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Pure and mixed exponential sums
by

Tobp COCHRANE (Manhattan, KS) and ZHIYONG ZHENG (Guangzhou)

1. Introduction. In this paper we evaluate and estimate pure and mixed
exponential sums of the type

(L1)  S(fp™ =D epm(f@), SOGLP™) =D x@epm(f(2)),
rx=1 g;)?nl

where p™ is a prime power with m > 2, x is a multiplicative character
(mod p™), epm (-) is the additive character,

ey () = e(a/p™) = >7i7/7",

and f is a polynomial with integer coefficients. Let d = d(f) denote the
ordinary degree of f and d,(f) denote the degree of f read (mod p). We
focus our attention on mixed exponential sums in this section and take up
a discussion of pure exponential sums in Section 2.

If m =1 it is a well known consequence of the work of Weil [21] on the
Riemann Hypothesis for curves over a finite field (see e.g. Schmidt [18]) that
if d,,(f) > 1, then for any multiplicative character x (mod p),

(1.2) 1S(x. f.p)| < dp(f)p*/>.

(We note that when p|d,(f) the upper bound in (1.2) is trivial.)

For values of m > 2 it has been conjectured by authors such as E. Bom-
bieri, M. C. Liu, and W. M. Schmidt that an upper bound analogous to
the upper bound (2.3) of Hua for pure exponential sums may be available.
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Bombieri, in communication with the second author, has stated his con-
jecture as follows: For any f(X) € Z[X] of degree d with d,(f) > 1 we
have

(1.3) 1S(x, f,p™)| < max{p™/2, pmI-V/d},

We establish here that this upper bound does in fact hold for all but a very
exceptional class of polynomials f and characters y. For this exceptional
class one needs exponent m(1—1/(d + 1)); see Example 9.2. In Corollary 1.1
we establish a uniform upper bound with the exponent m(1 —1/(d + 1)). In
many cases, as our main theorem, Theorem 1.1, makes it plain, we obtain
an even better upper bound than (1.3).

To state our main theorem, let ord,(z) denote the normal exponent
valuation on the p-adic field. In particular, for = # 0 € Z, p°*%(*) || z. For
convenience, we set ord,(0) = co. For any nonzero polynomial f = f(X) =
ap+ a1 X + ...+ aqX? € Z[X] we define

(1.4) ord,(f) == o@igd{ordp(ai)}'

Suppose now that p is an odd prime. Throughout this paper the letter
a denotes a fixed primitive root (mod p) chosen so that a > 0 and

(1.5) a?"t=1+rp with pir.
In particular a is a primitive root (mod p™) for any exponent m. Let x be a

multiplicative character (mod p™) and let ¢ = ¢(x, a) be the unique integer
with 0 < ¢ < p™~1(p—1) and

(16) wat) = e it )

ptp—1)
for every integer k. Thus for instance, if x = X, the principal character, then
c=p™ 1(p—1) and if y is the quadratic character, then ¢ = p™~!(p—1)/2.
A character x is primitive if and only if ptec.
For any polynomial f over Z we define

(1.7) t=1t(f) :=ord,(f (X)), t1=t(f):=ord,(rXf (X
where f' = f’(X) denotes the derivative of f(X). If p > d,(f
t = t; = 0. Also, since p{r it is plain that ¢; = min{¢, ord,(c
We define the set of critical points associated with the sum S
be the set

=
o
i
Z
=+

]

(1.8) A=A(x, f,p) :={a1,...,ap}
of nonzero residues (mod p) satisfying the congruence
(1.9) p " (ref'(z) +¢) =0 (mod p).

It is easy to check that this congruence does not depend on the choice of
the primitive root a. Strictly speaking, A is a set of points in the finite field
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F,, but at times it will be convenient for us to regard A as a specific set
of integer representatives for the points in this set. To keep our notation
simple, for any integer «, we shall simply write a € A if the residue class of
a (mod p) is in A. For any a € A let v = v, denote the multiplicity of «
as a zero of the congruence (1.9). Since the polynomial in (1.9) is nonzero
(mod p) we have ) . 4 Vo < d.

Write
p—1
SOGHP™) = Sas
a=1
where for any integer o with pf,
pTIL
(1.10) Sa=Salt £ 0™ = Y x(@epn (f(@)).
r=1
z=a (mod p)

THEOREM 1.1. Let p be an odd prime, f be any polynomial over Z and
t,t1 be as defined in (1.7). Suppose that m > t; + 2. Then for any integer o
with pta we have:

(i) If a & A, then So(x, f,p™) = 0.
(i) If v is a critical point of multiplicity v > 1 then t = t1 and
(1.11) |Sa(x, £,p™)| < wp/ D pm =1/ ),
(iii) If « is a critical point of multiplicity one then
S (X f pm) _ X(O[*)epm(f(a*))p(m+t)/2 me —t1is even,
e x(@)epm (f(a))x2(Aa)Gpp ™12 if m —t is odd,
where o s the unique lifting of a to a solution of the congruence
p~ (Raf'(x) +¢) = 0 (mod plt"=r+1/2),
and
Ao = 20p7(f'(0) + af"()) (mod p).
In particular, we have equality in (1.11).
Here G, is the classical Gauss sum,

p—1

(1.12) Gpi= Y ep(a®) =D xa(x)ey(x)

=0 =

[P ifp=1 (mod4),

~ iyp ifp=3 (mod 4),

X2 is the quadratic character (mod p), and R is the p—adic integer

1+1
R:=p tlog(l +rp) = 12 =r (mod p).
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It follows immediately that under the hypotheses of the theorem

(1.13) 1506 F,0™) < (30 va)pt/ MIHDpmO-Y AL,
acA

where M is the maximum multiplicity of the critical points. Also, if all of the
critical points are of multiplicity one then we obtain an explicit formula for
the sum S(x, f,p™). The proof of Theorem 1.1 is given in Sections 6 and 7,
and the case p = 2 is dealt with in Section 8. Our strategy for estimating the
mixed exponential sum S, is to “untwist” the sum and express it explicitly
in terms of a pure exponential sum (see Proposition 6.1). In order to estimate
the resulting pure exponential sum we prove a conjecture of Chalk regarding
a local type upper bound on pure exponential sums. This will be discussed
in Section 2. The proof is “elementary” and self-contained aside from an
appeal to the upper bound of Weil, (2.2), for pure exponential sums.

REMARKS. 1. The proof we give here actually yields a result more akin to
the Riemann Hypothesis. If m > t;+2 and « is a critical point of multiplicity
v then we find that S, (x, f,p™) can be expressed as a sum 21 + ...+ zj of
complex numbers z; of moduli p*7 /2.1 < j < k, where the weights w; are
nonnegative integers satisfying

Yicm(1- ! + !
2 v+1 v+1

If t = 0 then & < v and so the upper bound in (1.11) is an immediate
consequence. Moreover, we see that the exponent in (1.11) as well as in
(1.13) can be replaced by the greatest half integer less than or equal to it.
For values of ¢ > 1 we have k < 3v. This implies a slightly weaker upper
bound than (1.11).

