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1. Introduction. In [8] we defined an E-algebraic function, an analogue
of the concept of a differentially algebraic function over a perfect field K of
characteristic p > 0. In this paper, we shall study the Hadamard product
of differentially algebraic and E-algebraic power series. The p-multiplicative
and p-additive power series are introduced and it will be shown that these
two classes of series are closed under the Hadamard product operation. We
also show that the Hadamard product of a rational power series with a
D-algebraic (respectively, E-algebraic) power series in several variables is
not necessarily D-algebraic (respectively, E-algebraic).

From now on L will denote a field of characteristic zero. Suppose that
P(xg,x1,...,Tp+1) 18 a non-zero polynomial in n + 2 variables with coeffi-
cients in L. Then the equation

P(z,w(z),o' (z),...,w™(z)) =0,

where w™ = dw™= V) /dz, WO (2) = w(x), is called an algebraic differential
equation (ADE, for short). A function (or a formal power series) f(x) €
L[[z]] which satisfies an ADE as above is called differentially algebraic (D-
algebraic, for short) over L(z). In other words, a function f(z) is D-algebraic
(over L(z)) if and only if f, f/,..., f), ... are algebraically dependent over
L(z).

ExampLE 1.1. (i) The series f(z) = >_, 5onla™ is D-algebraic since
22f'(z) + (x — 1) f(x) +1=0.
(ii) The series f =" <, 2"’ is also D-algebraic (see [4]).

A function (or a power series) f is called transcendentally transcendental
(TT, for short) if it is not D-algebraic. That is, if it satisfies no algebraic
differential equation. For example, the series g = Y. -, 22" is TT (see [4]).
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REMARKS 1.2. (i) Let f =Y > ja,z™ € L[[z]] and M = L(z, f, f’,...

., f™, . .). Then f is a D-algebraic series (over L(z)) if and only if

tr.deg. () M < oo, where tr. deg. ; F means the transcendence degree of F’
over K.

(ii) Recall that for a field K, an element f € K((z)) is called an algebraic
function over K if f is algebraic over the field of rational functions K (z). An
algebraic formal power series over the field L of characteristic zero is a series
which satisfies a differential equation of zero order and hence a D-algebraic
power series. In other words, if f is algebraic, then tr. deg. L) M =0.

A special type of a D-algebraic power series is a differentially finite (D-
finite, for short) power series. Roughly speaking, a D-finite power series is a
series which satisfies a linear differential equation. In other words, a power
series f € L[[z]] is said to be D-finite if f together with all its derivatives
f = d"f/dz™, n > 1, span a finite-dimensional subspace of L((x)), re-
garded as a vector space L(x).

The function of Example 1.1(i) is D-finite, while the function tan(z) is
not [10].

2. E-algebraic functions. Since the pth derivative of a power series
f over a field of characteristic p > 0 collapses to zero, the notion of D-
algebraicity is not so significant over fields of characteristic p > 0. In [8] we
defined an analogue of the concept of a D-algebraic function over a perfect
field K of characteristic p > 0, as follows. From now on K will denote a
perfect field of characteristic p > 0 and Z, will denote the ring of p-adic
integers.

LEMMA 2.1. If f(z) € K|[[z]] (respectively K ((z))), then f can be written
uniquely as

p—1 ‘
(1) D 'Y
i=0
for some f; € K[[z]] (respectively K((x))).
Proof. See [9]. (Note that f; = -, a;{ﬂix".)

For each i € {0,1,...,p—1} define E; : K((z)) — K((x)) by E;(f) = f;.
Now for f € K((z)), we have

(2) f=> 2B
=0

The operator Ej; is semilinear; that is, if f,g € K((z)) and A € K, then
Ei(Af +9) = \YPE(f) + Ei(g)-
Moreover, Bi(g? ) = 9F:(/).
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Let {2 be the semigroup generated by the identity operator and the F;
for i € {0,1,...,p — 1} with ordinary composition as multiplication. With
each f € K((x)) we associate its orbit 2(f) = {E(f) : E € 2}.

DEFINITION. Suppose that f € K((z)). We say that f is an E-algebraic
function (over K(x)) if tr.deg. g,y K(x, 2(f)) < oo.

NoTATION. We shall denote by I'x the set of all E-algebraic functions.

EXAMPLE 2.2. (i) Any algebraic function over K is E-algebraic.

(ii) Let K = Fy and « be a 2-adic integer. Let f, = (1 + x)® € Fy[[x]].
Then f, € I'kx. (Note that if « ¢ Q, then f is not algebraic; see, for example,
5, 7).

In [8] we showed that I'x with ordinary addition and multiplication of
series is a field with some natural properties. Note also that by Example 2.2,
we have

K(z) C I'k C K((x)).

