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On a theorem of Cauchy—Kovalevskaya type
for a class of nonlinear PDE’s of higher order
with deviating arguments

by ANTONI AUGUSTYNOWICZ (Gdanisk)

Abstract. We prove an existence theorem of Cauchy—Kovalevskaya type for the equa-
tion
Dru(t,z) = f(t,z,u(@” (t,2)), Dzu(@!V (t,2)), ..., Diu(a (1,2)))

where f is a polynomial with respect to the last k variables.

1. Introduction. We study the existence and uniqueness of solutions
to the following Cauchy problem:

Dou(t, z) = f(t, z,u(a9 (L, 2)), D.u(aM (¢, 2)), ..., DPu(a® (t, 2))),
u(0,z) = 0.

The presence of deviating arguments a(!), ... a(®) makes problem (1) diffi-
cult. The classical methods, such as the theory of characteristics, difference
schemes for k = 1, transformations to a differential-integral equation (when
k > 2 and f is linear with respect to the last variable), fail to work if
a®)(t, 2) # (t, 2).

In the case of £ = 1 and real variables, applying the Banach contrac-
tion principle, the Neumann series and the Fourier series methods resulted in
getting certain existence theorems for limited classes of deviating arguments
(see [1]), and for some linear equations ([9], [5]). There are more effective
methods concerning analytic solutions to (1). These methods are based on
power series expansions ([2]-[4]), properties of the Bernstein classes of ana-
lytic functions ([11]) and on the Nagumo lemma ([6, 7, 10], [12]-[15]). The
last method is used in the present paper.
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The classical Kovalevskaya counterexample Dyu = D?u, u(0,z) =
(1 — 2z)~! ([8, 12]) shows that if &k > 1 then problem (1) may have no
analytic solutions, even for elementary right-hand side. In [6, 7], existence
results were obtained under the assumption that the deviating arguments
are separated from the lateral boundary of the Haar pyramid. We relax this
condition when the right-hand side in (1) is a polynomial with respect to
the last k variables.

2. Banach spaces E,. Nagumo lemma. Let {2 be an open bounded
subset of the complex plane C and

d(z) = dist(z,092), d(t,z) =d(z) — |t|/n,
G, ={(t,2) €C?: z€ 2, d(t,z) >0, |t| <to},
where 7,ty > 0 are fixed. The set G, is the Haar pyramid with slope n,
and d(t, z) is the distance between (¢, z) and the boundary of ¢-intersection
of Gy,.
Let H(G) denote the space of all analytic functions on G. For p > 0 and
u € H(G,) we define

l[ull, = v u(t, z)|d(t,2)",  Ep ={ue H(Gy) : [lull, < +oo}.
,2)€Gy

The set E, is a Banach space with the natural linear structure and the norm

[
Our investigations are based on the following

LeMMA 1. If a,u € H(G,), then

(D) [1D=ullpy1 < Cpllullp, where Cp = (p+1)(1 +1/p)?, Co =1,
(2) llaC)u(-)llp+q < llallgllulp,

B3) llula(Dllp < Xellullp i (Gy) C Gy, where

~ d(t, z)
A= S Halt )
@) [ Tully < (0/p)llullps1, where (Iu)(t,z) = §; u(s, z) ds.

The assertion (1) is the Nagumo lemma (cf. [10]). Conditions (2)—(3),
(4) are proved in [6], [13], respectively.

3. Existence and uniqueness results. In order to present the main
idea, we consider a simple case of equation (1):

Dyu(t, 2) = a(t, z, u(a(t, 2)))(DEu(B(t, 2)))" + b(t, z, u(y(t, 2))),

@ u(0,2) = 0.
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THEOREM 1. Suppose that for some r,h > 0 and k € (0,1), there exist
w € [0,k), \,n >0, and A, B > 0 such that a,b are analytic on G, x K(0,r)
(where K(0,r) is the closed ball in C centered at the origin and with ra-
dius r), and o, 3,7 : G,, — Gy are analytic. Assume that for (t,z) € Gy,
lu| <7, we have

la(,u)llw <A, ||b(-,u)||x < B,
d(t,z)"™ < Xd(B(t, z))"FHrE—D)

(3) &J =R[AN(Cree_1h)" + B] <,

Z[A)\(ka,lh)”((}w +Cuw) +C.B] < h,

d= sup d(tz), Cp;=CpCpy1...Cpyj1, Cpo=1

)

