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Properties of the Sobolev space H
s,s′

k

by Henryk Ko lakowski (Warszawa)

Abstract. Let n ≥ 2 and Hs,s
′

k = {u ∈ S′(Rn) : ‖u‖s,s′ <∞}, where

‖u‖2s,s′ = (2π)−n
\

(1 + |ξ|2)s(1 + |ξ′|2)s
′

|Fu(ξ)|2 dξ,

Fu(ξ) =
T
e−ixξu(x) dx, ξ′ ∈ R

k, k < n. We prove that for some s, s′ the space Hs,s
′

k is
a multiplicative algebra.

Let n ≥ 2 and Hs,s′

k = {u ∈ S′(Rn) : ‖u‖s,s′ <∞}, where

‖u‖2
s,s′ = (2π)−n

\
(1 + |ξ|2)s(1 + |ξ′|2)s′

|Fu(ξ)|2 dξ,

û(ξ) = Fu(ξ) =
T
e−ixξu(x) dx, ξ′ = (ξ1, . . . , ξk), k < n. Below we write

Hs,s′

instead of Hs,s′

k .

This note contains the proof of the following theorem:

If s > (n− k)/2, s + s′ > n/2 and s + 2s′ > (n− k)/2, then the space

Hs,s′

is a multiplicative algebra over C.

A large part of calculations is similar of those of M. Sable-Tougeron [1]
for k = n− 1.

We expect that the above theorem will be an effective tool for further
research of the properties of solutions to nonlinear elliptic equations with
boundary value conditions on submanifolds of arbitrary codimension (for
linear equations see [2]).

Let ξ = (ξ′, ξ′′), ξ′′ = (ξk+1, . . . , ξn), |ξ| = (ξ21+. . .+ξ2n)1/2, φ ∈ C∞
0 (Rn),

φ(ξ) =

{
1 for |ξ| ≤ 1/2,
0 for |ξ| ≥ 1,

φ(ξ) = φ(|ξ|) ≥ 0, φ′(ξ′) = φ(ξ′, 0), and u ∈ S′(Rn). For p, p′ ∈ N we define
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the operators Sp and Sp′ by

F (Spu)(ξ) = φ(2−pξ)Fu(ξ), F (S′
p′u)(ξ) = φ′(2−p′

ξ′)Fu(ξ).

We use the following notations:

Spp′ = Sp ◦ Sp′ ,

∆p = Sp+1 − Sp,

∆p′ = S′
p′+1 − S′

p′

∆pp′ = ∆p ◦∆
′
p′ .

It is easy to see that

F (∆pu)(ξ) = ψ(2−pξ)Fu(ξ), F (∆′
p′u)(ξ) = ψ′(2−p′

ξ′)Fu(ξ),

where

ψ(ξ) = φ(ξ/2) − φ(ξ), ψ′(ξ′) = ψ(ξ′, 0).

Of course

φ(ξ) + [φ(ξ/2) − φ(ξ)] + [φ(ξ/4) − φ(ξ/2)] + . . . = φ(ξ) +
∑

p≥0

ψ(2−pξ) = 1.

Similarly

φ′(ξ′) +
∑

p′≥0

ψ′(2−p′

ξ′) = 1.

The following formula (the Littlewood double decomposition) is true:

u = S00u+ S0∆
′
0u+

∑

p≥0

∆pS
′
0u+

∑

p,p′≥0

∆pp′u.

Indeed,

Fu =
(
φ(ξ)φ′(ξ′) + φ(ξ)ψ′(ξ′)

+
∑

p≥0

ψ(2−pξ)φ′(ξ′) +
∑

p,p′≥0

ψ(2−pξ)ψ′(2−p′

ξ′)
)
Fu

=
(
φ(ξ) +

∑

p≥0

ψ(2−pξ)
)(
φ′(ξ′) +

∑

p′≥0

ψ′(2−p′

ξ′)
)
Fu.

Remark. We have
∑

p′≥0

φ(ξ)ψ′(2−p′

ξ′) = φ(ξ)ψ(ξ′).

