
QUASICONFORMAL GEOMETRY AND DYNAMICS

BANACH CENTER PUBLICATIONS, VOLUME 48

INSTITUTE OF MATHEMATICS

POLISH ACADEMY OF SCIENCES

WARSZAWA 1999

THE FREE QUASIWORLD.

FREELY QUASICONFORMAL AND RELATED MAPS

IN BANACH SPACES

JUSSI VÄISÄLÄ
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1. Introduction

1.1. Quasiconformality in Rn. Quasiconformal maps in the plane R2 were introduced

by H. Grötzsch in 1928. He considered diffeomorphisms f : G→ G′ between domains in

R2 such that the image of each infinitesimal circle is an infinitesimal ellipse with semiaxes

a ≤ b such that b/a is bounded by a constant K. The concept was later generalized to

the euclidean space Rn, n ≥ 2, by several authors. However, it turned out that it is not
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convenient to assume differentiability everywhere. The basic theory of quasiconformal

maps in Rn is given in the author’s book [Vä2]. The case n = 2 has several special

features; it is treated in the book [LV] of O. Lehto and K. I. Virtanen.

There are plenty of mutually equivalent definitions for quasiconformality in Rn. In

this article we adopt the following simplified version of the metric definition. Let n ≥ 2,

let G and G′ be domains in Rn, and let f : G→ G′ be a homeomorphism. For x ∈ G, the

metric dilatation (also called the linear dilatation) of f at x is the number H(x, f) ∈ [1,∞]

defined by

(1.2) H(x, f) = lim sup
r→0

sup{|fy − fx| : |y − x| = r}
inf{|fy − fx| : |y − x| = r} .

For 1 ≤ K < ∞, we say that f is K-quasiconformal if H(x, f) ≤ K for all x ∈ G, and

that f is quasiconformal if it is K-quasiconformal for some K.

In the literature, it is customary to only assume that H(x, f) is bounded by some con-

stant everywhere and by K almost everywhere. Moreover, one can introduce the so-called

inner and outer dilatations, which have several pleasant properties concerning composi-

tion, inverse maps and limits. In particular, the definition for K-quasiconformality in [Vä2]

differs from the above, but both definitions give the same class of quasiconformal maps.

More precisely, a K-quasiconformal map in the above sense is Kn−1-quasiconformal in

the sense of [Vä2], and a K-quasiconformal map in the sense of [Vä2] is K ′-quasiconformal

in the above sense with some K ′ = K ′(K,n).

The metric definition given above is natural and easy to state, but it has the disadvan-

tage that one cannot easily prove the properties of quasiconformal maps starting from it.

For example, the inverse map of a K-quasiconformal map is K ′-quasiconformal with K ′ =

K ′(K,n) and the composition of a K1-quasiconformal map and a K2-quasiconformal map

is K ′′-quasiconformal with K ′′ = K ′′(K1,K2, n). These properties are obvious if the ge-

ometric definition [Vä2, 13.1] is used. Indeed, then K ′ = K and K ′′ = K1K2. But only

recently, J. Heinonen and P. Koskela [HK] have given a direct proof based on the metric

definition.

We emphasize that this definition is only used in Rn. In general Banach spaces we

shall adopt a different definition.

1.3. Setting. Throughout this article, E and E′ will always denote real Banach spaces.

Unless otherwise stated, we assume that their dimensions are at least two. Furthermore,

G ⊂ E and G′ ⊂ E′ will always be domains (open connected nonempty sets). We shall

mainly be interested in homeomorphisms f : G→ G′.

A fundamental question is: When should such a map be called quasiconformal? Our

definition (see 4.3) will be based on the quasihyperbolic metric, but we shall give alterna-

tive characterizations based on local quasisymmetry and on distortion of spherical rings.

In order to make a distinction from the definition given in 1.1, we shall call these maps

freely quasiconformal. The word “free” refers to “dimension-free” and also to “volume-

free”. In the case E = E′ = Rn, this definition is equivalent to the definition of 1.1. In

the general case, the definition (1.2) of the metric dilatation H(x, f) still makes sense,

and our definition for free quasiconformality implies that H(x, f) is bounded. Whether

the converse is true, is an important open problem.
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In the study of free quasiconformality, several other classes of maps arise naturally,

namely solid, quasihyperbolic and coarsely quasihyperbolic maps. I believe that these

classes have independent interest. By the free quasiworld we mean the study of all

these maps.

The free quasiworld has been considered in the four papers [Vä5,6,7,9] of the author

since 1990. Related work was done by G. Porru [Po1,2] and P. Caraman [Ca] in the late

seventies. The purpose of this article is to be a “mini monograph” on the free quasiworld

by giving a fairly self-contained exposition of the basic concepts and results of this theory.

Most of the material is from [Vä5,6,7,9].

These papers will be cited as I, II, III, IV. For example, [II, 6.12] means the result 6.12

in [Vä6]. We also give some background material on Banach spaces and on quasisymmetric

and quasimöbius maps.

Several open problems are stated in the text. These are called problems, and a list of

them is given in Section 13.

1.4. Comparison with the case E = Rn. A number of methods and tools, useful in Rn,

are not available in an infinite-dimensional Banach space E:

1. The space E is not locally compact, and its one-point extension Ė = E ∪ {∞} is

not compact. Normal family arguments are therefore not valid in E, and many extremal

problems have no solution.

2. Several intuitively obvious topological properties of Rn are not valid in E. For

example, a ball B is homeomorphic to the domain A between two concentric spheres.

However, it turns out that some strange-looking topological phenomena do not occur in

the quasiworld. In particular, there is no freely quasiconformal map of B onto A; see 8.5.

3. There is no natural measure in E like the Lebesgue measure in Rn. Balls have no

volume. The method of moduli of path families is useless in the free quasiworld.

4. Packing arguments fail in E.

5. Domains in E have no Whitney decomposition.

1.5. Motivation. I have been asked whether there is any good reason to study the free

quasiworld. Personally, I needed no reason, only the feeling that this study is natural,

interesting and fun. However, I try to give some motivation.

1. Any generalization of a well-studied topic (quasiconformality in Rn) usually gives

a better understanding of the old theory. For example, we see which properties of the

quasiconformal maps in Rn depend only on distance and not on volume.

2. To develop the theory we must find new methods and tools. Our proofs work also

in the classical case, and hence we get new proofs for old results.

3. Several well-known results can be formulated in a new dimension-free manner.

4. The theory gives rise to the study of various mapping classes related to quasicon-

formality.

5. The theory gives rise to questions about quasiconformal equivalence between Ba-

nach spaces and suggests connections between the quasiworld and functional analysis.

At the time of this writing, there are hardly any results in this direction.
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1.6. Notation. In addition to the Banach spaces E and E′, we sometimes work in

arbitrary metric spaces X and Y . Unless otherwise stated, we let |a − b| denote the

distance between the points a and b in any metric space. Balls and spheres are written

as

B(a, r) = {x : |x− a| < r}, B(a, r) = {x : |x− a| ≤ r}, S(a, r) = {x : |x− a| = r}.
In a Banach space E, we may omit the center a if it is the origin. In particular, B(1) is

the open unit ball of E.

The norm of a vector x ∈ E is written as |x|, the diameter of a set A ⊂ E as d(A), and

the distance between nonempty sets A,B ⊂ E as d(A,B). The one-point extension of E

is the Hausdorff space Ė = E∪{∞}, where the neighborhoods of ∞ are the complements

of closed bounded sets of E. The boundary ∂A and the closure A of a set A ⊂ E are taken

in Ė. The closed line segment with endpoints a, b ∈ E is [a, b]. For a half open segment we

use the obvious notation [a, b). To simplify expressions we often omit parentheses writing

fx instead of f(x), etc. We let l(γ) denote the length of an arc or a Jordan curve γ. If

x and y are points of an arc γ, then γ[x, y] is the subarc of γ between x and y. For real

numbers a, b we write

a ∨ b = max(a, b), a ∧ b = min(a, b).

We let N,Z and R denote the set of positive integers, integers and real numbers, respec-

tively.

1.7. Prerequisites. Very little mathematical background is needed for reading this ar-

ticle. We only assume that the reader is familiar with the elements of set-theoretical

topology, metric spaces, linear algebra, Banach spaces and Hilbert spaces. No previ-

ous knowledge on finite-dimensional quasiconformality is required, but of course, such a

knowledge is useful in giving motivation for this theory. We do not need measure and

integration theory beyond the integral of a continuous function of one real variable.

Acknowledgments. I thank Pekka Alestalo for reading the manuscript and for valu-

able comments.

2. Uniform continuity and quasiconvexity

2.1. Summary. We begin each section with a brief summary of the section. In this

section we present some elementary concepts and results on metric spaces, needed in

Section 4. We also prove the quasiconvexity of spheres in Banach spaces.

2.2. Definitions. Let X and Y be metric spaces. A map f : X → Y is uniformly

continuous if there is t0 ∈ (0,∞] and a homeomorphism ϕ : [0, t0) → [0,∞) such that

(2.3) |fx− fy| ≤ ϕ(|x − y|) for all x, y ∈ X with |x− y| < t0.

The function ϕ is a modulus of continuity of f , and we say that f is (ϕ, t0)-uniformly

continuous. If t0 = ∞, we briefly say that f is ϕ-uniformly continuous.

The fact that ϕ is a homeomorphism means that ϕ is continuous and strictly increas-

ing, ϕ(0) = 0, and ϕ(t) → ∞ as t→ t0. We assumed this for the sake of convenience, but

it is sufficient that (2.3) holds for some function ϕ : [0, t0) → [0,∞) such that ϕ is bounded
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on each interval [0, t], t < t0, and ϕ(t) → 0 as t→ 0, because one can then replace ϕ by

a homeomorphism ψ : [0, t0) → [0,∞) with ϕ(t) ≤ ψ(t). This can be found, for example,

as follows: Choose numbers rj ∈ (0, t0), j ∈ Z, such that rj < rj+1, rj → 0 as j → −∞,

and rj → t0 as j → ∞. Set aj+1 = sup{ϕ(t) : 0 ≤ t ≤ rj}. Define ϕ1 : [0, t0) → [0,∞) by

ϕ1(rj) = aj+1 and letting ϕ1|[rj , rj+1] be affine for each j. Choose some homeomorphism

ϕ2 : [0, t0) → [0,∞). Then ψ(t) = ϕ1(t) + ϕ2(t) is the desired function.

The linear function ϕ(t) = Mt, M > 0, gives the Lipschitz maps: f is M -Lipschitz if

|fx− fy| ≤M |x− y| for all x, y ∈ X .

More generally, if C ≥ 0 and

|fx− fy| ≤M |x− y| + C for all x, y ∈ X ,

we say that f is C-coarsely M -Lipschitz. If

|x− y|/M ≤ |fx− fy| ≤M |x− y| for all x, y ∈ X ,

then f is M -bilipschitz. Finally, if

(|x− y| − C)/M ≤ |fx− fy| ≤M |x− y| + C for all x, y ∈ X ,

the map f is C-coarsely M -bilipschitz.

A metric space X is c-quasiconvex, c ≥ 1, if each pair of points a, b ∈ X can be joined

by an arc γ of length l(γ) ≤ c|a− b|. For example, a convex subset of a Banach space is

1-quasiconvex. An arc γ is c-quasiconvex if and only if l(γ[x, y]) ≤ c|x−y| for all x, y ∈ γ.

The following result gives a useful sufficient condition for a map of a quasiconvex

space to be coarsely Lipschitz.

2.3. Lemma. Suppose that X is c-quasiconvex, that q > 0, C ≥ 0, and that f : X → Y

is a map such that |fx− fy| ≤ C whenever |x− y| ≤ q. Then

|fx− fy| ≤ (cC/q)|x− y| + C for all x, y ∈ X.

Proof. Given x, y ∈ X , we choose an arc γ from x to y with l(γ) ≤ c|x − y|. Let

k ≥ 0 be the unique integer satisfying kq < l(γ) ≤ (k+1)q. Then we can choose successive

points x = x0, . . . , xk+1 = y of γ such that l(γ[xj−1, xj ]) ≤ q for all 1 ≤ j ≤ k + 1. Since

|xj−1 − xj | ≤ q, we have |fxj−1 − fxj | ≤ C for all 1 ≤ j ≤ k + 1. Hence

|fx− fy| ≤
k+1
∑

j=1

|fxj − fxj−1| ≤ (k + 1)C.

Since k < l(γ)/q ≤ c|x− y|/q, this proves the lemma.

2.4. Quantitativeness. In the results concerning the quasiworld, it is usually important

to know which quantities depend on which quantities. Let A be a condition with data

υ and let A′ be a condition with data υ′. We say that A implies A′ quantitatively if A

implies A′ so that υ′ depends only on υ. If A and A′ imply each other quantitatively, we

say that they are quantitatively equivalent.

For example, the condition of Lemma 2.3 implies quantitatively that f is C-coarsely

M -Lipschitz, since C and M = cC/q depend only on the given numbers c, C and q. In the

following result, if (1) is true with given t0 and ϕ, then (2) is true with another function
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ϕ1 depending only on the pair (ϕ, t0), and (3) is true with a function ϕ1 and numbers

M,C depending only on (ϕ, t0). A symbol (like ϕ here) appearing in both A and A′ need

not have the same value in both conditions.

2.5. Theorem. Let X be c-quasiconvex and let f : X → Y be a map. Then the

following conditions are quantitatively equivalent:

(1) f is (ϕ, t0)-uniformly continuous,

(2) f is ϕ-uniformly continuous,

(3) f is ϕ-uniformly continuous and there are M > 0 and C ≥ 0 such that ϕ(t) ≤
Mt+ C.

Proof. Trivially (3) ⇒ (2) ⇒ (1). Assume that (1) is true. Choose a number q ∈
(0, t0), for example, q = 1 ∧ (t0/2). Then the condition of Lemma 2.3 is true with this q

and with C = ϕ(q). Hence |fx−fy| ≤M |x−y|+C for M = cC/q and for all x, y ∈ X . We

see that (3) is true with any homeomorphism ϕ1 : [0,∞) → [0,∞) such that ϕ(t) ≤ ϕ1(t)

for 0 ≤ t ≤ q and ϕ1(t) = Mt+ C for t ≥ q. For example, we may set

ϕ1(t) = ϕ(t) + 2(ϕ(q) − ϕ(q/2))t/q for 0 ≤ t ≤ q/2,

ϕ1(t) = Mt+ C for t ≥ q, and let ϕ1 be affine on [q/2, q].

2.6. Theorem. If dimE = 2, then l(S(1)) ≤ 8.

Proof. We introduce an arbitrary euclidean metric in E in order to consider areas.

By compactness we can find points a, b ∈ S(1) such that the area of the triangle with

vertices 0, a, b is maximal. Then B(1) lies in the parallelogram with vertices ±a± b, since

otherwise it is easy to find a larger triangle.

0 a

b a+b

x1

x2

µ1b

-λ1a

Fig. 1

The points ±a and ±b divide S(1) into four arcs. We show that each of these has length

at most 2. It suffices to consider the arc γ between a and b. Let a = x0, . . . , xm = b be

successive points of γ. For each 1 ≤ j ≤ m we can write xj −xj−1 = −λja+µjb for some

λj ≥ 0, µj ≥ 0. Then λ1 + . . . λm = µ1 + . . .+ µm = 1; see Figure 1. We obtain

m
∑

j=1

|xj−1 − xj | ≤
m
∑

j=1

(|λja| + |µjb|) = |a| + |b| = 2,

and hence l(γ) ≤ 2.
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2.8. Notes. Theorem 2.6 was proved by S. Go la̧b [Go] in 1932 and rediscovered by

D. Laugwitz [Lau, 1.1] in 1954. One can show that a sphere in E is always 2-quasiconvex

[Sc2, 4G, p. 17]. The bound 8 in 2.6 is sharp, and it is obtained when S(1) is a parallelo-

gram. The smallest possible value for l(S(1)) is 6; this occurs if S(1) is a regular hexagon.

See the book [Sc2] of Schäffer for these and related topics.

3. Quasihyperbolic metric

3.1. Summary. The quasihyperbolic metric of a domain G  E is one of the key

tools in the free quasiworld. In particular, the definition of a freely quasiconformal map

in Section 4 will be based on the quasihyperbolic metric. In this section we give the

definition and some basic properties of this metric.

3.2. Definitions. Let G  E be a domain. For x ∈ G we let δG(x) denote the

distance d(x, ∂G). This notation will be used throughout this article, and we shall usually

abbreviate δ(x) = δG(x), δ′(x) = δG′(x).

Let γ ⊂ G be a rectifiable arc of length λ = l(γ) with endpoints a and b. Then γ

has an arclength parametrization γ0 : [0, λ] → γ such that γ0(0) = a, γ0(λ) = b, and

l(γ[a, γ0(t)]) = t for all t ∈ [0, λ]; see [Vä2, §2]. The path γ1(t) = γ0(λ− t) gives another

arclength parametrization with γ1(0) = b, γ1(λ) = a. In most cases it does not matter

which one we choose, and either of them can be written as γ0.

If γ is rectifiable and if u : γ → R is continuous, the line integral of u along γ is

defined as
∫

γ

u(x)|dx| =

λ
∫

0

u(γ0(t))dt.

The quasihyperbolic length of γ in G is the number

lk(γ) =

∫

γ

|dx|
δ(x)

.

We shall often abbreviate “quasihyperbolic” as QH.

Let a and b be points in G. We can always join a and b by a rectifiable arc in G, for

example, by a broken line. In the case a = b, we consider the singleton {a} as an arc of

QH length zero. The quasihyperbolic (QH) distance between a and b in G is the number

kG(a, b) = inf
γ
lk(γ)

over all arcs γ joining a and b in G. We shall usually abbreviate k = kG, k
′ = kG′ .

It is easy to verify that k is a metric in G, called the quasihyperbolic metric of G.

3.3. Convention. Whenever a statement involves the QH metric kG or the distance

δG(x), we shall tacitly assume that the domain G is not the whole space.

3.4. Theorem. (1) lk(γ) is the length of γ in the metric space (G, k).

(2) The space (G, k) is c-quasiconvex for all c > 1.
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Proof. (1) Let x0, . . . , xm be successive points of γ. Then
m
∑

j=1

k(xj−1, xj) ≤
n
∑

j=1

lk(γ[xj−1, xj ]) ≤ lk(γ).

Hence the k-length of γ is at most lk(γ).

To prove the reverse inequality, let λ = l(γ) and let γ0 : [0, λ] → γ be the arclength

parametrization of γ. Then

lk(γ) =

λ
∫

0

g(t)dt,

where g(t) = 1/δ(γ0(t)). Let 0 < ε < 1/2. Since g is continuous, a simple compactness

argument shows that there is a subdivision 0 = t0 < t1 < . . . < tm = λ of [0, λ] such that

setting xi = γ0(ti) and γi = γ[xi−1, xi] we have

lk(γ) ≤
m
∑

j=1

g(ti)(ti − ti−1) + ε

and γi ⊂ B(xi, εδ(xi)) for all 1 ≤ i ≤ m. For each 1 ≤ i ≤ m we choose successive points

xi−1 = xi0, xi1, . . . , xi,mi
= xi of γi such that

l(γi) ≤
mi
∑

j=1

|xi,j−1 − xij | + ε/m.

With the aid of the estimate 3.7(4) below, we get

|xi,j−1 − xij |
δ(xi)

≤ (1 + 2ε)k(xi,j−1, xij)

for all i and j. Since ti − ti−1 = l(γi) and since g(ti) = 1/δ(xi), these estimates imply

lk(γ) ≤ (1 + 2ε)
∑

i

∑

j

k(xi,j−1, xij) + 2ε.

Here the double sum is at most the k-length of γ. Since ε is arbitrary, this yields the

desired inequality.

(2) Let a 6=b be points in G and let c>1. Choose an arc γ joining a and b with lk(γ)<

ck(a, b). By (1), the k-length of γ is less than ck(a, b). Hence (G, k) is c-quasiconvex.

3.5. Remark. It is natural to ask whether 3.4(2) holds with c = 1. In other words, is

it always possible to join two points a, b ∈ G by a QH geodesic? In Rn, a positive answer

was given by F. W. Gehring and B.G. Osgood [GO, Lemma 1] in 1979. In the general case

the answer is negative. A counterexample is given in [I, 2.9]. We give another example,

due to P. Alestalo (unpublished).

Let E be the Hilbert space l2 of all sequences x = (x1, x2, . . .) such that |x|2 =

x21 + x22 + . . . < ∞. Let Q ⊂ E be the Hilbert cube {x ∈ E : x1 = 0, |xj | ≤ 1/j for

j ≥ 2}, and let G be the domain E \ Q. We show that the points e1 = (1, 0, 0, . . .) and

−e1 cannot be joined by a QH geodesic in G.

Let γ ⊂ G be a rectifiable arc with endpoints e1 and −e1. Setting

Ax = (x1, 0, x2, x3, . . .)
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we obtain an isometric embedding A : E → E. Then also Aγ joins e1 and −e1 in G. We

show that lk(Aγ) < lk(γ), and hence γ cannot be a QH geodesic. For this it suffices to

show that δ(Ax) ≥ δ(x) for all x ∈ G and that δ(Ax) > δ(x) for some x ∈ γ.

Let x ∈ G. Since Q = ∂G is compact, there is y ∈ Q with |Ax − y| = δ(Ax). Since

(Ax)2 = 0, we have y2 = 0, and hence y = Az for z = (y1, y3, y4, . . .). Since z ∈ Q, we

have δ(x) ≤ |x− z| = |Ax− y| = δ(Ax) for all x ∈ G.

Since γ joins e1 and −e1, there is x ∈ γ with x1 = 0. Since x 6∈ Q, there is j ≥ 2 with

|xj | > 1/j. We may assume that xj > 1/j. Let y and z be as above, and let u ∈ E be the

point with uj = 1/j and ui = zi for i 6= j. Then u ∈ Q. Since |zj| = |yj+1| ≤ 1/(j + 1),

we have |xj − zj| > |xj − uj|, and hence |x− z| > |x− u|. Consequently,

δ(x) ≤ |x− u| < |x− z| = |Ax− y| = δ(Ax).

3.6. Other distances. Let G  E and let a, b ∈ G. In addition to the QH distance

k(a, b) = kG(a, b), it is sometimes convenient to consider the numbers

rG(a, b) =
|a− b|

δ(a) ∧ δ(b) , jG(a, b) = log(1 + rG(a, b)).

The relative distance rG does not define a metric in G, but the logarithmic distance jG
does. However, we shall not need this fact.

We next give some useful estimates for the QH distance. Part (4) of the following

result was already used in the proof of 3.4(1).

3.7. Theorem. (1) kG(a, b) ≥ jG(a, b) ≥ log (δ(b)/δ(a)) for all a, b ∈ G.

(2) |a− b| ≤ (ek(a,b) − 1)δ(a) ≤ ek(a,b)δ(a) for all a, b ∈ G.

(3) If a ∈ G, 0 < t < 1, and x, y ∈ B(a, tδ(a)), then

k(x, y) ≤ 1

1 − t

|x− y|
δ(a)

.