2. If t > ord,(c) then t; = ord,(c) and there are no critical points. Thus,
if t > ordy,(c) and t; < m — 2, then S(x, f,p™) = 0. In particular, if x is
a primitive character (so that ord,(c) = 0), m > 2 and ¢ is any positive
integer then S(x, f,p™) = 0.

3. If t; = m — 1 one can have a situation where a € A and yet S, # 0;
consider for example the Heilbronn sum

(1.14) D xo(@)ep(a?) =p ) ep(al),

which has no associated critical points and yet is nonzero in general. Here
t; =t = 1. It is still desirable to find a good upper bound when ¢; = m — 1.
Heath-Brown [9] has taken a step in this direction for the particular case of
the Heilbronn sum.

4. Theorem 1.1 holds identically for rational functions defined over Z.
The proof follows the same line of argument given here but the details will
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be provided in [4]. If we take f(X) = aX + bX !, and y = xo then the
formula in Theorem 1.1(iii) is just the classical formula of Salié [17] for the
Kloosterman sum. Our method also extends easily to mixed exponential
sums in several variables.

If d,(f) > 1 then p' < d,(f) < d(f) and so we obtain as an immediate
consequence of (1.13), Theorem 8.1 (for the case p = 2), and (1.2) (for the
case m = 1) the following uniform upper bound for S(x, f,p™).

COROLLARY 1.1. Let f be a polynomial over Z: of degree d > 1. Then for
any prime p with d,(f) > 1, any positive integer m > 2, and any multiplica-
tive character x (mod p™), we have

(1.15) 1S(x, f,p™)| < 2d" Y/ (MHD) pm(1=1/(M+1)

where M is the maximum multiplicity of the critical points associated with
the sum. In particular, since M < d we have uniformly for any m > 1,

(1.16) 1S(x, f,p™)| < 4dpm =1/ (@d+D),

(The upper bound in (1.15) is trivial when ¢; = m — 1, the case when
Theorem 1.1 does not apply.) To see that the exponent on the right-hand
side of (1.16) is best possible as a uniform upper bound, one only needs to
consider special cases where there is a single critical point of multiplicity d.
We do so in Example 9.2. In general, even when there is a critical point of
multiplicity d, a sharper upper bound than (1.16) is available by applying our
result for pure exponential sums, Theorem 2.1, directly to the untwisted sum
given in Proposition 6.1. It is quite possible that the constant 4d in (1.16)
can be replaced with an absolute constant, analogous to what Stechkin [20]
has been able to establish for pure exponential sums.

If x is any character with ord,(c) > t then the critical points are just
the solutions of the congruence p~*f’(z) = 0 (mod p), and so M < d and
Y acaVa < d—1. Thus for any x with ord,(c) > m/2, such as xo, the
quadratic character (p # 2), a cubic character (3|(p — 1)), etc., and any
polynomial f with d,(f) > 1 we have the uniform upper bound

(1.17) 1S(x, f,p™)| < 6(d — )p™=YD for (m,d) # (1,1),

the desired analogue of Hua’s theorem. We need only note that when ¢ >
m/2 then the upper bound in (1.17) is trivial.
In closing we mention that sums of the type

SO Fa) =Y x(@)eg(f(2)),
r=1

where ¢ is an arbitrary modulus can be evaluated or estimated using The-
orem 1.1 together with the following multiplicative property of exponential
sums. Suppose that ¢ = pi* ...p*, and that x is a multiplicative character
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(mod q) given by x = x1...xr where for 1 <i <k, x; is a multiplicative
character (mod p;*). Set ¢; = ¢/p;*, 1 <1i <k, and let ay,. .., a; be integers
such that ). a;q; = 1. Then for any polynomial f over Z we have

k
S(X, f7 q) = HS(XZ7a’Lf7pzel)
i=1
It follows from (1.16) that for any ¢ with d,(f) > 1 for all primes p]|q,
we have

(1.18) 1S(x, f.q)| < (4d) @D gt 1/ @+

where w(q) is the number of distinct prime factors of ¢g. One can also state
the analogue of (1.17).

2. Pure exponential sums. There are many known results on the
estimation of pure exponential sums of the type

m

P

(2.1) S(f,p™) = epm(f(2)),

=1
where f is a polynomial over Z of degree d. If m =1, pis odd and d,,(f) > 1
then by the work of Weil [21] (see also Bombieri [1]), we have

(2.2) S(f,p)| < (dp(f) = 1)p*/2.
For m > 2, Hua [10]-[12] showed that if d,(f) > 1 then
(23) |S(f,p™)| < dPpm i,

On the other hand, it was already known from the work of Hardy and
Littlewood [7], [8] that if d|m, pta and p > d > 2 then

(2.4) S(ax? pm) = pm-t/d),

and thus as a uniform upper bound the exponent in Hua’s bound is best
possible. We generalize the example of Hardy and Littlewood in Exam-
ple 9.1, and show in particular that the constraint p > d is not needed.
Chen [3], Chalk [2], Ding [5], [6], Loh [13], Nechaev [16] and Stechkin [20]
have made further improvements in the constant on the right-hand side of
(2.3). Stechkin [20] showed that the value d* can actually be replaced with
an absolute constant, although he did not indicate how large it must be.

In order to improve on Hua's estimate, two different approaches have
been taken. Smith [19], Loxton and Smith [14], and Loxton and Vaughan
[15] considered the factorization of f’(z) over the complex plane and in the
latter paper it was shown that

(2.5) IS(f,p™)] < (d — 1)p@+7)/ (A1) ym(1=1/(e+1),
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where e is the maximum multiplicity of any of the complex zeros of f', 7 =10
ifd<p, 7r=1ifd > p, and 6 = ord,(D(f’)), where D(f’) is the different
of f'.

The result of Loxton and Vaughan may be considered a global type of
result. Chalk [2] proceeded in a different manner considering local informa-
tion instead, and it is this type of result that we have found essential for the
proof of Theorem 1.1. Let A = A(f, p) be the set of zeros of the congruence

(2.6) p ' f'(z) =0 (mod p),

where t = ord,(f’), and for a € A let v = v, denote its multiplicity. Again,
we call A the set of critical points associated with the sum S(f,p™). Chalk
[2] established that if A is empty and m > 2t + 2 then S(f,p™) = 0, and
that if A is nonempty then for m > 2,

(2.7) IS(f,p™)| < d( Z ya>pt/(M+1)pm(1—1/(M+1))’
acA

where M is the maximum multiplicity of the critical points. He suggested
that one may be able to obtain the upper bound in (2.7) with the constant d
on the right-hand side eliminated altogether, thus making the upper bound
depend purely on local information. Ding [5] reduced the value d to V/d,
and then in [6] succeeded in eliminating the value d altogether under the
assumption m > t+42. Loh [13], independently, also succeeded in eliminating
the value d under the assumption m >t + 2.

In this paper, we prove a more precise version of the local type upper
bound suggested by Chalk and obtain an explicit formula for S(f,p™) in
the case where all of the critical points are of multiplicity one. Write

p—1

S(f,pm) - Zsaa

a=0
where for any integer «,

p

(2.8) Sa=8a(fp™") = DY em(f(2)).