In the component
∑

p,p′≥0 ψ(2−pξ)ψ′(2−p′

ξ′) only elements with p′ ≥ p+ 1
are important. Moreover S00 + S0∆

′
0 = S01.

Theorem 1 (Characterization of the space Hs,s′

). A function u belongs

to Hs,s′

if and only if

(1) ‖S01u‖
2
0 +

∑

p≥0

4ps‖∆pS
′
0u‖

2 +
∑

p,p′≥0

4ps+p′s′

‖∆pp′u‖2
0 <∞.
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P r o o f. Let u ∈ Hs,s′

. Denote by κr and κφ the characteristic functions
of suppψ(2−r ·) and suppφ respectively. On suppψ(2−r ·) we have 2r ≈ |ξ|.
It is easy to see that

φ2(ξ)φ′2(ξ′/2)

+
∑

p≥0

4psψ2(2−pξ)φ′2(ξ′) +
∑

p,p′≥0

4ps+p′s′

ψ2(2−pξ)φ′2(2−p′

ξ′)

≤ c1

(
κφ(ξ) +

∑

p≥0

κp(ξ)(|ξ|
2)s +

∑

p,p′≥0

κp(ξ)κp′(ξ′)(|ξ|2)s(|ξ′|2)s′

)

≤ c2

(
1 +

∑

p≥0

κp(ξ)(|ξ|
2)s

)(
1 +

∑

p′≥0

κp′(ξ′)(|ξ′|2)s′

)

≤ c(1 + |ξ|2)s(1 + |ξ′|2)s′

.

Multiplying by |û(ξ)|2 and integrating with respect to ξ we get inequality (1).

The second part of the proof is contained in the following lemmas.

Lemma 1. If {upp′}p,p′≥0 ⊂ L2, suppFupp′ is in the 2-ring

{γ−12p+q ≤ |ξ| ≤ γ2p+q ; γ−12p′+q′

≤ |ξ′| ≤ γ2p′+q′

}

with γ >, q, q′ ≥ 0, and
∑

p,p′≥0 4ps+p′s′

‖upp′‖2
0 <∞, then u =

∑
p,p′≥0 upp′

belongs to Hs,s′

, and

‖u‖s,s′ ≤ C
( ∑

p,p′≥0

4(p+q)s+(p′+q′)s′

‖upp′‖2
0

)1/2

,

where C depends only on γ, s and s′.

Lemma 2. If {up}p≥0 ⊂ L2, suppFup is in the set

Ω = {γ−12p ≤ |ξ| ≤ γ2p; |ξ′| ≤ γ′}

with constants γ > 1, γ′ > 0 and
∑

p≥0 4ps‖up‖
2
0 <∞, then u =

∑
p≥0 up ∈

Hs,∞ =
⋂

s′∈R
Hs,s′

, and

‖u‖s,s′ ≤ C
{ ∑

p≥0

4ps‖up‖
2
0

}1/2

,

where the constant C depends only on γ, γ′, s and s′. If additionally s > 0,
then instead of Ω one can take the set {|ξ| ≤ γ2p; |ξ′| ≤ γ′}.

P r o o f. Observe that for fixed ξ, Fupp′ (ξ) 6= 0 and Fup(ξ) 6= 0 only for
a finite number of functions, and that the number depends only on γ and γ′.
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Hence, there exists a constant C = C(γ, γ′) such that

∀ξ ∈ R
n

∣∣∣
∑

p,p′≥0

Fupp′(ξ)
∣∣∣
2

≤ C
∑

p,p′≥0

|Fupp′ (ξ)|2 (for Lemma 1),

∣∣∣
∑

p≥0

Fup(ξ)
∣∣∣
2

≤ C
∑

p≥0

|Fup(ξ)|
2 (for Lemma 2).

Multiplying by (1 + |ξ|2)s(1 + |ξ′|2)s′

and integrating over R
n we get the

assertion of the two lemmas.
For the 2-ball {|ξ| ≤ γ2p; |ξ′| ≤ γ′} we write

Fu =
(
φ(ξ) +

∑

r≥0

ψ(2−rξ)
) ∑

p≥0

Fup.