(4) If, in addition, t ≤ 1/2, then

k(x, y) ≥ 1

1 + 2t

|x− y|
δ(a)

.

(5) If a, b ∈ G with |a− b|/δ(a) = q < 1, then

k(a, b) ≤ log
1

1 − q
.

Proof. (1) Assume that γ is a rectifiable arc joining a to b in G. Let γ0 : [0, λ] → γ

be the arclength parametrization of γ with γ0(0) = a. For each s ∈ [0, λ] we have

δ(γ0(s)) ≤ δ(a) + |γ0(s) − a| ≤ δ(a) + l(γ[a, γ0(s)]) = δ(a) + s.

Hence

lk(γ) ≥
λ
∫

0

ds

δ(a) + s
= log

(

1 +
λ

δ(a)

)

≥ log
(

1 +
|a− b|
δ(a)

)

.

Since a can be replaced by b, we obtain the first inequality of (1). Since δ(b) ≤ δ(a)+|a−b|,
the second inequality follows.

Part (2) follows from (1).
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Since δ(z) ≥ (1 − t)δ(a) for all z ∈ [x, y], (3) follows by integration along the line

segment [x, y].

To prove (4), assume that γ joins x and y in G. If γ ⊂ B(a, 2tδ(a)), then δ(z) ≤
(1 + 2t)δ(a) for all z ∈ G, and hence

(3.8) lk(γ) ≥ |x− y|
(1 + 2t)δ(a)

.

If γ 6⊂ B(a, 2tδ(a)), then γ has nonoverlapping subarcs γ1, γ2 joining the boundary com-

ponents of the ring A = {z : tδ(a) ≤ |z − a| ≤ 2tδ(a)} in A. For z ∈ γj we have

δ(z) ≤ (1 + 2t)δ(a). Since l(γj) ≥ tδ(a) ≥ |x − y|/2, we again obtain (3.8). This proves

(4).

Part (5) follows by integration along [a, b].

3.9. Theorem. Suppose that a, b ∈ G and that either |a− b| ≤ δ(a)/2 or k(a, b) ≤ 1.

Then

1
2

|a− b|
δ(a)

≤ k(a, b) ≤ 2
|a− b|
δ(a)

.

Proof. If |a − b| ≤ δ(a)/2, this follows from parts (3) and (4) of 3.7. Suppose that

k(a, b) = r ≤ 1. By 3.7(2) we have

|a− b| ≤ (er − 1)δ(a) ≤ 2rδ(a),

which yields the first inequality of the theorem. If |a − b| ≥ δ(a)/2 and k(a, b) ≤ 1, the

second inequality is trivially true.

3.10. Corollary. The QH metric and the norm metric define the same topology of

G ( E.

3.11. Diameters. If X is a set and if ̺ : X×X → [0,∞) is a function, the ̺-diameter

of a set A ⊂ X is

̺(A) = sup{̺(x, y) : x ∈ A, y ∈ A}
with ̺(∅) = 0. In particular, if A ⊂ G ( E, we can consider the QH diameter k(A) =

kG(A) and the relative diameter rG(A); see 3.6. Moreover, we define the relative size of

A as

rG(A) =
d(A)

d(A, ∂G)
.

If d(A, ∂G) = 0, we set rG(A) = ∞. We give some inequalities for these numbers.

3.12. Theorem. (1) rG(A) ≤ rG(A) ≤ 2rG(A).

(2) kG(A) ≥ log(1 + rG(A)) ≥ log(1 + rG(A)/2).

(3) If kG(A) <∞, then d(A, ∂G) > 0.

Proof. The first inequality of (1) is clear. To prove the second one, let a, b, c ∈ A.

Then
|a− b|
δ(c)

≤ |a− c|
δ(c)

+
|c− b|
δ(c)

≤ rG(a, c) + rG(c, b) ≤ 2rG(A),

and hence rG(A) ≤ 2rG(A).

Part (2) follows directly from (1) and from 3.7(1), and (3) follows from (2).
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3.13. Notes. The quasihyperbolic metric of a domain G ( Rn was introduced by

F. W. Gehring and B. P. Palka [GP] in 1976. In the case where G is a half space in Rn it

agrees with the classical hyperbolic metric. This explains the terminology. The distance

jG(a, b) in 3.6 is a modification of M. Vuorinen [Vu] of the distance

j′G(a, b) = 1
2 log

[(

1 +
|a− b|
δ(a)

)(

1 +
|a− b|
δ(b)

)]

,

considered in [GO]. A related expression was used by P. W. Jones [Jo1]. We have always

jG ≤ j′G ≤ 2jG.

4. Maps in the free quasiworld

4.1. Summary. We introduce the central objects of the free quasiworld: solid, freely

quasiconformal, quasihyperbolic and coarsely quasihyperbolic maps.

4.2. Fullness. We recall that G and G′ are always domains in Banach spaces E and

E′, respectively. Suppose that f : G → G′ is a homeomorphism. For each subdomain

D ⊂ G, we let fD : D → fD denote the homeomorphism defined by f . We say that f

has fully a property P if fD has property P for each proper subdomain D ( G.

4.3. Definitions. Let f : G→ G′ be a homeomorphism. We say that f is ϕ-solid if

f and f−1 are ϕ-uniformly continuous in the QH metrics k = kG and k′ = kG′ ; see 2.2.

In other words, ϕ : [0,∞) → [0,∞) is a homeomorphism and

(4.4) ϕ−1(k(x, y)) ≤ k′(fx, fy) ≤ ϕ(k(x, y)) for all x, y ∈ G.

Observe that the definition makes sense only if G 6= E and G′ 6= E′.

The special case ϕ(t) = Mt, M ≥ 1, gives the quasihyperbolic maps. More precisely,

f is called M -quasihyperbolic or M -QH if

(4.5) k(x, y)/M = k′(fx, fy) ≤Mk(x, y) for all x, y ∈ G.

In other words, f is M -bilipschitz in the QH metric.

If f is C-coarsely M -bilipschitz in the QH metric, then f is said to be C-coarsely

M -quasihyperbolic. This means that

(4.6) (k(x, y) − C)/M ≤ k′(fx, fy) ≤Mk(x, y) + C for all x, y ∈ G.

Finally, a homeomorphism f : G → G′ is freely ϕ-quasiconformal or ϕ-FQC if f is

fully ϕ-solid, that is, the homeomorphism fD : D → fD is ϕ-solid for each subdomain

D ( G. Contrary to the classes defined above, this definition makes sense also if G = E

or G′ = E′.

4.7. Theorem. (1) If f : G → G′ is ϕ-solid, then f is C-coarsely M -QH with any

C > 0 and with M = C/ϕ−1(C).

(2) If G 6= E, G′ 6= E′ and if f : G→ G′ is ϕ-FQC, then f is ϕ-solid.

Proof. Part (1) follows directly from 2.3 and 3.4(2). To prove (2) let a, b∈G. Choose

a sequence (xj) in G \ {a, b} such that δ(xj) → 0. Write Dj = G \ {xj}. Then

k′(fa, fb) ≤ kfDj
(fa, fb) ≤ ϕ(kDj

(a, b)).
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Since δDj
(x) → δ(x) uniformly on each arc in G, it is easy to see that kDj

(a, b) → k(a, b)

as j → ∞. Hence k′(fa, fb) ≤ ϕ(k(a, b)).

4.8. Connection with classical quasiconformality. Suppose that G and G′ are do-

mains in Rn and that f : G → G′ is a homeomorphism. Then the conditions ”f is

K-quasiconformal” and ”f is freely ϕ-quasiconformal” are quantitatively equivalent, pro-

vided that the dimension n is included in the data. More precisely, if f is K-quasiconfor-

mal, then f is ϕ-FQC with ϕ = ϕK,n by [GO, Th. 3]. Conversely, if f is ϕ-FQC, then f

is K-quasiconformal with K = K(ϕ, n). This was proved in [TV2, 6.12], but essentially

the same result was given by F. W. Gehring [Ge, Th. 4] already in 1963. In fact, it is true

with K = K(ϕ) by Theorem 7.13 of the present article.

To emphasize the dependence on the dimension n, we say that the conditions are

n-quantitatively equivalent.

4.9. Problems. 1. Is the Gehring-Osgood result in 4.8 true with ϕ depending on

K but not on n? Remember that we are using the simplified metric definition of K-

quasiconformality; see 1.1. A negative answer would imply that free ϕ-quasiconformality

cannot be characterized in terms of the metric dilatation H(x, f). If the answer is yes,

one can ask:

2. Suppose that f : G→ G′ is a homeomorphism between domains in Banach spaces

and that H(x, f) ≤ K for all x ∈ G. Is f ϕ-FQC with ϕ = ϕK?

4.10. Remark. It might look natural to consider also fully M -QH and fully C-coarsely

M -QH maps. However, this would not give any new classes. In fact, we shall later show

that the M -QH maps are fully 4M2-QH and that the fully C-coarsely M -QH maps are

ϕ-FQC with ϕ = ϕM,C .

4.11. Notes. Solid maps inRn were introduced in [TV2]. In the special case whereG=

G′ is a half space of Rn, these maps were considered already in 1964 by V. A. Efremovich

and E. S. Tihomirova [ET]. They used the term equimorphism and proved that such a

map extends to a homeomorphism G→ G′. We shall prove the corresponding result for

coarsely QH maps between uniform domains in Banach spaces in Section 11.

In Rn, the QH maps form an important subclass of the quasiconformal maps. In fact,

since the QH metric and the norm metric are infinitesimally multiples of each other, anM -

QH map between domains in Rn is M2-quasiconformal. The Beurling-Ahlfors extension

[BA] and several other extensions are examples of QH maps.

5.Quasihyperbolic maps

5.1. Summary. We show that QH maps have two pleasant properties compared with

the other classes introduced in Section 4: (1) There is a local characterization for QH

maps. (2) An M -QH map is fullyM ′-QH withM ′ = 4M2. We also show that a locallyM -

bilipschitz homeomorphism is M2-QH. Thanks to these properties, it is usually relatively

easy to find out whether a given map is QH or not. The corresponding problem for

the other classes is essentially harder. Some examples of QH maps are given. We also

characterize the QH maps as homeomorphic quasisimilarities.
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5.2. Stretchings. Let g : X → Y be a map between metric spaces and let x be a

nonisolated point of x. We write

L(x, g) = lim sup
y→x

|fy − fx|
|y − x| , l(x, f) = lim inf

y→x

|fy − fx|
|y − x| .

Then 0 ≤ l(x, f) ≤ L(x, f) ≤ ∞. The number L(x, f) is the maximal stretching of f at x,

and l(x, f) is the minimal stretching. In the case where X = G and Y = G′ with the QH

metrics, we use the notation Lk(x, f), lk(x, f). In 5.4 we express these numbers in terms

of the stretchings L(x, f), l(x, f) in the norm metric. First we give some simple general

properties of the stretchings.

5.3. Lemma. (1) If f : X → Y is a homeomorphism and if x is a nonisolated point

of x, then

L(x, f) = 1/l(fx, f−1), l(x, f) = 1/L(fx, f−1),

where we understand 1/0 = ∞, 1/∞ = 0.

(2) Suppose that f : X → Y and g : Y → Z are continuous and that x and fx are

nonisolated points of X and Y , respectively. Then

L(x, g ◦ f) ≤ L(x, f)L(fx, g), l(x, g ◦ f) ≥ l(x, f)l(fx, g),

provided that the products are not of the form 0 · ∞ or ∞ · 0.

(3) Suppose that G is a domain in E, that f and g are maps of G into Banach spaces

and that λ ∈ R. Then the formulas

L(x, f ± g) ≤ L(x, f) + L(x, g),

L(x, λf) ≤ |λ|L(x, f),

L(x, fg) ≤ L(x, f)|gx| + |fx|L(x, g)

are valid whenever they make sense and contain no product of the form 0 · ∞ or ∞ · 0.

In the last formula, one of the functions f, g must be real-valued.

Proof. Part (1) is obvious. To prove (2), suppose that y ∈ X, y 6= x and fy 6= fx.

Then
|gfy − gfx|

|y − x| =
|gfy − gfx|
|fy − fx|

|fy − fx|
|y − x| .

Since f is continuous, fy → fx as y → x, and (2) follows easily. The proof of (3) is left

as an exercise.

5.4. Theorem. If f : G→ G′ is continuous, then

Lk(x, f) =
L(x, f)δ(x)

δ′(fx)
, lk(x, f) =

l(x, f)δ(x)

δ′(fx)
for all x ∈ G.

Proof. Let d and d′ denote the norm metrics of G and G′, respectively, and let i :

(G, k) → (G, d) and j : (G′, k′) → (G′, d′) be the identity maps. From parts (3) and (4) of

3.7 it follows that L(x, i) = δ(x) and L(x, i−1) = δ(x)−1, and the corresponding formulas

hold for j. Consider f as a map f : (G, d) → (G′, d′), and let fk : (G, k) → (G′, k′) be the
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map with the same values. Since fk = j−1fi and f = jfki
−1, Lemma 5.3 gives

Lk(x, f) = L(x, fk) ≤ L(x, i)L(x, f)L(fx, j−1) = δ(x)L(x, f)δ′(fx)−1,

L(x, f) ≤ L(x, i−1)L(x, fk)L(fx, j) = δ(x)−1Lk(x, f)δ′(fx),

and we obtain the first formula of the theorem. The proof for the second formula is

similar.

5.5. Lemma. Suppose that X is c-quasiconvex and that f : X → Y is a map with

L(x, f) ≤M for all x ∈ X. Then f is cM -Lipschitz.

Proof. We first consider the case where X is an interval [a, b]. If |fa−fb| > M |a−b|,
an easy bisection argument gives a contradiction. This result is also in [Fe, p. 64].

In the general case, let a, b ∈ X . Join a to b by an arc γ with λ = l(γ) ≤ c|a − b|.
For the arclength parametrization γ0 : [0, λ] → γ we have L(t, γ0) ≤ 1 for all t ∈ [0, λ].

By 5.3 this implies that L(t, fγ0) ≤M for all t. Hence the special case gives |fa− fb| ≤
Mλ ≤Mc|a− b|.

5.6. Theorem. Suppose that f : G→ G′ is a homeomorphism with G 6= E,G′ 6= E′.

Then f is M -QH if and only if

L(x, f)δ(x) ≤Mδ′(fx), L(fx, f−1)δ′(fx) ≤Mδ(x) for all x ∈ G.

Proof. By 3.4(2), the spaces (G, k) and (G′, k′) are c-quasiconvex for all c > 1. The

first inequality is equivalent to Lk(x, f) ≤ M by 5.4. Hence, by 5.5, it is equivalent to

the condition that f is M -Lipschitz in the QH metric. The same is true with f−1 and

the second inequality.

5.7. Remark. Since L(fx, f−1) = l(x, f)−1, the second inequality of 5.6 can also be

written as

δ′(fx) ≤Ml(x, f)δ(x).

5.8. Inversion. As an application of 5.6 we consider the inversion u : E\{0} → E\{0},

defined by

ux =
x

|x|2 .

Observe that u is a homeomorphism with u−1 = u and that |ux|= 1/|x|. For all x, y ∈
E \ {0} we have

|x||y||ux− uy| =
∣

∣

∣

|y|
|x|x− |x|

|y|y
∣

∣

∣
≤

∣

∣

∣

|y|
|x|x− x

∣

∣

∣
+ |x− y| +

∣

∣

∣
y − |x|

|y|y
∣

∣

∣

≤ 2
∣

∣

∣
|y| − |x|

∣

∣

∣
+ |x− y| ≤ 3|x− y|.

Since u−1 = u, this gives the double inequality

(5.9) 1
3

|x− y|
|x||y| ≤ |ux− uy| ≤ 3

|x− y|
|x||y|

The constant 3 is the best possible. This is seen by considering E = R2 with the norm

|x| = |x1| ∨ |x2| and x = (1 − ε, 1 − ε) , y = (1, 1 − 2ε) for a small ε. If E is a Hilbert
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space, we can replace (5.9) by the formula

(5.10) |ux− uy| =
|x− y|
|x||y| ,

which can be verified by direct computation. These formulas imply that L(x, u) ≤ 3/|x|
in the general case and L(x, u) = 1/|x| in a Hilbert space. Since δ(x) = δ′(x) = |x|,
Theorem 5.6 yields the following result:

5.11. Theorem. The inversion u : E \{0}→E \{0} is 3-QH. If E is a Hilbert space,

then u is 1-QH, that is, a QH isometry.

5.12. Theorem. If f : G→ G′ is M -QH, then f is fully 4M2-QH.

Proof. Let D ⊂ G be a domain. Fix a point x ∈ D. By symmetry and by 5.6, it

suffices to show that L(x, f)δD(x) ≤ 4M2δfD(fx). By auxiliary similarities we normalize

the situation so that δG(x) = 1 = δG′(fx). Since f is M -QH, Theorem 5.6 gives L(x, f) ≤
M . Hence it suffices to show that α ≤ 4M for α = δD(x)/δfD(fx).

If δfD(fx) ≥ 1/2M , then α ≤ 2M . Suppose that δfD(fx) < 1/2M . Choose 0 < ε <

1/2M − δfD(fx) and then a point y′ ∈ ∂fD such that

|y′ − fx| < δfD(fx) + ε < 1/2M.

Then y′ ∈ G′, since

δG′(y′) ≥ δG′(fx) − |y′ − fx| > 1 − 1/2M > 0.

Setting y = f−1(y′) we have y ∈ ∂D. Since

|fx− y′| < 1/2M ≤ 1/2 = δG′(fx)/2,

Lemma 3.9 gives

k′(fx, y′) ≤ 2|fx− y′|
δG′(fx)

= 2|fx− y′| < 1/M.

Since f is M -QH, this implies k(x, y) < 1. Applying again 3.9 and the M -QH property

we get
δD(x) ≤ |x− y| ≤ 2k(x, y)δG(x) = 2k(x, y) ≤ 2Mk′(fx, y′)

≤ 4M |fx− y′| < 4M(δfD(fx) + ε).

Hence α < 4M(δfD(fx) + ε)/δfD(x). As ε→ 0, this gives α ≤ 4M .

5.13. Corollary. An M -QH map is ϕ-FQC with ϕ(t) = 4M2t.

5.14. Remark. From 5.11 and 5.12 it follows that the inversion u : E \{0} → E \{0}
is fully 36-QH. In a Hilbert space it is fully 4-QH.

5.15. Locally bilipschitz maps. A map f : X → Y is locally M -bilipschitz, M ≥ 1, if

each point x ∈ X has a neighborhood U such that the restriction f |U is M -bilipschitz. If

f : G→ G′ is a homeomorphism between domains in Rn and if f is locally M -bilipschitz,

it follows at once from the definition in 1.1 that f is M2-quasiconformal. We next show

that such a map is QH in all Banach spaces.

5.16. Theorem. Suppose that f : G→ G′ is a locally M -bilipschitz homeomorphism

with G 6= E. Then G′ 6= E′ and f is M2-QH.
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Proof. We first show that G′ 6= E′. Fix a point a ∈ G. Since G 6= E, there is a

point b1 ∈ ∂G. Since [a, b1]∩ ∂G is compact, there is b ∈ [a, b1] such that α = [a, b) ⊂ G.

Since f is locally M -bilipschitz, we have L(x, f) ≤ M for all x ∈ G. Since α is convex,

f |α is M -Lipschitz by 5.5. Let (xj) be a sequence on α converging to b. Then (fxj) is a

Cauchy sequence and hence converges to a point y ∈ E′. This point lies in E′ \G′, since

otherwise xj → f−1(y). Thus G′ 6= E′.

Fix a point x ∈ G. By symmetry and by 5.6, it suffices to show that δ(x) ≤Mδ′(fx).

Let λ > 1 and choose a point y′ ∈ ∂G′ such that |y′ − fx| ≤ λδ′(fx). As above, we may

assume that β = [fx, y′) ⊂ G′. Then f−1|β is M -Lipschitz. Arguing as above we see that

f−1(z) has a limit y ∈ E as z → y′ on β. We have y 6∈ G, since otherwise y′ = fy ∈ G′.

Hence

δ(x) ≤ |x− y| ≤M |fx− y′| ≤Mλδ′(fx).

As λ→ 1, this gives δ(x) ≤Mδ′(fx) as desired.

5.17. Remark. The proof of 5.16 is the first time in this article when we actually

need the completeness of the spaces E and E′. The theory before 5.16 makes sense in

all normed vector spaces. However, Theorem 5.16 breaks down in a drastic way if E

is noncomplete. In fact, let E be a noncomplete normed space. For every M > 1 it is

possible to construct an M -bilipschitz homeomorphism g : E \{0} → E such that gx = x

for |x| ≥ 1. See [Vä8] and the earlier work of C. Bessaga ([Bes], [BP, Prop. 5.1, p. 106]).

This g defines a homeomorphism f of G = B(2) \ {0} onto G′ = B(2), which is not QH

or even solid. To see this, let a ∈ G with |a| = r < 1/2. Then k(a, 2a) ≥ log 2 by 3.7(1).

On the other hand, 3.7(3) gives

k′(f(a), f(2a)) ≤ |f(a) − f(2a)| ≤Mr → 0

as r → 0. Hence f−1 cannot be uniformly continuous in the QH metric.

It seems to the author that there is no useful theory of quasiconformality in general

normed spaces.

5.18. Differentiable maps. A map f : G→ E′ is differentiable or Fréchet differentiable

at a point x ∈ G if there is a continuous (= bounded) linear map f ′(x) : E → E′, called

the derivative of f at x, such that

f(x+ h) = f(x) + f ′(x)h+ |h|ε(x, h),

where ε(x, h) → 0 as h→ 0. At such a point x we have

L(x, f) = |f ′(x)| = sup {|f ′(x)h| : |h| = 1}.

For example, if E is a Hilbert space, the norm function N : E → R, Nx = |x|, is

differentiable for x 6= 0 with

(5.19) N ′(x)h = (x · h)/|x|.

Here exceptionally dim E′ = 1.
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If E = Rn, E′ = Rp, and we write f = (f1, . . . , fp), then the elements of the matrix

of f ′(x) are the partial derivatives ∂ifj(x) = ej · f ′(x)ei. The elementary estimate

(5.20) |f ′(x)|2 ≤
n
∑

i=1

p
∑

j=1

∂ifj(x)2

is often useful when estimating L(x, f).

5.21. The radial power map. Let E be a Banach space. For α > 0 we define the radial

power map fα : E → E by fαx = |x|α−1x. Then fα is a homeomorphism onto E with

f−1
α = f1/α. Let G = G′ = E \ {0}, and let f : G → G′ be the homeomorphism defined

by fα. Assuming that α ≥ 1, it is not difficult to show that L(x, f) = α|x|α−1 and

L(fx, f−1) ≤ α/|x|α−1. If E is a Hilbert space, this can be seen from the derivative

f ′(x)h = (α− 1)|x|α−2(x · h)x+ |x|α−1h,

obtained by using ordinary differentiation rules and (5.19). For general Banach spaces,

see [I, 4.10]. Since δ(x) = |x| and δ′(fx) = |fx| = |x|α, we conclude by 5.6 that f is

α-QH.

