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On the mixed problem for quasilinear partial functional
differential equations with unbounded delay

by Tomasz CzrAPINSKI (Gdansk)

Abstract. We consider the mixed problem for the quasilinear partial functional dif-
ferential equation with unbounded delay

n
Diz(t,x) = Z fi(t, @, 2(4,2)) D, 2(t, @) + h(t, 2, 2(4,2))
i=1
where z(; ;) € Xo is defined by z(; ,)(7,8) = 2(t + 7,2 + s), (7,8) € (—00,0] x [0,7],
and the phase space X satisfies suitable axioms. Using the method of bicharacteristics
and the fixed-point method we prove a theorem on the local existence and uniqueness of
Carathéodory solutions of the mixed problem.

1. Introduction. Let B = R_ x [0,r], where r = (r1,...,1,) €
R? (Ry = [0,00), R_ = (—00,0]). For a given function z : (—o0,a] x
[-b,b+ r] — R, where a > 0, b = (by,...,b,), b; > 0,4 =1,...,n, and
a point (t,z) = (t,21,...,%,) € [0,a] x [~b,b], we define 2y ;) : B — R by

2,0y (T,8) = 2(t+ 1,2 +s), (7,5) € B.
Define 0y Ez = [0,a] x [=b,b+ r] \ [0,a] x [-b,b), E; = [0,a] x [—b,b] and
Ef = (—o00,a] x [=b,b+ 7] for any @ € [0, a.

For given functions ¢ : Ef UdyE, — R, h : E, x Xg — R, f =
(f1,--+yfn) : Eo x X9 — R™, where the phase space X, is a linear space
of functions mapping B into R, we consider the following mixed problem:

(1) Dyz(t,z) = Z fi(t,z, 2(4,2)) Dy 2(t, ) + (L, 7, 2(4,)),
i=1
(2) 2(t,x) = ¢(t,z), (t,z) € EyUIE,.

In this paper we consider Carathéodory solutions of (1), (2) local with
respect to the first variable. In other words an absolutely continuous function
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z : EX — Rissaid to be a solution of (1), (2) if it satisfies equation (1) almost
everywhere on F; and fulfills the initial-boundary condition (2) on EfUdy E5
for a certain @ € (0, a].

We prove the existence and uniqueness theorem for the mixed prob-
lem (1),(2) in which the differential equation has unbounded delay. This
paper initiates studying mixed problems for such equations. Mixed problems
for quasilinear functional differential equations with bounded delay have
been studied by Kamont and Topolski [9] and Turo [11] for Carathéodory
solutions and by Czlapiriski [3] for classical solutions. Analogous results
for nonlinear equations have been given in [5]. Differential or difference-
differential inequalities and the Chaplygin method for first order functional
mixed problems have been studied in [1], [4] while difference-differential
equations in [7].

The theory of ordinary functional differential equations with unbounded
delay has rich literature including two monographs by Hino, Murakami and
Naito [6] and Lakshmikantham, Wen and Zhang [10]. In this paper we adapt
the axiomatic approach of [6] to the mixed problem (1), (2). This approach
has already been used for studying partial functional differential equations:
in [8] to initial value problem for first order quasilinear equations and in [2]
to the Darboux problem for equations of the second order.

If z: EX — R, where @ € (0, al, then for any (¢,x) € E; we put

g’x} = sup{|z(7,s)| : (1,8) € [0,t] X [x,z + 1]},
[t,x] = sup { ’Z(Tv 3) B Z(T7 §)’ .

”ZHL ‘S—§‘

Izl

(r,5), (7,5) € [0,8] X [, + 11, 5 # }
Throughout this paper we assume that spaces Xy, X, satisfy the following:

AssuMPTION H;. We assume that X, is a Banach space with a norm
|| - |x, with the following properties:

If z: £ — R, ac (0,a], is such that z 4 € X for s € [-b,b] and z is
continuous on E5 then

(i) for any fixed (t,x) € Eg we have zy ;) € Xo and

t7
2.2y 120 < Koll2ll3™ + Moll2(0,0) |l %0,

where Ky, My € R, are constants independent of z;
(ii) the function Eg > (t,2) > 2(1,s) € Xo is continuous.