This means that u = S0

∑
p≥0 up +

∑
r≥0∆r

∑
r≤p+N up with a suitable N .

According to assumption 2ps‖up‖0 ≤ ηp,
∑

p≥0 η
2
p <∞. We have

∥∥∥∆r

∑

r≤p+N

up

∥∥∥
0
≤

∑

r≤p+N

2−psηp ≤ c2−rsηr,

where the constant c does not depend on r, s, hence u ∈ Hs,s′

.

For s or s′ positive one can prove the following statements:

Lemma 3. If s > 0, {upp′}p,p′≥0 ⊂ L2,

suppFupp′ ⊂ {|ξ| ≤ γ2p; γ−12p′+q′

≤ |ξ′| ≤ γ2p′+q′

}

with γ > 1, q′ ≥ 0, and
∑

p,p′≥0 4ps+p′s′

‖upp′‖2
0 <∞, then u =

∑
p,p′≥0 upp′

∈ Hs,s′

, and

‖u‖s,s′ ≤ C
( ∑

p,p′≥0

4ps+(p′+q′)s′

‖upp′‖2
0

)1/2

,

where C depends only on γ, s and s′.

Lemma 4. If s′ > 0, {upp′}p,p′≥0 ⊂ L2,

suppFupp′ ⊂ {γ−12p+q ≤ |ξ| ≤ γ2p+q ; |ξ′| ≤ γ2p′

}

with γ > 1, q ≥ 0, and
∑

p,p′≥0 4ps+p′s′

‖upp′‖2
0 < ∞, then u =

∑
p,p′≥0 upp′

∈ Hs,s′

, and

‖u‖s,s′ ≤ C
( ∑

p,p′≥0

4(p+q)s+p′s′

‖upp′‖2
0

)1/2

,

where C depends only on γ, s and s′.

Lemma 5. If s > 0, s′ > 0, {upp′}p,p′≥0 ⊂ L2,

suppFup,p′ ⊂ {|ξ| ≤ γ2p; |ξ′| ≤ γ2p′

}
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with γ > 1, and
∑

p,p′≥0 4ps+p′s′

‖upp′‖2
0 < ∞, then u =

∑
p,p′≥0 upp′ ∈

Hs,s′

, and

‖u‖s,s′ ≤ C
( ∑

p,p′≥0

4ps+p′s′

‖upp′‖2
0

)1/2

,

where C depends only on γ, s and s′.

Proof of Lemma 3. According to the assumption about Fupp′ we can
write vrp′ = ∆r

∑
r≤p+N upp′ , where r ≥ −1, ∆−1 = S0, and N does not

depend on γ. Let εpp′ = 2ps+p′s′

‖upp′‖0. We have

‖vrp′‖0 ≤ c
∑

r≤p+N

‖upp′‖0 ≤ c
∑

r≤p+N

2−ps−p′s′

εpp′

= c
∑

r≤p+N

2(r−p)sεpp′2−rs−p′s′

= c2−rs−p′s′

ηr+1,p′ ,

where

(2) ηr+1,p′ =
∑

r≤p+N

2(r−p)sεpp′ .

We know that
∑

p,p′≥0 4ps+p′s′

‖upp′‖2
0 <∞, s > 0. Applying the equality

ηr+1,p′ =
∑

r≤p+N

εpp′ =
∑

r≤p+N

2(r−p)s2ps+p′s′

‖upp′‖0

=
∑

r≤p+N

2rs+p′s′

‖upp′‖0

we can write {ηr,p′}r ∈ ℓ2(N), ‖{ηr,p′}r‖ℓ2(N) ≤ c‖{εpp′}p‖ℓ2(N), where c
depends only on N and s (see (2)). By Lemmas 1 and 2, we have u =∑

r≥−1, p′≥0 vrp′ ∈ Hs,s′

, and

‖u‖s,s′ ≤ C
(∑

r,p′

4rs+p′s′+q′s′−rs−p′s′

η2
r+1,p′

)1/2

= C
(∑

r,p′

4q′s′

η2
r+1,p′

)1/2

≤ C
(∑

p,p′

4ps+(p′+q′)s′

‖upp′‖2
0

)1/2

.

