™)/JG (2™) & K for all embeddings T of K into K.
There exist a matriz M € My 1(Z) and a vector v € Z* such that

(26) det M #0,  h(M) < enn(G),
(27) n=vM,

and either

(28) KG(2™) is irreducible over K,
or there erists a vector v € Z* such that

(29) =0 and 0<h(v)<c2(G),
or

(30) JG(zM) = G1Gy, G € K[z]\ K
and if K =Q

(31) KGi(z*)¢Q (i=1,2).

Proof. Let T be the set of all embeddings of K into K. The assumption
(25) implies
JG(xz™Y) | =~

2 ——~> ¢ K forall T
(32) JGT(a:)QZ orall 7 €T,
hence, in particular, JG ¢ K. If JG is reducible over K or K = Q and
K G is reducible we have (26), (27) and (30) with M = I}, v = n (provided
c11(G) > 1) and for K = Q we may additionally assume that

(33) KG;¢Q (i=1,2).
In this last case we have either (31) or, denoting by I; the leading coefficient
of G,

KI7'Gi(x™) € Q for an i < 2.
However, I; 'G; belongs to a finite set S of monic non-constant divisors D
of JG in Q[z] satisfying KD ¢ Q by virtue of (33). Hence, by Lemma 7,
(29) holds provided

c12(G) > I[I)lé%( c10(D).

It remains to consider the case where JG is irreducible over /IE, or K=Q
and KG is irreducible. .

If JG is irreducible over K, let [ be the leading coefficient of JG(z™).
Since JG(z™) has the same coefficients as G(z™), by the definition of K,
T1 # T implies that for all 7,7 € T,

(TN IG@™)™ # (71 IG(2™)™
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and since both sides are monic,

(I IGE)" | —
(“TrcEmy ¢ K

It follows that JG™ /JG™ ¢ /Iz, and since JG™, JG™ are both irreducible
over K, (JG™,JG™) = 1. If F is the polynomial over Z with the least
positive leading coefficient divisible by JG and irreducible over Q we find
that

(34)

JNk oG = [[ 7G| F

TeT
and, since JNg oG € Q[z] \ Q, we infer that

Moreover, by (32),
(JE(™),F) =1,
which implies LF = F and, by (18), KF = LF.

If K = Q and KG is irreducible we define F' as the polynomial over Z
which is a scalar multiple of G with the least positive leading coefficient.
Thus we have (34) and infer, by (32) and (18), that KF' = LF.

Hence in any case Theorem 1 applies to F. By virtue of that theorem
and of (34) there exist a matrix M € My, ,(Z) and a vector v € Z* such
that (26), with ¢11(G) = 9ko - 2IF1=5 and (27) hold and either

(36) K Ng jgG(2M) 2 const [ [ Fu(2)
o=1
implies
(37) KN gG(z") = const H Fy(x%)%,
o=1

or there exists a v; € Z* such that
ym=0 and 0<h(yy) <cs(F,M)=c13(G, M).
In the latter case we have (29) provided
c12(G) > maxci13(G, M),

where the maximum is taken over all matrices M € 9, 1, (Z) satistying (26).
In the former case on the right-hand side of (36) we have > > _ e, > 1.
Indeed, if K # Q, then by Lemma 3,

LF(z™M) = JF (M),
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hence by (18),
KF(zM) = JF(zM) ¢ Q.
If K = Q the same argument works with F' replaced by KG.
If 30 _,es = 1, then by (37), KNk ,oG(2") is irreducible, hence we
have (28). If > _ e, > 2, then we have (30). Indeed, otherwise JG(z™M)
would be irreducible over K and would satisfy

(38) JG(zM)| Fy(2)
for a o < s. Since
JG(z") = JG((«")™),
(34) implies that JG(zM)™/JG(zM)™ ¢ K for any two distinct clements
71, 7o of T. Since JG(zM)™, JG(2M)™ are both irreducible over K,

(JG(ZM)™, JG(zM)™) =1
and by (38),
JNkgG(ZM) = [ JG(M)T | Fa(2),

T€T
contrary to (36) under the assumption ) > _, e, > 2. The contradiction
obtained shows (30). If K = Q the same assumption together with (37)
shows the existence of a factorization (30) satisfying (31). Indeed, according
to the definition of canonical factorization, F,,(z¥) ¢ Q for all o < s.