5.22. Radial bilipschitz maps. We shall later make use of the following kind of maps.

Let r1, r2 ∈ (0,∞] and let g : [0, r1) → [0, r2) be an M -bilipschitz homeomorphism. For

x ∈ B(r1) \ {0} we set

px = x/|x|, fx = g(|x|)px.
For all x, y ∈ B(r1) \ {0} we have

|fx− fy| ≤ g(|x|)|px− py| + |g(|x|) − g(|y|)||py|
≤M |x||px− py| +M |x− y|.

Since

|x||px − py| =
∣

∣

∣
x− |x|y

|y|
∣

∣

∣
≤ |x− y| +

∣

∣|y| − |x|
∣

∣ ≤ 2|x− y|,

we see that f is 3M -Lipschitz. Extending f to B(r1) by f(0) = 0 and observing that

f−1(x) = g−1(|x|)px, we obtain a 3M -bilipschitz homeomorphism f : B(r1) → B(r2).

The case r1 = r2 = ∞ is allowed; then f : E → E.

5.23. Quasisimilarities. Suppose that f : G → G′ is a homeomorphism with G 6=
E, G′ 6= E′. Let 0 < q < 1 and M ≥ 1. We say that f is a homeomorphic (M, q)-

quasisimilarity if

(5.24) L(x, f) ≤Ml(y, f), L(y, f) ≤Ml(x, f)

whenever x, y ∈ G and |y − x| < qδ(x).

Observe that the numbers in (5.24) are not zero or infinite. Indeed, if l(x, f) = 0 for

some x, then L(y, f) = 0 for |y − x| < qδ(x), and hence f |B(x, qδ(x)) is constant by 5.5.

If L(x, f) = ∞ for some x, then l(y, f) = ∞ for |y − x| < qδ(x). Hence L(z, f−1) = 0 in

a ball neighborhood V of fx, and thus f−1|V is constant.

We remark that in Rn one can consider also nonhomeomorphic quasisimilarities. The

condition that f is sense-preserving is then added.
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We first show that the inequalities in (5.24) are quantitatively equivalent to each other.

Then we prove that f is QH if and only if f and f−1 are homeomorphic quasisimilarities.

5.25. Lemma. If a homeomorphism f : G → G′ satisfies one of the inequalities of

(5.24), it satisfies also the other with the same q and with M ′ = M ′(M, q).

Proof. Suppose that the first inequality of (5.24) is true, and let x, y ∈ G with

|x − y| < qδ(x). Set t= q(1 − q)δ(x), and let m ≥ 1 be the unique integer with (m −
1)t = |y − x| < mt. Divide the segment [y, x] into m equal parts by successive points

y = y0, . . . , ym = x. Then |yj−1 − yj| = |y − x|/m < t for all 1 ≤ j ≤ m. Furthermore,

δ(yj−1) ≥ δ(x) − |x− yj−1| > (1 − q)δ(x) = t/q.

It follows that

L(yj−1, f) ≤Ml(yj, f) ≤ML(yj, f)

for 1 ≤ j ≤ m. Hence L(y, f) ≤Mml(x, f). Since m− 1 ≤ |y− x|/t < 1/(1− q), we have

m < 2/(1 − q). Consequently, the second inequality if (5.24) is true with M replaced by

M ′ = M2/(1−q).

The proof for the converse is similar.

5.26. Theorem. Suppose that f : G→G′ is a homeomorphism with G 6= E, G′ 6= E′.

Then the following conditions are quantitatively equivalent:

(1) f is M -QH.

(2) For each 0 < q < 1 there is M ≥ 1 such that f and f−1 are homeomorphic

(M, q)-quasisimilarities.

(3) f and f−1 are (M, q)-quasisimilarities.

Proof. We show that (1) ⇒ (2) ⇒ (3) ⇒ (1). The implication (2) ⇒ (3) is trivial.

We next show that (1) implies (2) quantitatively. Let 0 < q < 1 and let x, y ∈ G with

|x− y| < qδ(x). Since f is M -QH, Theorem 5.6 implies that

(5.27) L(x, f)δ(x) ≤Mδ′(fx), δ′(fy) ≤Mδ(y)l(y, f).

By 5.25, it suffices to prove the first inequality of (5.24). In view of (5.27), it suffices to

find M ′ = M ′(M, q) such that

(5.28) δ′(fx)δ(y) ≤M ′δ′(fy)δ(x).

Since f is M -QH, parts (1) and (5) of 3.7 yield

log
δ′(fy)

δ′(fx)
≤ k′(fx, fy) ≤Mk(x, y) ≤M log

1

1 − q
.

Moreover, δ(y) ≤ (1 + q)δ(x) < δ(x)/(1− q). Hence (5.28) holds with M ′ = (1− q)−M−1.

It remains to show that (3) ⇒ (1). Assume that (3) holds. We show that f is (M/q)-

QH. Let x ∈ G and write t = L(x, f)qδ(x)/M . By symmetry and by 5.6, it suffices to

show that δ′(fx) ≥ t. This will follow if |fx−fy| ≥ t for each y such that |y−x| = qδ(x)

and [fx, fy) ⊂ fB(x, qδ(x)). For every z ∈ [fx, fy) we have

L(z, f−1) = 1/l(f−1(z), f) ≤M/L(x, f).
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By 5.5 this implies that

qδ(x) = |x− y| ≤ M |fx− fy|
L(x, f)

,

and hence |fx− fy| ≥ t as desired.

5.29. Notes. As noted in 4.11, M -QH maps in Rn are M2-quasiconformal. If n 6= 4,

every quasiconformal map between proper subdomains of Rn can be approximated by

QH maps, uniformly in the QH metric [TV2, 7.12].

Homeomorphic quasisimilarities between domains in R2 were introduced by K. Astala

and F. W. Gehring [AG] in 1986. The notion was generalized to Rn and for nonhomeo-

morphic maps by O. Martio [Ma]. The equivalence 5.26 of homeomorphic quasisimilarities

and QH maps in Rn was proved by K. Hag, P. Hag and O. Martio [HHM, 2.40] and also by

T. G. Latfullin [Lat, Th. 1]. However, the condition that f−1 is an (M, q)-quasisimilarity

can be dropped in Rn, because it follows n-quantitatively from the (M, q)-quasisimilarity

property of f ; see [HHM, 2.33]. I do not know whether the corresponding free statement

is true.

6. Quasisymmetric and quasimöbius maps

6.1. Summary. Quasisymmetry is a global version of quasiconformality, and it can be

considered in arbitrary metric spaces. In Section 7 we shall characterize the FQC maps

in terms of local quasisymmetry. This section gives the basic theory of quasisymmetry in

metric spaces. We also consider the more general class of quasimöbius maps.

6.2. Quasisymmetry. Let η : [0,∞)→ [0,∞) be a homeomorphism. A map f : X→Y

between metric spaces is η-quasisymmetric if

(1) f is an embedding,

(2) |a− x| ≤ t|b− x| implies |fa− fx| ≤ η(t)|fb− fx| for all x, a, b ∈ X and t ≥ 0.

The condition (2) can also be written as

|fa− fx|
|fb− fx| ≤ η

( |a− x|
|b− x|

)

for each triple x, a, b of distinct points in X . The condition (1) can be replaced by (1’) f

is injective or even by (1”) f is nonconstant by the following result:

6.3. Theorem. Suppose that f : X → Y is a function satisfying condition (2) of

6.2. Then f is either a constant or an η-quasisymmetric embedding. In the latter case,

f−1 : fX → X is η′-quasisymmetric with η′(t) = η−1(t−1)−1.

Proof. Suppose that f is not constant. We first show that f is injective. Assume

that fx = fy for some x 6= y. Let z ∈ X and write |z − x| = t|y − x|. Then |fz − fx| ≤
η(t)|fy − fx| = 0. Hence f is constant, a contradiction.

We next show that f is continuous at an arbitrary point x0∈X . Fix a point b∈X \
{x0}, let ε > 0, and choose t > 0 with η(t)|fb−fx0| < ε. If x ∈ X and |x−x0| ≤ t|b−x0|,
then |fx− fx0| < ε, and hence f is continuous at x0.
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Suppose that x, a, b ∈ X and t > 0 are such that |fa− fx| ≤ t|fb− fx|. If |a− x| >
η′(t)|b − x|, then

|fb− fx| < η(η′(t)−1)|fa− fx| = t−1|fa− fx|,
a contradiction. In view of what was proved above, this completes the proof.

6.4. Weaker conditions. 1. Note that in the definition 6.2 of quasisymmetry we have

η(0) = 0. It is sufficient that 6.2(2) holds with some function η such that η is bounded on

bounded intervals and η(t) → 0 as t→ 0; cf. 2.2. If it holds with some increasing function

η with η(0) > 0, the map need not be quasisymmetric. However, if f and f−1 : fX → X

satisfy this condition, then f is η1-quasisymmetric with η1 depending only on η. This

follows from the corresponding relative theorem 6.27 with A = X .

2. A still weaker condition is the following. Let H ≥ 1. An embedding f : X → Y is

said to be weakly H-quasisymmetric if |a − x| ≤ |b − x| implies |fa− fx| ≤ H |fb− fx|
for all x, a, b ∈ X . If f satisfies the condition of 6.4.1 above, then f is trivially weakly

H-quasisymmetric with H = η(1). In particular, an η-quasisymmetric map is weakly

η(1)-quasisymmetric. The converse is not true; a counterexample is given in 8.5. Weak

quasisymmetry is not important as an independent concept but it is useful, since (1) it

is more easily verified than quasisymmetry, and (2) in certain situations it is equivalent

to quasisymmetry. We give an example of (2) in 6.6. Its proof is based on the following

lemma, which is useful also elsewhere in this article.

6.5. Lemma. Suppose that X is c-quasiconvex, that f : X → Y is weakly H-quasi-

symmetric and that x, a, b are distinct points in X with |a− x| ≤ t|b− x|. Then

|fa− fx| ≤M |fb− fx|
for some M = M(t,H, c), which is increasing in t.

Proof. Observe that the lemma does not say that f is quasisymmetric, since

M(t,H, c) need not tend to zero as t→ 0.

If t ≤ 1, we can choose M = H . Assume that t > 1. By quasiconvexity we can

join x to a by an arc γ with l(γ) ≤ c|a − x|. Define inductively the successive points

x = x0, . . . , xs = a of γ so that xj is the last point of γ in B(xj−1, |x− b|). The process

is finite by the compactness of γ. Then s≥2, |xj−1 − xj |= |b− x| for 1 ≤ j ≤ s− 1, and

|xs−1 − xs| ≤ |b− x|. Since f is weakly H-quasisymmetric, we have

|fx1 − fx0| ≤ H |fb− fx|,
|fx2 − fx1| ≤ H |fx1 − fx0| ≤ H2|fb− fx|,
. . .

|fxs − fx| ≤ Hs|fb− fx|.
Summation gives

|fa− fx| ≤ (H +H2 + . . .+Hs)|fb− fx| ≤ sHs|fb− fx|.
Since

l(α[xj−1, xj ]) ≥ |xj−1 − xj | = |b− x|
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for 1 ≤ j ≤ s− 1, we have

(s− 1)|b− x| ≤ l(γ) ≤ c|a− x| ≤ ct|b− x|.
Hence s ≤ 1 + ct, and we obtain the lemma with M = (1 + ct)H1+ct.

6.6. Theorem. Suppose that f : X→Y is weakly H-quasisymmetric and that X and

fX are c-quasiconvex. Then f is η-quasisymmetric with η depending only on H and c.

Proof. Let x, a, b be distinct points in X and set t = |a − x|/|b − x|, t′ = |fa −
fx|/|fb− fx|. We want to find an estimate t′ ≤ η(t) where η(t) → 0 as t→ 0. Since 6.5

gives t′ ≤M(t,H, c) for all t, we may assume that 0 < t ≤ 1/4.

Since fX is c-quasiconvex, we can join fx and fb by an arc γ ⊂ fX such that l(γ) ≤
c|fb− fx|. Choose successive points b = b0, . . . , bs of f−1γ such that |bj −x| = 3−j|b−x|
and s is the least integer with 3−s ≤ t. Since t ≤ 1/4, we have s ≥ 2. Moreover

s ≥ log(1/t)

log 3
= s0(t) → ∞ as t→ 0.

For 1 ≤ j ≤ s− 1 we have

|bj − a| ≤ |bj − x| + |x− a| ≤ 2|bj − x| ≤ |bj − bj−1|.
Moreover, |bj − x| ≤ |bj − bj−1|/2 < |bj − bj−1|. Since f is weakly H-quasisymmetric, we

obtain

|fa− fx| ≤ |fa− fbj| + |fbj − fx| ≤ 2H |fbj − fbj−1|.
Summing over 1 ≤ j ≤ s− 1 yields

(s− 1)|fa− fx| ≤ 2Hl(γ) ≤ 2Hc|fb− fx|.
Hence we can choose η(t) = 2Hc/(s0(t) − 1).

6.7. Corollary. A homeomorphism f : E → E′ is η-quasisymmetric if and only if,

quantitatively, f is weakly H-quasisymmetric.

6.8. Examples. 1. An M -bilipschitz map f : X→Y is clearly η-quasisymmetric with

η(t) = M2t.

2. Let E be a Banach space, let α > 1, and let f : E → E be the radial power map

fx = |x|α−1x, considered in 5.21. This map is not bilipschitz, but it is η-quasisymmetric

with some η = ηα. A direct proof for this seems to be very awkward although it suffices

to prove that f is weakly Hα-quasisymmetric by 6.7. We sketch two different proofs.

(a) Let x, a, b ∈ E. We may assume that dimE ≥ 3. Choose a 3-dimensional linear

subspace E0 of E containing these points. Since fE0 = E0, we see that it suffices to

consider the case dimE = 3. If E is Hilbert, we may assume that E = R3. Then one can

show that f is α-quasiconformal, and the result follows from the theory of 3-dimensional

quasiconformal maps; see 6.9. The general case reduces to the Hilbert case by means of

auxiliary bilipschitz maps; see [I, 6.2].

(b) Set G = E \ {0} and let g : G → G be the homeomorphism defined by f . We

proved in 5.21 that g is α-QH. In Section 10 we shall introduce the uniform domains and

show that G is c0-uniform with a universal constant c0. From Theorem 11.5 it will follow

that g is η-quasisymmetric with η = ηα. By continuity, also f is η-quasisymmetric.
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6.9. Quasisymmetry and quasiconformality in Rn. Suppose thatG andG′ are domains

in Rn and that f : G→ G′ is a homeomorphism. If f is weakly H-quasisymmetric, then

clearly f is H-quasiconformal according to the definition in 1.1. Conversely, a quasiconfor-

mal map need not be weakly quasisymmetric, since the boundary behavior easily destroys

quasisymmetry. However, a quasiconformal map is always locally quasisymmetric. In fact,

the following result is true [Vä3, 2.4]:

Let f : G → G′ be a K-quasiconformal map between domains G,G′ ⊂ Rn and let

0< q< 1. Then f |B(x, qδ(x)) is η-quasisymmetric with η depending only on K, q and n.

In particular, a homeomorphism f : Rn → Rn is K-quasiconformal if and only if,

n-quantitatively, f is η-quasisymmetric. It is not known whether η can be chosen to be

independent of n.

We say that f is q-locally η-quasisymmetric if it has the property of the above result.

We see that for homeomorphisms between domains in Rn, K-quasiconformality is n-

quantitatively equivalent to q-local η-quasisymmetry. In 7.12 we show that in all Banach

spaces, free ϕ-quasiconformality is quantitatively equivalent to the property that f and

f−1 are q-locally η-quasisymmetric.

6.10. Properties of quasisymmetric maps. We already observed in 6.3 that the inverse

map f−1 : fX → X of an η-quasisymmetric map is η′-quasisymmetric with η′(t) =

η−1(t−1)−1. If f : X → Y is η1-quasisymmetric and g : Y → Z is η2-quasisymmetric,

then clearly gf : X → Z is η-quasisymmetric with η(t) = η2(η1(t)).

In 6.11–6.13 we give some qualitative properties of quasisymmetric maps. In 6.14

we show that for η-quasisymmetric maps between connected spaces, the function η can

always be chosen to be of the form η(t) = C(tα ∨ t1/α). This will be applied in 6.15 to

show that quasisymmetric maps of connected spaces are Hölder continuous.

6.11. Theorem. Let f : X → Y be quasisymmetric. Then f maps

(1) bounded sets to bounded sets,

(2) Cauchy sequences to Cauchy sequences,

(3) complete sets to complete sets.

Proof. Assume that f is η-quasisymmetric. Let A ⊂ X be bounded. Fix points

x, b ∈ A with x 6= b. For each a ∈ A we have |a− x| ≤ (d(A)/|b − x|)|b − x|, and hence

|fa− fx| ≤ η
( d(A)

|b− x|
)

|fb− fx|,

which implies that fA is bounded.

Let (xj) be a Cauchy sequence in X . Set A = {xj : j ∈ N}. Then fA is bounded by

(1). We may assume that d(A)>0. Let i, j∈N and choose s∈N with |xs−xj | ≥ d(A)/3.

Then

|fxi − fxj | ≤ η
( |xi − xj |
|xs − xj |

)

|fxs − fxj | ≤ η
(3|xi − xj |

d(A)

)

d(fA),

and (2) follows.

Finally, assume that A ⊂ X is complete and that (xj) is a sequence in A such that

(fxj) is a Cauchy sequence. Since f−1 is quasisymmetric, (xj) is a Cauchy sequence by

(2), and hence xj → a ∈ A. By continuity, fxj → fa ∈ fA.
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6.12. Theorem. Suppose that X,Y are metric spaces, that A ⊂ X, that f : A → Y

is η-quasisymmetric, and that fA is complete. Then f extends to an η-quasisymmetric

map g : A→ Y .

Proof. By 6.11, the image of every Cauchy sequence of A is convergent. Hence f

has a unique extension to a continuous map g : A → Y . Since η is continuous, we

have |ga − gx| ≤ η(t)|gb − gx| whenever x, a, b ∈ A and |a − x| ≤ t|b − x|. Hence g is

η-quasisymmetric by 6.3.

The following version of 6.11(3) for weakly quasisymmetric maps will be needed in 7.9.

6.13. Lemma. Suppose that X is bounded, complete and quasiconvex and that f :

X → Y is weakly quasisymmetric. Then fX is complete.

Proof. Suppose that X is c-quasiconvex and that f is weakly H-quasisymmetric.

Let (xj) be a sequence in X such that (fxj) is a Cauchy sequence. It suffices to show

that (xj) is a Cauchy sequence, since then it converges to a point a ∈ X and fxj → fa.

Assume that (xj) is not Cauchy. Then there is ε > 0 such that for each k ∈ N there

is j(k) > k with |xk − xj(k)| ≥ ε. Let k ∈ N and let zk ∈ {xk, xj(k)} be a point with

|zk − x1| ≥ ε/2. Writing t = d(X)/ε we have

|x1 − xj(1)| ≤ d(X) = tε ≤ 2t|zk − x1|.
By 6.5 this implies that

|fx1 − fxj(1)| ≤M(2t,H, c)|fzk − fx1|
for some function M. Similarly, |zk − x1| ≤ tε ≤ t|xk − xj(k)| implies

|fzk − fx1| ≤M(t,H, c)|fxk − fxj(k)|.
Since (fxj) is Cauchy, the right-hand side tends to zero as k → ∞. Hence these inequal-

ities give |fx1 − fxj(1)| = 0, a contradiction.

6.14. Theorem. Suppose that X is a connected metric space and that f : X → Y

is η-quasisymmetric. Then f is η1-quasisymmetric with a function η1(t) = C(tα ∨ t1/α),

where C > 0 and α ∈ (0, 1] depend only on η.

Proof. We may assume that η(t) ≥ t. Setting H = η(2) and h = η−1(1/2) we have

H ≥ 2 and h ≤ 1/2. Let x, a, b be distinct points in X , and set t = |a− x|/|b − x|, t′ =

|fa− fx|/|fb− fx|. We must find C and α such that

t′ ≤ C(tα ∨ t1/α).

We consider two cases.

Case 1. t ≥ 1. Since X is connected, there is a sequence a = x0, . . . , xm such that

m ≥ 0 and

|xj − x| = 2−j|a− x|, 2−m−1|a− x| < |b− x| ≤ 2−m|a− x|.
Writing xm+1 = b we have |fxj − fx| ≤ H |fxj−1 − fx| for 1 ≤ j ≤ m + 1, and hence

t′ ≤ Hm+1. Since t ≥ 2m, we get

t′ ≤ H1/α

with α = log 2/ logH ≤ 1.
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Case 2. t ≤ 1. Choose points b = y0, . . . , yn such that n ≥ 0 and

|yj − x| = hj |b− x|, hn+1|b − x| < |a− x| ≤ hn|b − x|.
Then |fyj − fx| ≤ |fyj−1 − fx|/2 for 1 ≤ j ≤ n, and hence |fyn − fx| ≤ 2−n|fb − fx|.
Since |fa− fx| ≤ H |fyn − fx|, we have t′ ≤ 2−nH . Since t ≥ hn+1, this gives

t′ ≤ 2Htα

with α = log 2/ log(1/h) ≤ 1.

6.15. Theorem. Suppose that X is connected, that f : X → Y is η-quasisymmetric

and that A ⊂ X is bounded. Then f |A satisfies a two-sided Hölder condition

|x− y|1/α/M ≤ |fx− fy| ≤M |x− y|α for x, y ∈ A,

where α = α(η) ≤ 1 and M = M(η, d(A), d(fA)) ≥ 1.

Proof. Since f−1 : fX → X is η′-quasisymmetric with η′(t) = η−1(t−1)−1, it suffices

to prove the second inequality. By 6.14 we may assume that η(t) = C(tα ∨ t1/α) with

C ≤ 1, 0 < α ≤ 1. Let x, y ∈ A and choose a point z ∈ A with |x − z| ≥ d(A)/3. If

|x− y| ≤ |x− z|, then

|fx− fy|
|fx− fz| ≤ C

( |x− y|
|x− z|

)α

≤ C
(3|x− y|

d(A)

)α

,

which yields the second inequality with M = 3αd(fA)d(A)−α. Since |fx− fy| ≤ d(fA),

this is also true if |x− y| ≥ |x− z| ≥ d(A)/3.

6.16. Relative quasisymmetry. It is sometimes useful to consider the quasisymmetry

of a map f : X → Y relative to a subset A ⊂ X . By a triple in X we mean an ordered

sequence T = (x, a, b) of three distinct points in X . The ratio of a triple T = (x, a, b) is

the number

̺(T ) =
|a− x|
|b− x| .

If f : X → Y is an injective map, the image of a triple T = (x, a, b) is the triple

fT = (fx, fa, fb) in Y .