=1
r=a (mod p)

THEOREM 2.1. Let p be an odd prime and f be a nonconstant polynomial
defined over Z. If m >t + 2 then for any integer a we have:

(i) If a & A then S, (f,p™) = 0.
(ii) If « is a critical point of multiplicity v then

(2.9) 1Sa(f,p™)| < vpt/ D pm1=1/(+1)
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(iii) If « is a critical point of multiplicity one then

S (f m) _ 6p7’L(f(Oé*))p(m+t)/2 me —t s even,
AP = (A epm (F(0)Gpp™Ht=D/2 ifm —t is odd,

where o* is the unique lifting of « to a solution of the congruence p~* f'(z) =
0 (mod plm=t+D/2) " and A, = 2p~tf"(a*) (mod p). In particular, we
have equality in (2.9).

(iv) If p = 2, then form > t+ 3, if « € A then S, =0, and if « € A
then
(210) Salf,27)] < 2t/ C+DgA=1/ 04D,
with equality if v = 1.

In particular, under the hypotheses of the theorem we have

(2.11) 1S(f,p™)| < ( Z Va)pt/(M+1)pm(1—1/(M+1))’
acA

where M is the maximum multiplicity of the critical points. If d,(f) > 1
then p* <d, M <d—1 and ZQGA Vo < d—1 and so we deduce easily from
(2.11) and Weil’s bound (for the case m = 1) the following uniform upper
bound.

COROLLARY 2.1. Let f be a polynomial over Z of degree d > 1. Then for
any prime p with d,(f) > 1 and any m > 1 we have

(2.12) 1S(f,p™)] < 3(d — 1)pmt=1/,

With a little more work we can replace the constant 3(d— 1) on the right
side of (2.12) with d, for odd p. Remarks 1 and 4 following Theorem 1.1 hold
for Theorem 2.1 as well. (We remark that this paper was completed before
the authors became aware of the work of Loh [13] and Ding [6] and so there
is a certain amount of repetition in the results stated in Theorem 2.1. We
feel it is important to keep all of the details for our proof of Theorem 2.1
here because they are used in our proof of Theorem 1.1.)

3. Preliminary lemmas. Let p be a prime, f = f(X) be a polynomial
over Z of degree d > 1 and « be any integer. Then f admits a Taylor series
expansion about a given by

d
FX)=) ai(X —a),
i=0
where a; = f()(a)/i! € Z, 0 < i < d. Clearly,
(3.1) ord,(f) = Ogliigd{ordp(ai)}.
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Let t = t(f) = ord,(f’), and suppose that « is a zero of the critical point
congruence

(3.2) p~'f'(z) =0 (mod p),

of multiplicity v. Now f’ has a Taylor expansion
f@3:§éme—®ia
i=1
and so by (3.1) we have ¢t = min;<;<q{ord,(ia;)}. Reading the polynomial
PP = 3 ptias (X — )i,
i=1

over the finite field F,,, it follows that

St4l if1<i<u,
(3.3) ord,(ia;) { =1 ifi=v+1,
> ¢ ifi>v+1,

and consequently for ¢ > 1,

t+2 ifpisoddorv > 1,

(3.4) ord,(a;p') = ordy(ia;)+i—ordy(i) > {t 1 ifp=2 1.

Define
o :=ordy(f(pY + ) = f(a)), g(Y):=p 7 (f(pY + ) - f(a)),
m:=ord,(¢'(Y)), a(Y):=p "4 (Y).

LEMMA 3.1. For any prime p and zero « of (3.2) of multiplicity v we
have:

t+2 ifpisodd orv>1,

) UZ{t+1 ifp=2andv =1.

(ii) c<v+1l+t—r.

< o—t + Ordp(dp(g)) S v+ 1 + Ordp(dp(g)),
(iii) dp(g)_{USV—i-l—i—t—T.

(iv) dy(g)) <o+7—t—1<u.

(v) p"dy(9).

Parts of this lemma can be found in the works of Hua [12], Chalk [2],
Ding [5], and Stechkin [20].

Proof. From the Taylor expansion for f we have

d
FY +a) = fla) =Y ap'Y",
=1
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and thus (i) follows from (3.4). Now

d
g(Y) = Z aipi_UYia
=1

and so for the term ¢ = d,(g) we must have
o = ord,(a;p") = ord,(ia;) + i — ord,(i).
It follows from (3.3) that
i =0+ ord, (i) — ordy(ia;) < o+ ord, (i) — t,

from which the first inequality in (iii) follows. The second inequality follows
immediately from (ii). Also, by the definition of g; we have

d
gl(Y) _ Zaﬂ-pifo'fryifli
=1

We see upon examining the i = v + 1 coefficient and using (3.3) that (ii)
is obtained, and upon examining the i = d,(g1) + 1 coefficient and using
(3.3) that (iv) is obtained. The second inequality in (iv) follows immediately
from (ii). Finally, to obtain (v) suppose that ¢ = d,(g) and that the coeffi-
cient of X* in g is A;. Then pt A;. On the other hand, we have p” | iA;. Thus
pTli. m

LEMMA 3.2. Let p be a prime, f be a polynomial over Z with t = ord,(f'),
and let t1 be any integer with 0 < t1 < t. If p is odd and m > t1 + 2, or
p=2andm >t +3, orp=2,t1 =0 and m = 2, then for any integers
z,y we have

fly+p" 72 = fy) + f(y)p™ "'z (mod p™).

Proof. The polynomial f admits a Taylor expansion about y,
d
FX) =) a(X —y),
i=0
with integer coeflicients a;, 0 < ¢ < d. For any integer z,

d
f(y +pm—t1—1z) _ Zai(pm_tl_lz)i-
=0

Now, since ord,(f") =t it follows that ord,(ia;) > t for ¢ > 1. Thus for any
i>1,
(3.5) ord, (a;p™ VY > i(m — t; — 1) +t — ord, ()

> 1
>i(m —t1 — 1) +t; — ordy(i),
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and for ¢ > 2 the quantity on the right side is > m if and only if

i+ ord,(7)

i—1
It is easy to check that the latter inequality holds for all ¢ > 2 if p is odd
andm>ti+2orifp=2andm>t;+3. If p=2, m=2and ¢t; =0 then
we return to (3.5) and replace the right side with i(m —¢; —1) = i to obtain
the result. =m

m >t +

4. Proof of Theorem 2.1. We begin by deriving a recursion formula
for complete exponential sums of the type

m

p

SUp™) =3 e (f()):

r=1

Let p be any prime and f be a nonconstant polynomial over Z. As defined
earlier, let t = ord,(f’), A denote the set of solutions of the congruence
p~tf'(z) =0 (mod p) and write

p—1 p™"
S(£,p™) =D Sa with So=Sa(f,p™) = Y, em(f(@)).
a=0 r=1
z=a (mod p)