We assume furthermore that there is a subspace X of Xy which is also
a Banach space with a norm || - [|x, and has analogous properties:
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If z: E} - R, @c (0,a], is such that 2, € Xr for s € [~b,b], and 2
is continuous on FEg; and Lipschitzean with respect to the second variable,
then

(i) for any fixed (t,z) € Eg we have z( ;) € X1 and

t, t,
Iz s < Er(l2l3™ + 1205 + Mil20.0 |12,

where K, My, € R, are constants independent of z;
(ii) the function Fg > (t,2) = 2 ,) € X1 is continuous.

ExaMPLE 1. Let Xy be the space of all functions w : B — R such that
w is uniformly continuous and bounded on B, with the norm

[wllx, = sup{|w(T,s)| : (7,s) € B}.
Furthermore, let X denote the space of all w € X such that

(@\mhzm{

with the norm ||w||x, = ||w|lx, + ||w||z. Then Assumption H; is satisfied
WithK():Mg:KL:MLzl.

|w(r,s) = w(7,5)|

‘S—§‘ :(778)7(77§)€B,87£§}<oo,

More examples of spaces Xo, X, satisfying the above axioms are given
at the end of Section 3.
Write

Xolpl = {w € Xo : wllx, <p},  Xrlp] = {w € XL : |wllx, <p},

where p € R,

Denote by © the set of all functions v : [0,a] x Ry — R, such that
~v(t,-) : Ry — Ry is nondecreasing for almost all ¢ € [0,a] and ~(-,p) :
[0,a] — R is Lebesgue integrable for all p € R.

2. Bicharacteristics

ASSUMPTION Hy. Suppose that ¢ : Ef U 0y E, — R is such that

(i) ¢(0,s) € X for s € [b,b], and there are constants Ao, Ap, A1 € Ry
such that [|¢( s [|x, < Ao and |[¢(o,s) %, < Az for s € [~b,b], and

H(b((],s) - ¢(0,§)H10 < )‘1’3 - 5’ for s,8 € [_b7 b]7
(ii) there are constants [, ll,ﬂ € R such that
ot @) <lo,  |6(t,2) — $EF)| < Lt —F| + L]z — T on &E..

Suppose that Assumption Hy is satisfied and that we have constants
q=1(90,91,q1) € R%, qo > lo, ¢1 > 11, ¢1 > l1. For any @ € (0,a] we denote
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by Ja.4[q] the set of all functions z : EX — R such that

(i) 2(t,x) = ¢(t,z) on E} U Dy Eq;
(i) |2(t,x)| < qo and |z(¢t,z) — 2(t,T)| < qu|t —t|+ q1]x —T| on Ez U0y 7.

AssuMPTION Hs. Suppose that

(i) f(-,z,w) : [0,a] — R™ is measurable for (z,w) € [—b,b] x Xy and
f(t,-) : [=b,b] x Xy — R™ is continuous for almost all ¢ € [0, al;

(ii) there are a nondecreasing function o : Ry — Ry and ay € © such
that for almost all ¢t € [0,a] we have |f(t,z,w)| < ap(p), where (z,w) €
[—b,b] x Xo[p], p € Ry, and

[f @tz w) = £, T, W)| < aa(t,p)[le —Z| + [[w —wl|x,]
for (z,w), (Z,w) € [-b,b] x XL[p], p € Ry;
(iii) for every ¢ € Ry there is d(p) > 0 such that f;(¢,z,w) > §(p),
i=1,...,n, for (z,w) € [=b,b] x Xy[p|, p € Ry, and a.a. t € [0, a].

For a fixed z € J5.4[q], where @ € (0,a] and for any (t,z) € Ez, we
consider the Cauchy problem

d

(4) EQ(T) = _f(Ta Q(T)vz(r,g(T)))a Q(t) =T
If Assumption Hjz holds then there is a unique solution g¢[z](-,t,z) =
(1[2](-st, ), .., gn[2](-,t,)) of problem (4). Let A[z](t,z) be the left end
of the maximal interval on which the solution g[z](-,¢,x) is defined. Then
(A[z](t, ), glz](N[z](t,x),t,x)) € (B UdoEz) N E; by Assumption Hs(iii)
and we may define the following two sets:

Ezolz] = {(t,z) € Ez : \[2](t,z) = 0},

Eauplz] = {(t,z) € E5 : g:[z](\[2](t,x),t,x) = b; for some 1 < i < n}.