3. Hadamard products of D-algebraic and E-algebraic power
series. Recall that for the power series f =) . a,2" andg =) -, br2",
the Hadamard product of f and g, denoted by f x g, is the series defined by

f *g = ZnZO anbnxn-
Dy, the set of all D-algebraic power series over L, is not closed under
the Hadamard product operation, as the following example shows.

ExXAMPLE 3.1. Let f =3 -, 2" and g = Y onso(l/nl)x™. Then f and
g are D-algebraic. However, a

1 -

n>0

which is not D-algebraic (see [4]).

An example of a subalgebra of Dy, which is closed under the Hadamard
product operation is the algebra of D-finite power series (see [10]).

Note that in Example 3.1, g is D-finite. Hence the Hadamard product of
a D-algebraic and a D-finite power series is not D-algebraic. However, in [6]
we proved the following result.

THEOREM 3.2. Suppose that f,g € Ll[z]]. If f is rational and g is D-
algebraic, then f * g is D-algebraic.

In analogy with the case of characteristic zero, we shall prove the follow-
ing theorem.

THEOREM 3.3. Suppose that f,g € K|[z]]. If f is rational and g is
E-algebraic, then f * g is E-algebraic.

First we need some lemmas.
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LEMMA 3.4. Suppose that M is an algebraic extension of K. Suppose that
f e K|[z]]. If tr.deg.py M(z,2(f)) < oo, then tr.deg.x K(x,2(f)) < cc.

Proof. Since K C M is an algebraic extension, tr.deg., M (x, 2(f))
is finite. Now as K(z, §2(f)) is a field contained in M (x,2(f)) we have
tr.deg.  K(x, 2(f)) < oc.

LEMMA 3.5. Suppose that h(z) = > 7 janz"™ € I'x. Then
h(Bx) = Zanﬁ”;r” clxy forBekK.
n=0

Proof. By Lemma 2.1 we have

o) oo p—1

h(ﬂm) _ Z an " = Z Zalm+iﬂpn+z$pn+z
n=0 n=0 =0
p—1

zt (gi/p i a;{lﬂi(ﬁaz)")p.
n=0

Hence E;(h(Bx)) = B/PE;(h)(Bz) for each i € {0,1,...,p—1} and similarly
for “higher order” of E. Thus, when changing the variable from z to Sz
in h, each element of 2(h(fz)) differs from the corresponding element of
2(h)(Bx) by some power B3'/P, which is an element of K. By the same
argument used in the proof of Theorem 2.7 of [6], as K(z, 2(h)(fz)) =
K(x,82(h(Bz))), we have tr.deg. K(x, 2(h(fz))) < co. That is, h(fz) €
I'k as required.

1=

o

Proof of Theorem 3.3. By Lemma 3.4 we can assume that K is alge-
braically closed. Hence, as f is rational, we can write

N
f(z) :P(w)"i‘; (1= Bz)s’

where P(x) € Klz],o;, 5; € K and a; € N.

Since the Hadamard product operation is a K-bilinear operation it is
enough to prove the theorem for the case f; = 1/(1 — fx)?%, a > 1, where
B € K. Let d’, k be non-negative integers such that a + a’ = p* so that

1 (1—Ba)”

A= e = 1 = (080 8

Again by the K-bilinearity of the Hadamard product operation it is enough
to prove the theorem for the case fo =) -, ﬁpk";rpk"“ for 0 € K, s €N,
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0 < s < p* — 1. Hence we have to show that if ¢ = En>0 bn,x™, then

f2 *g = (Zﬂpknmpkn+s) * Z bnm Z ﬂp pkntst x? Pt € FK

n>0 n>0 n>0

If we show that t(z) =), <, bpkn+smpk"+s € I'k, then by Lemma 3.5

—t (Bzx) = Zﬁp n+sxpk"+5 = foxgelgk.
n>0

Note that if £ =0, then as g € 'k, by Lemma 3.5 we have
f2xg=g(Bz) = Zﬁ" na" € I'kc.

n>0
Hence we may assume that k > 1. Since s € {0,1,...,p* — 1}, we can write
s=pFls; 4+ ...+ psi_1 + s, where 0 < s; < p, for i = 1,..., k. Now, as
g € I'y, we have

k

_ kn—i—s .8 l/p x" P
- Z bP’“"Jerp =7 [Z bp(p( p(pntsi)+s2)+..) st ]
n>0 n>0

k
= xS[ESLnSk (g)]p € FKv
where 0 < s < p* — 1 and E;; = E; o Ej, as required.

Note that the set I'x is not closed under the Hadamard product opera-
tion, as the following example shows.

EXAMPLE 3.6. Let K =TFs, 6 =52 60;2" and ¢ = > .2 ¢;2" be 2-adic
integers. Let 7 = E?io 0;#;2°. Then by Lucas’ Theorem (see, for example,
2, p. 271]) we have (14 z)% * (1 +2)? = (1 +2)7.