Proof of Theorem 2. The reducibility condition given in the theorem is
clearly sufficient. We proceed to prove that it is necessary. Assume that
the condition is necessary for Q[z1,...,zk_1], c4a(F) being defined for all
polynomials in less than k variables for which it is needed (for & = 1 this is
an empty statement); assume that F' € Q[z], JF(z"™) is not reciprocal and
KF(z™) is reducible.

Consider first the case where F' is of positive degree with respect to all
k variables, so that k is determined by F'. For k = 1 this is the only case.

If the matrix M and the vector v appearing in Lemma 8 for G = F
have the properties (30) and (31) we take N = M, r = k, F; = (KF,G;)
(i =1,2) and obtain A(IN) < ¢11(F). Otherwise, by Lemma 8, there exists
a vector v € ZF such that ym = 0 and 0 < h(v) < c12(F). For k = 1 this
completes the proof, since ym = 0 implies n = 0.

For k > 1 the integer vectors perpendicular to « form a lattice, say A.
It is easily seen (cf. for instance Lemma 6 in [2]) that A has a basis that
written in the form of a matrix B € My_; 1 (Z) satisfies

k

*Clg(F)

(39) hB) < 3
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Let us put

(40) F=JF@&"), where @ = [21,...,25_1).
Since n € A we have n = mB for an m € Z*~!. Clearly
(41) JF(a™) = JF(z™),

thus, by assumption, JF(z™) is not reciprocal and K F(z™) is reducible.

By the inductive assumption there exist a matrix N € M, ,_1(Z) of rank
r <k —1 and a vector v € Z" such that

(42) h(N) < ea(F),
(43) m =vN;

KF@yN)=FF, FecQy, KF(@")¢Q (i=1,2).

Let us take N = NB. It follows from (40) that JF(yN) = JF(y") and
from (43) that n = vN; moreover, since rank B = k— 1, rank N = r. Thus
N and v have all the properties required in the theorem apart from (6);
it remains to establish (6) by an appropriate choice of c4(F"). We have, by
(39) and (42),

h(N) < (k — 1)h(N)h(B) < (§>C4(F)012(F).

However, F is determined by F and B via (40) and, by virtue of (39), B runs

through a finite set of matrices depending only on F. Hence ¢4 (F') < c14(F)
and the theorem holds with

k
c4(F) = max {cll(F), (2 > clz(F)cM(F)}.

Consider now the case where F' is of positive degree with respect to
less than k variables. We may assume that F' € Q[z]|. By the inductive
assumption there exist a matrix Ny € My_1 ,(Z) of rank ry and a vector
v € Z" such that

h(No) < ca(F),  [n1,...,nk] = voNo,

KF(yy°) = FiFs,  yo=[y1,--. Yro)s

Fi € Qyo), KFi(z™)gQ (i=1,2).
Weputr =rog+1, N = (A(;O (1)), v = [vg, ng| and easily verify that conditions
(6)—(9) are satisfied.

Proof of Theorem 3. We proceed in the same way as in the proof of the
necessity part of Theorem 2, with K instead of Q, using Lemma 8 without
the formula (31). Therefore we point out only the argument not needed in

the proof of Theorem 2. Before applying the inductive assumption to F (z™)
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we have to check that F € K[Z] and that
JF@E™)  —
THET) o &
JET(x™)

for all embeddings 7 of K into K.

Now F € K[&] follows from F € K|x] and from the definition of F by
the formula (40), while (44) follows from (10) and (41).

LEMMA 9. If a; #0 (0 < j < k) are complex numbers and the rank of a
matriz (v;;) € M, 1 (Z) is greater than (k+1)/2, then

k T
J(ag + Z a; H x?“)
j=1 i=1

(44)

18 absolutely irreducible.

Proof. See [3], Corollary to Theorem 1. The proof of Theorem 1 given
there shows less than stated in the theorem, but only in the case of positive
characteristic of the ground field, so the Corollary is fully justified.