LEMMA 1. Suppose that Assumptions Hi-Hg are satisfied, z,Z € Jz.4lq],
where @ € (0,al, and (t,z), (t,T) € E5. If the intervals K; = [max{\[z|(t, ),
Az|(t,T)}, min{t, t}] and Ko = [max{\[z](t,z), \[Z](¢,2)},t] are nonempty
then

) glel(7,t,x) — gl2(7, 1, 7))

T

< [l — 7|+ ao(do)lt — Tl exp [da| fen (€, dr) g

t
fort € Ky, where dy = Koqo + Moo, d1 = 1+ Koq1 + Moy, and

6) gll(7,t,2) — g[Z(7, ¢, 2))|

T

<| §Kgoq(£,dL)||z — 2l d€|exp [dr| Jen (¢, dr) |

t



Mizxed problem 91

fort € Ky, where dy, = K1.(qo+q1)+MpAr and ||-|| g, denotes the supremum
norm on Eg.

Proof. It follows from Assumptions H; and Hy that
HZ(T,E) - z(r,g)on

< Ko sup |2(s,m) — 2(5,& = €+ )| + Moll20,6) = 2(0.)) |20
(s,m€[0,7]x[&§,&+T]

< [Koqi + MoM]|z — 2| for (1,€),(7,€) € Eq.
This gives the following Lipschitz condition:
1F (1,6 2r)) = F(T,6, 2 8))| < dran(r,dL)|€ — €]

for the right-hand side of (4), which therefore fulfills the Carathéodory con-
ditions. Thus the existence of the unique solution of (4) follows from classical

theorems. Let g = g[z] and g = g[z]. Transforming (4) into an integral form
we get

)l

t
< ]a; — f’ + ‘ Sf(§7g(§7_7 E)a Z(g,g(é,f,f))) d€

5]

’g(T7 t’ .’I') - g(T7z7

|

T

+ ‘ S [f(€9(&,t,2), 2(e geta))) — F(E 966, T), 2(¢ g(e.1.2)))] df‘

t
< |o =7l + ao(do)t — | + | {dran (€, di)lg &, t,2) — 9(¢,T, )| de],
t

from which we get (5) by the Gronwall lemma.
Analogously we get
|g(7—7 t) 33‘) - 5(7—7 t7 :E)|

< ‘ [f(é.v g(ga t, ZL‘), Z(f,g(é,t,r))) - f(é.v y(ga t, ZL‘), z(f,g(g,t,x)))] dg

< | § Koan (&, o)z = 2l e

ey ey )

T

+ ‘ Sdlal(é.vdL”g(g)tax) _§(£7t>x)| dg ;
t

and (6) using the Gronwall lemma again. This completes the proof of Lem-
ma 1.
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LEMMA 2. If Assumptions Hi-Hg are satisfied and z,Z € J5 4[q] then
(7) AL 2) = A[](E, 7))

t

— - 1
< [l =71+ ao(do)lt ~ T 57 exp [ (e )
and
(8) Mt 2) — AlZ)(t )
1 t t ~
< gy ) Ko (& o) dexp k2 (S)m(&,dmds} Iz = 2l

for (z,y) € Ey.

Proof. Write A = Az], g = g[z] and X = A[Z], § = g¢[Z]. Since (7) is
obviously satisfied if (¢, ), (t,T) € Eao[z], without loss of generality we may
assume that A(¢,T) < A(t,x) and (¢,x) € Egp[z]. Let 1 < i < n be such that
gi(A(t,x),t,x) = b;. Then

gl()\(tv $)7 t? :E) - gl()\(tv $)7¥7 :f) > gz()\(fv :f))fv :f) - gz()\(tv Jj))ﬂ :f)

A(t,x)
= S fi(Tag(Ta _7 E)72(7',g(7',17‘,f))) dr
A(t,T)
> 0(do)[M(t, @) — AT, 7).
Together with (5) this yields (7).

