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Properties of the Sobolev space HZ’S/

by HENRYK KOLAKOWSKI (Warszawa)

Abstract. Let n > 2 and HZ’SI ={u€ S R"): |lulls,s < oo}, where
e = @m) " {1+ 16271+ D) [Fu(e) de,

Fu(¢) = Se_imgu(:c) de, & € R, k < n. We prove that for some s, s’ the space HZ’SI is
a multiplicative algebra.

Let n > 2 and Hz’s/ ={u e S'(R") : ||lulls,s» < o0}, where
lulZ = @m) 7 § (U +1EP) (1 + [€1) [ Pu(©)I? de,

u(€) = Fu(§) = Ve ®u(x)dz, & = (&,...,&), k < n. Below we write
H**" instead of H® .

This note contains the proof of the following theorem:

If s> (n—k)/2, s+s >n/2 and s+ 25" > (n—k)/2, then the space
H*%* s a multiplicative algebra over C.

A large part of calculations is similar of those of M. Sable-Tougeron [1]
for k=n—1.

We expect that the above theorem will be an effective tool for further
research of the properties of solutions to nonlinear elliptic equations with

boundary value conditions on submanifolds of arbitrary codimension (for
linear equations see [2]).

Let £ = (5/76/,)7 SN = (€k+17 oo 7§n)7 ’5‘ = (S%"’_ . ’+€%)1/27 ¢ € C((])O(Rn)7

_J1 for ] <1/2,
60={5 tnls1

o(&) = o(|¢]) =0, ¢’ (&) = ¢p(£',0), and u € S'(R™). For p,p’ € N we define
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the operators S, and S,/ by
F(Syu)(€) = 62 POFu(E),  F(Spu)() = ¢' (277 Fu(®).

We use the following notations:
Spp = Sp 0 Sy Ay = Spy1 = Sy
Ap=Sp1 =8y,  Apy =A,0A,.
It is easy to see that
F(Apu)(€) = $(2POFu(©),  F(A,u)(©) =9/ (277 &) Ful§),
where

(&) =6(£/2) — d(8),  ¥(&) =v(,0).

Of course

$(€) + [(6/2) — B(E)] + [#(€/4) — H(€/2)] + . )+ (2P =1.
p>0

Similarly

)+ vEere)=1

p'20
The following formula (the Littlewood double decomposition) is true:
u = Soou+ SoAyu+ Y ASput+ Y Ay
p=0 p,p' >0

Indeed,
Fu = (6(§)¢/(£) + 9(E)¥/()

+ 3 vETFOIE) + D v PO (2P E)) Fu

p=0 p,p'>0
= (20 + > w79 (¢ + > w7 Fu
p=>0 p’20
REMARK. We have

Do (277 = p(&)u(E).

p’ >0

In the component >, Y(27PE)Y (27P'¢') only elements with p’ > p+ 1
are important. Moreover Spg + SoAf = So1-

THEOREM 1 (Characterization of the space Hs’s/). A function u belongs
to H** if and only if

(1) lSorulls + > 471 ApSqull® + Y 4P Apyullf < co.

p=>0 p,p’ >0
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Proof. Let u € H**'. Denote by x, and k4 the characteristic functions
of supp®(27"+) and supp ¢ respectively. On supp(2~"-) we have 2" = [¢|.
It is easy to see that

P*(£)d (¢ /2)
+ 24])81/}2 92— pg /2 Z 4ps+p s wQ p§)¢/2(2—p/§/)

p=>0 p,p’' >0
<1 (ko€ + 3 k(O UER) + D wp(€)rp (€)1 (1))
p>0 p,p' >0
< ea(1+ 2 s ) (14 X mur (€)1 PY)
p>0 p'>0

c(1+ €)1+ ¢
Multiplying by |@(¢)|?
The second part of the proof is contained in the following lemmas.

and integrating with respect to £ we get inequality (1).