Proof of Corollary 1. We apply Theorem 3 with F' = ag +Z§:1 ajr; and
infer that if K(ag + Zle a;x") is irreducible over K, then either
J(ap + 25:1 ajz")

: cK

(45)
al + ijl ajzmi

for an embedding 7 of K into K, or there exist a matrix N = (vij) €
M, 1(Z) of rank r and a vector v € Z" such that h(IN) < c4(F), n = vIN
and

k r
(46) J (ao + Z a; H Y, ) is reducible over K.
j=1 =1
Let us put cg(a) = max{2, c4(F)}.

If (45) holds, then n; + ni—; = ni (1 < j < k) and we satisfy (13) and
(14) by taking

— N1, .., ng)0] if k is even,
0= [nl, e ,n(k,l)/g,nk} if k is Odd;
1 -1
1
Ny = 1 if k£ is even,
1 -1
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1 -1

Ny = 1 if £ is odd,
1 1
1 1 ... 1 1
where the empty places (but not the dots) denote zeros.
If (46) holds, then by Lemma 9, r < (k+1)/2. If r = [(k+ 1) /2] we take
Ny =N, vyg=wv;if r < (k+1)/2 we amplify N and v by inserting zeros.
Proof of Corollary 2. For each matrix Nog € 9M(;11)/2),%(Z) the number

of vectors n € Z* with h(n) < N for which there exists a vy € ZI(*+1)/2]
satisfying (14) is less than c;5(INp) N(F¥1)/2] Hence Corollary 2 follows from

Corollary 1 with
cr(a) = c15(No),

where the sum is taken over all matrices Ng € (1) /2], satisfying (13).

REMARK 1. If £ > 1 and Z?:o a; = 0, then the polynomial ag +

Z?Zl ajz™ is reducible for all vectors m in question. This shows that re-
placing ag + Z?Zl a;xz™ by K(ag + 2?21 a;x™) is really needed in order
to obtain a non-trivial result.

EXAMPLE. Here is the example announced in the introduction showing
that the exponent [(k + 1)/2] is best possible in Corollary 2, and hence also
in Corollary 1.

Ifhk=2l-1wetakeap=4,a; =2(1<j<I),a;=1(1<j<2),
n; =n;+nj_; (I <j <2l). It follows that

The two factors on the right-hand side are not reciprocal, hence K(ag +

Zle a;xz") is reducible. The number X of relevant vectors n with n, < N
is at least equal to the number of increasing sequences n; < ... < n; with
n; < [N/2], hence

N/2
X > <[ l/ ]) 2016(Z)Nl for N > 21,
where ¢6(1) > 0.

Ifk =2lwetake ap = 4,a; =2 (1 <7< 1), 41 =3,a; =1
(+1<j<2l),nj=n+nj_ (I <j<2), ny =2n;+ny. It follows that

k -1
ag + Zajx”j = <2 + anj + 3:””'”1)(2 + ™).
j=1

Jj=1
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The two factors on the right-hand side are not reciprocal, hence K(ag +

Z?:l a;x") is reducible. The number X of relevant vectors n with ny, < N

is at least equal to the number of increasing sequences ni < ... < n; with
n; < [N/3], hence

X > ([NZ/BU > c17()N' for N > 3l,

where ¢17(1) > 0.

LEMMA 10. For any k + 1 non-zero complex numbers aq,...,a; such
that ap € K = Q(a1/ao,...,ar/ap) there exist k + 1 algebraic numbers
Qg .-, Qk—1, O = 1 such that if 0 = ng < n1 < ... < ng and
K(Z;:o a;x™ ) is reducible over K then either K(Z;:O a;x™ ) is reducible
over Ko = Q(ayp,...,ax_1), or there is a vector v € ZF such that ym = 0
and

(47) 0 < h(y) < cis(a).
Proof. See [6], Lemma 5.

Proof of Corollary 3. Let a; have the meaning of Lemma 10. By Corol-
lary 2 the number of relevant vectors n for which ni, <N and K (Z?ZO a;x")

is reducible over Q(ag,...,ar_1) is less than c;(a)NIF+HD/2l For a fixed
a € ZF\ {0} the number of relevant vectors n € Z* with nj,, < N such that
~An = 0 is less than cy9(y)N*~1. Hence Corollary 3 holds with

cs(a) = cr(a) + 2019(’7)7

where the sum is taken over all vectors v € Z* satisfying (47).