Suppose that A ⊂ X . A triple T = (x, a, b) in X is said to be a triple in the pair

(X,A) if x ∈ A or {a, b} ⊂ A. Equivalently, both distances in ̺(T ) are distances from a

point in A.

Let η : [0,∞) → [0,∞) be a homeomorphism. An embedding f : X → A is η-

quasisymmetric relative to A, abbreviated rel A, if

̺(fT ) ≤ η(̺(T ))

for each triple T in (X,A). Thus η-quasisymmetry rel X is the same as ordinary η-

quasisymmetry. In 6.17 we show that the case {a, b} ⊂ A essentially follows from the

case x ∈ A.

Relative quasisymmetry does not say much of the local behavior of the map far from

A. For example, if f : B(1) → B(1) is any homeomorphism such that fx = x for

1/2 ≤ |x| ≤ 1, then f is η-quasisymmetric rel S(1) with a universal function η.
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6.17. Lemma. Suppose that η : [0,∞) → [0,∞) is a homeomorphism, that A⊂X, and

that f : X → Y is an embedding such that ̺(fT ) ≤ η(̺(T )) for each triple T = (x, a, b)

in X with x ∈ A. Then f is η1-quasisymmetric rel A with η1 depending only on η.

Proof. Let T = (x, a, b) be a triple in X with {a, b} ⊂ A. For T ′ = (b, a, x) we have

̺(T ) =
|a− x|
|b− x| ≤

|a− b| + |b− x|
|b− x| = ̺(T ′) + 1,

and similarly ̺(fT ′) ≤ ̺(fT ) + 1. Hence ̺(fT ) ≤ η2(̺(T )) with η2(t) = η(t+ 1) + 1.

To complete the proof we assume that

̺(T ) ≤ 1
2 ∧ (1 + η−1(12 )−1)−1,

and show that ̺(fT ) ≤ 2η(2̺(T )). For T ′′ = (a, x, b) we have

̺(T ′′) =
|a− x|
|a− b| ≤

|a− x|
|b− x| − |a− x| =

1

1/̺(T ) − 1
≤ 2̺(T ) ∧ η−1(12 ).

Hence ̺(fT ′′) ≤ 1/2 and

̺(fT ) ≤ |fa− fx|
|fb− fa| − |fa− fx| ≤ 2̺(fT ′′) ≤ 2η(̺(T ′′)) ≤ 2η(2̺(T )).

6.18. Quasimöbius maps. By a quadruple in a metric space X we mean an ordered

sequence Q = (a, b, c, d) of four distinct points in X . The cross ratio of Q is the number

τ(Q) = τ(a, b, c, d) =
|a− b||c− d|
|a− c||b − d| .

Permutating the points a, b, c, d we can get at most 6 different numbers for τ(Q). The

reader should be warned that in the literature at least 4 of them are called the cross ratio

of (a, b, c, d).

It is often convenient to consider cross ratios also in the extended space Ẋ = X ∪
{∞}. This is the Hausdorff space where ∞ 6∈ X and the neighborhoods of ∞ are the

complements of closed bounded sets of X . If Q = (a, b, c, d) is a quadruple in Ẋ and if

one of the points a, b, d, c is ∞, the cross ratio τ(Q) is defined by deleting the distances

from ∞. For example,

(6.19) τ(a, b, c,∞) =
|a− b|
|a− c| = ̺(a, b, c).

The set quadẊ of all quadruples in Ẋ inherits a topology from (Ẋ)4, and it is not difficult

to show that τ : quadẊ → R is continuous.

Let X and Y be metric spaces, let X0 ⊂ Ẋ, and let η : [0,∞) → [0,∞) be a

homeomorphism. A map f : X0 → Ẏ is η-quasimöbius if f is an embedding and

(6.20) τ(fQ) ≤ η(τ(Q))

for each quadruple Q in X0. If f preserves all cross ratios, it is called a Möbius map.

It is sometimes convenient to define also quasisymmetry in the case where f : X0 → Ẏ

is a map and ∞ ∈ X0. We say that such an f is η-quasisymmetric if f(∞) = ∞ and if

f |X0 \ {∞} is an η-quasisymmetric map into Y . Such a map is always an embedding by

6.11(1).



80 J. VÄISÄLÄ

Observe that if ∞ ∈ X0 and if f : X0 → Ẏ is η-quasimöbius with f(∞) = ∞, then f

is η-quasisymmetric by (6.19). Conversely, we show in 6.25 that an η-quasisymmetric map

f : X → Y is always θ-quasimöbius with θ = θη. Roughly speaking, the quasisymmetric

maps are precisely the quasimöbius maps that fix the point at infinity.

The quasimöbius maps are more flexible than the quasisymmetric maps. For example,

they may map bounded sets to unbounded sets. Moreover, several results admit a better

formulation in terms of quasimöbius than quasisymmetric maps. For example, we shall

later show that a ϕ-FQC map of a ball onto a ball is quasisymmetric, but this result is

not quantitative unless we normalize the map in some way. On the other hand, the map

is η-quasimöbius with η = ηϕ.

We finally relativize the concept of quasimöbius. Let A ⊂ X0 ⊂ Ẋ. A quadruple

Q = (a, b, c, d) of X0 is said to be a quadruple in the pair (X0, A) if {a, d} ⊂ A or

{b, c} ⊂ A. Equivalently, all four distances in τ(Q) are (at least formally) distances from

a point in A. An embedding f : X0 → Ẏ is η-quasimöbius relative to A, abbreviated rel

A, if (6.20) holds for each quadruple Q in (X0, A). Thus η-quasimöbius rel X0 is the same

as ordinary η-quasimöbius.

6.21. Remarks. 1. Since τ(a, b, c, d) = τ(b, a, d, c), an embedding f : X0 → Ẏ is

η-quasimöbius rel A as soon as (6.20) holds for every quadruple Q = (a, b, c, d) in X0

such that {a, d} ⊂ A.

2. Since the cross ratio is more complicated than the ratio, the quasisymmetric maps

are technically easier to deal with than the quasimöbius maps. However, it is often possible

to convert a cross ratio to a ratio by mapping one of the points to ∞ by an auxiliary

inversion and applying Theorem 6.22 below. We extend the inversion u(x) = x/|x|2 to a

self homeomorphism u : Ė → Ė by setting u(0) = ∞ and u(∞) = 0.

6.22. Theorem. If E is a Hilbert space, then the inversion u : Ė → Ė is Möbius. In

the general case u is η-quasimöbius with η(t) = 81t.

Proof. This follows at once from (5.10) and (5.9). The bound 81 is best possible.

We next give some basic properties of quasimöbius maps. The following result is

obvious:

6.23. Theorem. (1) If f is η1-quasimöbius and if g is η2-quasimöbius and if gf is

defined, it is η-quasimöbius with η(t) = η2(η1(t)).

(2) If f : X0 → Ẏ is η-quasimöbius, then f−1 : fX0 → X0 is η′-quasimöbius with

η′(t) = η−1(t−1)−1.

6.24. Theorem. Suppose that X0 ⊂ Ė and that f : X0 → Ė′ is η-quasimöbius. Then

f extends to an η-quasimöbius map g : X0 → Ė′.

Proof. It suffices to find an extension g which is an embedding, since the η-quasi-

möbius property follows then by continuity. If ∞ ∈ X0 and if f(∞) = ∞, then f is

quasisymmetric, and the extension g is given by 6.12. The general case reduces to this

by means of auxiliary inversions.
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6.25. Theorem. If f : X → Y is η-quasisymmetric rel A ⊂ X, then f is θ-

quasimöbius rel A with θ = θη.

Proof. Let Q = (a, b, c, d) be a quadruple in X with {a, d} ⊂ A. It suffices to find

an estimate τ(fQ) ≤ θ(τ(Q)) where θ(t) → 0 as t→ 0.

Setting τ = τ(Q) and

ε =
|a− b|
|a− c| , δ =

|c− d|
|a− c|

we have
τ

ε
=

|c− d|
|b − d| ,

τ

δ
=

|a− b|
|b− d| .

Since τ = τ(d, c, b, a), we may assume, by symmetry, that ε ≤ τ/ε, and hence ε ≤ √
τ .

Since f is η-quasisymmetric rel A, we have

τ(fQ) ≤ η(ε)η(τ/ε),(1)

τ(fQ) ≤ η(δ)η(τ/δ).(2)

Furthermore,

|d− c| ≤ |d− b| + |b− a| + |a− c| = ε|c− d|/τ + ε|a− c| + |a− c|.
If ε < τ , this implies

(3) δ ≤ τ
1 + ε

τ − ε
.

Moreover, since

|a− c| ≤ |a− b| + |b− d| + |d− c| = ε|a− c| + ε|c− d|/τ + |d− c|,
we get

(4) δ ≥ τ
1 − ε

τ + ε
.

We consider three cases.

Case 1. ε ≥ 1/2. Then τ/ε ≤ 2τ , and (1) gives τ(fQ) ≤ η(
√
τ )η(2τ).

Case 2. ε ≥ τ/2. Now τ/ε ≤ 2, and we get τ(fQ) ≤ η(
√
τ)η(2).

Case 3. ε ≤ 1/2 and ε ≤ τ/2. By (3) and (4) we have

δ ≤ τ
3/2

τ/2
= 3,

τ

δ
≤ 3τ/2

1/2
= 3τ.

Hence (2) yields τ(fQ) ≤ η(3)η(3τ).

6.26. Bounded spaces. A quasimöbius map need not be quasisymmetric. For example,

a Möbius map of a ball in Rn onto a half space is not quasisymmetric. A Möbius map

between bounded sets is quasisymmetric, but this result is not quantitative. For example,

the unit ball of Rn can be mapped onto itself by a Möbius map so that |f(0)| is arbitrarily

close to 1. In order to get a quantitative result, one must normalize the map in some way.

For general metric spaces we need a normalization in three points. For homeomorphisms

f : G→ G′, it is sufficient to assume that for some x0 ∈ G, fx0 is not too close to ∂G′.

We prove these results in the relative setting; the absolute cases are obtained as obvious

corollaries.
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We first give characterizations for relative quasisymmetry and quasimöbius.

6.27. Theorem. Suppose that f : X → Y is an embedding, that A ⊂ X, and that

η : [0,∞) → [0,∞) is an increasing function (not necessarily with η(0) = 0) such that

(1) ̺(fT ) ≤ η(̺(T )) for each triple T = (x, a, b) in X with x ∈ A,

(2) ̺(f−1T ′) ≤ η(̺(T ′)) for each triple T ′ = (x′, a′, b′) in fX with x′ ∈ fA.

Then f is η1-quasisymmetric rel A with η1 depending only on η.

Proof. Let T = (x, a, b) be a triple in X with x ∈ A. By 6.17, it suffices to find

a homeomorphism η1 : [0,∞) → [0,∞) such that ̺(fT ) ≤ η1(̺(T )). Replacing η by

a larger function we may assume that η is a homeomorphism onto [r0,∞), r0 > 0.

Setting t0 = 1/r0 we define an increasing homeomorphism η0 : (0, t0) → (0,∞) by

η0(t) = η−1(t−1)−1. Suppose that ̺(T ) < t0. Applying (2) to the triple T ′ = (fx, fb, fa)

gives 1/̺(T ) ≤ η(ρ(T ′)), which implies ̺(fT )) ≤ η0(̺(T )). Hence the assertion holds

with η1 defined by η1(t) = η(t) ∧ η0(t) for t < t0 and by η1(t) = η(t) for t ≥ t0.

6.28. Theorem. Suppose that A ⊂ X0 ⊂ Ẋ, that f : X0 → Ẏ is an embedding and

that η : [0,∞) → [0,∞) is an increasing function such that

(1) τ(fQ) ≤ η(τ(Q)) for each quadruple Q = (a, b, c, d) with {a, d} ⊂ A,

(2) τ(f−1Q′) ≤ η(τ(Q′)) for each quadruple Q′ = (a′, b′, c′, d′) with {a′, d′} ⊂ fA.

Then f is η1-quasimöbius rel A with η1 depending only on η.

Proof. In view of 6.21.1, the proof is an obvious modification of the proof of 6.27.

6.29. Theorem. Suppose that X and Y are bounded spaces, that A ⊂ X, and that

f : X → Y is θ-quasimöbius rel A. Suppose also that λ > 0, z1 ∈ X, and z2, z3 ∈ A are

such that

|zi − zj | ≥ d(X)/λ, |fzi − fzj | ≥ d(Y )/λ

for i 6= j. Then:

(1) There is a homeomorphism µ = µθ,λ : [0,∞) → [0,∞) such that

|fx− fy|
d(Y )

≤ µ
( |x− y|
d(X)

)

for all x ∈ A, y ∈ X.

(2) f is η-quasisymmetric rel A with η depending only on θ and λ.

Proof. We may assume that f is a homeomorphism and that f−1 : Y → X is

θ-quasimöbius rel fA. We normalize the situation so that d(X) = d(Y ) = λ replacing

the metric |a− b| of X by λ|a− b|/d(X) and similarly in Y .

(1) Let x ∈ A, y ∈ X , and set r = |x − y|, r′ = |fx − fy|. It suffices to find an

estimate r′ ≤ µ(r) where µ(r) → 0 as r → 0. We consider three cases:

Case 1. |x− z1| ≤ 1/2, r ≤ 1/4. Now |x − zj| ≥ 1/2 and |y − zj| ≥ 1/4 for j = 2, 3.

For Q = (x, y, z2, z3) we thus have τ(Q) ≤ 8λr and τ(fQ) ≥ r′/λ2. Since {x, z3} ⊂ A,

this yields r′ ≤ λ2θ(8λr).

Case 2. r ≥ 1/4. Now r′ ≤ λ ≤ 4λr.

Case 3. |x− z1| ≥ 1/2. There is z ∈ {z2, z3} with |y − z| ≥ 1/2. For Q = (x, y, z1, z)

we obtain τ(Q) ≤ 4λr and τ(fQ) ≥ r′/λ2. Since {x, z} ⊂ A, we obtain r′ ≤ λ2θ(4λr).
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(2) Define ψ : [0,∞) → [0,∞) by ψ(t) = λµ(t/λ). Then

ψ−1(|x − y|) ≤ |fx− fy| ≤ ψ(|x− y|) for all x ∈ A, y ∈ X .

Let T = (x, a, b) be a triple in (X,A). By symmetry and by 6.27, it suffices to find an

estimate

(6.30) ̺(fT ) ≤ η(̺(T ))

for some increasing η : [0,∞) → [0,∞) depending only on θ and λ. Since |z2 − z3| ≥ 1,

we may assume that |a− z2| ≥ 1/2. We consider three cases.

Case 1. |a − x| ≥ 1/4. Now |b − x| ≥ 1/4̺(T ). Since b ∈ A or x ∈ A, we have

|fb− fx| ≥ ψ−1(1/4̺(T )), and hence (6.30) holds with η(t) = λ/ψ−1(1/4t).

Case 2. |b − z2| ≥ 1/8. In this case we have |fb − fz2| ≥ ψ−1(1/8). The quadruple

Q = (x, a, b, z2) is in (X,A) and τ(Q) ≤ 2λ̺(T ). Since τ(fQ) ≥ ψ−1(1/8)̺(fT )/λ, we

obtain (6.30) with

η(t) =
λθ(2λt)

ψ−1(1/8)
.

Case 3. |a− x| ≤ 1/4 and |b− z2| ≤ 1/8. Now

|b − x| ≥ |a− z2| − |a− x| − |z2 − b| ≥ 1/2 − 1/4 − 1/8 = 1/8.

Hence |fb − fx| ≥ ψ−1(1/8), which implies (6.30) with the constant function η(t) =

λ/ψ−1(1/8).

6.31. Theorem. Suppose that G and G′ are bounded domains and that c≥1. Suppose

also that x0 ∈ G and x′0 ∈ G′ are points with

(6.32) d(G) ≤ cδ(x0), d(G′) ≤ cδ′(x′0).

Let f : G → G′ be a homeomorphism such that fx0 = x′0 and f∂G = ∂G′, and let

∂G ⊂ A ⊂ G. If f is θ-quasimöbius rel A, then f is η-quasisymmetric rel A with

η = ηθ,c.

Proof. Write z1 =x0, M =d(G)=d(∂G) and M ′ = d(G′) = d(∂G′). Choose points

z2, z3 ∈ ∂G with |z2 − z3| ≥M/2. It suffices to show that the points z1, z2, z3 satisfy the

conditions of 6.29 with some λ = λ(θ, c).

Since

|z1 − z2| ≥ δ(x0) ≥M/c, |z1 − z3| ≥M/c, |z2 − z3| ≥M/2,

the first condition of 6.29 is true with λ = c ∨ 2. For j = 2, 3 we have

|fzj − fz1| ≥ δ′(x0) ≥M ′/c.

It remains to find a lower bound for |fz2 − fz3|/M ′.

Choose z4 ∈ ∂G with |fz4 − fz3| ≥ M ′/3. The quadruple Q = (z2, z1, z3, z4) is in

(G, ∂G) and hence in (G,A). We have

τ(Q) ≤ 2c, τ(fQ) ≥ M ′

3c|fz2 − fz3|
.

Since f is θ-quasimöbius rel A, we obtain the desired estimate M ′ ≤ 3cθ(2c)|fz2−fz3|.
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6.33. Theorem. Suppose that G and G′ are bounded domains, and that x0 ∈ G, x′0 ∈
G′ and c ≥ 1 satisfy (6.32). Let f : G → G′ be a θ-quasimöbius homeomorphism with

fx0 = x′0. Then f is η-quasisymmetric with η = ηθ,c.

Proof. By 6.24, f extends to a θ-quasimöbius map f : G→ G′. The theorem follows

from 6.31 by choosing A = G.

6.34. Example. Let f : B(x0, r) → B(x′0, r
′) be a θ-quasimöbius homeomorphism

with fx0 = x′0. Then f is η-quasisymmetric with η = ηθ.

6.35. Notes. Quasisymmetric maps f : R → R were introduced in 1956 by A. Beurl-

ing and L. Ahlfors [BA], who proved that they are precisely the homeomorphisms that

extend to a quasiconformal map of the upper half plane. The notion was generalized to

metric spaces in [TV1] in 1980. Quasimöbius maps between Jordan curves in R2 were

considered by S. Rickman [Ri] in 1969 and in arbitrary metric spaces by the author [Vä4]

in 1985. Relative quasisymmetry and quasimöbius maps were introduced in [II].

7. FQC, solid and coarsely QH maps

7.1. Summary. We analyze the concepts given in the title of the section. We start by

characterizing solidity in terms of another property called relativity. Next we show that

the free ϕ-quasiconformality is quantitatively equivalent to seven other properties. Some

of these, however, are only slight variations of each other. We also consider the relations

between free quasiconformality and the quasisymmetric and quasimöbius properties.

7.2. Definitions. Let 0 < t0 ≤ 1 and let θ : [0, t0) → [0,∞) be a homeomorphism.

Let f : G → G′ be a homeomorphism with G ( E, G′ ( E′. Recall the notation

δ(x) = d(x, ∂G), δ′(y) = d(y, ∂G′). We say that f is (θ, t0)-relative if

|fx− fy|
δ′(fx)

≤ θ
( |x− y|
δ(x)

)

whenever x, y ∈ G and |x− y| < t0δ(x). If t0 = 1, we say that f is θ-relative.

We shall show in 7.6 that these properties are quantitatively equivalent to the second

inequality

(7.3) k′(fx, fy) ≤ ϕ(k(x, y))

of the definition (4.4) of ϕ-solidity. We say that a homeomorphism f : G → G′ is ϕ-

semisolid if (7.3) holds for all x, y ∈ G. Thus f is ϕ-solid if and only if f and f−1 are

ϕ-semisolid.

7.4. Example. We show that semisolidity does not imply solidity. Let G be the upper

half plane of R2 and define a homeomorphism f : G→ G as follows:






fx = x for x1 ≤ 0,
fx = (x1, x1x2 + x2) for x1 ≥ 0, 0 < x2 ≤ 1,
fx = (x1, x1 + x2) for x1 ≥ 0, x2 ≥ 1.

Consider a point x in the half strip x1 > 0, 0 < x2 < 1. The estimate (5.20) gives

|f ′(x)|2 ≤ 1 + x22 + (1 + x1)2 ≤ 2 + (1 + x1)2.
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Since δ(x) = x2 and δ′(fx) = x1x2 + x2, this and 5.4 imply

Lk(x, f)2 ≤ 2 + (1 + x1)2

(1 + x1)2
≤ 3.

This estimate is also valid for x1 > 0, x2 ≥ 1, and hence for all x ∈ G. By 5.5 and 3.4(2)

it follows that f is
√

3-Lipschitz in the QH metric and hence ϕ-semisolid with ϕ(t) = t
√

3.

We show that f−1 is not semisolid. Let a > 2 and consider the points x = (a, 1) and

y = (a+ 1, 1). Then 3.7(1) and 3.9 give

k(x, y) ≥ log 2, k(fx, fy) ≤ 2
√

2

a+ 1
.

Since a can be arbitrarily large, f−1 is not uniformly continuous in the QH metric.

However, the following question is open:

7.5. Problem. Is full ϕ-semisolidity quantitatively equivalent to full ϕ-solidity, that

is, to free ϕ-quasiconformality?

In Rn these properties are n-quantitatively equivalent; see 7.13. We show in 7.14 that

the answer is affirmative for maps of the whole space.

7.6. Theorem. Let G 6= E, G′ 6= E′, and let f : G→G′ be a homeomorphism. Then

the following properties are quantitatively equivalent:

(1) f is θ-relative,

(2) f is (θ, t0)-relative,

(3) f is ϕ-semisolid.

Proof. Since (1) implies (2) trivially, it suffices to prove that (2) ⇒ (3) ⇒ (1).

(2) ⇒ (3): Choose t1 < t0 such that 0 < t1 ≤ 1/2 and θ(t1) ≤ 1/2. Let x, y ∈ G be

points with k(x, y) ≤ t1/2. Then 3.9 gives |x− y| ≤ t1δ(x). By (2) we obtain

|fx− fy| ≤ θ(t1)δ′(fx) ≤ δ′(fx)/2.

Again by 3.9 and (2) this gives

k′(fx, fy) ≤ 2|fx− fy|
δ′(fx)

≤ 2θ
( |x− y|
δ(x)

)

≤ 2θ(2k(x, y)).

Hence f is (ϕ, t1/2)-uniformly continuous in the QH metric with ϕ(t) = 2θ(2t). Since

(G, k) is 2-quasiconvex, (3) follows from 2.5.

(3) ⇒ (1): Suppose that x, y ∈ G, |x−y| = tδ(x), 0 < t < 1. Define homeomorphisms

θ0 : [0, 1) → [0,∞) and ψ : [0,∞) → [0,∞) by θ0(t) = t/(1 − t) and ψ(t) = et − 1.

Applying parts (3) and (2) of 3.7 we get

k(x, y) ≤ θ0(t),
|fx− fy|
δ′(fx)

≤ ψ(k′(fx, fy)).

Hence (1) holds with θ = ψϕθ0.