LEMMA 1. If {upp }p >0 C L2, supp Fuyy is in the 2-ring
{y712PH < e < q2pte; o <] < yor Y
with v >, q,q' >0, and me,zo 4pstp's’ lupp |2 < o0, then u = Ep,p/zo Upp
belongs to H**® | and
/ / ’ 1/2
o < €(( 30 AHO@ 0y 2)
p,p’'20
where C depends only on 7,s and s’.
LEMMA 2. If {u,},>0 C L?, supp Fu, is in the set
2 ={y12P <[¢] <285 €] <}

with constants v > 1, 9" >0 and 3_ -, 4P% ||uy||3 < oo, then u = > p>0Up €

H>> = Hs’s/, and

1/2
ulls.or < {2 w3}

p=>0

s’eR

where the constant C' depends only on ~v,7',s and s'. If additionally s > 0,
then instead of {2 one can take the set {|£] < v2P; [¢'| <~}

Proof. Observe that for fixed £, Fupy (§) # 0 and Fu,(§) # 0 only for
a finite number of functions, and that the number depends only on v and +.
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Hence, there exists a constant C' = C(v,~’) such that

VE e R" ‘ Z Fupp/(f)‘2 <C Z | Fupy (6)*  (for Lemma 1),

p,p'20 p,p'20
2
‘ZFup(ﬁ)‘ SC’Z|Fup(£)|2 (for Lemma 2).
p=>0 p>0

Multiplying by (1 + |€[2)*(1 + [¢/|?)* and integrating over R™ we get the
assertion of the two lemmas.
For the 2-ball {|¢| < ~2P; [&'| <4/} we write

Fu=(0(6) + Y v279)) Y Fuy.
r>0 p>0
This means that u = Sp>_ 5 up + D50 Ar Do,<ppy n Up With a suitable N.
According to assumption 2P*[lu,llo < 1p, 2,505 < 00. We have
o ¥ s 3 2rmc .
r<p+N r<p+N
where the constant ¢ does not depend on 7, s, hence u € H 58",
For s or s’ positive one can prove the following statements:
LEMMA 3. If s> 0, {upp }pp>0 C L2,
supp Fgy C {|€] < 427971270 < [¢/] < 420 +7)
withy > 1,4 >0, and 3>, 1~ 45+’ |12 < o0, then u = > ppr >0 Upp!
€ H® | and
/ / ’ 1/2
Jullor < C( 30 47o+@ 0 g 2)
p,p’'20

where C depends only on 7,s and s’.
LEMMA 4. If ' >0, {upp }pp>0 C L?,
supp Fuyy C {71277 < |¢] < 4299 || < 27}
with y> 1,920, and 3, 4pstP's" |y, 0 |12 < oo, then u = > p.p>0 Upp’
€ HS’S/, and
» N\ 1/2
lullar < O( 3 AP0 fuy )

p,p’ >0

where C depends only on 7,s and s'.

LEMMA 5. If s > 0, s > 0, {upp }ppr>0 C L?,
supp Fupp C {[€] <72 |£/| <727}
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’ !
. 2 _
with v > 1, and Y7, 0 4575 lupp |5 < oo, then uw = 37 ~qupy €
’
H** | and

1/2
lullewr < O( 3 477 g [3)

p,p’ >0

where C depends only on 7,s and s'.

Proof of Lemma 3. According to the assumption about F'u,, we can
write vy = A, Zr<p+N Upp, Where r > =1, A_; = Sy, and N does not

depend on 7. Let g,y = 2P5HP's" |0, [|o. We have

[vrprllo < ¢ Z l[upprllo < ¢ Z 27p87p/8/€pp’

r<p+N r<p+N
_ _ o ! _ ! !
—c E 2(r p)sgpplz rs—p's’ _ 9=Ts ;nsnrJer/7

r<p+N

where
— E r—p)s
(2) Mr+1,p = 2( ) Epp’ -
r<p+N

We know that > .~ Aps+p's’ lupp |3 < o0, s > 0. Applying the equality

Mgl = Z Epp = Z Q(Tfp)82ps+p's’||upp/”0

r<p+N r<p+N
= > 2 uyy |
r<p+N

we can write {9} € C(N), |[{nrp trlleeqy < cl{epy tpllezay), where ¢
depends only on N and s (see (2)). By Lemmas 1 and 2, we have u =