Then problem (2) has an analytic solution defined on G,,. Moreover, if there
exist constants A1, A3,p >0 and A’, B',w', k" > 0 such that

la(t, z,u) — a(t, z,v)| < A'd(t,2)" |u —v],

b(t, 2, u) — b(t, z,v)| < B'd(t,2)" |u—v|,
d(t, 2)PHHeom=" < Nd(alt, 2))P,  d(t, )PP < Asd((t, 2))P,
[A"(Crofe—1h)" M1 + An(Cl o1 h)" L Cp AN 4 B/Ag) < 1

(4)

L=

T I3

for (t,z) € Gy, |ul, |[v] <7, where Ay = sup{d(t, 2)d(B(t,2)) " : (t,2) € Gy},
then the solution is unique in the set

D={ueEy:|ulo<r, |Du|lx <h}.

REMARK 1. If 6 : G), — G, and d(t,2z) < 7d(6(t,2)), then d(t,2)? <
7'd(6(t, 2))? for ¢ > ¢’ and some 7/ > 0. This shows that the existence of
constants A; and Az follows from the natural assumption

d(t,z) < md(alt, 2)), d(t,z) <md(y(t,2)) fr+w <l4+wandk’ <1,

Since k —w < n(k + k — 1), from (3) we have Ay < +o00. Observe also
that L < 1 and the last two inequalities in (3) are satisfied, provided 7 is
sufficiently small.

Proof (of Theorem 1). Define

t

(Fu)(t,2) = [ la(s, z, u(a(s, 2)))(DEu(B(s, 2))" + b(s, z, u(+(s, 2)))] ds.
0
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We now prove that F'(D) C D. If u € D then
|(DEu(B(t, 2))"| < (DS ullwrx-1d(B(t, 2)) " FH)"
< (C k1l Daul|)™d(B(t, z))~mrtE=1)
< (Crep—1h)™ Ad(t, z) 7 F,
so we obtain
1D, (Fu)(t, 2)| < ANd(t, 2)~“d(t, 2) "+ (Cro_1h)™ + Bd(t, z) "
= (AXN(Crp—1h)™ + B)d(t, z) ",

hence

(Fu)(t, 2)] < 5 . & ANCropah)" + Bl < 1.

Moreover, we get

Dy D, (Fu)(t, 2)| < AC,d(t, 2) ™" (Cpp_1h d(B(t, z)) " E+1)n
+ Ad(t,z)™* %(Dfu(ﬁ(t,z)))" + C.Bd(t,z) !
< AC,(Crj—1h)" Ad(t, z) "1
+ ANC,_ o (Cro o h)d(t, 2) ™" 4+ C Bd(t, 2) "1
hence

|D,(Fu)(t, z)|d(t, z)" < g[A)\(C’,{,k_lh)"(C’w +Ch_w)+CyB] <h

and Fu € D. The set D is a convex and compact subset of E, for every
q > 0. We now prove that the operator F' is continuous on D with respect
to the norm || - ||,, provided g is sufficiently large. For any u,v € D, we have

[(Fu)(t, z) — (Fo)(t, 2)|
I¢]
< Vla(s, z,u(a(s, 2))) = a(s, z,0(als, 2))) [ DEu(B(s, 2))|" |ds|
0

I¢]

+ | lals, z,v(a(s, ) [|(DEu(B(s, 2)))" — (DEu(B(s, 2)))" | |ds]

0
I¢]

+ ) 1b(s, 2, u(v(5,2))) = bls, 2, v(3(s, 2)))] |ds|
0

||
< S la(s, z,u(a(s, 2))) — a(s, z,v(a(s, 2)))|
0

* (Coemr|[Daullgd(B(s, 2) =0 FH1)™ |ds|
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|2]

+ | Ad(s,2)"“n[Cq 1 max{|| D ully, || D2vllg}d(B(s, 2)) "4~ F ]
0

X ’D?U(B(S,Z)) - DSU(5(37Z))’ ’dS‘
|2]

+ S ’b(s7z7u(7(37'z))) - b(S,Z,U(’y(S,Z)))’ ’ds‘

0

< (Conal Dl sup Jo(ut, (it 2)) =t (ot )
pelo,
Il
X d(ut, z) S d(s,z)" 7!
0

+ An[Cy -1 max{|| Dzullg, [|D:v]l}]"

d(s,z)?
d(3(s, 2)) oD

|ds|

x | d(s,2)d(B(s, )"V ylu — vl d(B(s, 2) 7" |ds|

+ § [b(s, 2, u(v(s, 2))) = bls, 2, 0(¥(s, 2)))| |ds].
0
Since
s
(s,2)€G, AB(s, 2))ratm
gn(k+k—1)/(k—w)
< )\q/(/{fw) sup d(ﬁ(‘% Z))
(s,2)€Gy, d(ﬂ(sv Z))anrm
= A/ (59 qup d(ﬂ(&Z))qn(k—HW)/(H—w)—m < +00
(s,2)€Gy,
for any m > 0 and for sufficiently large ¢, there exists a constant ¢ such that

|Fu— Ful|g <cllu—v|qg+c sup Ay,(t 2)d(t,2)