7.7. Corollary. For a homeomorphism f : G → G′, the following conditions are

quantitatively equivalent:

(1) f and f−1 are θ-relative,

(2) f and f−1 are (θ, t0)-relative,

(3) f is ϕ-solid.



86 J. VÄISÄLÄ

7.8. Definitions. We show in 7.9 that full ϕ-semisolidity is quantitatively equivalent

to seven other conditions. As a corollary we obtain seven alternative characterizations

for free quasiconformality. We first introduce some terminology.

Let 0 < q < 1 and let f : G → G′ be a homeomorphism. We say that f is q-locally

η-quasisymmetric if f |B(x, qr) is η-quasisymmetric whenever B(x, r)⊂G. If G 6= E, this

means that f |B(x, qδ(x)) is η-quasisymmetric for each x ∈ G. If G = E, this means that

f is η-quasisymmetric. The weak q-local H-quasisymmetry is defined analogously.

For any ball B = B(x, r) and for α > 0 we write αB = B(x, αr). Let 1 < α ≤ β and

let M > 0. We say that a homeomorphism f : G→ G′ has the (M,α, β)-ring property if

d(fB) ≤Md(fB, ∂fαB)

whenever B is a ball such that βB ⊂ G.

7.9. Theorem. For a homeomorphism f : G → G′, the following conditions are

quantitatively equivalent:

(1) f is fully ϕ-semisolid.

(2) f is fully C-coarsely M -Lipschitz in the QH metric.

(3) For each 0 < q < 1 there is η such that f is q-locally η-quasisymmetric.

(4) f is q-locally η-quasisymmetric.

(5) For each 0 < q < 1 there is H such that f is q-locally weakly H-quasisymmetric.

(6) f is q-locally weakly H-quasisymmetric.

(7) For each α > 1 there is M such that f has the (M,α, α)-ring property.

(8) f has the (M,α, β)-ring property.

Proof. We first remark that the data in the various conditions are as follows: (1) ϕ,

(2) (M,C), (3) q 7→ η, (4) (q, η), (5) q 7→ H , (6) (q,H), (7) α 7→M , (8) (M,α, β).

We shall verify the implications indicated by the following diagram.

(3) (1) (2)

(5)

(4) (6) (8) (7)
��

AAAAAA  oo //

����
// //

OO

oo

The quantitative implications (3) ⇒ (4) ⇒ (6), (3) ⇒ (5) ⇒ (6) and (7) ⇒ (8) are

trivial, and (1) ⇒ (2) follows from 2.3 and 3.4(2). It remains to prove 4 implications.

(1) ⇒ (3): We first show that f is 1
3 -locally η-quasisymmetric with some η = ηϕ.

Assume that B is a ball such that 3B ⊂ G and that x, a, b ∈ B with |a−x| = t|b−x|, t > 0.

We must find an estimate

(7.10) |fa− fx| ≤ η(t)|fb− fx|,

where η(t) → 0 as t→ 0. We consider three cases.
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Case 1. t ≤ 2/3. Setting D = G\{b} we have fD = G′\{fb}. Since fD is ϕ-semisolid,

fD is θ-relative with θ = θϕ by 7.6. Since |x− a| = t|b− x| = tδD(x), we have

|fa− fx| ≤ θ(t)δfD(fx) ≤ θ(t)|fb − fx|,
and hence (7.10) holds with η(t) = θ(t).

Case 2. 2/3 ≤ t ≤ 1. The point z = 2a/3 + x/3 lies in B. Since |a− z| = |x − z|/2,

Case 1 gives

|fa− fz| ≤ θ(1/2)|fx− fz|.
Since |z − x| = 2|a− x|/3 ≤ 2|b− x|/3, Case 1 yields

|fz − fx| ≤ θ(2/3)|fb− fx|.
Hence

|fa− fx| ≤ |fa− fz| + |fz − fx| ≤ (1 + θ(1/2))θ(2/3)|fb− fx|.
Case 3. t > 1. It follows from Cases 1 and 2 that f |B is weakly H-quasisymmetric

with H = H(ϕ). Since B is convex, 6.5 gives an estimate |fa− fx| ≤M(t,H)|fb− fx|.
We have proved that f is 1

3 -locally η-quasisymmetric with η = ηϕ. Of course, f is

q-locally η-quasisymmetric for 0 < q < 1/3 with the same η.

Next let 1/3 ≤ q < 1. Let B be a ball with 3B ⊂ G. We show that f |3qB is η-

quasisymmetric. Let g : [0, 3] → [0, 3] be the increasing homeomorphism that is affine on

[0, 1] and on [1, 3] with g(1) = 3q. Then q is M -bilipschitz with M = M(q). Applying 5.22

and auxiliary similarities we find a 3M -bilipschitz homeomorphism h0 : 3B → 3B with

h0B = 3qB. We extend h0 by identity to a 3M -bilipschitz homeomorphism h : G → G.

By 5.16, h is fully 9M2-QH. Hence the map f1 : fh : G → G′ is fully ψ-semisolid with

ψ(t) = ϕ(9M2t). By the first part of the proof, f1|B is η-quasisymmetric with η = ηϕ,q.

Since h|B is a similarity onto 3qB, f |3qB is η-quasisymmetric.

(6) ⇒ (8): We show that (8) is true with α = 2, β = 3/q > 3 and M = 2H2. Let

x ∈ G and r > 0 be such thatB(x, βr) ⊂ G. Since f |B(x, 3r) is weakly quasisymmetric, it

follows from 6.13 that fB is closed in E′ for every ball B ⊂ B(x, 2r). Hence f∂B = ∂fB,

which implies that

d(fB) = d(f∂B), d(fB, ∂fB(x, 2r)) = d(f∂B, fS(x, 2r)).

Let a, b, y ∈ S(x, r) and z ∈ S(x, 2r). It suffices to show that

(7.11) |fa− fb| ≤M |fy − fz|.
Since f is weakly H-quasisymmetric in B(x, 3r) and since |a− x| = |b− x| = |y − x|, we

have

|fa− fb| ≤ |fa− fx| + |fx− fb| ≤ 2H |fy − fx|.
Moreover, since |y−z|≥|z−x|−|y−x|=2r−r = r= |y−x|, we get |fy−fx| ≤ H |fy−fz|,
and (7.11) follows.

(8) ⇒ (1): For each domain D ( G, the map fD : D → fD satisfies (8). Hence it

suffices to show that f is ϕ-semisolid with ϕ = ϕM,α,β, assuming that G 6= E, G′ 6= E′.

By 7.6 it suffices to show that if x, y ∈ G with |x− y| ≤ δ(x)/α3β, then

|fx− fy|
δ′(fx)

≤ θ
( |x− y|
δ(x)

)



88 J. VÄISÄLÄ

with some function θ : [0, 1/α3β) → [0,∞) depending only on (M,α, β) such that θ(t) →
0 as t→ 0.

Suppose that |x − y| = tδ(x), 0 < t < 1/α3β. Let m be the largest integer with

αmβt < 1; then m ≥ 3. Set rj = αjtδ(x) and Dj = B(x, rj) for 0 ≤ j ≤ m. Choose a

point z ∈ ∂G′ with |z − fx| ≤ 2δ′(fx). Since B(x, βrm) ⊂ G, it follows from (8) that

d(fDj , ∂G
′) > 0 for j ≤ m. Hence we can choose for each j = 1, . . . ,m the last point yj

of the line segment [fx, z) in ∂fDj. Set λ = |y1 − fx|. Then (8) gives

λ ≤ |yj−1 − fx| ≤ d(fDj−1) ≤Md(fDj−1, ∂fDj) ≤M |yj − yj−1|
for 2 ≤ j ≤ m. Summing over these j we obtain

(m− 1)λ ≤M |yn − y1| ≤M |z − fx| ≤ 2Mδ′(fx).

On the other hand, (8) yields

|fx− fy| ≤ d(fD0) ≤Md(fD0, ∂fD1) ≤Mλ.

Hence
|fx− fy|
δ′(fx)

≤ 2M2

m− 1
.

Since αm+1βt ≥ 1, we have

m+ 1 ≥ log(1/βt)

logα
.

Here α3βt < 1 implies 3 logα < log(1/βt), and hence

m− 1 ≥ log(1/βt) − 2 logα

logα
≥ log(1/βt)

3 logα
.

Combining these inequalities yields the desired estimate

|fx− fy|
δ′(fx)

≤ 6M2 logα

log(1/βt)
= θ(t).

(2) ⇒ (7): Assume that (2) holds with some M > 0 and C ≥ 0, and let α > 1. We

must find M0 = M0(M,C, α) such that f has the (M0, α, α)-ring property.

Let B be a ball such that D=αB⊂G. Let a ∈ B and choose b ∈ B with |fa− fb| ≥
d(fB)/3. Then kD(a, b) ≤ 2/(α− 1) by 3.7(3). By (2) and 3.7(1) we obtain

log
|fa− fb|
δfD(fa)

≤ kfD(fa, fb) ≤MkD(a, b) + C ≤ 2M

α− 1
+ C = M1.

Hence

d(fB) ≤ 3eM1δfD(fa)

for each a ∈ B, and we can choose M0 = 3eM1 .

7.12. Corollary. For a homeomorphism f : G→ G′ the following eight conditions

are quantitatively equivalent:

(1) f is ϕ-FQC.

(2) f is fully C-coarsely M -QH.

(j), 3 ≤ j ≤ 8. f and f−1 satisfy the condition (j) of 7.9.



THE FREE QUASIWORLD 89

7.13. Theorem. Suppose that G and G′ are domains in Rn and that f : G → G′ is

fully ϕ-semisolid. Then f is K-quasiconformal with K = K(ϕ).

Proof. By 7.9(5) there is H = H(ϕ) such that f is 1
2 -locally weakly H-quasisymme-

tric. Hence f is H-quasiconformal by our definition in 1.1.

7.14. Theorem. Suppose that f : E → G′ ⊂ E′ is fully ϕ-semisolid. Then

(1) G′ = E′,

(2) f is η-quasisymmetric with η = ηϕ,

(3) f is ψ-FQC with ψ = ψϕ.

Proof. By 7.9(3), f is 1
2 -locally η-quasisymmetric with η = ηϕ. Since the domain

G is the whole space E, f is η-quasisymmetric. Since quasisymmetric maps preserve

completeness by 6.11, G′ is closed in E′, and hence G′ = E′. Since f−1 : E′ → E is

η′-quasisymmetric with η′(t) = η−1(t−1)−1, (3) follows from 7.12(4).

7.15. Theorem. For homeomorphisms f : E → E′, the following conditions are

quantitatively equivalent:

(1) f is ϕ-FQC,

(2) f is η-quasisymmetric,

(3) f is weakly H-quasisymmetric.

Proof. This follows directly from the part (1) ⇔ (4) of 7.12 and from 6.7.

7.16. Relations between FQC, quasisymmetry and quasimöbius. Suppose that f : G→
G′ is a homeomorphism. If f is FQC, it need not be quasisymmetric or even quasimöbius.

But conversely, if f is η-quasisymmetric, then f is ϕ-FQC with ϕ-FQC with ϕ = ϕη by

7.12. We next improve this by replacing quasisymmetric by quasimöbius.

7.17. Theorem. Let G ⊂ E and G′ ⊂ E′ be domains and let f : G → G′ be an

η-quasimöbius homeomorphism. Then f is ϕ-FQC with ϕ = ϕη.

Proof. We shall reduce the situation to the quasisymmetric case by means of auxil-

iary inversions. Let D ( G be a domain. By 6.24, fD has an extension to a quasimöbius

homeomorphism f : D → fD. By auxiliary translations, we may assume that 0 ∈ ∂D,

and that f(0) is either 0 or ∞. Let u : Ė → Ė be the inversion ux = x/|x|2. If f(0) = 0,

we define g : uD → ufD by g(x) = ufu(x). If f(0) = ∞, we define g : uD → fD by

g(x) = fu(x). Then g is η1-quasimöbius with η1(t) = 81η(81t) by 6.22. Since gx→ ∞ as

x→ ∞, g is η1-quasisymmetric. Hence g is ϕ-FQC with ψ = ψη by the quasisymmetric

version of the theorem. Since u is 36-QH in each subdomain of E \ {0} by 5.14, the

theorem follows.

7.18. Notes. Fully θ-relative maps in Rn were considered in 1963 by F. W. Gehring

[Ge2]. He called these maps briefly θ-mappings and proved that this property is equiv-

alent to quasiconformality. Of the various conditions of Theorems 7.9 and 7.12, local q-

quasisymmetry was considered in [I], full coarse quasihyperbolicity in [III], the ring prop-

erty in [III] and [IV], and the weak local q-quasisymmetry was suggested by V. M. Gold-

shtein and M. Rubin [GR].
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8. Mapping problems

8.1. Summary. We consider the question: Given domains G and G′, does there exist

an FQC map f : G → G′? In the positive case, the domains G and G′ are said to be

FQC equivalent. Of course, the same question can be asked replacing FQC by QH, solid

or coarsely QH, but the answer is usually the same for each class. One can also ask for

estimates for the function ϕ such that f is ϕ-FQC.

To give a positive answer we must construct a map f : G→ G′. For a negative answer

we assume that f exists and obtain a contradiction.

8.2. Whole spaces. We already proved in 7.14 that the whole space E cannot be

mapped onto a proper subdomain of E′ by an FQC map. Hence we consider only home-

omorphisms f : E → E′. For these, the properties ϕ-FQC, η-quasisymmetric and weakly

H-quasisymmetric are quantitatively equivalent by 7.15. The question arises: When are

two given Banach spaces E and E′ quasisymmetrically equivalent. Very little is known of

this problem although there are plenty of interesting results on the corresponding prob-

lem for bilipschitz and uniform equivalence; see [Ben], [JLS] and [BL]. Observe that a

bilipschitz map f : E → E′ is quasisymmetric and uniformly continuous, but there is no

relation between quasisymmetry and uniform continuity.

In particular, the following questions are open:

8.3. Problems. 1. Let E and E′ be infinite-dimensional separable Banach spaces. Is

E quasisymmetrically equivalent to E′?

2. Let E and E′ be quasisymmetrically equivalent. Are they bilipschitz equivalent?

3. Let 1 ≤ p < q <∞. Are the spaces lp and lq quasisymmetrically equivalent?

8.4. Spherical rings. For 0 < r < s <∞, t > 1, we set

A(r, s) = B(s) \B(r), A(t) = A(1, t).

These domains and their translates are called spherical rings.

If dimE = ∞, then E \ {0} is homeomorphic to E; see [BP, Cor. 5.1, p. 109]. Hence

each spherical ring is homeomorphic to the unit all B(1). We show in 8.5 that such a

homeomorphism cannot preserve the class of sets of finite QH diameter. Hence the map

cannot be coarsely QH, let alone FQC.

Two spherical rings in a Banach space can be mapped onto each other by a radial

bilipschitz map. However, if the shapes of the rings are very different, the bilipschitz

constant becomes large. We consider ϕ-FQC maps f : A(s) → A(s′) and show that if s

and ϕ are given, then s′ cannot be arbitrarily close to 1 or ∞. In fact, we prove in 8.8

the stronger result in which f is only assumed to be C-coarsely M -QH.

8.5. Theorem. Let G be a spherical ring and let G′ be a ball. Then there is no

homeomorphism f : G→ G′ such that for Q ⊂ G, k′(fQ) <∞ if and only if k(Q) <∞.

In particular, f cannot be FQC or coarsely QH.

Proof. It suffices to prove the case where G = A(1, 3) and G′ = B(1). Assume that

f : G→ G′ is a homeomorphism satisfying the conditions of the theorem. For S = S(2),

the components of G \ S are U = A(1, 2) and V = A(2, 3). From 2.7 (or from 2.6) it

follows that each pair of points in S can be joined by an arc γ ⊂ S with l(γ) ≤ 8. Since
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d(S, ∂G) = 1, this implies that k(S) ≤ 8, and hence k′(fS) < ∞. Thus d(fS, ∂G′) > 0

by 3.12(3). Hence there is t < 1 such that the ring A(t, 1) does not meet fS. Since A(t, 1)

is connected, it is contained in one of the components fU and fV of G′ \ fS, say in fV .

Then fU ⊂ B(t), and hence k′(fU) <∞. This gives a contradiction, since k(U) = ∞ by

3.12(3).

8.6. Remarks. 1. The idea of the proof above can be used to prove more general

results; see [III, 3.13].

2. The proof shows that if 0 < r < t < s, then for A = A(r, s) we have

kA(S(t)) ≤ 4t

d(S(t), ∂A)
.

Moreover, if r < t1 < t2 < s, the QH diameter of A(t1, t2) in A is finite. Indeed,

each x ∈ A(t1, t2) can be joined to S(t2) by a radial segment of QH length less than

(t2 − t1)/min(t1 − r, s− t2). These observations will be useful in the proofs of the next

results.

3. In the case dimE < ∞, the reasoning with QH diameters can be replaced by

compactness arguments, and we obtain the well-known topological result that a spherical

ring is not homeomorphic to a ball.

8.7. Lemma. Let f : A(r, s) → A(r′, s′) be a homeomorphism such that a set Q in

A(r, s) has a finite QH diameter if and only if fQ has a finite QH diameter in A(r′, s′).

Let S = S(t) with r < t < s. Then

(1) d(fS, ∂A′(r′, s′)) > 0,

(2) A(r′, s′) \ fS has precisely two components U ′, V ′ with ∂U ′ = S(r′) ∪ fS, ∂V ′ =

S(s′) ∪ fS.

Proof. Set A = A(r, s), A′ = A(r′, s′), k = kA, k
′ = kA′ . Then k(S) <∞ by 8.6.2.

Hence k′(fS) <∞, and (1) follows from 3.12(3).

To prove (2) observe that A \ S has precisely two components U = A(r, t) and V =

A(t, s). Hence the components of A′ \ fS are U ′ = fU and V ′ = fV . By (1) there are

numbers t1, t2 such that r′ < t1 < t2 < s and such that the rings A(r′, t1) and A(t2, s
′) do

not meet fS. If (2) is false, these rings are contained in the same component of A′ \ fS,

say in V ′. Then U ′ ⊂ A(t1, t2), which implies that k′(U ′) <∞ by 8.6.2. Since k(U) = ∞
by 3.13(3), this gives a contradiction.

8.8. Theorem. Suppose that f : A(s) → A(s′) is C-coarsely M -QH. Then 1 < s1 ≤
s′ ≤ s2, where the numbers s1 and s2 depend only on υ = (s,M,C).

Proof. Set G = A(s), G′ = A(s′). We first estimate s′ from below. Set t = (1+s)/2.

By 8.7(2), every ray from the origin meets fS(t). Hence we can choose points x, y ∈ S(t)

such that 0 ∈ [fx, fy]. For every z ∈ G′ we have δ′(z) ≤ (s′ − 1)/2. If γ is a rectifiable

arc joining fx and fy in G′, then

lk′(γ) ≥ 2l(γ)

s′ − 1
>

4

s′ − 1
,
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and hence k′(fx, fy) ≥ 4/(s′ − 1). On the other hand, 8.6.2 implies that

k(x, y) ≤ k(S) ≤ 4(s+ 1)

s− 1
.

Since f is C-coarsely M -QH, these inequalities yield

s′ ≥ s1 = 1 +
1

M(s+ 1)/(s− 1) + C/4
.

The proof for the upper bound s′ ≤ s2 is somewhat harder. Set a = eC+1. We may

assume that s′ > a3. Let N ≥ 2 be the unique integer with aN+1 < s′ ≤ aN+2. It suffices

to find an upper bound N ≤ N0(υ).

For 1 ≤ j ≤ N, the spheres S′

j = S(aj) lie in G′, and 8.6.2 gives

(8.9) k′(fS′

j) ≤
4aj

aj − 1
< 3a,

since a = eC+1 ≥ e > 7/3. Furthermore, if x ∈ S′

j , y ∈ S′

j+1, and 1 ≤ j ≤ N − 1, then

3.7(1) gives

k′(x, y) ≥ log
δ′(y)

δ′(x)
= log

aj+1 − 1

aj − 1
> log a = C + 1.

This gives for the QH distance between S′

j and S′

j+1 the lower bound

(8.10) k′(S′

j , S
′

j+1) ≥ C + 1 for 1 ≤ j ≤ N − 1.

Setting Sj = f−1S′

j we obtain by (8.9)

k(Sj) ≤Mk′(S′

j) + C < 3Ma+ C

for all 1 ≤ j ≤ N . By 3.12(2) this implies

d(Sj)

d(Sj , ∂G)
≤ c1 = c1(υ).

Since d(Sj) ≥ 2 by 8.7(2), we get

(8.11) d(Sj , ∂G) ≥ 2/c1 for all 1 ≤ j ≤ N .

Fix a unit vector z ∈ E and set J = [z, sz]. Then J ∩ Sj is compact and nonempty

for each j by 8.7. Let uj ∈ J ∩ Sj be the point with maximal norm. From 8.7 it follows

that |uj+1| > |uj | for all 1 ≤ j ≤ N − 1, and hence there is j ≤ N − 1 such that

|uj+1 − uj | ≤ (s− 1)/(N − 1). By (8.11) we then have

k(uj, uj+1) ≤ c1(s− 1)

2(N − 1)
,

and hence

k′(fuj , fuj+1) ≤ Mc1(s− 1)

2(N − 1)
+ C.

Since k′(fuj, fuj+1) ≥ C + 1 by (8.10), we obtain the desired estimate N ≤ N0(υ) =

1 +Mc1(s− 1)/2.

8.12. Balls and half spaces. A domain H ⊂ E is a half space if there is a bounded

nonzero linear functional A : E → R and λ ∈ R such that H = {x ∈ E : Ax < λ}.

In Rn, each half space is Möbius equivalent to a ball. More generally, this is true in all
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Hilbert spaces. Indeed, if e ∈ E is a unit vector, the inversion ux = x/|x|2 maps the half

space H = {x : x · e > 1} onto the ball B = B(e/2, 1/2). The induced homeomorphism

f : H → B is 4-QH by 5.14.

In an arbitrary Banach space, it is not so easy to map a half space onto a ball. Assume

that H ⊂ E is a half space with H ∩B(1) = ∅. The inversion u maps H onto a domain

D ⊂ B(1), but D is usually not a ball. However, one can show that D is a convex domain,

which can be mapped onto a ball by a radial bilipschitz map. Combining these maps we

obtain an M -QH map of H onto a ball, where M is a universal constant. This was proved

with M = 13000 in [IV, 2.12].

8.13. Towers. We shall construct QH maps of a half space H onto domains obtained

from H by “pulling towers” from ∂H . Let E1 be a Banach space with dimE1 ≥ 1. We

consider the product space E = E1×R as a Banach space with the norm |(x, t)| = |x|+|t|.
The closed unit ball B(1) of E is the suspension of the unit ball B1(1) of E1 with

suspension points a = (0, 1) and −a. Similarly, the unit sphere S(1) is the suspension of

S1(1). Let P : E → E1 and Q : E → R be the projections, and let H = {x : Qx < 0} be

the lower half space of E. Observe that |x| = |Px| + |Qx| for x ∈ E. The set

T = B1(1) × [0,∞) = {x ∈ E : |Px| < 1, Qx ≥ 0}

is the infinite tower with floor B1(1).

