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Quadratic function fields
whose class numbers are not divisible by three

by

HuMmio IcHIMURA (Yokohama)

1. Introduction. For an algebraic number field K, let CI(K) be its
ideal class group and h(K) = |CI(K)|. For a prime number [ dividing the
degree [K : Q], we have a lot of information on the [-part CI(K)(l) of CI(K)
(see e.g. [2], [3], [11], [14]). On the other hand, when /1 [K : Q], not so many
results are known on CI(K)(l). One of such is that of Hartung [8] and
Horie [9], who proved that there exist infinitely many imaginary quadratic
fields K with I{h(K) (and satisfying some additional conditions) for any
odd prime number I. When [ = 3, there are stronger results concerning the
“density” of the set of quadratic fields K with 31h(K) (and satisfying some
additional conditions), which were obtained by Davenport and Heilbronn [5],
Datskovsky and Wright [4], and Kimura [12]. They also obtained analogous
results for quadratic extensions over the rational function field F,(7"), where
[F, is a fixed finite field.

Since the methods in the papers referred to above are not constructive,
it is desirable to give explicit families of infinitely many quadratic extensions
K over Q or Fy(T") with [{h(K) for each odd prime number [. Here, h(K) is
the number of divisor classes of K of degree zero when K is a function field
of one variable over a finite constant field. The main purpose of this note is
to give such families when [ = 3 in the function field case.

Let us give the main results. Let p be a fixed prime number, ¢ a fixed
power of p, and F, the finite field with cardinality ¢. Let T' be a fixed
indeterminate. We take the rational function field F,(T") as the base field.
For simplicity, we assume p > 5 in this section. For n > 1 and a € F, we
put

Lo =F (T, (T +a)'/?).
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The genus of L,, 4 is (3" —1)/2. We show that 3{h(L,, ,) when ¢ =1 mod 3
and a ¢ (F¥)? (Theorem 1(II)). However, when ¢ = —1 mod 3, we have
3| h(Ln,q) for all a € F* and n (Theorem 1(III)). So, we have to find another
family. We define rational functions X, = X,,(T") in F,(7) inductively as
follows:

(1) Xo=T, X,=(X3

n—1

—3X, 1 —1)/(3(X2_,+ X,,_1)) forn>1.

We easily see that when ¢ = —1mod 3, there exists v € F; such that
v —3v+9¢ (]FqX)Q. We put

Ll =By (T, (3%, +)'/%)

The genus of L is 3" — 1. We show that 3{h(L!) for all n > 1 when
¢ = —1mod 3 (Theorem 4). We give similar families also when p = 2,3
(Theorem 4, Theorem 3).

REMARK 1. The second formula in (1) is a variant of the polynomial
fa=X3-aX?—(a+3)X —1 (a € Z). This polynomial was first effectively
used by Shanks [16]. A property of f, is that its discriminant is (a®+3a+9)2,
which is used in the proof of Theorem 4.

REMARK 2. Let cop be the prime divisor of Fy(7T') corresponding to
the pole of T'. After Artin [1], we say that a quadratic extension K/F,(T)
of nonzero genus is a “real” quadratic extension when ocor splits, and an
“imaginary” one otherwise. The quadratic extensions given in Theorems 1-4
in Section 2 are imaginary ones.

REMARK 3. Nagell [13] (resp. Yamamoto [17]) constructed infinitely
many imaginary (resp. real) quadratic extensions (over Q) whose class num-
bers are divisible by a given integer. For analogous results for the function
field case, see Friesen [6] and the author [10].

CONVENTION. For the rational function field F,(X) with an indetermi-
nate X, we denote by coy its prime divisor corresponding to the pole of X.
Further, for an irreducible monic P = P(X) in the polynomial ring F,[X],
we denote by (P) the prime divisor of F,(X) corresponding to the zeros
of P. When [ # p, let p be the group of [°th roots of unity for all @ > 1 in
the algebraic closure F, and ;o a primitive [%th root of unity. For a module
M, we abbreviate the quotient M /IM (or M /M) by M/I.