Let (fn)n>0 and (gn)n>0 be two sequences of series in Fa[[z]] and let
f € Fa[[z]] be defined by f = f§ + xgf and g; = f7, + 2971, i > 0.

go
fo
g1
f
g2

f2 N
AN

So f=3", ffln“a;?n_l. Then we have the following lemma.
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LEMMA 3.7. f € Iy, if and only if {fo, f1,...} C I'r, and

tr. deg.FZ(z) Fg(x, fos f1,-. ) < Q.

Proof. See [8].

Consider the set S = {0 € Zy : 0; = 0 if i is not a power of 2} U {1}.
Then S is uncountable and hence there exists an infinite sequence 6,
n > 0, of elements of S linearly independent over Q, where 6y = 1. Let
gm) = (1 +2)%m n > 1. Then g(n) are algebraically independent over Fy(x)
(see [7]). Now we redefine 6y = 0 and consider the functions F' and G
defined as follows:

F G

Fy Go
F1 Gl

F AN G2 N
AN AN

where F), are all equal to (1 + )%, § = > >0 22" Also G, = (14 x)??",

where ¢ = Y",o ¢:2° € Zs is to be determined.

Note that by Example 2.2, F and G are both in IF,. Then
FoxGpn=0042)0+«142)%% =1+ ;1:)’\(7”,

say, where A(") = ZjZO,QjZn ¢2j_n22j by Lemma 3.6.

FxG
Fo*G()
Fl*Gl
Fy + G AN

N

Let 0(,) = Ekzo H(H)(k)22k forn > 0as #(n) € S. We define ¢ as follows:
Let ¢)O = O, (bgj n = H(n)(j) for 2j > 2n. Then

n) _ 27 2
A = Z G2i—n2° + Z On)(H2" = Oy + an,

>0, n<2i<2n §>0,2i>2n
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where a,, € Z. Hence F, * G, = (1 + 22" = (1 + )" gn) for n > 1 are
algebraically independent over Fy(z). Therefore, F' « G ¢ I, as required.

The classes of p-additive and p-multiplicative power series are some spe-
cial types of E-algebraic power series, which are closed under the Hadamard
product operation.

DEFINITION. Let F be a field of characteristic p > 0. We call f =
oo o anx™ € F[[z]] a p-multiplicative (respectively, p-additive) power se-
ries if for all k,n € N and r € [0, p* — 1] we have

Apkpir = Qphp G (respectively, aphp, 1 = apry + ay).

These series were introduced by Gelfond in [3]. For example, for the p-adic
integer o, fo = (1 + 2)* € Fp[[z]] is a p-multiplicative series by Lucas’
Theorem, and the series f = Y 02/ S,(n)z™ € Fp[[z]], where Sj,(n) is the
sum of the digits of n in its p-adic expansion (see [1]), is a p-additive power
series.

PRrROPOSITION 3.8. Any p-multiplicative or p-additive power series in
K{[[z]] is E-algebraic.

Proof. Suppose that f =3 ", a,z™ is p-multiplicative. Then by (1),

p—1 o p—1 [e%¢] p—1
F=Y) tpnia™ ' =D ai’ Y ap,att = Z a;x" (Eo(f))"

As f is p-multiplicative, ag = 1, and hence (E (f)P = f/zz ) @izt €
K(z, f) and (Ei(f))? = ai(Eo(f))? € K(z,f) for 0 sisp-l (see
Lemma 2.1). By the same argument we have Ey(f) = El 0 p{p Y(Eoo(f))P.
Hence (Eoo(f))? = Eo(f)/Y0—g ap/"a’. Thus

zOpz

> (Eo(f))P f
5 p? _ € K(zx,
( OO(f)) Zf;(} apimpl E . O a;x E i—0 apzxpl ( f)

and similarly (Eij(f))p2 € K(z,f) for 0 < i,j < p— 1. Continuing this
process it follows easily that

r Cf
Ei, . () = - :
Bir..i, (F) S it S apiart P gy a?
where c € K and E;; = F; o E;. Thus
[Bir., (NI € K(x, f)

and hence tr.deg.; K (s, £2(f)) < 2. Therefore, f is E-algebraic.

r—1"
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Now, suppose that f = ZZO:O anx™ is p-additive. Then

p—1 oo p—1 0o p—1 oS
P D) DL P STRPLES P D
=0 n=0 =0 n=0 1=0 n=0
1— P 1 =
= E p A
L B+ = 3 e
Hence
11—z 1 =
B = 3|~ 7 S| < Ke)
and
a; .
(S = (Bo(H)P + T2 € K(w,f)  for0<i<p—1
By the same argument we have
L —aP 1 = 1/p i
Eo(f) = ———Boo(D) + 17— Eg/x -
Hence
B = 2 () - —— S
00 T—ar | 1—ap '
Thus
e l—a? , 1 =
(Eool )" = T [(Bo(H) = ——— > ayia® | € K(a, )
i=0

since (Eo(f))P € K(z, f). Similarly (Ey;(f))?" € K(z, f) for 0 <i,j < p—1.