Let G′ be the domain H ∪ T . Define f : H → G′ by
{

fx = x
|x| + a log 1

|x| for |x| ≤ 1,

fx = x for |x| ≥ 1.

Then f is a homeomorphism. The half ball ∆ = B(1) ∩H is the basement of the tower

T , and f maps ∆ onto T ∪ ∆ carrying each hemisphere F (t) = S(t) ∩H, 0 < t < 1 by a

similarity map onto F (1) − a log t. See Figure 2, where F (1) is indicated by a thick line.

Half space Infinite tower

Fig. 2



94 J. VÄISÄLÄ

To obtain an expression for the inverse map g = f−1 : G′ → H we write Ry =

Qy + 1 − |Py| for y ∈ T ∪ ∆. Geometrically, Ry is the vertical distance between y and

the floor F (1) of the basement. If x ∈ ∆ and y = fx, we have Ry = − log |x|. Thus

|x| = e−Ry and

(1) gy = e−Ry(y − aRy).

We show that f : H → G′ is 6-QH. By 5.6 it suffices to show that Lk(x, t) ≤ 6

and Lk(y, g) ≤ 6 for all x ∈ H and y ∈ G′. Let x ∈ H . If |x| > 1, then L(x, f) =

1, δ(x) = |Qx|, δ′(fx) ≥ |Qx|, and hence Lk(x, f) ≤ 1 by 5.4. Assume that |x| < 1.

Since L(x,N) = 1 for the norm function Nx = |x|, the L-formulas 5.3(3) give

L(x, f) ≤ 1

|x| +
|x|
|x|2 +

|a|
|x| =

3

|x| .

Since δ(x) = |Qx| and δ′(fx) ≥ 1 − |Pfx| = |Qx|/|x|, this implies

(2) Lk(x, f) ≤ 3.

This is obviously true also in the case |x| = 1 and hence for all x ∈ H .

Next assume that y = fx ∈ G′. If y /∈ T ∪ ∆, then L(y, g) = 1, δ′(y) ≤ 2|Qy| and

δ(gy) = δ(y) = |Qy|. Hence Lk(y, g) ≤ 2. Assume that y ∈ T ∪ ∆. For every y′ ∈ T ∪ ∆

we have

|Ry −Ry′| = |Qy −Qy′ − |Py| + |Py′|| ≤ |Qy −Qy′| + |Py − Py′| = |y − y′|,

and hence L(y,R) ≤ 1. Consequently, (1) and 5.3(3) give L(y, g) ≤ e−RyL(y,R)|y −
aRy| + e−Ry(1 + |a|L(y,R)) ≤ 3e−Ry =3|x|, since y − aRy=x/|x| for x=gy. This holds

also for y ∈ H ∩∂∆. Since δ(gy) = |Qx| and δ′(y) ≤ 2(1−|Py|) = 2|Qx|/|x|, this implies

(3) Lk(y, g) ≤ 6,

and we have proved that f : H → G′ is 6-QH.

For λ > 0, the set

Tλ = B1(1) × [0, λ) = {x ∈ T : Qx < λ}

is a finite tower of height λ with floorB1(1). We obtain a homeomorphism f1 : H→H∪Tλ
by setting f1x = fx for |x| ≥ e−λ and f1x = eλx+λa for |x| ≤ e−λ. Thus f1|H ∩B(e−λ)

is a similarity. It is an easy exercise to verify that (2) and (3) hold also for the map f1,

and hence it is 6-QH.

We can use these maps to build QH maps of the half spaceH onto domains with several

towers. Let A be a family of disjoint open balls in E1. On each B = B1(zB, rB) ∈ A we

erect a tower TB with floor B. This tower can be finite B× [0, λB) or infinite B× [0,∞).

Each TB has a basement ∆B = B(zB, rB) ∩H .

The union of H and all towers TB, B ∈ A is a domain G′, called an organ pipe

domain; see Figure 3. We map each ∆B onto TB ∪ ∆B by a copy of the map f or f1
described above. Setting Fx = x for x ∈ H\∪{∆B : B ∈ A} we obtain a homeomorphism

F : H → G′. The estimates (2) and (3) are valid for F , and hence F is 6-QH.
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Finite tower Tube 

Organ pipe domain

Fig. 3

8.14. Tubes. Let H ⊂ E = E1 ×R be as in 8.13. Setting

fx =
x

|x| + a log
1

|x|
for all x ∈ H, we obtain a homeomorphism f of H onto the infinite tube Z = B1(1)×R =

{x ∈ E : |Px| < 1}. Since d(y, ∂Z) = 1 − |Py| for all y ∈ Z, the estimates in 8.13 show

that f : H → Z is 3-QH.

8.15. Broken tubes. In examples 8.13 and 8.14, the dimension of E plays no role, and it

can be finite or infinite. We next give an example where it is essential that dimE=∞. Let

E be an infinite-dimensional separable Hilbert space, and let (ej)j∈Z be an orthonormal

family in E, indexed by the set Z of all integers. Let γ be the line spanned by e0, and

set aj = je0
√

2 for j ∈ Z. Let g0 : γ → E be the map for which g0aj = ej for all j ∈ Z

and which is affine on each line segment γj = [aj−1, aj ]. Thus g0|γj is an isometry onto

γ′j = [ej−1, ej ]. Let T be the tubular neighborhood {x ∈ E : d(x, γ) < 1/10} of γ. It is

not difficult to extend g0 to a homeomorphism g of T onto a neighborhood T ′ of γ′ such

that g is locally M -bilipschitz with a universal constant M ; the details are left to the

reader. By 5.16, g is M2-QH. From 8.14 it follows that there is a 3-QH map f : H → T

if H = {x : x · e0 < 0} and T are considered with the norm Nx = |Px| + |Qx| of 8.13.
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Since |x|2 = |Px|2 + |Qx|2, we have |x| ≤ Nx ≤ |x|
√

2 for all x ∈ E. By 5.16, the identity

maps of H and T are 2-QH with respect to the norms |x| and |Nx|. It follows that the

map h = gf : H → T ′ is M1-QH in the original norm with M1 = 12M2.

We say that the domain T ′ is a broken tube with core γ′. It has several interesting

properties. For example, it contains the connected set γ′, which has finite relative size

d(γ′)/d(γ′, ∂T ′) but infinite QH diameter. This phenomenon is impossible in Rn; see

[TV2, 6.9]. It is also impossible for uniform domains in any Banach spaces (Section 10).

The pre-image α = h−1γ′ is the ray α = {te0 : t < 0}, and g defines a homeomorphism

hD of D=H \ α onto D′ =T ′ \ γ′. Since h is M1-QH, hD is M2-QH with M2 = 4M2
1 by

5.12. Observe that ∂D = ∂H ∪α is connected while ∂D′ = ∂T ′ ∪ γ′ has two components

∂T ′ and γ′. In Ṙn, the number of the boundary components of a domain is a topological

invariant, but we see that in arbitrary Banach spaces it is not even a QH invariant.

However, in this example ∂D is not very “firmly” connected, since it becomes disconnected

if the points 0 and ∞ are removed from it. The following question is open:

8.16. Problem. Does there exist a solid map of a ball onto a domain with noncon-

nected boundary?

8.17. Exercise. Show that the map g0 : γ → γ′ in 8.15 has the following properties:

(1) g0 is weakly 2-quasisymmetric,

(2) g−1
0 is not weakly quasisymmetric,

(3) g0 is not quasisymmetric.

8.18. Notes. In Rn, the estimates s1 ≤ s′ ≤ s2 of 8.8 for K-quasiconformal maps are

usually proved using the moduli of the path families joining the boundary components of

the rings. Another method is based on the isoperimetric inequality. These give the sharp

estimates

K−1 log s ≤ log s′ ≤ K log s;

see [Kü, Satz 1]. This is the only result known to the author in the theory of quasi-

conformal maps in Rn which allows a dimension-free conclusion in terms of the metric

dilatation defined in 1.1.

The towers, tubes, and organ pipe domains in R3 were considered by F. W. Gehring

and the author [GV] in 1965.

9. Neargeodesics and coarse length

9.1. Summary. We develop some tools that are needed in a deeper study of the free

quasiworld. We found in 3.5 that a pair of points in a domain G ( E cannot always be

connected by a QH geodesic. However, we show that they can be joined by a neargeodesic,

that is, by an arc that is quasiconvex in the QH metric.

Since an FQC map f : G→ G′ may map a rectifiable arc γ ⊂ G onto a nonrectifiable

arc, there is no use to compare the lengths of γ and fγ. We therefore introduce for

each h > 0 a finite number l(γ, h), called the h-coarse length of γ, and the corresponding

concept of coarse quasiconvexity. Arcs that are coarsely quasiconvex in the QH metric

turn out to be particularly important, and they are called solid arcs. We show that this
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property is preserved by FQC maps and, more generally, by coarsely QH maps. This

result will be useful in Section 11 where we study maps of uniform domains.

9.2. Neargeodesics. Let γ be an arc in a domain G ( E and let c ≥ 1. We say that γ

is a c-neargeodesic in G if γ is c-quasiconvex in the QH metric of G. In other words,

lk(γ[x, y]) ≤ ck(x, y) for all x, y ∈ γ.

For c = 1 this means that γ is a QH geodesic.

9.3. Lemma. Suppose that a ∈ G ( E, that 0 < t < 1, and that γ is a rectifiable arc

in B(a, tδ(a)). Then

1

1 + t
≤ lk(γ)δ(a)

l(γ)
≤ 1

1 − t
.

Moreover, if t ≤ 1/2, then every line segment in B(a, tδ(a)) is a c-neargeodesic in G with

c = (1 + 2t)2 ≤ 4.

Proof. Since δ(a)(1 − t) ≤ δ(x) ≤ δ(a)(1 + t) for all x ∈ B(a, tδ(a)), the inequalities

follow by integration along γ. Suppose that t ≤ 1/2 and that γ = [x, y] ⊂ B(a, tδ(a)).

Since 1/(1 − t) ≤ 1 + 2t, the second inequality of the lemma and 3.7(4) imply

lk(γ) ≤ (1 + 2t)|x− y|/δ(a) ≤ (1 + 2t)2k(x, y).

9.4. Theorem. Let a, b ∈ G ( E and let c > 1. Then there is a c-neargeodesic from

a to b in G.

Proof. The proof is somewhat long, but its idea is simple: We join a and b by an arc

γ with lk(γ) very close to k(a, b), and then choose a suitable inscribed polygon.

For q > 0 we write c1 = c1(q) = (1 + 2q)2. Choose q0 > 0 such that

(9.5) q0 ≤ k(a, b)/10, c1(q0) < 5/4.

Then q0 < 1/8. We shall prove the theorem by constructing for every q ≤ q0 an arc β

joining a and b such that β is a c(q)-neargeodesic with c(q) → 1 as q → 0.

Let 0 < q ≤ q0. Choose an arc γ from a to b with lk(γ) ≤ k(a, b) + q2. Then

(9.6) lk(γ[x, y]) ≤ k(x, y) + q2

for all x, y ∈ γ, since assuming x ∈ γ[a, y] we have

k(a, x) + lk(γ[x, y]) + k(y, b) ≤ lk(γ) ≤ k(a, x) + k(x, y) + k(y, b) + q2.

Since q ≤ k(a, b)/10, there is λ = λ(q) such that

q/4 ≤ λ ≤ q/2, lk(γ) = mλ

for some integer m ≥ 1. We divide γ by successive points a = x0, . . . , xm = b into

subarcs γi = γ[xi−1, xi] with lk(γi) = λ. We show that the union β of the line segments

βi = [xi−1, xi] is the desired arc.

Assume that x, y ∈ β, x 6= y. Although we have not yet shown that β is an arc, the

QH length lk(β[x, y]) is defined in the obvious way as soon as we fix i and j such that

x ∈ βi, y ∈ βj . It suffices to find c = c(q) such that c(q) → 1 as q → 0 and such that

(9.7) lk(β[x, y]) ≤ ck(x, y).
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We consider four cases.

Case 1. There is i such that x, y ∈ βi. Since k(xi−1, xi) ≤ lk(γi) = λ ≤ q/2 < 1,

Theorem 3.9 gives |xi−1 − xi| ≤ qδ(xi). Hence (9.7) follows from 9.3 with c = c1.

Case 2. x and y are vertices, say x = xi, y = xi+s, s ≥ 1. Applying Case 1 to the

line segments between x and y we get

lk(β[x, y]) =
s

∑

j=1

lk(βi+j) ≤ c1

s
∑

j=1

k(xi+j−1, xi+j) ≤ c1

s
∑

j=1

lk(γi+j)(9.8)

= c1lk(γ[x, y]).

On the other hand, (9.6) gives

k(x, y) ≥ lk(γ[x, y]) − q2 = sλ− q2 ≥ q/4 − q2 > q/8,

since q < 1/8. Together with (9.6) and (9.8), this implies (9.7) with c = c2 = c1 + 8c1q.

Case 3. There are i ≥ 1 and j ≥ i+ 2 such that x ∈ βi, y ∈ βj . By means of Case 2

we obtain
lk(β[x, y]) = lk(β[xi−1, xj ]) − lk(β[xi−1, x]) − lk(β[y, xj ])

≤ c2k(xi−1, xj) − k(xi−1, x) − k(y, xj)

≤ c2k(x, y) + (c2 − 1)[k(xi−1, x) + k(y, xj)].

Here

k(xi−1, x) ≤ lk(βi) ≤ c1k(xi−1, xi) ≤ c1λ ≤ c1q/2,

and similarly k(y, xj) ≤ c1q/2. By (9.6), these estimates yield

k(x, y) ≥ k(xi−1, xj) − k(xi−1, x) − k(y, xj)

≥ lk(γ[xi−1, xj ]) − q2 − 2c1λ ≥ (3 − 2c1)λ− q2 ≥ (5 − 4c1)q/8,

where we also made use of the inequalities λ ≥ q/4 and q ≤ 1/8. By (9.5), the right-hand

side is positive. Combining these estimates we obtain (9.7) with

c = c3(q) = c2 +
8c1(c2 − 1)

5 − 4c1
.

Case 4. There is i such that x ∈ βi and y ∈ βi+1. If x = xi−1 or y = xi+1, we are in

Case 3. The general case is reduced to these special cases as follows:

We may assume that x 6= xi 6= y. For K ≥ 1 let g : E → E be the similarity defined

by gu = xi + K(u − xi). We can choose K such that gx ∈ βi, gy ∈ βi+1, and either

gx = xi−1 or gy = xi+1. In Case 1 we showed that βi ∪ βi+1 ⊂ B(xi, qδ(xi)). Applying

9.3 twice we obtain

lk(β[x, y]) ≤ l(β[x, y])

(1 − q)δ(xi)
=

l(β[gx, gy])

K(1 − q)δ(xi)
≤ (1 + q)lk(β[gx, gy])

K(1 − q)
.

By Case 3 we have lk(β[gx, gy]) ≤ c3k(gx, gy). These estimates and 3.7 yield

lk(β[x, y]) ≤ (1 + q)c3|gx− gy|
K(1 − q)2δ(xi)

=
(1 + q)c3|x− y|

(1 − q)2δ(xi)
≤ (1 + q)(1 + 2q)c3k(x, y)

(1 − q)2

= c4k(x, y)

where c4 = c4(q) → 1 as q → 0.
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9.9. Coarseness. The intuitive idea behind coarseness is that we fix a number h ≥ 0

and look at a metric space X with h-coarse eyes, which means that we cannot distinguish

between points x, y with |x − y| < h. One should observe, however, that this is not an

equivalence relation. If h = 0, there is no coarseness.

For example, in the coarse Lipschitz condition |fx − fy| ≤ M |x− y| + C of 2.2, the

constant C plays the role of h; the map looks M -Lipschitz if we only see C-coarsely where

fx is.

9.10. Coarse length. Let γ be an arc in a metric space X and let h ≥ 0. We consider

finite sequences x = (x0, . . . , xm), m ≥ 1, of successive points of γ. We say that x is an

h-coarse sequence if |xj−1 − xj | ≥ h for all 1 ≤ j ≤ m. We write

s(x) =
m
∑

j=1

|xj−1 − xj |

and define the h-coarse length of γ as

l(γ, h) = sup s(x)

over all h-coarse sequences x on γ. We agree that sup∅ = 0, and hence l(γ, h) = 0

whenever d(γ) < h. This is natural, since our h-coarse eyes see γ as a single point.

Observe that l(γ, 0) is the ordinary length l(γ), and it may be infinite. If h > 0, then

l(γ, h) <∞ by compactness. We list some obvious properties of the coarse length.

9.11. Theorem. Let γ be an arc in a metric space and let h ≥ 0.

(1) The function h 7→ l(γ, h) is decreasing.

(2) d(γ) ≤ h ∨ l(γ, h).

(3) γ′ ⊂ γ implies l(γ′, h) ≤ l(γ, h).

(4) l(γ, h) = sup s(x) over all x = (x0, . . . , xm) such that h ≤ |xj−1 − xj | ≤ 2h for

1 ≤ j ≤ m.

9.12. Coarse quasiconvexity. Let h ≥ 0 and c ≥ 1. We say that a metric space X is

h-coarsely c-quasiconvex if each pair of points a, b ∈ X can be joined by an arc γ ⊂ X

such that l(γ, h) ≤ c|a− b|. In particular, an arc γ is h-coarsely c-quasiconvex if

l(γ[x, y], h) ≤ c|x− y| for all x, y ∈ γ.

Recall from 2.2 that a map f : X → Y is C-coarsely M -bilipschitz if

(|x− y| − C)/M ≤ |fx− fy| ≤M |x− y| + C for all x, y ∈ X .

If only the second inequality is assumed, then f is C-coarsely M -Lipschitz.

9.13. Theorem. Suppose that X is h-coarsely c-quasiconvex and that f : X → Y is

C-coarsely M -bilipschitz. Then fX is h1-coarsely c1-quasiconvex with

h1 = M(h ∨ 2cC) + C, c1 = 2cM(M + 1).

Proof. Let a, b ∈ X and choose an arc γ ⊂ X joining a and b such that

(9.14) l(γ, h) ≤ c|a− b|.
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It suffices to show that

(9.15) l(fγ, h1) ≤ c1|fa− fb|.
Setting h′ = M(h ∨ C) + C we first show that

(9.16) l(fγ, h′) ≤ (M + 1)l(γ, h).

Let y = (y0, . . . , ym) be an h′-coarse sequence on fγ. Writing x = (x0, . . . , xm) with

xj = f−1yj we have

|xj−1 − xj | ≥ (|yj−1 − yj| − C)/M ≥ (h′ − C)/M = h ∨C.
Hence x is h-coarse, which implies that s(x) ≤ l(γ, h). Moreover, |xj−1 − xj | ≥ C, and

we obtain

s(y) ≤
m
∑

j=1

(M |xj−1 − xj | + C) ≤ (M + 1)s(x) ≤ (M + 1)l(γ, h).

This implies (9.16).

To prove (9.15) we first assume that |a− b| ≥ 2C. Then

|fa− fb| ≥ (|a− b| − C)/M ≥ |a− b|/2M.

Since h′ ≤ h1, this, (9.14) and (9.16) yield

l(fγ, h1) ≤ (M + 1)c|a− b| ≤ c1|fa− fb|,
which is (9.15).

Next assume that |a− b| < 2C. Let x, y ∈ γ. It suffices to show that |fx− fy| < h1,

since this will imply that l(fγ, h1) = 0, and (9.15) holds trivially. If |x − y| < h, then

|fx− fy| < Mh+C ≤ h1. If |x− y| ≥ h, then the pair (x, y) is a h-coarse sequence, and

hence

|x− y| ≤ l(γ, h) ≤ c|a− b| < 2cC,

which implies that

|fx− fy| < 2McC + C ≤ h1.

9.17. Solid arcs. Suppose that G ( E is a domain. For h ≥ 0, we let lk(γ, h) denote

the h-coarse length of an arc γ ⊂ G in the QH metric of G. For c ≥ 1, we say that γ is a

(c, h)-solid arc if γ is h-coarsely c-quasiconvex in the QH metric. In other words,

lk(γ[x, y], h) ≤ ck(x, y).

Thus γ is (c, 0)-solid if and only if γ is a c-neargeodesic.

The following result is a special case of 9.13. It is very useful in the study of maps of

uniform domains (Section 11). In many cases, it acts as a substitute for the method of

moduli of path families, which is useless in the free quasiworld.

9.18. Solid Arc Theorem. Suppose that f : G→ G′ is C-coarsely M -QH and that

γ is a (c, h)-solid arc in G. Then fγ is a (c1, h1)-solid arc in G′ with

h1 = M(h ∨ 2cC) + C, c1 = 2cM(M + 1).

9.19. Notes. This section is from [II].
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10. Uniform domains

10.1. Summary. Roughly speaking, a domain in E is uniform if one can travel from one

point to another without going very far from these points or very close to the boundary

of the domain. Half spaces, balls and spherical rings are uniform while an infinite tube

is not. Uniform domains are extremely useful in the free quasiworld, since FQC maps

between them have several pleasant properties, which will be considered in Section 11.

We give two approaches to uniform domains. One is based on the QH metric and the

other on so-called cigars. We prove that they give quantitatively the same concept, and

give some examples and properties of uniform domains.

10.2. Definitions. Let G ( E be a domain. We recall from 3.7(1) the inequality

jG ≤ kG, where

jG(x, y) = log
(

1 +
|x− y|

δ(x) ∧ δ(y)

)

.

Let c ≥ 1. We say that G is a quasihyperbolically c-uniform domain if kG(x, y) ≤ cjG(x, y)

for all x, y ∈ G.

Let γ be an arc in G with endpoints a, b. For x ∈ γ we set

̺d(x) = d(γ[a, x]) ∧ d(γ[x, b]).

If γ is rectifiable, we also write

̺l(x) = l(γ[a, x]) ∧ l(γ[x, b]).

For c ≥ 1, we define the diameter c-cigar cigd (γ, c) and the length c-cigar cigl (γ, c) by

cigd (γ, c) = ∪ {B(x, ̺d(x)/c) : x ∈ γ \ {a, b}},
cigl (γ, c) = ∪ {B(x, ̺l(x)/c) : x ∈ γ \ {a, b}}.

The length cigar is only defined if γ is rectifiable. Observe that these sets are open

neighborhoods of γ \ {a, b} and that cigd (γ, c) ⊂ cigl (γ, c).

For c ≥ 1 we say that G is a c-uniform domain if each pair of points a, b ∈ G can be

joined by a rectifiable arc γ ⊂ G such that the following uniformity conditions hold:

(1) cigl (γ, c) ⊂ G,

(2) l(γ) ≤ c|a− b|.
Observe that (1) can also be written as

(1) ̺l(x) ≤ cδ(x)

for all x ∈ γ. Condition (1) is called the cigar condition, and (2) is the turning condition.