2. Families of quadratic extensions over F,(T'). Let ¢ be a fixed
power of a prime number p, and [ a fixed odd prime number. In this section,
we give several families of quadratic extensions L over [, (T") with {|h(L)
(resp. [{h(L)). The results announced in Section 1 for [ = 3 are contained
in these ones.



Quadratic function fields 183

For an element x of the algebraic closure F,(T), we put

2P =2 —x and 2¥ = (33737171)77 for n > 1.
We also denote by z'/P" an element z satisfying 27" = z.

First, assume that [ # p. For n > 1 and a € F,, we put

F (T, (T +a)'/?)  for p # 2,
Ln.a = " 1/P
F (T,(T" +a)/") forp=2.
Here, we assume a # 0 when p # 2. Let §;(q) be the order of ¢ mod [ in the
multiplicative group (Z/IZ)*, and let FZ; be the subset of F, consisting of

elements 2”7 with z € F,. For the quadratic extensions L, o, we prove the
following assertions.

THEOREM 1. Assume that | # p and p # 2.

(I) When a € (F))?, we have l| h(Ly o) for all n.

(II) When 6;(q) is odd, we have | h(Ly o) if and only if a € (F))2.
(III) When 6;(q) = 2, we have l|h(Ly ) for all a and n.
THEOREM 2. Assume that l # p and p = 2.

(I) When a € F7, we have | h(Ly,q) for all n.

(II) When 6;(q) is odd, we have I | h(Ly,qo) if and only if a € F7.
(III) When 6;(q) = 2, we have l|h(L, q) for all a and n.

Next, assume that [ = p. For n > 1 and a € F,, we put
L, . =F (T, (T"" +a)'/?).
For these quadratic extensions, we prove the following:
THEOREM 3. Assume that | = p. We have l{h(L;, ,) for all a and n.

Finally, let [ = 3 and ¢ = —1 mod 3. Let X,, = X,,(T") be the rational
function in F,(T") defined by (1), and when p # 2, let v be a fixed element
of F* such that Y2 —-3v+9¢ (IF;)Q. For n > 1, we put

1 [ (T (3%, 4 7)12) forp#2,
" F (T, (X)) for p = 2.
For these quadratic extensions, we prove the following:

THEOREM 4. Assume that | = 3 and ¢ = —1 mod 3. We have 31h(L})
for all n.

REMARK 4. When ¢;(q) is even but not 2, the author could not show
whether or not [ | h(Ly,q,) for a & (F)?.

3. Some lemmas. Let k be a fixed algebraic function field of one variable
with constant field F,, and let [ be a fixed prime number (not necessarily
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odd). In this section, we give several lemmas concerning the class number
h(k) of k or that of a finite separable extension over k. They are well known
or, otherwise, known to specialists.

The following lemma follows from class field theory.

LEMMA 1. Let p be a prime divisor of k with 11 deg(p), where deg(x)
denotes the degree of a divisor. Then l| h(k) if and only if there exists an
unramified cyclic extension over k of degree [ in which p splits completely.

For this, the readers may consult Rosen [15, p. 368|. From this lemma,
we immediately obtain the following corollaries.

COROLLARY 1. Let p be as in Lemma 1. Let Fg /F, be a finite extension
and K = kFFg. Assume that p remains prime in K. Then I | h(K) if l| h(k).

COROLLARY 2. Let p be as in Lemma 1. Let K/k be a finite separable
extension in which p is totally ramified. Then I | h(K) if I | h(k).

The following lemma is a function field analogue of a theorem of Iwasawa
[11] on the class numbers of algebraic number fields.

LEMMA 2. Let K/k be a finite I-Galois extension. Assume that ezactly
one prime divisor B of K is ramified over k and that 1t deg(*B). Then
U h(K) implies I | h(k).

