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Topology of families of affine plane curves

by HA Huy Vur (Hanoi) and PHAM TIEN SoN (Dalat)

Abstract. We determine bifurcation sets of families of affine curves and study the
topology of such families.

1.Introduction. Let f,(z,y) be a family of polynomials of two complex
variables (z,y) € C? whose coefficients are polynomial functions of o € C™.
We consider the family of affine curves {(z,y) € C? | fo(x,y) = 0}.

In this paper, we first determine the bifurcation set By, i.e., the smallest
set of parameters o such that the family is equisingular outside this set.
Then applying this result, we introduce the notions of semi-cycles vanishing
at infinity and study the topology of the family. Finally, we show that our
results imply some well-known facts on the topology of polynomial functions

([21, 31, [6], [7])-

2. Bifurcation set of families of affine plane curves. Let f,(z,y) :=
P(x,y,«a), a € C", be a family of polynomials of two variables whose coef-
ficients are polynomials of c.

2.1. DEFINITION. The family of affine curves {(z,y) € C? | fu(z,y) = 0},
a € C", is said to be equisingular outside a set B C C" if for all o® ¢ B
there exist a neighborhood Uyo of a® and a diffeomorphism h such that the
diagram

{(.Z‘,y) ‘ foco(xly) = 0} X Ugo 4h>{(x’y’ Oé) ’ fa(1:7yj = 0} ﬂﬂ'_l(Uao)
U0 id Upo

is commutative, where 7 is the second projection.
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Let By be the smallest set of parameters a such that the family
{fa(z,y)=0} is equisingular ouside By. We call By the bifurcation set of
the family.

2.2. The following assumptions will be needed throughout the paper:

e deg(fo) = deg,(fo) = d = const;
e the curves {f,(x,y) = 0} are all reduced.

Let [ be the linear function defined by l(x,y) = x. By assumption, the

restriction map
lo: [1(0) = C,  (2,9) =z,

is proper for each a € C™.

Let 0(z, o) := discy(fa(z,y)) be the discriminant of f, with respect to y.
Then we may write

§(z,0) = qr(a)z® + qgr_1(a)z™ 1 + ...
where ¢;(a), i =0, ..., k, are polynomials of a. Put
By :={a| gx(a) = 0}.
Denote by C¢(f,) the set of critical values of f,.
2.3. THEOREM. Assume that 0 & Cy(fo) for generic a. Then the bi-

furcation set of the family of affine curves {fo(z,y) = 0} is precisely the
set

B={a]0€CH(fa)}U Bw.

Proof. We first prove that the family of affine curves {f,(z,y) = 0} is
equisingular outside B. For each polynomial f,, define

grad fo, := (0fa/02,0f0/0y).

Assume that o’ ¢ B. Let Uyo := {a€C" | ||a — a®|| < §} so that C"\ B
contains the closure of U,o.

By the definition of B, gqi(a) # 0 for all & € U,o; hence there exists
¢o > 0 such that if a € Uyo, then §(z, ) # 0 on the set {x € C | |z| > ¢o}.
By the properties of resultants, the system of equations

{fa(xay) =0,
dfa/0y =0,

has no solution on the set {(z,y) € C? | |z| > ¢o} for any fixed o € Upo.
Thus

(1) Ofa/0y #0 for all (z,y,a) € Voo U L2,
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where
Voo :={(2,9,0) € C* x C" | fa(z,y) =0, a € Uyo, || > co}
and {2 is an open neighborhood of the set
{(z,y,a) € C* x C" | fu(z,y) =0, a € Upo, |z| =co}.
On the other hand, by the definition of U,o, one has
(2)  grad f, #0 for all (z,y,a) € C? x Uyo with fo(z,9) =0, |2| < co.