10.3. Remarks. If we replace (1) and (2) by

(1′) cigd (γ, c) ⊂ G,

(2′) d(γ) ≤ c|a− b|,
we get a concept which in the case E = Rn is n-quantitatively equivalent to c-uniformity.

In an arbitrary Banach space, however, this leads to a different property, which does not

seem to be very useful. For example, in the broken tube of 8.15 one can join points by
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arcs satisfying (1′) and (2′), but it is not a uniform domain. Nevertheless, the diameter

cigars are useful also in the free quasiworld.

A third possibility in Rn is to use distance cigars, based on the function ̺(x) =

|x− a| ∧ |x− b|.

10.4. Examples. 1. We first show that each ball B ⊂ E is 2-uniform. In fact, we

prove the stronger result that each pair of points a, b ∈ B, a 6= b, can be joined by an

arc γ satisfying the uniformity conditions in B. We may assume that B is the unit ball

B(1). Set z = (a+ b)/2. We consider two cases.

Case 1. |z| ≥ |a− b|/2. Let y ∈ [0, z] be the point with |y − z| = |a− b|/2 and write

γ = [a, z] ∪ [z, b]. Then

|a− y| ≤ |a− z| + |z − y| = |a− b|,
and similarly |b−y| ≤ |a−b|. Hence γ satisfies the turning condition l(γ) = |a−y|+|b−y| ≤
2|a− b|.

To prove the cigar condition it suffices to consider a point x ∈ [a, y] and show that

̺l(x) ≤ 2δ(x). Writing x = (1 − t)a+ ty with 0 ≤ t ≤ 1 we have

δ(x) = 1 − |x| ≥ 1 − (1 − t)|a| − t|y| ≥ 1 − (1 − t) − t(1 − |y − z|) = t|a− b|/2.
Hence

̺l(x) ≤ |a− x| = t|a− y| ≤ t|a− b| ≤ 2δ(x).

Case 2. |z|≤|a−b|/2. We show that γ=[a, 0]∪[0, b] satisfies the uniformity conditions.

We have

|a| ≤ |a− z| + |z| ≤ |a− b|,
and similarly |b| ≤ |a−b|. Hence γ satisfies the turning condition l(γ) = |a|+|b| ≤ 2|a−b|.
If x ∈ [a, 0], then

̺l(x) ≤ |a− x| = |a| − |x| ≤ 1 − |x| = δ(x),

and hence the cigar condition holds with the constant 1.

2. More generally, every bounded convex domain G ⊂ E is uniform. If B(r) ⊂ G ⊂
B(br), then G is c-uniform with c = c(b). This was proved in [Al] by explicit constructions

similar to those in Example 1. Alternatively, one can make use of a radial bilipschitz map

of G onto a ball.

3. Let H ⊂ E be a half space. We show that if c > 2, each pair of points a, b ∈
H \ {∞}, a 6= b, can be joined by an arc γ satisfying the uniformity conditions in H .

This will imply that H is c-uniform for all c > 2.

We may assume that 0 ∈ ∂H . Set z = (a+ b)/2. If z ∈ H , we choose a point w ∈ ∂H

such that |z − w| ≤ cδ(z)/2. Set y = z + r(z − w) where r is chosen to that

(a) |y − z| = |a− b|/2.
Then

(b) δ(y) = |y − w|δ(z)/|z − w| ≥ 2|y − z|/c = |a− b|/c.
If z ∈ ∂H we apply the well known Riesz lemma [CC, p. 68] to find y ∈ H such that (a)

and (b) are true. We show that γ = [a, y] ∪ [y, b] is the desired arc.
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Since |a− y| ≤ |a− z| + |z − y| = |a− b|, and similarly |b − y| ≤ |c− b|, the turning

condition l(γ) = |a − y| + |b − y| ≤ 2|a − b| is true. We show that the cigar condition

̺l(x) ≤ cδ(x) holds at x ∈ [a, y]. Writing x = (1 − t)a+ ty with 0 ≤ t ≤ 1 we have

δ(x) = (1 − t)δ(a) + tδ(y) ≥ tδ(y) ≥ t|a− b|/c
by (b). Hence ̺l(x) ≤ |a− x| = t|a− b| ≤ cδ(c).

4. Let T ⊂ E be a closed affine subspace with codimension at least 2. Then G = E\T
is a domain.

If a, b ∈ G, there is a half space H such that T ⊂ ∂H and a, b ∈ H. Applying the

result in Example 2 we see that G is c-uniform for all c > 2.

In particular, the complement of a point is c-uniform.

10.5. Suppose that G ( E is a QH c-uniform domain. We shall prove in 10.9 that

if γ is a c′-neargeodesic in G, then γ has a length cigar neighborhood cigl (γ, c1) ⊂ G,

where c1 = c1(c, c′). In view of 9.4, it follows that QH c-uniformity implies c1-uniformity.

A diameter version of this will be given in 10.15, where γ is assumed to be a (c′, h)-solid

arc in G.

To prove these results we need three lemmas, which describe the behavior of an arc

lying near the boundary of a domain. For sets A,B ⊂ E we write A+ B = {a+ b : a ∈
A, b ∈ B}.

10.6. Lemma. Suppose that G ( E and that r > 0, 0 ≤ h ≤ R. Let γ be an arc

in ∂G + B(r) with lk(γ, h) ≤ R. Then d(γ) ≤ MRr with M = M(h). If h = 0, then

l(γ) ≤ Rr.

Proof. The case h = 0 is easy, since then

l(γ)

r
≤

∫

γ

|dx|
δ(x)

= lk(γ) ≤ R.

Assume that h > 0. We show that the lemma holds with M = 2(eh − 1)/h. Let a, b ∈ γ

be such that d(γ) = |a− b|. We consider two cases.

Case 1. k(a, b) ≤ h. Now 3.7(2) yields

d(γ) = |a− b| ≤ (ek(a,b) − 1)δ(a) ≤ (eh − 1)r = hMr/2 ≤ RMr/2.

Case 2. k(a, b) > h. Choose a sequence (x0, . . . , xm+1) of successive points of γ such

that x0 = a, xm+1 = b, k(xj−1, xj) = h for 1 ≤ j ≤ m, and k(xm, xm+1) ≤ h. Then

m ≥ 1. Since (x0, . . . , xm) is h-coarse, we have

mh =

m
∑

j=1

k(xj−1, xj) ≤ lk(γ, h) ≤ R.

Since 3.7(2) gives

|xj−1 − xj | ≤ δ(xj−1)(ek(xj−1,xj) − 1) ≤ r(eh − 1)

for 1 ≤ j ≤ m+ 1, we get

d(γ) = |a− b| ≤
m+1
∑

j=1

|xj−1 − xj | ≤ (m+ 1)r(eh − 1) ≤ mrMh ≤MRr.



104 J. VÄISÄLÄ

10.7. Lemma. Suppose that G is a QH c-uniform domain, that r > 0, and that γ is

a (c′, h)-solid arc in G lying in ∂G + B(r). Then d(γ) ≤ M1(c, c′, h)r. If h = 0, then

l(γ) ≤M1(c, c′)r.

Proof. Assume first that h > 0. Let a0 ∈ γ be a point with maximal δ(a0). Dividing

γ to two subarcs we may assume that a0 is an endpoint, which we consider as the first

point of γ. Let b be the other endpoint. We first prove the special case where δ(b) ≥ r/2.

Write

t = d(γ)/r, R = cc′ log(1 + 2t).

If R ≤ h, then t ≤ M1 with M1 = (eh/cc
′ − 1)/2. Suppose that h ≤ R. Since γ is

(c′, h)-solid and G is QH c-uniform, we get

lk(γ, h) ≤ c′k(a0, b) ≤ cc′jG(a0, b) ≤ R.

By Lemma 10.6 this implies t ≤ M(h)R. Since t−1 log(1 + 2t) → 0 as t → ∞, this gives

the desired bound t ≤M1(c, c
′, h).

In the general case we may assume that δ(a0) = r. Let N be the least integer with

2−Nr ≤ δ(b). For 1 ≤ j ≤ N we let aj denote the last point on γ with δ(aj) ≥ 2−jr.

Then aN =b. By the special case, the arcs γj =γ[aj−1, aj] satisfy the inequality d(γj) ≤
2−j+1M1r with M1 as above. Hence

d(γ) ≤
N
∑

j=1

d(γj) ≤ 2M1r.

The case h = 0 is proved similarly, replacing diameter by length.

10.8. Lemma. For each c ≥ 1, c′ ≥ 1 and h ≥ 0 there is a number q = q(c, c′, h) ∈
(0, 1) with the following property: Let G be a QH c-uniform domain, let γ ⊂ G be a (c′, h)-

solid arc with endpoints a0, a1 and let x ∈ γ be a point with δ(x) ≤ qδ(a0). Then for γx =

γ[x, a1], we have d(γx) ≤M2(c, c
′, h)δ(x) if h > 0, and l(γx) ≤M2(c, c′)δ(x) if h = 0.

Proof. Let M1 = M1(c, c′, h) be the constant given by 10.7 and write K = 2(h ∨
cc′ log(1 +M1)). We show that the lemma holds with q = e−K .

In the situation of the lemma we write r = δ(x)/q. Then r ≤ δ(a0). It suffices to

show that γx ⊂ ∂G+ B(r), since then 10.7 implies the lemma with M2 = M1/q.

Assume that γx 6⊂ ∂G+B(r). Since δ(a0) ≥ r, there are x1, x2 ∈ γ such that δ(x1) =

δ(x2) = r and x ∈ α ⊂ G∩(∂G+B(r)) where α = γ[x1, x2]. Then |x1−x2| ≤ d(α) ≤M1r

by 10.7. By the QH uniformity of G and by the solidity of γ we obtain

lk(γ[x1, x], h) ≤ lk(α, h) ≤ c′k(x1, x2) ≤ cc′jG(x1, x2) ≤ cc′ log(1 +M1).

By 3.7(1) and 9.11(2) this implies

log
(

1 +
|x1 − x|
qr

)

≤ k(x1, x) ≤ k(γ[x1, x]) ≤ h ∨ lk(γ[x1, x], h) ≤ K/2.

On the other hand, |x1 − x| ≥ δ(x1) − δ(x) = (1 − q)r, and hence

1 +
|x1 − x|
qr

≥ 1

q
.

These estimates give the contradiction K = log(1/q) ≤ K/2.
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10.9. Cigar Theorem. Suppose that G is QH c-uniform and that γ ⊂ G is a c′-

neargeodesic with endpoints a0 and a1. Then there is c1 = c1(c, c′) such that

(1) cigl (γ, c1) ⊂ G,

(2) l(γ) ≤ c1|a0 − a1|.
Proof. (1) Let x0 ∈ γ be a point with maximal δ(x0). By symmetry, it suffices to

find an estimate

(10.10) l(γ[a0, x]) ≤ c1δ(x)

for all x ∈ γ[a0, x0]. Let q = q(c, c′, 0) ∈ (0, 1) be the number given by 10.8. If δ(x) ≤
qδ(x0), then 10.8 implies (10.10) with c1 = M2(c, c′). If δ(x) ≥ qδ(x0), we apply 10.7

with r = δ(x0) and obtain (10.10) with c1 = M1(c, c
′)/q.

(2) We may assume that δ(a0) ≤ δ(a1). Let c2, c3, . . . denote positive constants de-

pending only on c and c′. Writing t = |a0 − a1| we look for an estimate

(10.11) l(γ) ≤ c2t.

Set r = δ(a0). We consider two cases.

Case 1. r ≤ t. We may assume that l(γ) > 2t. Choose points b0, b1 ∈ γ such that

l(γ[a0, b0]) = l(γ[a1, b1]) = t.

By part (1) we have t ≤ c1δ(bj) for j = 0, 1. With the notation of 3.6 we obtain

rG(b0, b1) ≤ |b0 − a0| + |a0 − a1| + |a1 − b1|
δ(b0) ∧ δ(b1)

≤ 3t

t/c1
= 3c1.

Since G is QH c-uniform, this implies

(10.12) k(b0, b1) ≤ cjG(b0, b1) ≤ c log(1 + 3c1).

For each x ∈ γ[b0, b1] we get

k(x, b0) ≤ lk(γ[b0, b1]) ≤ c′k(b0, b1) ≤ cc′ log(1 + 3c1) = c3.

By 3.7(2) this implies that |x− b0| ≤ δ(b0)(ec3 − 1). Since

δ(b0) ≤ δ(a0) + |a0 − b0| ≤ r + t ≤ 2t,

this yields

δ(x) ≤ δ(b0) + |x− b0| ≤ δ(b0)ec3 ≤ 2tec3 = c4t.

Integration along γ[b0, b1] gives

c′k(b0, b1) ≥ lk(γ[b0, b1]) ≥ l(γ[b0, b1])/c4t.

By (10.12), this implies that l(γ[b0, b1]) ≤ c5t, and (10.11) follows with c2 = c5 + 2.

Case 2. r ≥ t. We show that (10.11) is true with c2 = max{u(e2c
′/u − 1) : u ≥ 1}.

This number is independent of c, and, in fact, the QH uniformity of G is not needed in

this case.

Since δ(a1) ≥ δ(a0) = r, we have δ(x) ≥ r/2 for all x ∈ [a0, a1]. Integration along

[a0, a1] gives

(10.13) k(a0, a1) ≤ 2t/r.
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Set λ = l(γ) and let γ0 : [0, λ] → γ be the arclength parametrization of γ with γ0(0) = a0.

Since δ(α(s)) ≤ δ(a0) + |a0 − α(s)| ≤ r + s for all 0 ≤ s ≤ λ, we get

lk(γ) ≥
λ
∫

0

ds

r + s
= log(1 + λ/r).

Since γ is a c′-neargeodesic, this and (10.13) give

log(1 + λ/r) ≤ c′k(a0, a1) ≤ 2c′t/r.

Setting u = r/t ≥ 1 we thus have 1 + λ/tu ≤ e2c
′/u, and (10.11) follows.

10.14. Theorem. If γ is a c′-neargeodesic in a QH c-uniform domain, then γ is

c1-quasiconvex in the norm metric with c1 = c1(c, c′).

10.15. Coarse Cigar Theorem. Suppose that G is a QH c-uniform domain and

that γ is a (c′, h)-solid arc in G with endpoints a0 and a1. Then there is c1 = c1(c, c′, h)

such that

(1) cigd (γ, c1) ⊂ G,

(2) d(γ) ≤ c1(|a1 − a0| ∨ 2r(eh − 1)) where r = δ(a0) ∧ δ(a1).

Proof. We prove only (1), since (2) is not needed in this article. Its proof is given in

[II, 6.22].

Choose a point x0 ∈ γ with maximal δ(x0). Let x ∈ γ[a0, x0]. It suffices to find an

estimate

(10.16) d(γ[a0, x]) ≤ c1δ(x),

c1 = c1(c, c′, h). Let q = q(c, c′, h) ∈ (0, 1) be the number given by 10.8. If δ(x) ≤ qδ(x0),

then 10.8 implies (10.16) with c1 = M2(c, c′, h). If δ(x) ≥ qδ(x0), we can apply 10.7 with

r 7→ δ(x0), γ 7→ γ[a0, x] and get (10.16) with c1 = M1(c, c
′, h)/q.

10.17. Theorem. For a domain G ( E, the following conditions are quantitatively

equivalent:

(1) G is c-uniform,

(2) G is QH c-uniform,

(3) kG ≤ cjG + d, where c and d are constants.

Proof. We show that (3) ⇒ (2) ⇒ (1) ⇒ (3). The implication (2) ⇒ (1) follows

from 9.4 and 10.9. Assume that (3) holds, let a, b ∈ G, and set r = rG(a, b). If r ≤ 1/2,

then r log 2 ≤ log(1+r), and 3.9 implies that k(a, b) ≤ 2r ≤ (2/ log 2)jG(a, b). If r ≥ 1/2,

then jG(a, b) ≥ log(3/2). Hence

k(a, b)

jG(a, b)
≤ c+

d

log(3/2)
,

and we obtain (2). It remains to prove that (1) ⇒ (3).

Assume that (1) is true, and let a, b ∈ G. We want to find an estimate

(10.18) k(a, b) ≤ c1jG(a, b) + d,
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where c1 and d depend only on c. Let γ be an arc joining a and b and satisfying the

uniformity conditions of 10.2. Let x0 ∈ γ be the point bisecting the length λ of γ. We

may assume that δ(a) ≤ 2|a− b|, since otherwise 3.9 gives k(a, b) ≤ 1, and (10.18) holds

with c = 0, d = 1. Setting δ = δ(a) ∧ δ(b) we have δ/2 ≤ |a − b| ≤ λ. Choose points

a1, b1 ∈ γ with l(γ[a, a1]) = l(γ[b, b1]) = δ/4. Since |a1 − a| ≤ δ(a)/4, Theorem 3.9 yields

k(a1, a) ≤ 1/2, and similarly k(b1, b) ≤ 1/2. Setting β = γ[a1, x0] we obtain by the cigar

condition 10.2(1)

k(a1, x0) ≤ lk(β) ≤ c

∫

β

|dx|
l(γ[a, x])

= c

λ/2
∫

δ/4

ds

s
= c log

2λ

δ
.

Since a similar estimate holds for k(b1, x0), we get by the turning condition 10.2(2)

k(a, b) ≤ k(a, a1) + k(a1, x0) + k(x0, b1) + k(b1, b)

≤ 1 + 2c log
2λ

δ
≤ 1 + 2c log

2c|a− b|
δ

.

Since log(Mt) ≤ M log(1 + t) for all M ≥ 1, t ≥ 0, this implies (10.18) with c1 = 4c2,

d = 1.

10.19. Invariance of uniform domains. Suppose that G is a c-uniform domain and

that f : G → G′ is a homeomorphism. It is easy to see that if f is M -bilipschitz, then

G′ is c′-uniform with c′ = M2c. It is less obvious that the property of being c-uniform

is quantitatively invariant under η-quasisymmetric and even under η-quasimöbius maps.

The proof of this is based on the following result:

10.20. Lemma. Suppose that G 6= E, G′ 6= E′, and that f : G → G′ is an η-

quasimöbius homeomorphism. Then

(10.21) jG′(fa, fb) ≤MjG(a, b) + C

for all a, b ∈ G, where M ≥ 0 and C ≥ 0 depend only on η.

Proof. We first consider two special cases.

Case 1. 0 6∈ G and f is the restriction of the inversion u(x) = x/|x|2. Let a, b ∈ G

and set r = rG(a, b), r′ = rG′(ua, ub); see 3.6 for the notation. We may assume that

δ′(ua) ≤ δ′(ub). Choose x ∈ ∂G such that |ux− ua| ≤ 2δ′(ua). By (5.9) we obtain

r′ =
|ua− ub|
δ′(ua)

≤ 2
|ua− ub|
|ua− ux| ≤

18|a− b||x|
|a− x||b| .

Since

|x| ≤ |x− a| + |a− b| + |b|, |x− a| ≥ δ(a), |b| ≥ δ(b),

this implies

r′ ≤ 18|a− b|
( 1

δ(b)
+

|a− b|
δ(a)δ(b)

+
1

δ(a)

)

≤ 18r(2 + r).

Hence 1 + r′≤18(1 + r)2, and we obtain (10.21) with the universal constants M=2, C=

log 18.

Case 2. f is η-quasisymmetric. By 6.14, we may assume that η(t) = C1(tα ∨ t1/α),

where C1 ≥ 1, 0 < α ≤ 1. Let a, b ∈ G. We may again assume that δ′(fa) ≤ δ′(fb). By
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6.12, f extends to an η-quasisymmetric homeomorphism f : G → G′. Choose x ∈ ∂G

such that |fa− fx| ≤ 2δ′(fa). Setting r = rG(a, b) we have |a− b| ≤ r|a− x|, and hence

rG′(fa, fb) =
|fa− fb|
δ′(fa)

≤ 2
|fa− fb|
|fa− fx|

≤ 2η
( |a− b|
|a− x|

)

≤ 2C1(rα ∨ r1/α).

If r ≤ 1, then (10.21) holds with M = 0, C = log(1 + 2C1). If r ≥ 1, then

1 + rG′(fa, fb) ≤ 1 + 2C1r
1/α ≤ 2C1(1 + r)1/α,

and we obtain (10.21) with M = 1/α, C = log 2C1.

In the general case we first apply 6.24 to extend f to a homeomorphism f : G→ G′.

By auxiliary translations we may assume that 0 ∈ ∂G and that f(0) is either 0 or ∞. Then

we can use auxiliary inversions and Case 1 to normalize the situation so that ∞ ∈ ∂G

and f(∞) = ∞. Then f is η-QS, and the result follows from Case 2.

10.22. Theorem. Suppose that f : G→ G′ is an η-quasimöbius homeomorphism and

that G is a c-uniform domain. Then G′ is c1-uniform with c1 = c1(c, η).

Proof. By 7.17 and 4.7, f is ϕ-FQC and c-coarsely M -QH with ϕ,M,C depending

only on η. If G = E, then G′ = E′ by 7.14. Assume that G 6= E and hence G′ 6= E′. Let

a, b ∈ G. Applying 10.20 to f−1 : G′ → G we can write

jG(a, b) ≤M1jG′(fa, fb) + C1

with M1, C1 depending only on η. Since G is QH c0-uniform with c0 = c0(c) by 10.17, we

obtain

k′(fa, fb) ≤Mk(a, b) + C ≤Mc0jG(a, b) + C ≤MM1c0jG′(fa, fb) +MC1c0 + C,

and the theorem follows from 10.17.

10.23. Problem. Does 10.22 remain true if the quasimöbius condition is replaced by

quasimöbius rel ∂G?

10.24. Notes. Uniform domains in Rn were introduced by O. Martio and J. Sarvas

[MS] in 1979 and independently by P. Jones [Jo1], and they have turned out to be very

useful in various questions in analysis. Another useful concept is that of a John domain,

which is obtained by removing the turning condition 10.2(2) from the definition of a

uniform domain. The equivalence of uniform and QH uniform domains in Rn was proved

by F. W. Gehring and B. Osgood [GO]. Several ideas of 10.4 are due to P. Alestalo [Al].

11. Maps of uniform domains

11.1. Summary. In this section we study homeomorphisms f : G→ G′ where G and

G′ are uniform domains. We show that if f is coarsely quasihyperbolic, then f extends

to a homeomorphism f : G → G′, and f is quasimöbius rel ∂G. In particular, f |∂G is

quasimöbius. If f is freely quasiconformal, then f is quasimöbius. All these results are

quantitative.

11.2. Cluster sets. Suppose that f : G → E′ is a continuous map and that x0 ∈ ∂G.

Remember that ∂G is taken in Ė, and the case x0 = ∞ is possible. The cluster set of f
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at x0 is

clus (x0, f) = ∩{clf [U ∩G] : x0 ∈ U, U open in Ė}.
Equivalently, a point y ∈ Ė′ is in clus (x0, f) if and only if there is a sequence (xj) in G

such that xj → x0 and fxj → y.