Proof. Though this assertion is more or less known, we give a proof
for the convenience of the readers. Assume that [|h(K). Let H/K be the
maximal unramified abelian extension of exponent [ in which 3 splits com-
pletely. As [| h(K), we have H # K by Lemma 1. Put p = P N k. Then we
see that P is the unique prime divisor of K over p from an assumption of
the lemma. Therefore, H is Galois over k. Let G = Gal(H/k) and Z (C G)
the decomposition group of an extension of ‘B in H. We have G' # Z as
H # K. Then, since G is an [-group, there exists a normal subgroup Z of G
such that [G: Z] =1 and Z DO Z (cf. Hall [7, Theorem 4.3.2]). Let E be the
intermediate field of H/k corresponding to Z by Galois theory. Then E/k
is an unramified cyclic extension of degree [, and p splits completely in F.
Therefore, we obtain [ | h(k) by Lemma 1. =

The following is a version of Lemma 2. As in Section 1, we denote by
oor the prime divisor of IF,(T") corresponding to the pole of T'.

LEMMA 3. Let k = Fy(T) and K/k a finite [-Galois extension. Assume
that ¢ = 1 mod . Assume further that (i) cor is totally ramified in K, (ii)
exactly one prime divisor p of k other than ocor is ramified in K, and (iii)

It deg(p). Then lth(K).

Proof. Assume that [|h(K). Then, in a way similar to the proof of
Lemma 2, we see that there exists a cyclic extension E over k of degree [
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unramified outside p in which cop splits completely. Let P = P(T) (€ F,[T])
be the irreducible monic corresponding to p. Since ¢ = 1 mod [, we can write
E =T,(T, (¢P*)'/!) for some ¢ € Fy and a € Z. Then, since [{ deg(P) and
cor splits in E, it follows that /| a and ¢ € (F))', and hence E = k. This is
a contradiction. m

The following lemma is known as Abhyankar’s lemma (cf. Cornell [2]).

LEMMA 4. Let E; be a finite separable extension over a local field k with
ramification indez e; (i = 1,2). If Ey is at most tamely ramified and ey | eq,
then E1Ey/Eq is unramified.

Finally, assume that [ # char(k) (= p). Let ¢ = (; be a primitive [th root
of unity, K = k(¢) and A = Gal(K/k). Let oo be a fixed prime divisor of
k such that deg(oo) is relatively prime to I|A|. There exists a unique prime
divisor oo of K over oo as deg(co) and |A| are relatively prime. For v € K|
we denote by [v] the class in K* /I = K*/(K*)! represented by v. We regard
K>/l as a module over the group ring F;[A]. For an F;[A]-module M and
an (F;-valued) character x of A, let M(x) denote the x-component of M.
Namely, M (x) is the maximal submodule of M on which A acts via x. Let
w be the (F;-valued) character of A representing its Galois action on ¢, and
Xo the trivial character of A.

LEMMA 5. In the above setting, we have l| h(k) if and only if there exists
a nontrivial element [v] of (K> /l)(w) or (K*/1)(xo) such that (i) the cyclic
eatension K (v'/Y)/K of degree | is unramified and (ii) 50 splits completely
in this extension.

_ Proof. Denote by Clg the divisor class group of K of degree zero. Let
H/K be the maximal unramified abelian extension of exponent [, and H
the maximal intermediate field of H /K in which oo splits completely. The
fields H and H are Galois also over k as 00 is the unique prime of K over
00. We put A = Gal(H/K). Further, let V and V' be the subgroups of K* /I
such that
H=K@"' |[t]€V) and H =K@ |[v] V)
respectively. The groups A, V,V as well as Cl /1 = Clg /ClL, are naturally
regarded as modules over F;[A] since H and H are Galois over k. By class
field theory, we have a canonical isomorphism Cl /l = A compatible with
the action of A. So, we identify these two modules. We see that | h(k) if
and only if (Clk /1)(xo) is nontrivial from class field theory (cf. [15, p. 368]).
Now, let x be any IF;-valued character of A. We prove the following:

CrLAaM 1. The dimensions of the four vector spaces
(Cle /D), (Cle/Dwx™), V(). Viex™)

over F; are equal.
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The desired assertion follows from this. B
Let pja = pyeo N K. Then we easily see that H = H((ja+1). From this, it
follows that

(2) dim V(y) = { dmV(x)  for x #w,

dimV(x)+1 for x =w.

Here, dim(x) denotes the dimension of % over F;. For each element [v] € v,
the principal divisor (v) is written as (v) = 2’ for some divisor 2 of K.
By mapping [v] to the divisor class [2] of 2, we obtain the following exact
sequence:

0 — e /tga—1 — V — 10l — 0.