From (1) and (2) we conclude that there exist smooth vector fields

g (z,y,a) = (& (2,y,a),&(z,y,a)),
W (z,y, @) = (] (z,y,0),m(z,y,a)), j=1,...,n,
such that
] 8fa
(¢ (2,9, ), grad fo(z,y)) + w(x,y) =0,
J

®) | o
<77] (mvyv a)vgrad fa(SU, y)) + m@fj('@ y) =0,

J

on the set X := {(z,y,a) € C*> x C" | fa(z,y) =0, a € Uy}, and

{f{(m,y,a) =0,

4 .
( ) 77{(11371/,@):0,

for all (z,y,a) € Vo U £2. (We can construct such vector fields locally and
then extend them over X by a smooth partition of unity.)

To shorten notation, we write ¢/ = (0,...,0,1,0,...,0) with 1 in the jth
place.

j=1,...,n, be solutions of the system
D — g a(r), (7). (),
5 W) — (a(r),y(r), alr),
da(T) _
dT . ’ . .
z(0) =27, y(0) =9/, a(0)=ca,

and I (w01, B9, 7) = (W] (I, 07, B9, 7), (w0, BT, T), Bud 07, 37, 7)),

j=1,...,n, be solutions of the system
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() — (), o), 5(7)),
dv(t)
(6) 7 = m(u(7),v(r), B(7)),

w(0) =v, v(0)=127, B0)=7p,
where (27,7, a7), (u/,v7, 37) € X. We conclude from (3) and (5) that

POyl 0P, <~ OP O
iP(%Dj(acj,yj,oﬂ,T)) 02%1 2007 > o

dr T Oz or oy o1 ' £ day, 07
_0Pdy  OPOg P day
dx or  dy Ot  Oa; Ot ’
hence that
P(@{(xj,yj,aj,T)jgojé(xj,yj,aj?T),ejT—l—aj) =0.
Further, it follows from (4) and (5) that
E’@{(xjuy]7a]77_>‘2: E@Ojl(xjay]7a377_)79031(xj7y]7ajv7—)>
dpl (i 0, ) .
=< il - ),w{(m’,zﬂ,a’ﬁ)
S d(pj(xj Yol T)
Vi 7 Vi 7 1 9 9 )
+ <g01(q’. 7y ,Oé 77_>7 dT
hence
(7) ! (27,47, 07, 7)| = const  for each (27,17, 07) € V.
Analogously,

P (w o7, 37, 7). 03w’ o 7, 7), V=T elT + 37) = 0;
moreover,
(8) [? (u?, 07, 37, 7)| = const  for each (u?,v7, %) € Vyo.
Since deg(fo) = deg,(fa) = d = const, the restriction map
o A@y) | falz,y) =0, a €Us} = C,  (z,y) — z,

is proper. In addition, it is clear from (7) and (8) that the solutions
oI (z7, 7,0l 1) and I (u?,v7,57,7), j = 1,...,n, can be extended over
their maximal intervals.
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Now define

h:{(@,y) | fao(z,y) = 0} X Uno — {(2,y,0) | fa(z,y) =0} N7~  (Uyo)

by
h(z,y,a) =™ (0" (... (W (¢ (2,y,a°,Rea; —Real),Ima; —Ima?l), ...,
Rea, —Read), Ima, —Imal)

for (z,y) € f;ol(O) and a € U,o. We can easily check that the map h is
a diffeomorphism, and that 7 o h(z,y,a) = m(z,y,a) = a. This gives a
trivialization of the fibration over the set Ugo.

We next prove that the set B is smallest. By contradiction, assume that
for some o € B there exist a neighborhood U,o of a and a diffeomorphism

h: {(l‘,y) | fa0($,y) = 0} X Ugo — {(a:,y,a) | fa($ay) = O} mﬂ-il(Ua )
Consider the following two cases:
CASE1: 0€C¢(fq0). Since his a diffeomorphism of {(z,y) | fao(z,y)=0}

X Uyo onto {(z,y,a) | fa(z,y) =0} N7 1 (Uyo), it follows that 0 € Cy(fa)
for all € U,o, a contradiction.

CASE 2: a® € B.. In this case, the next lemma is needed.

2.4. LEMMA. Let F be a polynomial of two complex variables such that

the restriction map l|y,V := F~1(0), is proper where
1:C* = C, (z,y)+— .
Suppose that the curve V is reduced. Then
X(F~1(0)) = d — degdisc, F(x,y).