(t,2)eGy

for some ¢ > 0, where
Ay (s, z) =la(s, z,u(a(s, z))) —a(s, z,v(a(s, 2)))
+[b(s, z, u(y(s, 2))) = b(s, z,v(7(s, 2)))].

,2)))
Fixu € D. Let dy > 0 and G(dy) = {(t,2) € G, : d(t,z) > dp}. Then we
get

|Fu— Fol, <cllu—nvl|q+c sup Ay w(t, 2)d(t, 2)
(t,2)eGn\G(do)

+c¢  sup At 2)d(t,z) =S + Sa+ Ss.
(t,2)€G(do)
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We prove that S; + Sz + S5 tends to zero if v tends to u in the norm || - ||,.
Since u,v € D, we have

Ayo(t, 2)d(t, z) < 2Ad(t, )™ 4+ 2Bd(t, 2) ",

hence S5 becomes small when dj is small enough. Given any fixed dy, we
observe that the functions a, b are uniformly continuous on G(dy) x K (0,7)
and the functions «, v are uniformly continuous on G(dyp). Therefore, S5 — 0
as ||v —ul|g — 0. This proves the continuity of /' on D. The Schauder fixed
point theorem completes the proof of the first assertion.

Applying conditions (4) with u,v € D, (t,2) € G,, we have

[ Di[(Fu) = (Fu)(t, 2))|
< la(t, z u(a(t, 2))) — alt, z, v(a(t, 2))|IDEu(B(t, 2)|"

+la(t, 2, v(a(t, ))I(DEu(B(t, 2))" — (DFu(B(t, 2))"|
+[b(t, 2, u(y(t, 2)) = bt 2, v(1(t, 2)))|
< Ad(t,2)" Ju(alt, ) — v(a(t, 2))|d(a(t, 2))Pd(a(t, ) 7
X (Cp—1hd(B(t, 2)) 7" F+)n
+ Ad(t,2)"“n(Cy x_1hd(B(t, 2)) K FFn=1
x [ DEu(B(t, 2)) — DEo(B(t, 2))|
+ Bld(t, 2) ™" u(v(t, 2)) — v(v(t, 2))d(y(t, 2))Pd(y(t, 2) "
< A(Crorh)" [Ju = vllpd(t, )~ d(alt, ) Pd(B(t, 2)) T
+ An(Creo—1h)" ' Cp iellu — ]|,
x d(t, 2) " d(B(t, 2)) "V A(B(E, 2)) TE P
+ B |[u— vllpd(t, )~ d(y(t, 2) "
< [A(C e 1h)" M1 + An(Cr o 1h)"LC, p AT 4 B
X Jlu = vl|pd(t, z) P71,

hence ||Fu — Fv||, < L||lu — v||, and F' is contractive on D with respect to
the norm || - ||,. The Banach contraction principle completes the proof.

REMARK 2. Theorem 1 only gives a local existence (and uniqueness)
result. Assume that |ag(t, 2)|, |Bo(t, 2)|, |70 (t, 2)| < |t| for 0 < [t| < T (e,
Bo, Yo are the time-coordinates of a, 3,y respectively), and a, b are analytic
on 2 x K(0,T) x C. Then we can extend any local solution of (2) to the
set 2 x K(0,T) by a step-by-step method. Assumption (3) of Theorem 1 is
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essential, and it is satisfied when there exists dy > 0 such that d(((¢, z)) > do
for (t,2) € G,,. Such a condition is assumed in [6], [7]. One may expect that
(3) cannot be satisfied when

inf{d(4(t,2)) : (t,z) € G, } = 0.

We demonstrate in the Example below that, taking any k,n, k,w, there ex-
ists a deviating argument (5 which is not separated from the lateral boundary
of the Haar pyramid, but (3) is satisfied. Moreover, the assumptions of Theo-
rem 1 require n to be small enough. The deviating argument in the Example
transforms G, into itself for any n,ty > 0 sufficiently small.