’
S,8
ZTZ—LP/ZO UT’p’ € H o, and

1/2 1/2
2 : rs+p’'s’+q's'—rs—p's’ 2 o 2 : 's" 2
”uHs,s’ < C< 4 P 1 P Tlr+1,p’ =C 41 77r+1,p’
r,p’

p’

/ ’ ’ 1/2
< Ot  uyy 7)

p,p’

Proof of Lemma 4. The proof is similar to the proof of Lemma 3. This
time one has to study A’ Z; Upy for 7 > —1 with A’ = §j.

Proof of Lemma 5. We start with the term A, Zp,p/ Upy forr,r’ > —1
and next we use Lemmas 1 and 2.
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DEFINITION. We write u € C*(R"™), a € (0,1), if u is bounded and
lu(z +y) —u(z)| < Cly|*  for |y| <1,
and we write u € C}(R") if u is bounded and
lu(@ +y) +u(@—y) = 2u(z)] < Cly| for [y[ < 1.

If o> 1, 0=m+ «a, where m € N, a € (0,1), then the space C? is defined
to be {u € C*:V3 € N", |B] <m, 0%u € C*}. If o = m+ 1 then instead of
C! we take C}.

Now we prove that for suitable s, s’ and p the space H 5" is embedded
in C°.

THEOREM 2. If s > (n—k)/2, s+ >n/2 and o =min(s — (n — k) /2,
s+ s —n/2) when s # k/2 and o < s — (n—k)/2 when s’ = k/2, and
u € HS’SI, then u € C°.

Proof. First we estimate |u(z +y) — u(zx)|:

fa(e)e=s (e — 1) de ‘

< C( IR+ [eh™ (1 + )™ dg)
 (F1e = 101+ €l) 2501 + I ae)

u(z +y) = u(2)] < (2m)7"

1/2
1/2

Let |y| < 1. Then
Vlevs —12(1 + Je) 2 (1 + Je'l) 2 de

<o ] BRI I ) de
l€]<|y|~1
+ | ey lg)>aE) = A+ B,
|€]>y|—1

If we substitute &’ = (1 + [¢/|)"*n, then d§ = (1 + [¢'|)"~*d¢'dn, |£* =
1E12+ 1+ |€DHm2 < 1+ €12+ |n])? and so

—1 -1
™ el rh=lgn=k=1 qr dt )

A< cly|? <1 + S S 5
— s+2s'—n+k—2 25—2
oo (L+7) (1+1)

ly| ly|
dr dt
2
§C|y| <1+ S r2s+2s’—n—1 S t2$n+k1>
1 1

< ClyP(1+ (JyPr2e =2 =1y =2 — 1)),
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L+ 1Epn*

- d¢' d
ez (11 e

B < |
&[> clyl =1, n|>cly| 1
7 dr dt

SC S r2s+2s’—n—1 S t2sfn+k+1 <
ly| =1 ly| =1

oo

c’y‘25+2$/fn‘y’2sf(nfk).

Similarly we can write
lu(z +y) + ulz —y) — 2u(z)]
< Cllullw (§leosng — 12 (141> (1 + j¢') > de)

Supposing that s > (n —k)/2, s+ s > n/2 and p = min(s — (n — k)/2,
s+s —n/2)if s #k/2and p < s—(n—k)/2if s = k/2, we conclude that
ue C°.