REMARK 2. It seems likely that by improving Lemma 10 one can replace
the exponent k — 1 in Corollary 3 by [(k + 1)/2].

Proof of Theorem 4. We begin by defining subsets S; and R; of My, _; (Z)
(0 < i < k) inductively, as follows:

(48) So = {1k},
and supposing that S; is already defined and y = [y1,. .., yr—i],
49) Ri={MN:N¢cS;, M ecMy_; ,—i(Z), det M # 0,
h(M) < c11(F(yN)), KF(yM¥) is reducible},
and for ¢ < k —1,
(50)  Siy1 = {N EMy—i—1,(Z) :rank N =k —i—1,

M) < 3k = 0)* max {h(Ny) max{max cra(F(y™)).

max*(k — 1)c10(D)h(M)}}}
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where max* is taken over all M € My_; —;(Z) with det M # 0, h(M) <
c11(F(y™)) and all monic irreducible divisors D of KF(yMMN). (If
KF(yMN) € Q we take max* = 0.)

In this way R; and S; are defined for all i < k and we put

k—1 k—1
=0 i=1

We first prove that the condition given in the theorem is necessary. By
(48) there exist indices 4 such that

n=uU, U€ceS,_,;, wue€e 7.
Let r be the least such index and
(51) n=vN, NecS,_,, wveZ.
By Lemma 8 if KF(z") = K F(x*Y) is reducible, then there exists a matrix
M € M, . (Z) such that
(52) det M #0, h(M)<ci(Fy™), v=I[y, - 9l
(53) v=vi M, wvi€el"
and either K F(y™¥) is reducible, or there exists a vector 4 € Z" such that
v =0 and 0<h(y) < ca(F(yY)).

The second possibility can only hold for r > 1 since for r = 1 it gives v = 0
and by (51), n = 0. For r > 1 the vectors v perpendicular to « form a
lattice A in Z". This lattice has a basis that written in the form of a matrix
B € M,_1,(Z) satisfies

(54) rank B =r —1,
(55) h(B) < Sh(¥) < geia(F(y™)

(cf. Lemma 6 in [2]). Since v € A we have
v=wB, weZ
hence, by (51),
(56) n=wBN, BN eM,_1,(Z).
Since, by (50) and (51), rank N = r, it follows from (54), by linear algebra,
that
rank BN =1r — 1.

Moreover, by (55),

h(BN) < rh(B)h(N) < ih(N)clz(F(yN))

and, by (50), BN € Sk_,+1, contrary, in view of (56), to the definition
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of 7. The contradiction obtained proves that KF(y™¥) is reducible, hence
MN € Ry_, by (49). By (51) and (53) we have

n=viMN,

while by the definition of  the equation n = wU in unsoluble in u € Z¢,
U € S_; for i <r. Thus the condition given in the theorem is necessary.

Now we prove that it is sufficient. Assume that for a certain matrix
N € Ry, (1§T§/{7),

(57) n=vN, veZ,
but
(58) nF#ulU foralls<r, weZ’, U eSSk

Then by (49),
n=vMN;, N;&€S,_,, MeWM . (Z), detM #0,
h(M)Scll(F(yN1)>v y:[yla--'vyr]

and
KF(yMNI):F1F27 F17F2€Q[y]\Q
Hence
(59) KF(") = KF (2K Fy(a").

Suppose that for an i < 2 we have KF;(z”) € Q. Then KD(2") € Q
for an irreducible monic factor D of KF', hence by Lemma 7 there exists a
vector v € Z" such that

yv =0, 0<h(y) <cio(D).
Again this can occur only for » > 1 and, repeating the argument about the
lattice given above, we find a matrix B € 9MM,_; ,(Z) such that
rank B =r—1, h(B) < 5h(7) < 5ei0(D);
v=wB, weZ '
It follows that
(60) n=wBMN,, BMN,;cM, _1(Z),
rank BMN; =r — 1,
3
h(BMNy) < r*h(B)h(M)h(N1) < -eio(D)h(M)h(Ny),
hence by (50),
BMN; € Sy i1,

which together with (59) contradicts (58). The contradiction obtained shows
that K F;(z¥) ¢ Q (i = 1,2), hence by (59), K F(z™) is reducible.
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