ExXAMPLE. Take r > 2™/(m=1) m > 1. Define
R={ze€C:|z|<r |argz| < m/2}.
Take further

acC, a#0, 0<n< 277127_1, 0<t0§i, p = p(m=1/m
m?|al |alb
We have
d(z) = min{Rez,r — |z|}.
Define

t = (at? 1/m 1/m <i‘
B(t,2) = (af?, /™), Jarg 27| <

We prove that §(G,) C G,,. Since r > 1, it is easily seen that (0, z) € 2
if z € £2. Let

2 = wexp(io), @ e (0.0, |9 < o

We get r > 2rt/™ > x(1+cos ¢), sor — |2/™| =r —x > xcos¢ = Re 2"/,
hence

d(z/™) =Rezt/™ ze 0,

and
d(z) Rez _z™cosm¢g  cosme .
d(zt/m)m = (Rezl/m)m — (xcosd)™  cos™¢p ~
In particular,
d(z) < sup(d(y"/™))" " d(z"/™) < bd(z"™),
yen
2
gyl 1 1)
a(t,)) = ™) - 2] > a8 - 20D s
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We have

Rez — |t|/n
(Re zt/m — |at?| /n)™
The estimate < (2m — 1)/(m?|a|) and the inequality cosm¢ < cos¢ < 1
imply that the right-hand side of the above inequality is decreasing in |t| €
[0,nRe z), thus its maximum is reached at |t| = 0, hence

Rez
5 Alt — < 1.
Q (1) < o <
Estimate (5) is optimal. Indeed, A(0,z) = 1 if Imz =0 and Rez < 1. It
follows from (5) that, if m(k —w) > n(k + k — 1), then
d(t,Z)K_w < d(ﬂ(t,Z))m(K_w) < Em(n—w)—n(n—&—k—l)d(ﬁ(t’Z))n(n—&-k—l)’

therefore (3) is satisfied.

Alt, z) <

We generalize Theorem 1 to the equation

Dqu(t, z) Z Z ag, (t,z,u(ay, (t, 2))) HDf""u(ﬂkmi(t,z))
n=1|k,|<K i=1
+ b(t, z,u(v(t, 2))),
where k,, = (kn1, ..., knn) is such that k,; > 1 and |k, | = kn1 + ... + Enn.

If all coefficients ag,, vanish but one (k,,, = (k,...,k)) and ﬁkml B, i=
1,...,n, then the above equation becomes equation (2)

THEOREM 2. Suppose that there are r,h > 0, k € (0,1), and wg, €
0,k), n,Ak, > 0, Ag,,B > 0 such that ay,,b are analytic functions on
Gy, x K(0,7), and the functions a,,, B, i,y map G, into itself. Assume
that, for (t,z) € Gy, |u| < r, we have

lak, (5 Wllo, < Ag,, I6Cw)ll < B,

d(t, 2)" < A, [T d(Br,.i(t, 2))"HEmi ™!

=1
[B—I—Z Z Ak hnHC km—l] <
n=1 |k, |<K

2c. B+Z 3 A A, (Cop, + Crma, Hoﬁkm_l]<h

n=1|k,|<K
Then there exists an analytic solution to the homogeneous Cauchy problem

for equation (6) in the set D. Moreover, if there exist constants p, )\,(6173, AB)
>0, Ay, B’ w; k" >0 such that

lak, (t,z,u) — ag,, (t,z,0)] < A;nd(t, z)_“’%n lu — vl,
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b(t, z,u) — b(t, z,v)| < B'd(t,z)"" |u— |,

d(t, 2 tern =i < XD d(ay, (8,2)P,  d(t,2)P 7 < AOd(y(t, 2))?,

{ EN: Z Ak, [A;% h" < ﬁ Cﬁ,km—l)A,(:n)
n=1 |k | <K P

n

A3 ( 1 Cosbni1) Cokas M| + BAD} < 1,
J

=1 i=1,i#j

for (t,z) € Gy, |u|,|v] < r, where

11—k
)\,(62)4: sup <_ d(t, z) >p+ ’
" eyec, \d(Br, 5(t:2))

then the solution is unique in D.

We omit the proof, because its idea is similar to that of the proof of

Theorem 1.

The results of this paper can be easily generalized for a multidimensional

variable z and a strongly coupled system of equations. Moreover, the results
hold true in the real case, i.e. for functions w of variables (¢,2) € G, C
R x C of class C! in t and analytic in z. It suffices to assume that the
first coordinates of the deviating arguments of the unknown function are
independent of z.
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