Proof of Lemma 4. The proof is similar to the proof of Lemma 3. This
time one has to study ∆′

r

∑′
p upp′ for r ≥ −1 with ∆′ = S′

0.

Proof of Lemma 5. We start with the term ∆r,r′

∑
p,p′ upp′ for r, r′ ≥ −1

and next we use Lemmas 1 and 2.
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Definition. We write u ∈ Cα(Rn), α ∈ (0, 1), if u is bounded and

|u(x+ y) − u(x)| ≤ C|y|α for |y| ≤ 1,

and we write u ∈ C1
∗ (Rn) if u is bounded and

|u(x+ y) + u(x− y) − 2u(x)| ≤ C|y| for |y| ≤ 1.

If ̺ > 1, ̺ = m+ α, where m ∈ N, α ∈ (0, 1), then the space C̺ is defined
to be {u ∈ Cα : ∀β ∈ N

n, |β| ≤ m, ∂βu ∈ Cα}. If ̺ = m+ 1 then instead of
C1 we take C1

∗ .

Now we prove that for suitable s, s′ and ̺ the space Hs,s′

is embedded
in C̺.

Theorem 2. If s > (n − k)/2, s+ s′ > n/2 and ̺ = min(s− (n− k)/2,
s + s′ − n/2) when s′ 6= k/2 and ̺ < s − (n− k)/2 when s′ = k/2, and

u ∈ Hs,s′

, then u ∈ C̺.

P r o o f. First we estimate |u(x+ y) − u(x)|:

|u(x+ y) − u(x)| ≤ (2π)−n
∣∣∣
\̂
u(ξ)eixξ(eiyξ − 1) dξ

∣∣∣

≤ C
(\

|û(ξ)|2(1 + |ξ|)2s(1 + |ξ′|)2s′

dξ
)1/2

×
(\

|eiyξ − 1|2(1 + |ξ|)−2s(1 + |ξ′|)−2s′

dξ
)1/2

.

Let |y| < 1. Then\
|eiyξ − 1|2(1 + |ξ|)−2s(1 + |ξ′|)−2s′

dξ

≤ C
( \

|ξ|≤|y|−1

|y|2|ξ|2(1 + |ξ|)−2s(1 + |ξ′|)−2s′

dξ

+
\

|ξ|≥|y|−1

(1 + |ξ|)−2s(1 + |ξ′|)−2s′

dξ
)

= A+B.

If we substitute ξ′′ = (1 + |ξ′|)n−kη, then dξ = (1 + |ξ′|)n−kdξ′dη, |ξ|2 =
|ξ′|2 + (1 + |ξ′|)2|η|2 ≤ (1 + |ξ′|2)(1 + |η|)2 and so

A ≤ c|y|2
(

1 +

|y|−1\
0

|y|−1\
0

rk−1tn−k−1 dr dt

(1 + r)2s+2s′−n+k−2(1 + t)2s−2

)

≤ C|y|2
(

1 +

|y|−1\
1

dr

r2s+2s′−n−1

|y|−1\
1

dt

t2s−n+k−1

)

≤ C|y|2(1 + (|y|2s+2s′−n−2 − 1)(|y|2s−n+k−2 − 1)),



Sobolev space H
s,s′

k 205

B ≤
\

|ξ′|>c|y|−1, |η|>c|y|−1

(1 + |ξ′|)n−k

(1 + |ξ′|)2s+2s′(1 + |η|)2s
dξ′ dη

≤ C

∞\
|y|−1

dr

r2s+2s′−n−1

∞\
|y|−1

dt

t2s−n+k+1
≤ c|y|2s+2s′−n|y|2s−(n−k).

Similarly we can write

|u(x+ y) + u(x− y) − 2u(x)|

≤ C‖u‖s,s′

(\
|cos xξ − 1|2(1 + |ξ|)−2s(1 + |ξ′|)−2s′

dξ
)1/2

.