Suppose that m >t + 2. Write z = p™ 'tz 4+ y with y running from 1 to

p™ 1=t and z running from 1 to p’*!, and consequently x running through

a complete set of residues (mod p™). Under the hypotheses of Lemma 3.2,
with t; = t, we have

Sa= D, D em(f0"T 2 4y)

y=a (modp) =z

= > D e+ W™

y=a (modp) =z

= > em(fW) Y e (2 ()
z=1

y=a (mod p)

=p'*t Z epm (f (y))-

y=a (mod p)
P ()

We see in particular that S, = 0 unless a € A, proving Theorem 2.1(i) and
the first part of Theorem 2.1(iv).
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If « € A and chosen so that 0 < a < p then we can proceed by writing

m—2—t

p

Sa=p"" Y epnlflatsp))
s=1

m—2—t
p

=p e (f(@) Y epm(fla+sp) — fla)

m—o

=07 e (F() D epmo(gals)),

where

(41) o:=ordy(f(PY + @) = f(@)),  ga(Y) =p 7 (f(PY +a) = f(®)),
and the latter sum is taken to be p” =7 if m < o. Thus we obtain

PROPOSITION 4.1 (The Recursion Relationship). Suppose that p is an
odd prime and m > t+ 2, orp=2and m >t+3, orp=2,t =0 and
m = 2. Then:

(i) If « & A then S, = 0.
(ii) Ifa € A and 0 < a < p then

(4.2) Sa(f,p™) = epm (f()p” " S(ga,p™ %),
where
(4.3) (g g™ ) = 4 D oo (9a(s)) i m>o,
s=1
pmTe if m<o.

The stage is now set for proving Theorem 2.1(ii) by induction on m. We
defer the proof of part (iii) to Section 5, but we shall assume here that it
has already been proven so that we may assume v > 2 in the course of the
proof. The precise statement that we shall prove here is the following;:

Let p be an odd prime, f be a monconstant polynomial over Z and let

di =dy(p~tf’). Then

(A) If m=1 and dp(f) > 1 then
(4.4) S(f,p)| < (dy(f) = 1)p*/2.
(B) If m >t + 2 then

) 1S(f,p™)| < dypt/ (B D pm=1/(di+1)),

N
ot

(

(C) If m >t +2 and « is a critical point of multiplicity v then
6) 1Sa(f,p™)| < ppt/ (D) pm(i=1/(v+1)

(4
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Proof. When m = 1 this is just the result of Weil. Suppose now that
m >t + 2 and that the result is true for all smaller values of m. Let a be a
critical point of multiplicity v with 0 < a < p, and let o, g, be as defined
in (4.1) and 7, g1 be defined by
T=ordp(9,(Y)), a1(Y)=p Tg,(Y).

We consider four cases: 0 > m,c = m—1, m—1—-—7 <o < m—2
and 0 < m — 2 — 7. A trivial estimate will suffice for the first and third
cases, Weil’s upper bound will handle the second case and the induction
assumption will take care of the last case.

CASE (i). Suppose that o > m. Then by (4.2) and (4.3),
1S, | < pml = p(m—u—1)/(V+1)pm(1—1/(l/+1)) < pt/(l/—l-l)pm(l—l/(y_}-l))’

the last inequality following from Lemma 3.1(ii).

CASE (ii). Suppose that 0 = m — 1. We start by noting that by the
inequality o < v +t+ 1 — 7 of Lemma 3.1(ii) we have trivially

‘Sa| < pm—l < th/(u-l-l)pm(l—l/(u—i-l)),

unless 7 = 0 and p > v**!, and so we may assume that p > v¥*1.

Let dp = dp(ga). We note that since f is nonconstant, d,(g,) > 1. By
Lemma 3.1(iii) we have
(4.7) dy, <v+1+ord,(dp).

Suppose that ord,(d,) > 1. If d, = p then by (4.7), p < v+ 2, contradicting
our assumptions that p > v**1 and v > 2. Otherwise d, > 2p and thus since
ord,(d,) < d,/2 we see by (4.7) that

p < %dp <d, —ordy(d,) <v+1,

again contradicting our assumptions.
Thus we must have ord,(d,) = 0 and so by (4.7), d, < v + 1. It follows
from (4.2) and the upper bound of Weil, (4.4), that

|Sal =77 S(gas )| < (dp - L)po /2
< Vpl/(u+1)71/2p(07y71)/(u+1)pm(171/(u+1))’
and so by Lemma 3.1(ii) we obtain (4.6).

CASE (iii). Suppose that m —1 —7 < ¢ < m — 2. In particular, we must
have 7 > 1. Then we have the trivial estimate
(4.8) ‘Sa‘ < pmfl _ p(mfyf1)/(V+1)pm(171/(1/+1))
< pl/(V+1)p(o+7'—u—1)/(V+l)pm(l—1/(1/+1))
< pH/ WA pt/ (1) ym(1=1/(+1))
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the latter inequality following from Lemma 3.1(ii). Now, by Lemma 3.1(v),
P" | dp(ga). Since 7 > 1 and dp(gq) > 1, it follows from Lemma 3.1(iii) that

p—1<p" —7 <dp(ga) —ordy(dp(ga)) <v+1.

Thus for v > 2 we have p'/**+1) < (v + 2)//»+1) <y and so (4.6) follows
from (4.8).

CASE (iv). Suppose finally that o < m —2— 7. In this case we can apply
the induction assumption to the sum S(go,p™7) and deduce from (4.2)
and (4.5) that

1Sa] = p"1S(ga, p™ )| < d2p0—1pT/(d2+1)p(m—0)(1—1/(d2+1))’

where dy = d,(p~7g,,). Now from Lemma 3.1(iv) we have dy < v and thus
since m — o — 7 > 0 we obtain

’Sa| < Vpa—lpT/(u+1)p(m—a)(1—1/(y+1)) < Vp(7+0_y_1)/(y+1)pm(1_1/(V+1)),

and thus (4.6) follows from Lemma 3.1(ii).

Having established (4.6) in every case, we can easily deduce the inequality
in (4.5):

SIS Y 1Salf g™l < S vapt/ et D=1/ (et )

acA acA
< ( 3 ,,a)pt/wl+1>pm<1—1/<d1+1>> < dypt!/ @+ ym(1=1/(di+1)
acA

where dy = d,(p~'f’). This completes the proof of Theorem 2.1(ii) for
v>2. m

We now turn to part (iv) of Theorem 2.1. When p = 2 we shall prove by
induction on m that for any nonconstant polynomial f over Z, if m > t+ 3,
then with dy := d,(p~*f’), we have

(A)

(4.9) IS(f,2™)] < dy 2t/ (A1) gm(1=1/(di+1))
(B) For any critical point @ of multiplicity v,
(4.10) 1S4 (f,2™)| < p2t/ () gm1-1/(v+1)),