Also (8) is obviously satisfied if (,7) € Ego[2]N Ego[Z], so we may assume

that \(t,z) < A\(t,z) and (t,x) € Ezp[z]. Analogously we prove

gz()‘(ta x)? t, x) - gz()‘(t7 .'1'), t, .’1') > 5(d0)[)‘(t7 ‘T) - )‘(ta x)]a
which together with (6) gives (8). This completes the proof of Lemma 2.

3. The main result. Now we prove a theorem on existence and unique-
ness of solutions of the mixed problem (1), (2).

AssuMPTION Hy. Suppose that

(i) h(-,z,w) : [0,a] — R is measurable for (z,w) € [—b,b] x Xy and
h(t,-) : [-b,b] x Xy — R is continuous for almost all t € [0, al;

(ii) there are a nondecreasing function Gy : Ry — Ry and ; € © such
that for almost all ¢t € [0,a] we have |h(t,z,w)| < Bo(p), where (z,w) €
[_b7 b] X :{0[29]7 pE R-i—a and

]h(t,a;,w) - h(t,f,@)‘ < 61(t7p)[’x - ‘T‘ + ”w - EHXO]
for (z,w), (T, T) € [~b,b] x XL[p], p € R,
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We are now in a position to explain why the Lipschitz conditions for f
and h are not uniform with respect to w. Given f = (f1,...,fn) : Es xR
— R" and h : E, x R — R consider the following equation with deviated
argument:

Dyz(t,x) + Y filt,x, 2(vo(t), (¢, 7)) Da, 2(t, )
i=1
= Rt @, 2(o (1), (1, 2)),
where 9y : [0,a] — R, ¢ : E, — R™ (t) <t and ¢(t,z) — xz € [0,7] for
(t,z) € E,. We expect that the above equation can be obtained as a special
case of (1) under suitable assumptions.

Suppose that there are a Lebesgue integrable function ay : [0,a] — R
and a constant A € R such that

‘f(th'?Z) - f(t7§7 5)‘ < al(t)[’x - ‘T‘ + ’Z - EH7
’1/1(t,$) - w(uf)‘ < A‘.Z' - 5’7
for (t,x), (t,T) € Ey x Xo, 2,Z € R. We define

ft,z,w) = f(t,z,w(o(t) —t,(t,x) — x))), (t,x,w) € Ey x Xp.

with X, X7 as in Example 1. We show that even though the Lipschitz
condition for f is uniform it is not the case for f. Similar considerations
apply to h.

For (t,z),(t,T) € E, and w,w € X[p|, p € Ry, we have

|f(tz,w) = f(t,7,w)] < an()]|lz —Z[ + [w(ho(t) — ¢, ¥(t, ) — )
= wW(tho(t) — t,¥(t,7) — T)|]
< a1 +pA+ Az — ] + ar(t)[|w — w]|x,-
Consequently, f satisfies the Lipschitz condition of Assumption Hz with
ay(t,p) = a1 (t)[1 + p(1 + A)], which obviously is not uniform.

REMARK 1. A class of differential-integral equations can also be obtained
from (1) by specializing f and h.

We define the operator W on J5 4[q] by
9)  Wz)(t,z)
St 2), gl (A (E, ), £, )

= + S h(T7 g[Z](T, t? .’1’), Z(T,g[z}(ﬂt,x)) dr for (t, .’,L') c E&
Alz](t,x)
o(t,x) for (t,z) € Ef UdyE;.
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REMARK 2. The right-hand side of (9) arises in the following way. We
consider (1) along bicharacteristics

DtZ(Ta g[Z](T, t 1’))
— Z fi(T, g[Z](T, t, l‘), Z(r,g[2] (7 t,x)) )sz(t, g[z] (7’, t, :E))

= h(r, g[2](7, 1, 2), 2 gl (r,0.00) )
from which by (4) we get

d
EZ(Ta g[Z](T, tv .Z')) = h(Tv g[Z] (T7 ta x)? Z(T,g[z](ﬂ',t,x)) )

Integrating this equation with respect to 7 on the interval [A[z](t,z),t] we
get the right-hand side of (9).