Supposing that s > (n− k)/2, s + s′ > n/2 and ̺ = min(s − (n− k)/2,
s+ s′−n/2) if s′ 6= k/2 and ̺ < s− (n− k)/2 if s′ = k/2, we conclude that
u ∈ C̺.

Let now u ∈ C̺, ̺ ∈ (0, 1). As FS0u(ξ) = φ(ξ)Fu(ξ) = Φ ·Fu = F (Φ∗u)
we have

|S0u| = |Φ ∗ u| =
∣∣∣
\
u(x− t)Φ(t) dt

∣∣∣ ≤ ‖u‖L∞

\
|Φ(t)| dt <∞,

|∆pu(x)| = |u(t) ∗ [2n(p+1)Φ(2p+1t) − 2npΦ(2pt)](x)|

=
∣∣∣
\
(u(x− t/2p+1) − u(x− t/2p))Φ(t) dt

∣∣∣

≤
\|u(x− t/2p+1) − u(x− t/2p)|

(t/2p)̺2−̺
(t/2p)̺Φ(t)2−̺ dt ≤ C2−̺p,

FSpu = φ(2−pξ)Fu = F (2npΦ(2p·))Fu, Spu = 2npΦ(2p·) ∗ u,

|Spu| ≤ ‖u‖L∞

\
|Φ(t)| dt = c‖u‖L∞ .

From this one obtains |∆pp′u| ≤ C2−̺p, and similarly |∆pS
′
pu| ≤ C2−̺p.

Analogous calculations can be done for ̺ = 1.

Conclusion. If u ∈ C̺, then

‖∆pu‖L∞ ≤ C2−̺p, ‖S0u‖L∞ ≤ C,

‖∆pp′u‖L∞ ≤ C2−̺p and ‖∆pS
′
pu‖L∞ ≤ C2−̺p.(3)

Let u and v belong to Hs,s′

. Using the Littlewood double decomposition
one can write

uv = Π ′′
uv +Π ′′

v u

+
( ∑

p≥2, p′≥0

∆pS
′
p′+3u · Sp−2∆

′
pv +

∑

p≥2, p′≥0

Sp−2∆
′
p′u ·∆pS

′
p′+3v

)
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+
( ∑

q−2≤p≤q+2, p′≥2

∆pp′u ·∆qS
′
p′−2v

+
∑

q−2≤p≤q+2, p′≥2

∆pS
′
p′−2u ·∆qp′v

)

+
∑

q−2≤p≤q+2, q′−2<p′<q′+2

∆pp′u ·∆qq′v,

where Π ′′ denotes the 2-paramultiplication operator

Π ′′
uv =

∑

p,p′≥2

Sp−2,p′−2u ·∆pp′v.

Now we estimate the norms of each component of the expression for uv.

(i) w1 = Π ′′
v u. Every component in w1 has spectrum (i.e. support of the

Fourier transform) in {2p−2 ≤ |ξ| ≤ 9 · 2p−2; 2p′−2 ≤ |ξ′| ≤ 9 · 2p′−2} (we
use the fact that F (f · g) = Ff ∗ Fg, and supp f ∗ g ⊂ supp f + supp g).
According to the equality Sp−2,p′−2v =

∑
r′≤p∆r′−3Sp′−2v and (3),

‖Sp−2,p′−2v ·∆pp′u‖0 ≤ ‖Sp−2,p′−2v‖L∞‖∆pp′u‖0

≤ C‖∆pp′‖0 ≤ 2−ps−p′s′

εpp′

with {εpp′} ∈ ℓ2(N2). In the last inequality we have used Theorem 1. From

Lemma 1 it follows that w1 ∈ Hs,s′

.