Indeed, as we just observed for the case of odd p, the upper bound in (4.9)
is an immediate consequence of (4.10) and so we may restrict our attention
to (4.10). The case v = 1 is treated in Section 5 (see (5.3)). If v > 2 then
the upper bound in (4.10) is trivial for m < 2v+t+ 2. Thus we may assume
that m > 2v 4+t + 2, v > 2, and that (4.9) and (4.10) are valid for all
smaller values of m. By the inequality o < v+t + 1 — 7 of Lemma 3.1(ii) it
follows that m — o > 7+ 3. Thus we can apply the recursion relationship of
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Proposition 4.1 and obtain, as in Case (iv) above,
‘Sa| — 20—1|S(ga, 2m—0')| < d220—127’/(u+1)2(m—a)(1—1/(u+1))
< 2t/ (D gmA=1/(41)

which establishes (4.10). m

5. Evaluation of pure exponential sums. Let p be an odd prime,
and f be a polynomial over Z with ¢t = ord,(f’). Suppose first that m — ¢
is even and that m —t > 2. Write z = p(™~%/2z 4 y with y running from
1 to p{™=1/2 and z running from 1 to p(™+Y)/2 Then with S, as defined in
(2.8), we have

pm+1)/2
Sa= D, em(f®) D em@™ V2  (y)z)
y=a (mod p) z=1
p(m=1)/2
=p' D (W) Y emnnd T f(®)2),
y=a (mod p) z=1
and thus we obtain
(5.1) S = plmH0/2 > epm (f()),
y=a (mod p)

P~ ' (4)=0 (mod p(™=1/2)

where, in the sum, y runs from 1 to p(™m—%/2,

If «v is a critical point of multiplicity one then it has a unique lifting to
a solution of the congruence p~¢ f'(y) = 0 (mod p(™~"/2). This establishes
the first identity in Theorem 2.1(iii).

Suppose next that m—t is odd and that m—t > 3. Let z = p(™m—t+1)/2, 4y
with y running from 1 to p(™~*+1/2 and z running from 1 to p(m+t—1/2,
Then proceeding as above we obtain

pm—t=1)/2
Sa=p" D em(f®) D epm--nz f(1)2),
y=a (mod p) z=1
and thus
(5.2)  So=prtTD > epm (f(®)),

y=a (mod p)
P~ (1)=0 (mod p(" 1= /2)
where, in the sum, y runs from 1 to p(m—t+1)/2,
Suppose now that « is a critical point of multiplicity one and let «o*
be the unique lifting of « to a solution of the congruence p~tf’'(y) = 0
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(mod p(m=t+1)/2) Then p™ | '(a*)p(™~t=1/2 and so we obtain

p—1
S, = p(m+t—1)/2 Z epm (f(a* + p(m—t—l)/Qu))
u=0

p—1

(m+t—1)/2 * (N, (m—t—1)/2 @) ia o
=p Zepm fl@®)+ f'(a®)p u+Tp u
u=0
p—1
— p(m+t—1)/2 pm(f(a*)) Zep(p_tQ_lf”(a*)uz).
u=0

The second identity in Theorem 2.1(iii) follows from the standard for-
mula for quadratic Gauss sums.

Finally, we consider the prime p = 2. Let a be a critical point of multi-
plicity one. Suppose first that m —t > 3 and that m —t is even. Then letting
x = 20m=t+2)/2, 4y with 2z running from 1 to 207+*=2)/2 and y running
from 1 to 2m~t+2)/2 we obtain

S = 2(m =212 > ean(f(y)) = 20"H2PT,

y=a (mod 2)
27t £/ (y)=0 (mod 2(™~t=2)/2)
say. Now, since a admits a unique lifting to a solution a* of the congruence
27t f'(y) = 0 (mod 2(m—t—2)/2) we can write y = o* + o(m—t-2)/2 L ip
k=0,1,2,3 and obtain

3
To = eam(f(")) ) es(Ak* +2Bk),
k=0

for some integers A, B with A odd. Since the value of Ak? + 2Bk (mod 8)
is invariant if k is replaced with k + 4, the latter sum is just half the value
of a complete Gauss sum (mod 8), which is well known to be of modulus 4.
Thus we obtain

(5.3) |Sa (f,2m)] = 20m+0/2,

If m —t is odd and m — ¢ > 3 then writing z = 2("~**+1/2; 1 ¢ with y
running from 1 to 20"~**1/2 and z running from 1 to 20™+*=1/2 we obtain
Sa(f,2) = 20D 2 (eom (f(@)) + eam (f(aF + 20" 7171D/2)))

= 20D 2 (7)) (14 ea(B)),

for some odd integer B, where o* is the unique lifting of a to a solution of
the congruence p~tf'(y) =0 (mod 20~*+1)/2), Thus we again obtain (5.3).
The equality in (5.3) establishes (2.10) for the case v = 1.
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6. Proof of Theorem 1.1. Let p be an odd prime, m > 2 a positive
integer, f a polynomial over Z, x a multiplicative character (mod p™) with
¢ = c(x,a) as defined in (1.6), and ¢,¢; be as defined in (1.7),

t:=ord,(f (X)), t1:=ord,(rXf(X)+c).

Let A be the set of critical points associated with the sum S(x, f,p™), that
is, the nonzero (mod p) solutions of the congruence

(6.1) p " (raf'(z) +¢) =0 (mod p).

We note that ¢; = min{¢, ord,(c)} and that if ¢; < ¢ then A is empty.
Suppose that m > t; + 2. Write k = jp™ = ~2(p — 1) + 1, with j running

from 0 to p'**! —1, [ running from 0 to p™~#1=2(p—1) —1, and consequently

k running from 0 to p™~!(p—1) — 1. Let a be an integer of the type a = ale

with 0 <[, < p— 1. Then we have

m

p

So=Salx, 0™ = Y. x(@)epn (f(x))

z=a (mod p)
P (=11

= Yo x(@)epm(fah)

k=l, (mod p—1)
rm—tl—2( 71)71 t1+1_1 s m—t —
T e (1)
pm—l(p _ 1) pm

=0

=0
1=l (mod p—1)

Now for any choice of j and [ we see from (1.5) that

m—t

ab = al(l + rp)? 17 = al(l + jrpm*tlfl) (mod p™~ 1),
and thus since m > t; + 2, it follows from Lemma 3.2 and the fact that
p| /(X) that
f(a®) = fla' +aljrp™=n71) = f(a') + f'(a")a'jrp™ 7 (mod p™).
We obtain
P (p—1) -1

(6.2) S, = Z e<pm—1€; —1) N f;i))

=0
=l (mod p—1)

" (¢ fa)dr
(2 1)
—~ \p p

P TIT2 (p-1) -1

cl f(a
- 2 e(pm‘l(p—l) i 15’"))
1=l (modp—1)
c+rf'(at)al=0 (mod pt1t?t)

p
X
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Thus S, = 0 unless o € A in which case we must have ¢ = t; and we can
proceed by writing [ = I, + (p — 1)y with y running from 0 to p™~#=2 — 1
to obtain

)

m7t72_1

e (ot (—1)y)  fla(l+rp)?)
(6.3)  So=p'" yZ:% ( o1 T) + o >
=P x(@epm (f(@)) Y epm(Fi(y)),
y=0
where
(6.4) Fi(y) = f(a(l+71p)¥) — f(a) + pcy.