1/2

Let now u € C? 0 € (0,1). As FSou(§) = ¢(§)Fu(§) = @-Fu = F(Pxu)
we have

|Sou| = | % u| = Hu(w — () dt
| Apu(z)| = [u(t) « [2"PHD (20 1E) — 277D (2P1)](x))|

< Jlull = | 1@(t)] dt < oo,

_ ( fule — t/27%1) — u(e — t/27))(2) dt(

o lule —t/274) —u(e — 1/27))]
< i) e
FSpu= ¢(27P)Fu = F(2"PP(2P-))Fu, Spu=2""P(2".) x u,
|Spul < flulle=\|@(t)| dt = cl|ul| .

(t/2P)ed(t)272 dt < C27¢P,

From this one obtains |A,,u| < C27, and similarly |A,S,u| < C27¢P.
Analogous calculations can be done for o = 1.

CONCLUSION. If u € C?, then

[Apullpee < C279,  ||Soul[L=~ < C,
(3) |AppullLe < C27% and ||A,S,ullp~ < C27.

Let v and v belong to H*® s’ Using the Littlewood double decomposition
one can write

R s 2/ 7
wv = ILv+ I u

+ < Z ALSy g Sy o Av + Z Sp—2 A u - APS;/+3U>

p=>2,p' >0 p=>2,p' >0
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(Y A A

q—2<p<q+2,p'>2

+ Z ApSy qu - qu/v>

q—2<p<q+2,p'>2
+ E , Appti - Aggrv,
q—2<p<q+2,¢' —2<p'<q'+2
where IT"” denotes the 2-paramultiplication operator

'y = g Sp—2,p—2U - Appv.

p,p'>2

Now we estimate the norms of each component of the expression for uv.

(i) wq = II}/u. Every component in w; has spectrum (i.e. support of the
Fourier transform) in {2P72 < || < 9.2P72; 2P =2 < |¢/| < 9. 2P 72} (we
use the fact that F(f -g) = Ff x Fg, and supp f x g C supp f + suppg).
According to the equality Sp_2 20 = ergp A,_3Sy_ov and (3),

1Sp—2,pr —20 - Apprtallo < [[Sp—2,p 20| oo | Apprullo
< CllAppflo < 27p87p,s,5pp’
with {e,, } € £3(N?). In the last inequality we have used Theorem 1. From
Lemma 1 it follows that w, € H* .

(i) w2 = 3, ocpcqia poQpptt - AgS,_ov has five components
> p>1. 2 Appre- Ap NS}, v, each of them has spectrum {[€] < 27 op' =2
<€) <9-2°72} and

[ Appr e+ Apin Sy _ovllo < (| App ullol| Apt v S o0l L < 2Pt
with {,,/} € £2(N?). Hence according to Lemma 3, wy € H*+2",

(iil) w3 = Zq—2§p§q+2,q’—2<p’<q/+2 Appu- Aggv = Zq,q/2—1 Wqq - The
spectrum of wy, lies in the 2-ball {|¢] < ~v- 2% |¢/| < v-27}. As s > 0,
according to Lemma 2 we have Zq orqg'=—1 Wqq' € H*>°. Here we have used
the fact that ||SoAqv||r~ < c||Agv| L~ < C. For q,¢" > 0 we have

_ ol
a2 < ( > | Apyrullo) [ Aggrollo < 2728520 e,
q—2<p<q+2,q'—-1<p’'<q’'+2

with {e,4} € (?(N?). The operator A, : L' — L' is bounded (with norm
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independent of k'), s > (n — k)/2 and ¢’ < ¢+ 1, hence for ¥’ > —1,