(ii) w2 =
∑

q−2≤p≤q+2, p′≥2∆pp′u · ∆qS
′
p′−2v has five components

∑
p≥1, p′≥2∆pp′u·∆p+NS

′
p′−2v, each of them has spectrum {|ξ| ≤ γ2p; 2p′−2

≤ |ξ′| ≤ 9 · 2p′−2}, and

‖∆pp′u ·∆p+NS
′
p′−2v‖0 ≤ ‖∆pp′u‖0‖∆p+NS

′
p′−2v‖L∞ ≤ 2−p(s+̺)−p′s′

εpp′

with {εpp′} ∈ ℓ2(N2). Hence according to Lemma 3, w2 ∈ Hs+̺,s′

.

(iii) w3 =
∑

q−2≤p≤q+2, q′−2<p′<q′+2∆pp′u ·∆qq′v =
∑

q,q′≥−1 wqq′ . The

spectrum of wqq′ lies in the 2-ball {|ξ| ≤ γ · 2q ; |ξ′| ≤ γ · 2q′

}. As s > 0,
according to Lemma 2 we have

∑
q or q′=−1wqq′ ∈ Hs,∞. Here we have used

the fact that ‖S0∆qv‖L∞ ≤ c‖∆qv‖L∞ ≤ C. For q, q′ ≥ 0 we have

‖wqq′‖L1 ≤
( ∑

q−2≤p≤q+2, q′−1≤p′≤q′+2

‖∆pp′u‖0

)
‖∆qq′v‖0 ≤ 2−2qs−2q′s′

εqq′

with {εqq′} ∈ ℓ2(N2). The operator ∆′
k′ : L1 → L1 is bounded (with norm
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independent of k′), s > (n− k)/2 and q′ ≤ q + 1, hence for k′ ≥ −1,
∥∥∥∆′

k′

∑

q′≥0

wqq′

∥∥∥
L1

≤ C
∑

k′≤q′+N

‖wqq′‖L1 ≤ C
∑

k′≤q′+N

2−2qs−2q′s′

εqq′

≤ C(s, k, n) · 2−q(s+(n−k)/2)
∑

k′≤q′+N

2−q(s+2s′(n−k)/2)εqq′

with {εqq′} ∈ ℓ2(N2). If additionally s+ 2s′ − (n− k)/2 > 0, then
∥∥∥∆′

k′

∑

q′≥0

wqq′

∥∥∥
L1

≤ 2−q(s+(n−k)/2)−k′(s+2s′−(n−k)/2)εq,k′+1

with {εqk′} ∈ ℓ2(N2), and
∥∥∥∆′

k′

∑

q′≥0

wqq′

∥∥∥
0
≤ C · 2q(n−k)/2+k′k/2

∥∥∥∆′
k′

∑

q′≥0

wqq′

∥∥∥
L1

≤ 2−qs−k′(s+2s′−n/2)εq,k′+1

with {εqk′} ∈ ℓ2(N2). Here we have used the inequality k′ ≤ q′ + N, and

the equality F∆′
k′wqq′ = ψ′(2−k′

ξ′)Fwqq′ = ψ′(2−k′

ξ′)η(2−qξ′′)Fwqq′ where

η ∈ C∞
0 and η(2−qξ′′

) = 1 if ξ belongs to suppFwqq′ .
The above calculations and the lemmas yield

w3 =
∑

q≥0, k′≥−1

∆′
k′

∑

q′≥0

wqq′ ∈ Hs,s+2s′−n/2.

(iv) w4 =
∑

p≥2, p′≥0∆pS
′
p′+3u · Sp−2∆

′
p′v =

∑
wpp′ . Now suppFupp′

lies in the set {2p−2 ≤ |ξ| ≤ 9 · 2p−2, |ξ′| ≤ 5 · 2p′+1}. Let Fx′ denote the
Fourier transform with respect x′. Then

Fx′∆pS
′
p′+3u = φ′(2−p′−3ξ′)Fx′∆pu =

∑

q′≤p′+2

ψ′(2−q′

ξ′)Fx′∆pu

=
( ∑

q′≤p′+2

ψ′(2−q′

ξ′)
)( ∑

r′≤p′+2

ψ′(2−r′

ξ′)
)
Fx′∆pu

=
∑

q′≤p′+2, r′≤p′+2

ψ′(2−q′

ξ′′)Fx′∆pr′u.