Our next step is to make a change of variables in order to transform
the function F}(y) into a polynomial that we can deal with. Let log(1 + pu)
denote the p-adic logarithm

(1) (pu)!
log(1 =
og(1 + pu) Zl —,
and set

2 3,2
(6.5) R:=pllog(l+pr)=r— % + Tzf

We note that log(1 + pu) is a p-adic integer for any u € Z,, and that R is a
p-adic unit (since ptr) with R =7 (mod p). Set

1

and note that as w runs through a complete set of residues modulo any
given power of p, so does y (in Z,). This is most readily seen from the
inverse relationship

(6.7) (14 rp)¥ = evloeHmp) — ovhp — 9 4y,
Thus if
1 1 i
y1 = 5-log(l+pur), y2 = —-log(l+puz), 1=y (mod p”)

Rp Rp
then

eV1Rp — oy2Rp (mod pk+1)
and consequently u; = us (mod p*). In order to deal with the resulting
exponential sum in the variable u we extend the domain of the additive

character e,m (-) to the ring of p-adic integers Z,, by setting, for any z € Z,,
(6.8) ey (@) 1= ey (7).
where 7 is the residue class of x in Z,/(p™) ~ Z/(p™).
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Set Fy(u) = F1(y), and let f have Taylor expansion about a given by
d
FX) =) a(X —a),
i=0
with rational integer coefficients a;, 0 < i < d. Then for any u € Z, we have

(6.9) Fa(u) = f(a(l +pu)) — f(a) +CR_110g(1 +pU)

d H—l
:Z salp'u’ + cR™ IZ
=1
: - P = ()
_ RZ i _1\¢ - AP i
2 (ol (e e +R,§H P

Define
G(X) = p{(RX[/(X) +¢),
and let G(X) have Taylor expansion about «,

d
= bi(X -
=0

with p-adic integer coefficients b;, 0 < ¢ < d. Then we have

P'G(X)=R(X —a Zaz X —a)~ 1+RaZaZ —a)" e
=0
d—1 A
= Ragd(X — a)* + R (aii + aaiy1 (i + 1))(X — )’
i=1
+ Roaq + ¢,

and so we see that by = p~(Raay +c¢), by = p~'Raqd and for 1 <i < d—1,
(6.10) b; = p 'R(ia; + a(i + 1)a;y1).
It follows that for 1 <i < d,

i—1

(6.11) a; = (—1)“‘1(Riai)_1< ' (=1)7p'bjal — c).

Thus by (6.9) and (6.11) we obtain

d Pt o\ pitt
(6.12) Fo(u) = Z(—w“(Z(—nﬂbjaﬂ)pRi ul
i=1 j=0
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Let F5(U) be the formal power series over Z, obtained by replacing u with
the indeterminate symbol U in (6.9) or (6.12) and let F,,(U) be a polynomial
with rational integer coefficients chosen so that in Z,[[U]],

(6.13) Fo(U) = F,(U) (mod p™+t+d),

that is, the corresponding coefficients are congruent (mod p™**+4). Since the
coefficients of F»(U) are all eventually zero (mod p™***%) such a polynomial
F,(U) exists. The absolute degree of Fi,(U) is of no particular concern since
we are only interested in local information regarding F, (U). We have taken a
larger modulus in (6.13) than necessary in order to preserve the multiplicity
of p dividing certain coefficients of F»(U) and thus make the statement of
Lemma 6.1 below more transparent.

Now, since « is a critical point, we know p|by and p'|c. Thus for any
integer u it follows from (6.12) that p'*2 | Fy(u) (in Z,) and consequently
p'T2| F1(y) for any integer y. Thus from (6.3) we obtain

(6.14) Se = p x(@)epm (f(@)Y  epm(Fi(y))

"ds TLM%

=p  x(@)epn (f(a)) }_ ey (Fa(u))
=1

-8

m

p

= x(@)epm (f()) D epm(Faluw)).

u=1

We have established

PROPOSITION 6.1 (Untwisting a mixed exponential sum). Suppose that
p is an odd prime, f is a polynomial over Z, x is a multiplicative character
(mod p™) and that m > t; + 2. Let A be the set of critical points associated
with the sum S(x, f,p™) and suppose that representatives have been chosen
so that for any a € A, o = a'> with 0 <1, <p—1. Then

SOGLP™) =Y x(@epm (f(@)S(Fa,p™ ),
acA
where F,, is as defined in (6.13).
We now proceed to prove Theorem 1.1(ii) for the case where v > 2. The
case v = 1 is treated in Section 7. Let
0= ord,(Fo(U)), ga(U):=p  F,(U),
7= ordy (9, (U)),  91(U) = p~"ga(U).
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LEMMA 6.1 We have the same relationships as in Lemma 3.1:

(i) o>t+2.

(ii) c<v+l+t—rT

(iii) dp(ga) < 0 —t+ordy(dy(ga)) < v+ 1+ ordy(dy(ga))-
(iv) dp(g1) <o+717—-t—-1<w.

(v) p" | dp(ga)-

Proof. Part (i) follows immediately from (6.12) and our observations
above that p|by and p' | c. From (6.12) we also obtain

1
(1Pt )=
0

~

d
615)  F0)=p'RY ()]

=1 Jj=

o
+eRTN DY (1)U
i=d+1
Since « is a critical point of multiplicity v > 1 we have p|b; for i < v,
and ptb,. By definition, p°*7 divides every coefficient of F}(U) and thus
examining the ¢ = v+ 1 coefficient in (6.15) we obtain (ii). Some care needs
to be taken when v = d. In this case we must have p’| ¢ for otherwise
the critical point congruence is just p~‘zf'(z) = 0 (mod p) and so the
multiplicity of « is at most d — 1. Part (iii) comes from the fact that p? is
the maximum power of p dividing the i = d,(g,) coefficient in (6.12) and
part (iv) from the fact that p°*7 is the maximum power of p dividing the
i =dy(g1) + 1 coefficient in (6.15). Part (v) follows as in Lemma 3.1. m

We can now complete the proof of Theorem 1.1(ii) by considering the
same four cases as in the proof of Theorem 2.1(ii): ¢ > m, 0 = m — 1,
m—1—7<oc<m-—2and o <m —2— 7. In each case we establish the
inequality
(6.16) ’Sa‘ < th/(u+1)pm(171/(u+1)).

The trivial estimate |S,| < p™~! suffices for the first and third cases iden-
tically as before under the assumption that v > 2. For the other two cases
we use (6.14), which can be written as

(6.17) |Sal = 077119 (ga, P 7).

In the second case, an application of Weil’s bound to the sum S(gq, p) holds
identically as before for v > 2. In the fourth case, instead of using an induc-
tion assumption as we did in the proof of Theorem 2.1(ii), we simply apply
the result of Theorem 2.1(ii), specifically (2.11), and the proof follows as
before: Letting do = dp,(g1) we obtain from (6.17) and (2.11),

1S,| < dzpa_1pT/(d2+1)p(m_a)(1_1/(d2+1))'
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Now by Lemma 6.1(iv) we have dy < v and thus since m —o — 7 > 0 we
obtain

1 to—v—1 1
u+1) — VpT Zﬂ pm(l_u+l)_

|Sa| < vp7tpTETpmT)=
The inequality in (6.16) now follows from Lemma 6.1(ii). This completes the
proof of Theorem 1.1(ii) for v > 2. In the next section we take care of the
case v = 1 and establish part (iii) of the theorem.