Proof. Let g, 8 =1,...,p, be the critical values of I|y and (xg,yg),
j = 1,...,ig, be the corresponding critical points of {|;; with multiplicity
15, We may write

disc, F(z,y) = a(z —x1)" -+ (x — xp) 77,

where a # 0 and 3 = Z;‘;llé, B=1,...,p.

Take z. € C\{z1,...,2p}. Thenl|;,'(2.) consists of d := deg(F) distinct
points. In the z-plane, we consider a system of paths T1,...,7T}, connecting
Z1,...,Tp to x, such that

(i) no path Tj has self-intersection points;
(i) 75N Ty = {xe} (0 # j)-

Put
P

S(V) = z\;l(Un).

i=1
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Then S(V) is a union of 1-dimensional curves. Let S(V) be the set of
gll curves .in S(V) \ l|y' (z.) which contain a point of X := {(zp,93) |
j=1,...,ig, f=1,...,p}.

Since JI_, T; is a deformation retract of C and the restriction map

Iy : F7H0)\ X — C\ {z1,..., 2}, (2,9) —

is a locally trivial fibration, it follows that S(V') is a deformation retract
of V.
It is not hard to see that

S(V):=8(V)Ully (z)
is a deformation retract of g(V) and also of V = F~1(0). (The set S(V) is
called the skeleton of the curve V' (]2]).) Hence,
X(ETH0) = x(S(V)).
The set S(V) can be identified with a 1-dimensional graph of d + 377 _, s
vertices and Y 5_; Y7, (I + 1) edges. Thus,

P p s
XSV = (d+D i) =D D (B +1)
B=1 B=1j=1
p g P
=d=> > l=d=) %
p=1j=1 =1
= d — degdisc, F(z,y).
We now return to Case 2.
For each @ € C", let k(o) := max{j € {0,...,k} | ¢gj(a) # 0}. By
Lemma 2.4, we conclude that x(f1(0))=d — k(a). Since a’ € B, =g;,*(0)
and « ¢ By, for generic «, one gets

X(f31(0) = d —k < x(f5'(0)),
a contradiction, which ends the proof of Theorem 2.3. m

2.5. REMARK. From the construction of B, it is reasonable to call each
a® € By, a bifurcation value corresponding to the singularity at infinity of
the family {f,(x,y) = 0}.

3. Topology of families of affine plane curves. From now on, we
assume that the curves {f, = 0} are smooth for generic a.

Consider the family of affine curves {f, = 0}. By Lemma 2.4, x(f5(0))
= d— k(«). On the other hand, by the definition of the set B, we see that
a® € By iff k(a®) < k = k() for generic a. Hence x(f51(0)) < x(f.0 (0))
for generic a.
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Thus we can reformulate Theorem 2.3 as follows.

3.1. THEOREM. o' € C" is a bifurcation value of the family of affine
curves { fo(x,y) = 0} if and only if either

(i) the curve {(z,y) | fao(x,y) = 0} is singular, or
(i) X(fa1(0) < x(fr0' (0)) for generic .

3.2. REMARK. In the general case, it is not sufficient to use the group
H1(f;1(0)) to distinguish the generic curve from the special curve. For
example, consider the family of polynomials fo(z,y) = v + 2y + vy — a,
a € C. Then By = {0} and rank H,(f;'(0)) = rank H,(f; *(0)) = 1.