/ —2qs—2q’s’
HA ' E :wqq/ n <c E [wgg |21 < C E 2 €qq’
q'>0

k'<q'+N k'<q'+N
gC(37]§7n).2—(I(s+(n—k)/2) Z 2—q(s+28'(n—k)/2)gqq,
k'<¢'+N

with {g44} € 2(N?). If additionally s 4+ 2s’ — (n — k)/2 > 0, then
q’'>0
with {5qk;’} € 52(N2), and
[t 3wy || < 0 ez 4, 57 g |
q’'>0

q'>0

L1

’ ’
< 2—qs—k (s+2s _n/Q)Eq,k’Jrl

with {egx/} € ¢2(N?). Here we have used the inequality &' < ¢’ + N, and
the equality FA;C/w?Iq/ = W(Z*k/{’)quq/ = 1[)’(2*’“/5’)77(2*‘1{”)qu(1/ where
n € C§° and n(27%") = 1 if £ belongs to supp Fwy,: .

The above calculations and the lemmas yield

q>0,k'>—1 q'20

(iv) wa = 3 50 o0 DpSyyatt - Sp—2 A0 = 3 wpy. Now supp Fuy,y
lies in the set {2772 < |¢] < 9-2P72 |¢/] < 5-2P+1), Let F, denote the
Fourier transform with respect 2. Then

Fu Sl qu=¢' 277 3Py Aju= > ¢/ (277¢)FyApu

q'<p'+2
(X w’@—q’g'))( > v P Ay
q'<p’+2 r/<p'+2

— > W (277 E") Fy Aprou.

q' <p’'+2,7'<p'+2
Hence
| Ap Sy gul < C Z 2q/k¢,(2q/kx/) * | Apgrul
q'<p’'+2

<0 Y 2R @ ) e, | Al e

q'<p’'+2

<C Z 2q/k/2||App’u||L2,a
q'<p'+2 ’
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”Ap51,7'+3U”LiN(L;?) <C Z 24 k/Q”qu’UH(Ja

q'<p’'+2
and
2_ps_p/(8/_k/2)5pp/ if s’ < k/2,
1Ap Sy ysull 2, (L) < 2775472, if s =k/2,
27P%¢, if s > k/2,

with e > 0, {e,p } € (2(N?), and {¢,,} € ¢*(N).
Similarly (this time using the Fourier transform F,.) we get
||5p—2A;/U||L;<;,(Li,)
D D R T e e e TP
q<p—1,q2p’'—1
with {e,} € £?(N). Hence
”Apszlour?)u : Spf2A;o/U”0 < 2_ps_p/(5/+p)5pp’
with {e,,} € £2(N?). According to our lemmas wy € H** ¢ if s + o > 0.
For s+ 0 < 0 (i.e. ' <0) we proceed a little differently:
180S)s 51+ Spealyolls, 1) < 145y gl - [Sp-2 vl 2

< prsfp’(s+23’*(n*k)/2)€pp

/

with {e,,} € £2(N?). Since s + 25’ — (n — k)/2 > 0, for 7’ > —1 we have

HA;’/ N A8l au- Sp_zA;,v‘ < g (28 (R /D)
p/

Li// (L;;/) -

7T+1/ *

The operator A/, : L2,
dent of r').
Proceeding as before we get

|17 4,8 - Sp2pu
"

(LL,) — L2,(L}) is bounded (with norm indepen-

x

,r+1/

‘O < 2fpsfr'(s+2$'f(nfk)/2)€p

and
wy =Y ALY A gu- Sy A € HYT T2,
p7T/ p/
Hence we have proved the following theorem:

THEOREM 3. If s > (n—k)/2, s+ >n/2 and s+ 25 > (n—k)/2,
then the space H®*® 1is an algebra over C under pointwise multiplication.

Similarly to [1] we can also prove
THEOREM 4. Let u € H*' | s> (n—k)/2, s+ s >n/2. The operator
I . HvY — B —s<t<s,
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is bounded with norm bounded by c||ul|s . Moreover, the operator
7 — - Ht,t/ N Ht,t/Jrg
u u

is continuous, where —s <t < s, o> 0, p =min(s—(n —k)/2,s+s" —n/2)
if 8 #£k/2, and o <s— (n—k)/2 if s =k/2.
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