7. Evaluation of mixed exponential sums. Having established Pro-
position 6.1 one can attempt to evaluate a mixed exponential sum by un-
twisting the sum first and then applying either the recursion relationship of
Proposition 4.1 or Theorem 2.1(iii) to the resulting pure exponential sum.
A more direct approach is to proceed as follows. Suppose first that m — ¢ is
even and that m —t > 2. Let r, R be as defined earlier, a?~! = 1 + rp with
ptr, R =p llog(l + rp), and define o by

(7.1) G =D oy gp(me)/2,
Then it is easy to see that
(7.2) o=r (mod p) and p=R (mod p(m—t)/z).

Write k = jp(m=9/2=1(p — 1) 4 [, with j running from 0 to p(™+8/2 — 1,1
running from 0 to p™~%/2=1(p — 1) — 1, and consequently & running from
0 to p™ 1(p—1) — 1. Then we have

SO f,p™)
p'm—l(p_l)_l

— Y @ (@)

k=0
p('m—t)/2—1(p71)71 p(m+t)/2_1

_ S (e b, (s

1=0 §=0

Now for any choice of j and [ we have
a* = a' (14 gp!™ 972 = d! (1 4 jop™~9/?) (mod p™"),
and thus since p* | f/(X),
f(d*) = fla' +d'jop!™07%) = f(a) + f'(a")ajop!™ D7 (mod p™).

It follows that
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S(x f.p™)
cl N (L Pla)dbe
N Zl:e<pm‘1(p— o > Jz::() 6<p<m+t)/2 M >

pm T2 (p-1) -1 l
_ o (m+t)/2 el f(a ))
= p e + '
zz; (Pm_l(p -1 " pm
c+f/(al)al950 (modp(m+t)/2)

Thus
(7.3) SO £,0™) =p™2 N x(@)epn (f(a),

aEA*
where A* is a set of integer representatives for the set of reduced residues
(mod p(m—t/2) satisfying the congruence

(7.4) p Y (Raf'(x) +¢) =0 (mod p™1/2),

We note that for o € A* the value of x(a)epm () does not depend on the
choice of the integer representative for «, and thus the sum in (7.3) is well
defined. If « is a critical point of multiplicity one then it admits a unique
lifting to a solution of the congruence (7.4). This establishes the first formula
in Theorem 1.1(iii).

Suppose now that m — t is odd and that m — ¢ > 3. This time let ¢ be
defined by the equation

(7'5) ap<m—t_1)/2(p71) =14+ ‘Qp(mft+l)/2'
Then
(7.6) 0= R (mod pm—t+1/2),

For ! running from 0 to p(™~t=Y/2(p — 1) — 1 and j running from 0 to
pmH+t=1/2 _ 1 writing k = jpm~t=1/2(p — 1) + [ and observing that

a* = al(1+ gp™HV/2) = a! (1 + jop™ /) (mod p Y,
and consequently (since p | f'(X)),
(7.7) f(a*) = f(a") + f'(a)a' 0jp =D/ (mod p™),
we obtain

p(*mft—l)/Q(p_l)_l

— . cl f(al)
(7.8) S(x, f,p") = ; <pm—1(p—1) * p™ >

plmtt=1/2_1 ' f’( l) L
(&) a )a jo
X Z e<p(m+t1)/2 + p(m+t1)/2>

J=0
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p(m—t—l)/Q(p_l)_l

o (mAt—1)/2 . cl f(al)>
P 2 (pm‘l(p = '

1=0
c+f'(al)al,QEO (mod p(m+t71>/2)

Again we see that if « € A then S, = 0. If a € A then

DR (p1) -1

m
=0 p
a'=a (mod p)

Suppose now that « is a critical point of multiplicity one. Then « admits
a unique lifting to a solution of the congruence

(7.10) pft(Rxf’(x) +¢)=0 (mod p(nzft+1)/2)'

To keep our notation simple we suppose that « is a solution of (7.10) and
that

a=al* (mod p™) with0<l,<p™ '(p—1)—1.
Let s be defined by
(7.11) P2 (p-1) o =1+ splm=t=1/2,

Noting that in the sum in (7.9), [ is allowed to run through any complete
set of residues (mod p(m~t=1/2(p — 1)) (subject to the constraint o' = o
(mod p)), we can write | = I, + p(™~*=3)/2(p — 1)u with u running from 0
to p — 1. Then

— Oé(l _|_Sp(m—t—1)/2)u
= a(l + uspm—t=1/2 4 <12L> s2pm_t_1> (mod p™ "),

and thus since p*| f/(X) and m — ¢ > 3 it follows in the same manner as in
the proof of Lemma 3.2 that

) = 1@ + £ @)a(usp ™02 ()

+2f"(a)o*u?s*p™ 1 (mod p™),
where 2 denotes the multiplicative inverse of 2 (mod p™). Thus
(7.12)  Sa =X(a)€p (f(a))ptmtt=br2
m—t—3)/2 / m—t—1)/2
y Z ( p( )/ (_1) 1)u N f (O[)Oéu(;];(1 )/
N f’(a)a(z)SQPm T O )
pm
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p—1
= x(@)epm (f())p 2N ", (Agu® + Bau),
u=0
where
(7.13) Ay = p 2" (a)a?s? +2f () as?),
+f 541
(7.14) B = m —3f'(a)as?.

Now, by definition of g, (7.5), and s, (7.11), we have
0=s +§(p _ 1)82p(m7t71)/2 _|_p71 (I;) 83pm7t71 +...,

and thus from (7.14) we get

g —cT ['(a)ao

o« = m—t-1)/2 (mod p).

Now by (7.6) and our assumption that « satisfies (7.10) we obtain

¢+ Raf'(0)
p(mftfl)/2

B, =0 (mod p).

The second formula of Theorem 1.1(iii) now follows from (7.12) and the
standard formula for a quadratic Gauss sum.

8. Mixed exponential sums with p = 2. The prime p = 2 requires
special attention because there is no primitive root (mod 2") for m > 3. For
m > 3 the reduced residues (mod 2™) are of the form {£5% : 0 < k < 2m~1}
and a multiplicative character y (mod 2™) is determined by the relations

(8.1) X(5) = eam—2(c),  x(=1) = (=1)"

for some integer ¢ with 1 < ¢ < 2™ 2 and x = 0 or 1. Let f be a polynomial
with integer coefficients and dy(f) > 1, and set

t =ords(f), t; =orda(Xf(X)+c).

The critical point congruence associated with the sum S(x, f,2™) is just
27 (zf"(x)+c) =0 (mod 2). The only allowable critical point is the residue
class 1 and it is a critical point if and only if ¢ = ¢; and f/(1) = ¢ (mod 2!1),

THEOREM 8.1. Suppose that m > t1 + 3, f is a polynomial over Z and
X s a multiplicative character (mod 2™) satisfying (8.1). Then:

(i) If 1 is not a critical point then S(x, f,2™) = 0.