Here, ;Clg is the elements a of Clx with a! = 1. Clearly, this sequence is
compatible with the A-action. Hence, by (2), we obtain
(3) dim(Clg /1)(x) = dim(;Clx ) (x) = dim V(x)
for any . On the other hand, the Kummer pairing

AXV =, (0,[]) = (o, [0]) = (/)77
is nondegenerate and satisfies

(02, [0]°) = {0, [e]) = (0. ) *®  for g € A.
From this, we easily obtain
(4) dim(Clx /1) (x) = dim V(wx ™)

for any . The assertion of Claim 1 follows from (3) and (4). =

4. Proof of Theorems 1 and 2. We give a proof only for the case
p # 2 (Theorem 1). The case p = 2 (Theorem 2) can be proved in a similar
way.
We assume that [ # p and p # 2. We fix a € F, and write L, = Ly, 4
for brevity. Putting Y = (T*" + a)'/?, we have
L, =TF,(Y,(Y? —a)'/!").

Proof of (I) and (III). The prime divisor coy of Fy(Y') is totally
ramified in the extension L, /F,(Y’). Therefore, we see that the condition
l|h(Ly—1) implies [| h(L,) by the second corollary of Lemma 1. Hence, it
suffices to prove the assertions (I) and (III) only when n = 1. We write L =
L, for brevity. Let ¢ = ¢, and let @ = |F,(¢)| so that Fo = F,(¢). Put L=
LFg. We identify the Galois group A= Gal(Fq/F,) with Gal(Fq(Y')/F,(Y))
and Gal(L/L) in the obvious way. Let 50y be the unique prime divisor of L

over ooy
First, assume that a = b* with b € F,*. Put v = (Y —b)/(Y +b). Clearly,

we have [v] € (L*/1)(xo). We see that the cyclic extension L(v'/!)/L is
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unramified by Lemma 4, and that ooy splits completely in this extension as
v =1mod (1/Y). Therefore, by Lemma 5, we get [ | h(L).

Next, assume that 6;(¢) = 2 and a ¢ (F))?. The condition & (q) = 2
implies |A] = [Fg : F,] = 2. Hence, a = a? for some «a € F5. Put v =
(Y — a)/(Y + ). We have [v] € (L*/I)(w) as §;(q) = 2. We see that the
cyclic extension L(v'/!)/L is unramified and that ooy splits completely in
this extension similarly to the above. Therefore, we get [ | h(L) by Lemma 5.
The assertions (I) and (III) follow from these. m

Proof of (II). By (I), it suffices to show that I{h(Ly) when a ¢ (F))?.
So, we assume a ¢ (F))?. Let Qp = [Fq((n)] so that Fg, = Fq((n). We put

L, = L,Fq,. To prove l{h(L,), it suffices to show 11h(L,) because of the
first corollary of Lemma 1. As 0;(q¢) = [Fg, : F,] is odd, [Fq, : F,] is also
odd. Hence, a ¢ (]an)Q, and Y2 — a is irreducible over Fg . Therefore, the
extension L,, over Fq, (Y) satisfies the assumptions of Lemma 3, and hence,
we obtain [{h(L,,). =

5. Proof of Theorem 3. We assume that [ = p. We fix a € Fy, and
write L, = Lj, , (n > 1) for brevity. Putting Y = (TP" + a)'/?, we have

L =F,(Y,(Y?=a)?") (n>1).
We put L) = F,(Y). Let Z = (Y2 —a)"/P""". Then
L, ,=F,Y,Z) and L, =TF,Y,Z"7).