By using a simple induction on the order of E, one can see that

[Eilnir(f)]pr € K(xa f)

for i; € {0,1,...,p—1} and hence tr. deg. ;- K(z, £2(f)) < 2. Therefore, f is

E-algebraic and the proof is complete.

A similar argument shows that the set of all p-multiplicative power series
is closed under the Hadamard product operation and hence we have the

following.

COROLLARY 3.9. Let f,g € K((x)) be p-multiplicative. Then f * g is

E-algebraic.

PROPOSITION 3.10. Let f,g € K((x)) be p-multiplicative or p-additive.

Then f % g is F-algebraic.
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Proof. We just consider the case where f is p-additive and g is p-
multiplicative. Let f =>"" ja,2™ and g = >~ b,z™. Then

%) p—1 oo
h=fxg= E anbpz™ = E E apnﬂbpn“xp"“
n=0 i=0 n=0
p—1 oo
— E E [apn + @;]bpnb;x?" T
=0 n=0

p—1 o p—1 o'

S SUPD ST SR STt
::2 = p—1 - "

= > bia' (Eo(h)” + > aiba' (Eo(g))”
i=0 i=0

Since g is p-multiplicative, by # 0 and hence

(Eo(h))? = Zplbaﬂ[ ;asz Eo(9))?| € K(x,9,h),

as K(x,(g),h) = K(x,g,h). Similarly, we get
(Ei(h))P = bi[(Eo(h))"ai(Eo(9))"] € K(z,g,h)

for 0 <¢ < p—1. Now by a similar argument we get

1 1/py1 i
(Boo (0P = 7 210 Z a7 2 (oo (9))7 ]
Zz 0 pz
Thus (Eoo(h))p2 and similarly (E;; (h))p arein K(z,g,h) for 0 <i,j < p—1.
By using a simple induction on the order of F, one can see that

[E (h)]pT € K(xa 9, h)

11...ir

for i; € {0,1,...,p — 1} and hence tr.deg.; K(x,(2(h)) < 3. Therefore,
h = f % g is E-algebraic.

4. Diagonals of D-algebraic and E-algebraic power series. The
notions of D-algebraicity and E-algebraicity can be generalised to the case
of several variables. In this section we shall study the diagonal of such series.

For a power series
— ni Nk
f= g [T TR P S

nj 20

the series

:5 Qp. nt", where t=uxz1...2,
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is called the diagonal of f. Although taking the diagonal of f just amounts
to taking the Hadamard product of f with the rational function g =
1/(1 —zy...xg), the following example shows that Theorem 3.2 is not true
for the case of several variables. That is, the diagonal of a D-algebraic power
series need not be D-algebraic.

EXAMPLE 4.1. Suppose that

eV
Fla.) = S 10() +1),

where 6(x) is the theta function. Let
1
fi(z) = B}

Then f; and fo are both D-algebraic. Now,

= n2 1
A = 1w = (S a) (3 ')

=0

B(z) +1] =Y ™ and foly) = e,
n=0

and hence D(f) = ano(l/n!Q)tQH, which is not D-algebraic (see [4]).
Therefore, we have the following

COROLLARY 4.2. Suppose that k > 1 and f,g € L[[z1,...,xg]]. If f is
rational and g is D-algebraic, then f * g is not necessarily D-algebraic.

We shall show below that the diagonal of an E-algebraic power series
in several variables is not necessarily E-algebraic either and hence Theorem
3.3 is not true for the case of several variables.

Let F and G be the functions of Example 3.6. Consider F(z) and G(y)
as the elements of Fs[[x,y]]. Then, as Iy, is a field (see [8]), F(x)G(y)
is E-algebraic. Let F(z) = > >~ ja,z™ and G(y) = > .°_,bmy™. Then
F()G(y) = Y0 0> m_ganbmaz™y™. So D(FG) = Y., a,b,t™, where
t = zy. However, D(F'G) = F(x) * G(x). Therefore, we have the following

COROLLARY 4.3. Suppose that k > 1 and f,g € K[[z1,...,zk]|. If f is
rational and g is E-algebraic, then f * g is not necessarily E-algebraic.

The only remaining cases in studying the Hadamard products of D-
algebraic and E-algebraic power series are the following questions for series
in one variable, which seem to be open.

Is the Hadamard product of an algebraic power series and a D-alge-
braic (respectively, E-algebraic) power series D-algebraic (respectively, E-
algebraic)?
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