(i) If 1 is a critical point of multiplicity v > 1 then t =t; and
(8.2) |S(X7 1, 2m)| < 2y2t/(u+1)2m(1—1/(y+1))‘
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Proof. Let k = j2m %=3 + [ with j running from 1 to 2:+! and [
running from 1 to 2™~ ~3. Now

5% =511+ 22)72" " = 511 + 2 15) (mod 2™ ),
and so by Lemma 3.2 and the fact that 2! | f/(X) we obtain, if m —¢; > 3,
FB*) = (5" + /(51572171 (mod 2™).
A similar relationship holds for f(—5%). Thus for m — t; > 3 we obtain
(8.3) SO f,2™) = 2T + x(=1)2 T,

where
om=— t1—3

(8.4) T, = S e<2nfl_2 + fé?)

c+f/(5')5'=0 (mod 2t111)

and
27n—t1 -3

T, = > e<2nfl_2 + f(;fl))

c—f'(—5')5!=0 (mod 2t1+1)

In particular, if 1 is not a critical point then S(x, f,2™) = 0, proving part
(i) of the theorem.

Suppose now that 1 is a critical point of multiplicity v. In particular,
t = t;. We note first that the upper bound in (8.2) is trivial if m—t < 3(v+1)
and thus we may assume that m —¢t > 3v+4 > 7.

We focus our attention on estimating 77, the estimate for T5 being anal-
ogous. We can write

2m7t73

(8.5) 11 = eam (f(1)) Z eam (F1(1)),

=1

where
(8.6) Fi(l) == 4cl + f(54) — f(1).
Let log(1 4 4u) be the 2-adic logarithm and R the 2-adic unit
- 1 _ e (_1)2'4—141'—1
R:=logh = ; B

Set

1
l= iR log(1 + 4u).
Then 5! = e* =1 4 4u, and as v runs through a complete set of residues
modulo any given power of 2, so does [ in Zy. Set Fy(u) = Fy(y) and

G(X):=2""RXf'(X)+ec),
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say f(X) =" ai(X —1)!, G(X) = 2%, bi(X — 1)". Then we have the
same relations as in (6.10) and (6.11), and we obtain

i—1 21+t ) z+14z

d
81 B = ST () o £ 3 CUTE

i=1 j=0 i=d+1

Let o, 7, go and ¢1 be as defined in Section 6 (right before Lemma 6.1).
Then the analogue of Lemma 6.1 we obtain here is

(8.8) o>t+3,
(8.9) o<2u+t+2—T,
(8.10) dy(g1) < (c+17—-1)/2—1<w.

It follows from (8.9) and our assumption that m —t > 3v 44 that m —o >
7 + 3. Then by (8.5), Theorem 2.1(iv) and (8.10) we obtain

2'm,7t73

2t+1|T1\:2t+1‘ 3 eon(Fa(u)| = 2772[S(ga, 27|
u=1

< 992,97/ (dx+1)g(m—0)(1-1/(da+1)
where da = d2(g1). Thus by (8.10) and (8.9) we have
2t+1]T1| < 120297/ (vt 1) g(m—0)(1-1/(v+1))
_ olo—2v—247)/(r+1) gm(1—1/(v+1))
< 12t/ (D) gm(=1/(w 1)),

The same upper bound holds for |T3| and so by (8.3) we obtain the inequality
n(8.2). m

9. Extremal examples

ExXaMPLE 9.1. In this example we give a class of polynomials for which
the exponent m(1 — 1/d) in the upper bound for pure exponential sums is
sharp. Let d > 2 be a positive integer, p a prime, a an integer with p{a and
h(X) be any polynomial over Z. Set § = ord,(d). Suppose that either p is
odd or that p = 2 and d # 2,4. Then for any m with d|m we have
(9.1) S(aX®+ p" P XIh(X), pm) = pm D,

For the case p =2 and d = 2 or 4 we note that
S(X2,2%) =2(1414), S(X* 2% =231+ ¢(1/16)).

Proof. Suppose that p is odd. The proof is by induction on m starting

with m = d. Let f(X) = aX? + p*"1X9h(X) and t = t(f) = ord,(f').

Then it is easy to see that ¢ = § and so the critical point congruence is just

P~ f(@) = 12" = 0 (mod p),
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where a; = p~°da. Thus there is a single critical point, a = 0, of multiplicity
d—1, and so it follows from the recursion relationship (4.2) that if m > §+2
then

S(f,p™) =p""1S(g, 0™ ),
where o = ord,(f(pY)) = d and

g(Y) =p 7 f(pY) = aY* + p’ 'Y h(pY).

Now when m = d, we have m—o = 0 and so S(f,p™) =p
provided that d > d+ 2. Since p is odd and d > 2 the latter condition always
holds. If m > d and d|m then we observe that the polynomial g is of the
same type as f and so by the induction assumption we have

S(f,pm) — pdfls(g’pmfd) _ pdflp(mfd)(lfl/d) _ pm(lfl/d)'

When p = 2 the same argument works only this time we need d > §+3 in
order to apply the recursion relationship. This condition holds unless d = 2
or4d. m

d=1 _ d(1-1/d)

EXAMPLE 9.2. In this example we show that the exponent m(1-1/(d+1))
in the upper bound for mixed exponential sums is best possible. Let d > 1
be a fixed positive integer, L the least common multiple of the integers from
1 to d, and define f(X) € Z[X] by

i=1
Let p be a prime with p > d + 2, m a positive integer with d + 1|m, and
X be any multiplicative character (mod p™) such that ¢ = ¢(x,a) = RL
(mod p™~1), where R is as defined in (6.5). There are p — 1 such characters
X, all of them primitive. Then

(9.2) S(x, f,p™) = pm- /@),
Proof. We have

d
(9.3)  G(X):=RXf(X)+c= C(X S (1IX -1 1)

=¢(1—X)?% (mod p™~1),
and so there is a single critical point a = 1 of multiplicity d. From (6.9) we
see that for 1 < i < d the coefficient of U* in F5(U) is
(R(=1)'L + (=1)"e)p'(Ri)~! =0 (mod p™).
Thus
I Vi m
Fy(U) Lizzd;tl ——U" (mod p™).
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Since p > d + 2 we see that o := ord,(F,(U)) = d + 1, and that
9ga(U) :== p  Fo(U) = (-1)L(d + YU + pUHLh(U) (mod p™—94-1),

for some polynomial h,(U) with integer coefficients. Here, d + 1 is the in-
verse of d + 1 (mod p™). We observe that g, (U) is a polynomial of the
type considered in Example 9.1, and thus from Proposition 6.1 and (9.1) we
obtain, if d 4+ 1|m,

SOGF0™) = x(Wepn (F)P* D epn-a—i(ga(u))
u=0

— plp(m—d=D(-1/(d+1) _ ;m(1-1/(d+1) o
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