The prime divisor ooz of F,(Z) is ramified in the quadratic extension
L!_,/F,(Z). The Artin-Schreier extension F,(Z'/7)/F,(Z) is unramified
outside coz and is totally ramified at ocoz. Therefore, we see that the
cyclic extension L/ /L! ;| of degree | = p is ramified only at the unique
prime of L] over coz. Then, by Lemma 2, the condition [ | A(L]) implies
[|h(L!,_;). From this, we obtain the assertion as [th(L{). m

6. Proof of Theorem 4. We give a proof only for the case p # 2. The
case p = 2 can be proved in a similar way.

We assume that | = 3,g = —1mod 3and p # 2. Fixn > 1. For 1 <1 <mn,
we put

Ni =F,(Xn_i) and M; =TF (X, 4, (3X, +7)/?).
Then we see from (1) that
NyCN,C...CN,=F,(T), MiCMyC...CM,=L)
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and that M;/N; is a quadratic extension. The polynomial P, = X2 . +
Xp—i+1in F,[X,,_;] is irreducible as ¢ = —1 mod 3. We denote by (F;) the
prime divisor of N, corresponding to the zeros of P;.

To prove Theorem 4, we prepare several claims.

CLAIM 2. The extension N;y1/N; is cyclic cubic and unramified outside
(P;). We have (P;) = (P;i11)? in this extension.

Proof. Put Y = X,,_(;41) and Z = X,, ; for brevity. Then N; 1 =
F,(Y) and N; =F,(Z). By (1), Y is a root of the polynomial Y3 —32Y? —
3(1 + Z2)Y — 1 over Fy(Z). The discriminant of this polynomial is
3%(Z? + Z +1)2. Hence, N;,1/N; is a cyclic cubic extension, in which (P;)
is ramified. Since

P=7*+Z+1=*+Y +1)3/(9(Y?+Y)?),

we see that (P;) = (P;41)% in Njy1 = F,(Y). Finally, we see that the other
primes are unramified in N;;1/N; because N; and N;;; are of genus zero
and because of the Riemann—Hurwitz formula for genus of algebraic function
fields. m

Let ¢ = (3, and Fg = F,(¢) with Q = ¢°.
CLAIM 3. v + 3¢ is not a square in ().

Proof. Assume, on the contrary, that v + 3¢ = (A + u¢)? for some
A i € Fy. Clearly, 1 # 0. By the above, we get

y=M—p? and 3=2\u—p>
From this, we obtain
3N/ 1) = 2y(M ) + (v = 3) = 0.

Hence, the discriminant 4(y? — 3y + 9) of this quadratic polynomial must
be a square in F;*. This contradicts the choice of 7. =

CrAIM 4. The prime (Py) of N1 remains prime in the quadratic extension
My /Nj.

Proof. We see from (1) that
3X, +v=3X, 1 +ymod P, (= X2 |+ X,_1 +1).
Since ( is a root of Py, the assertion follows from Claim 3. m
CrAam 5. We have 31 h(My).

Proof. Put Y = X,,_; and Z = (3X,, +7)"/2. Then M; = F,(Y, Z). We
see that the genus of M; is 2 because exactly 6 prime divisors are ramified
in the quadratic extension M;F,/F,(Y). In the following, we view M; as an
extension over Fy(Z). By (1), Y is a root of the polynomial

Y3 (2% —9)Y? = (Z? -y +3)Y — 1
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over F,(Z). The discriminant of this polynomial is P? with
P="P(Z)=(Z"—=7)+3(2> =) +9.

A root a of P(Z) satisfies a® = v + 3¢. Then, by Claim 3, we see that «
is of degree 4 over F,, and hence, P is irreducible over F,. From the above,
we see that M;/F,(Z) is a cyclic cubic extension, in which the prime of
F,(Z) corresponding to the irreducible monic P(Z) is ramified. Since the
genus of M; is 2 and deg(P) = 4, we see that the other primes of F,(Z)
are unramified in M; by the Riemann—Hurwitz formula. Hence, we obtain
31h(M;) by Lemma 2. »

CLAIM 6. Assume that 31 h(M;) and the prime (P;) of N; remains prime
in the quadratic extension M;/N;. Then we have 3{h(M;+1), and (P;y1)
remains prime in M;11/Njy1.

Proof. Since M;1 = M;N,; 1, we obtain the assertion by using Claim 2
and Lemma 2. =

Now, we obtain Theorem 4 for the case p # 2 from Claims 4, 5 and 6. =

The case p = 2 can be proved in a similar way by using, in place of
Claim 3, the following:

CLAIM 7. Let p =2 and ¢ = —1 mod 3. Then T* + T + 1 is irreducible
over .
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