Define the constants
Soa = lo +@fo(do),

Slﬁ = |:(Tl + llao(dg) + ﬂo(dg))@ + ll + (S]dlal(T, dL)dT:|

X exp [dl l§a1(§, dy,) dg].
0

THEOREM 3. If Assumptions Hi—Hy are satisfied, then there are con-
stants qo,q1,q1 € Ry such that for @ € (0,a] sufficiently small the operator
W maps Jz.4[q] into itself.

Proof. Let g > I,

g1 > max {E,ﬁo(do) + (l~1 + liag(do) + Bo(do))

Oéo(do)
d(do) }’

0> (B + hao(do) + foldo)) 5o +1s
(do)

and z €33 4[g]. As in the proof of Lemma 2 we write A, g instead of A[z], g[2]
for simplicity.

It is obvious that Wz is continuous on E. We prove that for sufficiently
small @ € (0, a] we have
|(W2)(t, 2)] < o,
|(W2)(t,x) — Wz2)(t,Z)| < @it —t| + q1]z —Z| on Ez UdyE;.

For all (¢t,x) € Egp|z] we have

(10)

t
(11) (W2)(t, )] <lo+ | Boldo)dé < Soa.
A(t,x)
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We also have
(W2)(t,2) — (W2)(5, @)
< ll|>\(tv :E) - )‘(%’ f)| + ll |g(>‘(tv :E)’ tv :E) - g()‘(%’ f),f, f)|
+ Bo(do)|t — | + Bo(do) |\, z) — A(Z,T)|

t
+ S Bi(r,dr)[lg(T, t,2) — g(T, 6, T)| + | 2(r.g(r t.0)) — Z(r.g(rio) 1 20) AT
A(t,x)

on Eglz], from which by (5) and (7) we get
(12)  [W2)(t,x) — W2)(1, 7))
< [Bo(dp) + S1aco(do)]|t — t| + Sialx — Z|.

Note that since the integral Sf\( b 18 estimated by Sg the estimates (11)

and (12) will still be valid on Eg0[z]. Taking @ sufficiently small in order
that Soz < qo, S1z < ¢1 and ﬁg(d(ﬁ + Si1zap(dy) < q1 we get (10) for all

(t,z) € Ez. Since lg < qo, l1 < q1, l1 < q1 we see that (10) holds true also
for (t,x) € Oy Eq.

THEOREM 4. If Assumptions Hi—Hy are satisfied then there are constants
qo, q1, 1 € Ry such that problem (1),(2) has a unique solution on Eg in
the class Jz.4[q] for sufficiently small @ € (0, a).

Proof. Let qo,q1,q1 be as in Theorem 3. We prove that the operator
W : Ja.4[q] — Ta.lg] is a contraction for sufficiently small @ € (0, a]. Indeed,
if z,Z € j&.(ﬁ[QL g = g[Z], g= g[z]v A= )‘[2]7 A= )‘[2] then

(V=) (t.) = W)(¢, )
< l1|>‘(t7 :E) - X(tv $)| + l1|g()‘(t’ l‘), t’ l‘) - E(X(t’ l‘), t’ l‘)|

+ ﬁO(dO)p‘(tv $) - X(tv :E)|
t
+ S 61 (T7 dL){’g(Ta t, .’1’) - g(Ta t, .’1’)‘ + ”Z(T,g(‘r,t,r)) - 2(7',_5(7',t,r)) ”.'{o } dTy
A(t,z)

from which by (6) and (8) we obtain
Wz = Wzl|g; < Sallz - 2| &,

where S; = Sg Kolar(§,dr)S1a+01(€,dr)] d€. Since limg_ g+ Sz =0 we may
choose @ € (0, a] sufficiently small in order that Sz < 1. Consequently, W is
a contraction with the metric ||z — Z||z. and by the Banach theorem there
exists a unique fixed point of W. Denoting it by z* we prove that it is a
solution of (1).
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For any (t,z) € Ez0[2*] we have
t
(13) z* (t7 :E) = ¢(07 9(07 t, :E)) + S h(Tv 9(7—7 t, 33‘), zEkT,g(T,t,x)) ) dr.
0
For fixed ¢ we consider the transformation = — ¢(0,¢,2) = £. Upon using
this transformation and the group property g(7,t,z) = g(7,0,£) the relation
(13) takes the form
t