Hence

|∆pS
′
p′+3u| ≤ C

∑

q′≤p′+2

2q′kψ′(2q′kx′) ∗ |∆pq′u|

≤ C
∑

q′≤p′+2

‖2q′kψ′(2q′kx′)‖L2

x
′

‖∆pp′u‖L2

x
′

≤ C
∑

q′≤p′+2

2q′k/2‖∆pp′u‖L2

x
′

,
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‖∆pS
′
p′+3u‖L2

x
′′

(L∞

x
′
) ≤ C

∑

q′≤p′+2

2q′k/2‖∆pq′u‖0,

and

‖∆pS
′
p′+3u‖L2

x
′′

(L∞

x
′
) ≤






2−ps−p′(s′−k/2)εpp′ if s′ < k/2,

2−ps+p′εεpp′ if s′ = k/2,
2−psεp if s′ > k/2,

with ε > 0, {εpp′} ∈ ℓ2(N2), and {εp} ∈ ℓ2(N).
Similarly (this time using the Fourier transform Fx′′) we get

‖Sp−2∆
′
p′v‖L∞

x
′′

(L2

x
′
)

≤
∑

q≤p−1, q≥p′−1

2−q(s−(n−k)/2)−p′s′

εqp′ ≤ 2−p′(s+s′−(n−k)/2)εp′

with {εp′} ∈ ℓ2(N). Hence

‖∆pS
′
p′+3u · Sp−2∆

′
p′v‖0 ≤ 2−ps−p′(s′+p)εpp′

with {εpp′} ∈ ℓ2(N2). According to our lemmas w4 ∈ Hs,s′+̺ if s′ + ̺ > 0.
For s+ ̺ < 0 (i.e. s′ < 0) we proceed a little differently:

‖∆pS
′
p′+3u · Sp−2∆

′
p′v‖L2

x
′′

(L1

x
′
) ≤ ‖∆pS

′
p′+3u‖0 · ‖Sp−2∆

′
p′v‖L∞

x
′′

(L2

x
′
)

≤ 2−ps−p′(s+2s′−(n−k)/2)εpp′

with {εpp′} ∈ ℓ2(N2). Since s+ 2s′ − (n− k)/2 > 0, for r′ ≥ −1 we have
∥∥∥∆′

r′

∑

p′

∆pS
′
p′+3u · Sp−2∆

′
p′v

∥∥∥
L2

x
′′

(L1

x
′
)
≤ 2−ps−r′(s+2s′−(n−k)/2)εp,r+1′ .

The operator ∆′
r′ : L2

x′′(L1
x′) → L2

x′′(L1
x′) is bounded (with norm indepen-

dent of r′).
Proceeding as before we get

∥∥∥∆′
r′

∑

p′

∆pS
′
p′+3u · Sp−2∆

′
p′v

∥∥∥
0
≤ 2−ps−r′(s+2s′−(n−k)/2)εp,r+1′

and

w4 =
∑

p,r′

∆′
r′

∑

p′

∆pS
′
p′+3u · Sp−2∆

′
p′v ∈ Hs,s+2s′−n/2.

Hence we have proved the following theorem:

Theorem 3. If s > (n− k)/2, s + s′ > n/2 and s + 2s′ > (n− k)/2,
then the space Hs,s′

is an algebra over C under pointwise multiplication.

Similarly to [1] we can also prove

Theorem 4. Let u ∈ Hs,s′

, s > (n− k)/2, s+ s′ > n/2. The operator

Π ′
u : Ht,t′ → Ht,t′ , −s < t ≤ s,
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is bounded with norm bounded by c‖u‖s,s′ . Moreover , the operator

Π ′
u −Π ′′

u : Ht,t′ → Ht,t′+̺

is continuous, where −s ≤ t ≤ s, ̺ > 0, ̺ = min(s− (n− k)/2, s+ s′−n/2)
if s′ 6= k/2, and ̺ < s− (n− k)/2 if s′ = k/2.
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