There is no loss of generality in assuming that the map [, = x is simple
for each a near a given a° (I, is said to be simple iff I;!(z) consists of d — 1
distinguished points for every critical value x of l,). Then the number of
singular points of [, is exactly k(«). Let

(z1(a), g1 (@), (zr(e), yr(@))

be the critical points of the map l,, a € Bs. Now we use the notations as
in the proof of Lemma 2.4. Suppose that x, € C is a common regular value
of 40 and I, for all @ near o® and let e;(a) := I;1(T) N S(f,1(0)), j =
1,...,k, be the cycles of the group Hy(f;*(0),1;'(x.)) corresponding to the
singular points (z;(c),y;(a)). These elements define a basis of the group
Hi(f;1(0),1; (x4)). By definition, a® € By, iff there exist critical points
(z;(),yj(a)) of I, such that ||(x;(a),y;(a))]| — 0o as a — al. Moreover,
since the map [, is simple, the number of singular points of [, tending to
infinity as o — o is r := k — k(a®). Therefore, we may assume without
loss of generality that such critical points are

(561(04), yl(a))’ tee (337"(0‘)7?/7*(0‘))‘

3.3. DEFINITION. We call ej(«), j =1,...,r, the semi-cycles vanishing

at infinity as a — .

From Theorem 3.1 and the above definition we easily obtain the follow-
ing.

3.4. THEOREM. oY is a bifurcation value of the family of affine curves
{fa(z,y) =0} if and only if either

(i) the curve {(z,y) | fao(x,y) = 0} is singular, or

(ii) there exist semi-cycles e;() vanishing at infinity as « — o. The

number of such semi-cycles is exactly k — k(a?).

3.5. REMARK. The number of semi-cycles e;(«) vanishing at infinity can
be given in other ways as follows.
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(i) Let (F,G) be the intersection number of two curves {F = 0} and
{G = 0}. Then
X(fr0 (0)) = x(£51(0)) = k — k(a?)
= (fa: 0fa/0y) = (fa0,0fa0 [0Y)
= dimc Clz, y]/(fa, 0fa/0y)
— dime Clz, y/(fao, 8 fa0 /0y)-

(ii) In CP? we consider the family of curves
Io={(z:y:2) | 2" fa(/2,y/2) = 0}.

Clearly, I, is the compactification of I, := f71(0). In addition, we assume
that the homogeneous part of degree d of f, does not depend on a. Then
the curves I, intersect the line z = 0 at the same points A1, ..., A, for any
a. Let pa,(I,) be the Milnor number of the germ of the analytic curve I,
at A;. By arguments of [3], we can show that

k= k(a®) = x(f:1(0)) = x(f5'(0))
= Z[MAi(faO) - HAa,; (fa)]

Next, we describe the change in the homotopy type of the curve
{fa(z,y) =0} as a — o, a® € B.

3.6. DEFINITION. An operation of attaching a 1-dimensional cell to an
affine curve V is a map

o:1:=[0,1] —C?
such that

(i) (1) is diffeomorphic to I;
(if) (1) NV = {(0), (1)}
The set V! =V U p(I) is called V' with a 1-cell attached.

3.7. THEOREM. Let o be a bifurcation value corresponding to the
singularity at infinity of the family {fo(x,y) = 0} such that the curve
{fao(z,y) = 0} is smooth. Then a generic curve f;(0) may be obtained
from f;ol(()), up to homotopy type, by attaching exactly k — k(a®) 1-dimen-
stonal cells.

Proof. Let S(f;%(0)) (resp. S(f(0))) be the skeleton of the affine
plane curve {f,(z,y) = 0} (resp. {fao(z,y) = 0}) as in the proof of
Lemma 2.4. According to the construction of skeletons, the set S(f;1(0))
(resp. S(fgol(O))) is a graph with d + k (resp. d + k(a®)) vertices and 2k
(resp. 2k(aV)) edges.
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Furthermore, S(f(;ol (0)) is obtained from S(f;1(0)) by deleting k—k(a®)
vertices (zg(a),yp(a)), B=1,...,r, and k—k(aP) pairs of edges. These pairs
of edges connect a point (zg(a),ys(a)) tending to infinity to two distinct
points in 5 !(z.). In other words, the set S(f51(0)) is S(f5 (0)) with &k —
k(a) 1-cells attached.

On the other hand, the graph S(f;'(0)) (resp. S(f3,'(0))) is a deforma-

tion retract of the curve f;(0) (resp. f3.'(0)). This proves the theorem. m
3.8. COROLLARY. If o is a bifurcation value at infinity of the family

of curves {fo = 0}, then the number of connected components of the curve
f;ol(()) is greater than or equal to the one for f,1(0).