Z*(t, g(t7 07 g)) = ¢(07 g) + S h(7—7 9(7—7 07 5)7 szq—,g(q—,[],g)) ) dT'
0

Differentiating this equation with respect to ¢ we get

th (tv g(ta 07 g)) + Zzz:l Drz’z (tv g(ta 07 g)) E(t 07 5)
= h(tu g(t7 07 6)7 ZEkt,g(t,O,é)) )
Making use of (4) and the inverse transformation £ — ¢(¢,0,£) = x which

preserves sets of measure zero we get (1) almost everywhere on Ego[z*].
For any (t,x) € Eg[2*] we have

(14) Z*(tv$) = ¢(/\(t7x)ag()‘(tv$)7ta$))
t
+ | AT gt @), 2 g ay)) AT
A(t,x)

For simplicity of notation suppose that g;(A(¢,x),t,2) = b; for i = n and
write & = (&1,...,&n-1), ¢ = (91,--.,9n—1). Fixing ¢t and using the trans-
formation = — (¢'(A(¢,x),t,x),\(t,z)) = (§',n) we see that (14) takes the
form
25(t, g(t,n. &' b)) = o0, bn)
t
+ S h(Ta g(Ta n, 5,7 b'ﬂ)v Z?T,g(r,n,g’,bn))) dr.

7
Differentiating the above equation with respect to ¢ and, as previously, mak-
ing use of the inverse transformation (¢',7n) — g(t,n,¢’,b,) = x and (4) we
get (1) almost everywhere on Egp[2*]. Since z* € Tz 4[¢] obviously fulfills
the mixed condition (2) this completes the proof of Theorem 2.

The most natural example of spaces Xo, X satisfying Assumption H;
was given in Section 1. Note that if we replace the uniform continuity in
Example 1 by the continuity and existence of the limit lim;—, ., w(t,x)
uniformly with respect to = € [0,r] then we get another example of such
spaces. This example includes as a special case spaces with bounded delay.
Indeed, the space of all continuous functions w : [—rg,0] x [0,7] — R with
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the supremum norm is isometric to the space of all continuous functions
w : B — R such that for each x € [0,7] the function w(-,x) is constant on
(—o00, —1p]. Analogous considerations apply to the space of functions which
are additionally Lipschitzean on [—rg, 0] x [0, r].

EXAMPLE 2. Let 7 : R_ — (0,00) be continuous and nonincreasing. We
define X as the space of all functions w : B — R such that

, lim w(t z)/y() =0 forz € [0,r],
with the norm

lwllx, = sup{|w(r,s)|/¥(7) : (7,s) € B}.
Furthermore, let X denote the space of all w € X such that
lw(r,s) —w(r,3)| _ B
——— :(7,5),(1,5) € B, s #5 p < 00,
Y(7)|s — 5|
with the norm [|w||x, = ||w| %, + ||w||y,z. Then Assumption H; is satisfied
with Kg = KL = 1/’7(0), Mg = ML =1.

EXAMPLE 3. Let d € Ry, p > 1 and let Xy be the space of all functions
w : B — R such that

elly.z = sup{

(i) w is continuous and bounded on (—d, 0] x [0, 7],
(ii) S:ZO |w(r, z)|P dr < oo for z € [0,7],
(iii) w(t,-) : [0,7] — R is continuous for ¢ € (—oo0, —d].

We endow Xy with the norm

[wllx, = sup{|w(7, s)| : (7, 5) € [=d, 0] x [0, 7]}

- 1/p
—I-Sup{( S |w(7',x)|pd7') RS [0,7‘]}.

For X, we take the space of all w € Xy such that condition (3) holds with
the norm |lw||x, = ||lwlx, + ||w| /L. Then Assumption H; is satisfied with

Ko=Kp =14 (a—d)"?, My= My =1+d"?.
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