The set clus (x0, f) is a singleton {y0} if and only if f has the limit y0 at x0. If f is a

homeomorphism onto a domain G′, then clus (x0, f) ⊂ ∂G′.

If dimE′ <∞, the cluster set is always nonempty. If dimE′ = ∞, the cluster set can

be empty even if f is an FQC map. For example, the map h : H → T ′ of a half space

onto a broken tube considered in 8.15 has empty cluster sets at 0 and at ∞.

The crux of the theory of this section is the following result, the proof of which makes

effective use of neargeodesics, solid arcs, and both cigar theorems of Section 10.

11.3. Fundamental Lemma. Suppose that

(1) G 6= E and G′ 6= E′ are unbounded c-uniform domains,

(2) f : G→ G′ is C-coarsely M -QH,

(3) ∞ ∈ clus (∞, f),

(4) x, a, b are distinct points in G, |a− x| ≤ |b− x|, and k(b, x) ≥ (2C) ∨ 1
2 .

Then |fa− fx| ≤ H |fb− fx| where H = H(M,C, c).

Proof. Performing auxiliary similarities we can normalize the situation so that x =

0, fx = 0, |b| = 1, |fb| = 1. Now |a| ≤ |b| = 1 and we look for an estimate

(11.4) |fa| ≤ H(M,C, c).

We first show that

(11.5) δ′(0) ≤ 8M.

If δ′(0) ≤ 2, (11.5) is trivially true. Assume that δ′(0) ≥ 2. Since |fb| = 1, Theorem 3.9

gives k′(fb, 0) ≤ 2/δ′(0). Since

1
4 + C ≤ (2C) ∨ 1

2 ≤ k(b, 0) ≤Mk′(fb, 0) + C,

this yields (11.5).

We let c1, c2, . . . denote constants cj ≥ 1 depending only on (M,C, c). By 10.17 and

by the cigar theorem 10.9, there is c1 such that each 2-neargeodesic in G or in G′ satisfies

the uniformity conditions of 10.2 with the constant c1 in G or in G′, respectively. Since

∞ ∈ clus (∞, f), there is y ∈ G such that

|y| ≥ 2, |fy| ≥ |fa|.
Applying 9.4 we join the points fa and fy by a 2-neargeodesic α′ in G′. Let z ∈ α′ be a

point with |z| = d(0, α′). Since

|z − fa| ≥ |fa| − |z|, |z − fy| ≥ |fy| − |z| ≥ |fa| − |z|,
the cigar condition and (11.5) give

(11.6) |fa| − |z| ≤ c1δ
′(z) ≤ c1(δ′(0) + |z|) ≤ c1(8M + |z|).
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We may assume that |fa| ≥ 16c1M , since otherwise (11.4) is clear. Then |fa| − 8c1M ≥
|fa|/2, and (11.6) implies

(11.7) |fa| ≤ 2(1 + c1)|z| ≤ 4c1d(0, α′).

We join 0 and fb by a 2-neargeodesic β′ in G′. Write α = f−1α′, β = f−1β′, and

choose points a0 ∈ α and b0 ∈ β with |a0| = 3/2, |b0| = 1/2. By the solid arc theorem

9.18, the arcs α and β are (c2, h)-solid with h = h(M,C). By the coarse cigar theorem

10.15, there is c3 such that cigd(α, c3) and cigd(β, c3) lie in G. Hence

δ(a0) ∧ δ(b0) ≥ 1/2c3.

Since G is QH c4-uniform by 10.17 and since |a0 − b0| ≤ 2, this implies

k(a0, b0) ≤ c4jG(a0, b0) ≤ c4 log(1 + 4c3) = c5.

Thus k′(fa0, fb0) ≤Mc5 +C = c6. The turning condition l(β′) ≤ c1|fb− 0| = c1 implies

that |fb0| ≤ c1. Applying (11.5) and 3.7(2) we get

δ′(fb0) ≤ δ′(0) + |fb0| ≤ 8M + c1,

|fa0 − fb0| ≤ δ′(fb0)ek
′(fa0,fb0) ≤ (8M + c1)ec6 = c7.

By (11.7) this yields

|fa| ≤ 4c1|fa0| ≤ 4c1(|fa0 − fb0| + |fb0|) ≤ 4c1(c7 + c1),

and we obtain (11.4).

11.8. Theorem. Suppose that G 6= E and G′ 6= E′ are c-uniform domains and that

f : G → G′ is C-coarsely M -QH. Then f extends to a homeomorphism f : G → G′,

and f is η-quasimöbius rel ∂G with η depending only on (M,C, c). In particular, f |∂G
is η-quasimöbius.

Proof. In the first part of the theorem, it suffices to show that f has a limit at each

x0 ∈ ∂G. We may assume that x0 6= ∞ by an auxiliary inversion and by 10.22. Moreover,

we may assume that 0 ∈ G, f(0) = 0, δ(0) = 1 and δ′(0) = 1. We assume that f has no

limit (finite or infinite) at x0 and look for a contradiction.

Set D(r) = f [B(x0, r) ∩G]. There is q > 0 such that d(D(r)) > q for all r > 0, since

otherwise the limit of f at x0 exists by the completeness of E′. Since ∞ is not the limit

of f at x0, there is R ≥ q such that D(r) meets B(R) for all r > 0. We let c1, c2, . . .

denote constants cj ≥ 1 depending only on M,C, c, q, R.

Let r > 0 and choose points x, y ∈ G∩B(x0 , r) such that |fx| < R and |fx−fy| ≥ q/2.

Applying 9.4 we join x and y by a 2-neargeodesic γ in G. Choose z ∈ γ with |fz− fx| =

q/4. Then |fz− fy| ≥ q/4. The arc fγ is (c1, h)-solid in G′ with h = h(M,C, c) by 9.18.

From the coarse cigar theorem 10.15 it follows that cigd(fγ, c2) ⊂ G′ for some c2. Hence

(11.9) δ′(fz) ≥ q/4c2.

We join 0 and fz by a 2-neargeodesic β′ in G′. By the cigar theorem 10.9, there is c3
such that

cigl(β
′, c3) ⊂ G′, l(β′) ≤ c3|fz|.
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Since δ′(0) = 1, the first condition and (11.9) give a lower bound δ′(w) ≥ 1/c4 for all

w ∈ β′. Hence

k′(0, fz) ≤ lk(β′) ≤ c4l(β
′) ≤ c4c3|fz|.

Since

|fz| ≤ |fz − fx| + |fx| ≤ q/4 +R < 2R,

this yields k′(0, fz) ≤ 2Rc4c3 = c5, and hence

k(0, z) ≤Mc5 + C = c6.

On the other hand, the cigar theorem also gives l(γ) ≤ c3|x− y| ≤ 2c3r, and hence

δ(z) ≤ |z − x0| ≤ |z − x| + |x− x0| ≤ l(γ) + r ≤ 2c3r + r = c7r.

These estimates and 3.7(1) imply that

log
1

c7r
≤ log

δ(0)

δ(z)
≤ k(0, z) ≤ c6.

As r → 0, this gives the desired contradiction.

To prove the second part of the theorem, let Q = (a, b, c, d) be a quadruple in G with

a, d ∈ ∂G. By symmetry and by 6.28, it suffices to find an estimate τ(fQ) ≤ η(τ(Q))

with some increasing η : [0,∞) → [0,∞) depending only on υ = (M,C, c). Performing

auxiliary inversions we may assume that d = ∞ and fd = ∞.

Choose sequences (an), (bn), (cn) in G converging to a, b, c, respectively, such that the

points an, bn, cn are distinct for each n. Set Tn = (an, bn, cn). Since we have ̺(Tn) =

|an − bn|/|an − cn| → τ(Q) and ̺(fTn) → τ(fQ), it suffices to find an estimate

(11.10) ̺(fTn) ≤ η(̺(Tn))

with η = ηυ. Setting λ = 2C ∨ 1
2 and observing that δ(an) → 0 we may assume that

(11.11) |an − cn| > eλδ(an) for all n.

Fix n ∈ N. Applying the c-uniformity of G we join an and bn by an arc γ ⊂ G with

l(γ) ≤ c|an− bn|. Orient γ so that an is the first point. Set y0 = an and let y1 be the last

point of γ with |y1− y0| ≤ |cn− y0|. Proceeding inductively, we let yj+1 be the last point

of γ with |yj+1 − yj| ≤ |yj − y0|, and we stop as soon as we find ys with ys = bn. The

process is finite, since γ is compact and since |yj − yj−1| ≥ |cn − y0| for all 1 ≤ j ≤ s− 1.

Assume that s ≥ 2. For 1 ≤ j ≤ s−1 we have |yj−an| ≥ |y1−an| = |cn−an|. By (11.11)

and by 3.7(1), this implies that k(yj, an) ≥ λ and k(cn, an) ≥ λ. By the fundamental

lemma 11.3, there is H = H(υ) ≥ 1 such that

|fy1 − fan| ≤ H |fcn − fan|, |fyj+1 − fyj| ≤ H |fyj − fan|
for 1 ≤ j ≤ s− 1. Hence

|fyj+1 − fan| ≤ (H + 1)|fyj − fan| ≤ (H + 1)j|fy1 − fan| ≤ H(H + 1)j |fcn − fan|
for 1 ≤ j ≤ s− 1. For j = s− 1 this gives

|fbn − fan| ≤ H(H + 1)s−1|fcn − fan|.
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Clearly this is also true if s = 1. Since

c|an − bn| ≥ l(γ) ≥
s

∑

j=1

|yj − yj−1| ≥ (s− 1)|cn − an|,

we have s− 1 ≤ c̺(Tn). Hence (11.10) is true with η(t) ≤ H(H + 1)ct.

11.12. Theorem. Suppose that G and G′ are c-uniform domains and that f : G→ G′

is ϕ-FQC. Then f is η-quasimöbius with η = ηϕ,c.

Proof. If G = E or G′ = E′, the result follows from 7.14. Suppose that G 6=
E, G′ 6= E′. Since f is coarsely quasihyperbolic by 4.7, it has a homeomorphic extension

f : G → G′ by 11.8. By auxiliary inversions we normalize the situation so that ∞ ∈ ∂G

and f(∞) = ∞. We show that f is η-quasisymmetric with η = ηϕ,c. The domains G and

G′ are c-quasiconvex. By 6.6, it suffices to show that f is weakly H-quasisymmetric with

H = H(ϕ, c).

Let x, a, b be points in G with |a−x| ≤ |b−x|. By 4.7(1), f is 1
4 -coarsely M -QH with

M = M(ϕ). By the fundamental lemma 11.3, the desired inequality

(11.13) |fa− fx| ≤ H |fb− fx|
holds with H = H(ϕ, c) provided that k(b, x) ≥ 1/2. Suppose that k(b, x) ≤ 1/2. Then

3.7(2) gives |b − x| ≤ qδ(x) with q = e1/2 − 1 < 1. Hence a, b ∈ B(x, qδ(x)). Since f is

q-locally η-quasisymmetric with η = ηϕ by 7.9, (11.13) holds with H = η(1).

11.14. Remark. Alternatively, Theorem 11.12 follows from 11.8 as follows. Let Q=

(x1, x2, x3, x4) be a quadruple in G. One can show that D = G \ {x1, x4} is a c0-uniform

domain with c0 = c0(c); see [II, 6.7]. From 11.8 and from 4.7 it follows that f extends to

a homeomorphism f : G→ G′ and that f is η-quasimöbius rel ∂D with η = ηϕ,c. Hence

τ(fQ) ≤ η(τ(Q)).

11.15. Theorem. Let G be c-uniform and let f : G → G′ be ϕ-FQC. Then the

following conditions are quantitatively equivalent:

(1) G′ is c′-uniform,

(2) f is η-quasimöbius.

Proof. This follows from 10.22 and 11.12.

11.16. Problem. Suppose that G is c-uniform and that f : G → G′ is a homeo-

morphism such that f∂G = ∂G′ and f is η-quasimöbius rel ∂G. Is G′ c′-uniform with

c′ = c′(c, η)?

11.17. Remark. Combining 11.8 and 11.12 with 6.31 and 6.33 we get various con-

ditions for the quasisymmetry and relative quasisymmetry of homeomorphisms between

bounded domains. For example, let B(1) and B′(1) be the unit balls of E and E′, re-

spectively, and let f : B(1) → B′(1) be ϕ-FQC with f(0) = 0. Since balls are 2-uniform

by 10.4.1, f is θ-quasimöbius with θ = θϕ by 11.12. By 6.33, f is η-quasisymmetric

with η = ηϕ. Moreover, f extends to a homeomorphism f : B(1) → B′(1). Let u be

the inversion ux = x/|x|2. We extend f by reflection to a homeomorphism F : Ė → Ė′

with F (x) = ufu(x) for |x| ≥ 1. In A = Ė \ B(1), the map F is θ1-quasimöbius with
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θ1(t) = 81θ(81t) by 6.22. Since F (∞) = ∞, F |A is θ1-quasisymmetric. These properties

imply that F is η1-quasisymmetric with η1 depending only on ϕ. The proof is elementary

but somewhat tedious; see [II, 7.39].

11.18. Notes. This section is from [II]. In Rn, the quasiconformal case 11.12 was

known earlier, and the essential step was proved by F. W. Gehring and O. Martio [GM,

2.18, 3.1] in 1985. However, this proof depended heavily on finite-dimensional tools, for

example, on the extension of Sobolev functions from a uniform domain to Rn, due to

P. W. Jones [Jo2].

Special finite-dimensional cases of the relative theorem 11.8 were also known earlier.

As mentioned in 4.11, V. A. Efremovich and E. S. Tihomirova [ET] proved in 1964 that

a solid homeomorphism F : H → H of the upper half space of Rn+1 extends to a

homeomorphism F : H → H . D. A. De-Spiller [DS] proved that the induced boundary

map f : Ṙn → Ṙn is quasiconformal. He also proved that conversely, each quasiconformal

map f : Ṙn → Ṙn extends to a homeomorphism F : H → H whose restriction F : H → H

is solid. A free version of this appears in [II, 7.26]. In [TV3] P. Tukia and the author proved

that F can be chosen to be quasiconformal. It is not known whether the free version of

this is true.

12. Further results

12.1. Summary. We give miscellaneous results on the free quasiworld. We first show

that a ϕ-FQC map satisfies a Hölder condition. This result is applied to prove that the

function ϕ can always be chosen to be of the form ϕ(t) = C(tα ∨ t). We also consider,

without proofs, removable sets for FQC and other maps.

12.2. Theorem. Suppose that f : G→ G′ is ϕ-FQC with G 6= E, G′ 6= E′. Then f

satisfies the Hölder condition

|fa− fb|
δ′(fa)

≤ C
( |a− b|
δ(a)

)α

for all a, b ∈ G with |a− b| ≤ δ(a)/2.

The numbers C ≥ 1 and 0 < α ≤ 1 depend only on ϕ.

Proof. By part (1) ⇒ (3) of 7.9, f is 1
2 -locally η-quasisymmetric with η = ηϕ. Fix

a ∈ G and define a homeomorphism g : B(1/2) → Q ⊂ E by

gx =
f(a+ δ(a)x)

δ′(fa)
.

Then g is η-quasisymmetric. By 6.15, g satisfies a Hölder condition

|g(x) − g(0)| ≤ C|x|α

with C ≥ 1 and α ≤ 1 depending only on ϕ and on the numbers d(B(1)) = 2 and d(Q).

If |a − b| ≤ δ(a)/2, then k(a, b) ≤ 1 by 3.7(3). Hence k′(fa, fb) ≤ ϕ(1). By 3.7(2), this

implies |fa− fb| ≤ δ′(fa)eϕ(1), and thus d(Q) ≤ 2eϕ(1). Hence C and α depend only on

ϕ. Since

fz = δ′(fa)g
(z − a

δ(a)

)

for z ∈ B(a, δ(a)/2),
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we obtain
|fa− fb|
δ′(fa)

=
∣

∣

∣
g(0) − g

(b− a

δ(a)

)∣

∣

∣
≤ C

( |b − a|
δ(a)

)α

.

12.3. Theorem. If f : G→ G′ is ϕ-FQC, then f is ϕ1-FQC with ϕ1(t) = C(tα ∨ t),
where C ≥ 1 and 0 < α ≤ 1 depend only on ϕ.

Proof. Let D ( G be a domain. Let C and α be the numbers given by 12.2. Set

t0= 1
4∧ϕ−1(1). If x, y∈D and kD(x, y) ≤ t0, then 3.9 gives |x−y| ≤ 2t0δD(x) ≤ δD(x)/2.

By 12.2 and 3.9 we thus have

|fx− fy|
δfD(fx)

≤ C
( |x− y|
δD(x)

)α

≤ C(2kD(x, y))α.

Since kfD(fx, fy) ≤ ϕ(t0) ≤ 1, this and 3.9 yield

kfD(fx, fy) ≤ 2C(2kD(x, y))α.

Hence we can choose ϕ1(t) = 21+αCtα for 0 ≤ t ≤ t0.

Next assume that kD(x, y) = t ≥ t0. By 2.5, we may assume that ϕ(t) ≤Mt+C1 for

some M ≥ 1 and C1 ≥ 0 depending on ϕ. Since f is ϕ-FQC, we have

kfD(fx, fy) ≤Mt+ C1 ≤ (M + C1/t0)t.

Hence we can choose ϕ1(t) = (M + C1/t0)t for t ≥ t0.

12.4. Removable sets. Suppose that G⊂E is a domain and that A is a subset of G

such that intA = ∅ and such that G \ A is a domain. We say that A is removable for

FQC maps if each ϕ-FQC map of G \ A onto a domain in a Banach space E′ can be

extended to a ϕ1-FQC map of G, where ϕ1 depends only on ϕ. Note that the extension

is unique since intA = ∅. Removable sets for solid maps and for coarsely quasihyperbolic

maps are defined analogously.

In Rn, all closed sets of (n− 1)-dimensional Hausdorff measure zero are known to be

removable for quasiconformal maps [Vä1]. In particular, if F ⊂ Rn is an affine subspace

of codimension at least 2, then F ∩G is removable for quasiconformal maps in any domain

G ⊂ Rn. It is reasonable to conjecture that the corresponding result holds for FQC maps

in all Banach spaces. However, only the case where F is a single point, is known to be

true:

12.5. Theorem. Let G⊂E be a domain and let x0 ∈ G. Then {x0} is removable for

FQC, solid and coarsely QH maps.

We omit the proof, which is rather long. The solid case is proved in detail in [II,

Section 2], and the FQC case is an easy corollary. The proof for the coarsely QH case

follows the same lines. To prove that the extended map is coarsely QH, one can use

Lemma 2.3.

12.6. Notes.The Hölder continuity of n-dimensional quasiconformal maps was proved

by F. W. Gehring [Ge1, p. 384] in 1962. His proof was based on symmetrization and on

moduli of rings, and it gives a sharp estimate for the Hölder exponent.
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13. Open problems

13.1. Summary. We give a collection of open questions in the free quasiworld. We

recall that E and E′ are always real Banach spaces of dimension at least two, and that

G ⊂ E and G′ ⊂ E′ are domains. We assume that G 6= E and G′ 6= E′ if this is necessary

in order that the problem make sense. Remember that in the case E = E′ = Rn, a

homeomorphism f : G → G′ is called K-quasiconformal if the metric dilatation H(x, f)

is bounded by K in G.

13.2. Problems. Many of the problems can be stated for each of the four classes:

QH, FQC, solid and coarsely QH maps, but we only give one version. Problems 1–12

have been mentioned earlier in this article.

1. (4.9.1) Suppose that G ⊂ Rn, G′ ⊂ Rn and that f : G→ G′ is K-quasiconformal.

Is f ϕ-solid with ϕ = ϕK?

2. (4.9.2) Suppose that f : G → G′ is a homeomorphism such that H(x, f) ≤ K for

all x ∈ G. Is f ϕ-FQC with ϕ = ϕK?

3. (5.29) Suppose that f : G → G′ is an (M, q)-quasisimilarity. Is f−1 an (M ′, q′)-

quasisimilarity with (M ′, q′) depending only on (M, q)?

4. (6.9) Suppose that f : G→ G′ is K-quasiconformal and that 0 < q < 1, B(x, r) ⊂
G. Is f |B(x, qr) η-quasisymmetric with η = ηK,q? In particular, is a K-quasiconformal

map f : Rn → Rn η-quasisymmetric with η = ηK?

5. (7.5) Is a fully ϕ-semisolid homeomorphism f : G→ G′ ϕ1-FQC with ϕ1 depending

only on ϕ?

6. (8.3.1) Let E and E′ be infinite-dimensional separable Banach spaces. Is E quasi-

symmetrically equivalent to E′?

7. (8.3.2) Suppose that the Banach spacesE andE′ are quasisymmetrically equivalent.

Are they bilipschitz equivalent?

8. (8.3.3) Let 1 ≤ p < q <∞. Are the spaces lp and lq quasisymmetrically equivalent?

9. (8.16) Does there exist a solid map of a ball onto a domain with nonconnected

boundary?

10. (10.23) Suppose that G is a c-uniform domain and that the homeomorphism f :

G→ G′ is η-quasimöbius rel ∂G and maps G onto G′. Is G′ c′-uniform with c′ = c′(c, η)?

11. (11.18) Suppose that f : E → E′ is η-quasisymmetric. Does f extend to an

η1-quasisymmetric map F : E ×R → E ×R with η1 depending only on η?

12. (12.4) Let F be a closed affine subspace of E with codimF ≥ 2. Is G∩F removable

for solid maps f : G→ G′. In particular, is a line segment in G removable for solid maps

if dimE ≥ 3. For quasiconformal maps, the answer to the last question is yes by [Vä1].

13. Suppose that f : G→G′ is a homeomorphism and that each point has a neigh-

borhood D ⊂ G such that fD : D → fD is M -QH. Is f M ′-QH with M ′ = M ′(M)?

14. Suppose that G and G′ are bounded domains with connected boundaries. Suppose

also that f : G→ G′ is M -QH and that f extends to a homeomorphism f : G→ G′ such

that f |∂G is M -bilipschitz. Is f M ′-bilipschitz with M ′ = M ′(M)?

In the case E = E′ = Rn, it is known that f is M ′-bilipschitz with M ′ = M ′(M,n);

see the proof of [Ge3, 2.11].
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15. Suppose that f : G→ G′ is a homeomorphism and that f is η-quasisymmetric in

the QH metric. Is f ϕ-FQC with ϕ = ϕη? The converse result is true by [I, 5.14]. In the

case E = E′ = Rn, f is clearly K-quasiconformal with K = η(1).

16. Does there exist an FQC map f : G → G′ such that the cluster set clus(x, f) is

empty for all x ∈ ∂G.

17. V. A. Zorich [Zo] proved in 1967 that if n ≥ 3, then a local K-quasiconformal

homeomorphism f : Rn → Rn is a homeomorphism. Does this result have an infinite-

dimensional version?
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[TV2] P. Tukia and J. Väisälä, Lipschitz and quasiconformal approximation and extension,

Ann. Acad. Sci. Fenn. Math. 6 (1981), 303–342.
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