Moreover, we can describe a change mechanism of the number of con-
nected components when passing from the general curves f,1(0) to the
special curve f;ol (0). For that, we need:

3.9. DEFINITION. A subgraph B(a) of the graph S(f,1(0)) is said to
be a block vanishing at infinity as a — o if the following four conditions
are satisfied.

(i) B(«) is connected;

(ii) each vertex of B(a) either belongs to I;!(x,) or tends to infinity as
a—aY

(iii) the number of connected components of S(f;1(0)) is different from
that of S(f;1(0))\ B(«);

(iv) B(«) is minimal in the sense that there exists no subgraph B'(«) 2
B(a) of S(f;1(0)) satisfying (i)—(iii).

Let v(a) be the number of blocks vanishing at infinity as o — o, and
let by(cr) and bg(a) be the numbers of connected components of f;1(0) and
fojol(()), respectively. By Theorem 3.7, we obtain the following.

3.10. THEOREM. by(a®) — bg(a) = v(a?).

0

4. Corollaries

4.1. We begin by recalling some facts on the topology of polynomials of
two variables.

Let F : C? — C be a polynomial function. It is well known that there
exists a finite set C(F) C C, called the bifurcation set of F, such that the
restriction

F:C*\F7YC(F)) - C\ C(F)
is a locally trivial C*°-fibration (see, for example, [5], [6], [7], [3])-

We say that a value tg € C is regular at infinity if there exist a small
d > 0 and a compact K C C? such that the restriction
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F:F Y Ds)\ K — Ds, Ds:={t]|t—to] <6},

is a trivial C*°-fibration ([4]).

If ¢y is not regular at infinity, it is called a critical value at infinity of F.
Denote by Coo (F') the set of critical values at infinity of F. It is known ([3])
that C(F) = C¢(F) U Coo(F).

Let F be a polynomial with isolated critical points only. Denote by u(F')
the fibre Milnor number of F' at c.

Let fo(z,y) := F(z,y) — a, a € C. Using the notation of Remark 3.5,
we put

A(F) = [na (L) = pa, (Do)
i=1
for o’ € C and generic a.
Now, let us mention an important consequence of the above results.

4.2. COROLLARY. The following statements are equivalent.
(1) ol e Bf;
(i) 0 € C(fao);
(i) 10(fa0) + XO(fa0) > 0.
Proof. We first show that
(9) B ={a|0€ Cx(fa)}
In fact, let Az, o, t) := discy(fa(x,y) —t). Then we may write
Az, 0,t) = Quu(ay (0, )™ + Qpyay—1 (@, t)z™ @71
According to [1],
On the other hand, since 0 € C(fo) for generic «,
Qm(a) (Oé, 0) 7_é 0.
Furthermore, because §(z, o) = A(zx, «,0), we have
Qm(a)(@,0) = qx(a) and m(a) = k.
Therefore,
Boo ={a|q(a) =0} = {a | Qua)(a,0) =0} ={a |0 € Csc(fa)}-
We now prove the theorem. By [1], t° € Coo(fy) iff
(10) A (fa) > 0.

By (9), (10) and the definition of By, one has By = {a | 0 € C(fa)},
from which the assertion easily follows. m

In a special case, the following corollary is well known.
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4.3. COROLLARY ([3], [6]). Suppose that F € Clz,y] is a polynomial of
two complex variables. Then o € C(F) if and only if either

(i) a® is a singular value of F, or
(i) x(F~ ) < x(F~1(a®)) for generic a.

Proof. Let fo(x,y) := F(x,y) —a, a € C. Then the conclusion follows
from Theorem 3.1 and Corollary 4.2. =

4.4. REMARK. Let f,(x,y)=F(z,y)—a. Then the results of §3 also give
us the corresponding results of [2] on the semi-cycles vanishing at infinity
and on the construction of the homotopy type of the generic fiber for a
global Milnor fibration.
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