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1. Introduction. Let (M,g) be a connected n-dimensional, n > 3,
semi-Riemannian manifold of class C*°. We denote by V, R, C, S and &k
the Levi-Civita connection, the Riemann—Christoffel curvature tensor, the
Weyl conformal curvature tensor, the Ricci tensor and the scalar curvature
of (M, g), respectively.

A semi-Riemannian manifold (M, g) is said to be semisymmetric [18] if

(1) R-R=0

on M. Further, a semi-Riemannian manifold (M, g) is said to be pseudo-
symmetric [6] if

()1 the tensors R - R and Q(g, R) are linearly dependent

at every point of M. This condition is equivalent to the equality

(2) R-R=LrQ(g,R)
holding on Ui = {x eEM|R- ﬁG # 0 at x}, where Ly is a cer-

tain function on Ugr. The definitions of the tensors used here will be given
in Section 2. There exist various examples of pseudosymmetric manifolds
which are non-semisymmetric and a review of results on pseudosymmetric
manifolds is given in [5] (see also [19]).

It is easy to see that if (x); is satisfied on a semi-Riemannian manifold
(M, g) then

(%)2 the tensors R - S and Q(g,S) are linearly dependent

at every point of M. The converse statement is not true ([5]). A semi-
Riemannian manifold (M, g) is called Ricci-pseudosymmetric if at every
point of M the condition (%) is satisfied. If a manifold (M, g) is Ricci—
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manifolds.
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pseudosymmetric then

3) R-S=1LsQ(g,5)

on Ug = {x €EM|S#Zgat x}, where Lg is a certain function on Us. We
note that Us C Ug. Tt is easy to see that

(%) the tensors R- R — Q(S, R) and Q(g, C) are linearly dependent

at every point of a pseudosymmetric Einstein manifold. It is known that
every hypersurface M, dim M > 4, of a semi-Riemannian space of constant
curvature satisfies (%) (cf. [12]). Recently, pseudosymmetric manifolds satis-
fying (%) were investigated in [8]. The condition (x) is equivalent to

(4) R-R—-Q(S,R) = Li1Q(g,0)

onUe = {x € M | C # 0 at z}, where L; is a certain function on Ue.
Warped products satisfying () were considered in [3]. For instance, in [3] it
was shown that any warped product My xp Ms, dim M; = 1, dim My = 3,
satisfies (x). In particular, every generalized Robertson—Walker spacetime
satisfies (k).

Evidently, any semi-Riemannian semisymmetric manifold satisfies tri-
vially at every point the following condition ([9]):

() the tensors R - C and Q(S, C) are linearly dependent.
This condition is equivalent to
(5) R-C=LQ(S,0)

onlUy = {x € M | Q(S,C) # 0 at z}, where Lo is a certain function
on Uy. There exist non-pseudosymmetric manifolds satisfying (xx) (cf. [9]).
Recently 4-dimensional manifolds satisfying (**) have been investigated in
[10] and [11].

Semi-Riemannian manifolds satisfying (x)1, (x)2, (*) and (xx) or other
conditions of this kind, described in [5], are called manifolds of pseudosym-
metry type.

A semi-Riemannian manifold (M, g), n > 3, is said to be Ricci-semisym-
metric if

(6) R-5=0

on M. Evidently, every semisymmetric manifold is Ricci-semisymmetric.
The converse is not true. However, if a Ricci-semisymmetric manifold satis-
fies certain additional assumptions then it is semisymmetric. For instance,
every conformally flat Ricci-semisymmetric semi-Riemannian manifold is
semisymmetric. This is an obvious consequence of the fact that every confor-
mally flat Ricci-pseudosymmetric semi-Riemannian manifold is pseudosym-
metric ([7], Lemma 2). It is a long-standing question whether (1) and (6)
are equivalent for hypersurfaces of spaces of constant curvature; cf. Problem
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P 808 of [17] by P. J. Ryan, and the references therein. The problem of the
equivalence of Ricci-semisymmetry and semisymmetry was also studied in
[1]. There one can find a review of partial solutions of this problem. The
main result of [1] is the following:

THEOREM 1.1 ([1], Theorem 5.2). Let (M,g), n > 4, be a Riemannian
Ricci-semisymmetric manifold satisfying

(7) R-R=Q(S,R).
If (M, g) has pseudosymmetric Weyl tensor then R- R =0 onUs C M.

We recall that every hypersurface M of E?* n > 3, satisfies (7) ([12],
Corollary 3.1).

Extending the above problem we consider the problem of the equivalence
of Ricci-pseudosymmetry and pseudosymmetry on semi-Riemannian mani-
folds. It is clear that if at a point x of a manifold (M, g) condition (x); is
satisfied then also (*)2 holds at x. The converse is not true. For instance,
every warped product My Xp Mo, dimM; = 1, dimMs = n —1 > 3, of
a manifold (M;,g) and a non-pseudosymmetric Einstein manifold (Ms,q)
is a non-pseudosymmetric, Ricci-pseudosymmetric manifold (cf. [5]). Fur-
ther, in [4] (Theorem 4) it was shown that (x); and (x)2 are equivalent on
the subset Ug of a 4-dimensional warped product M; xp Ms. In particu-
lar, (1) and (6) are equivalent on the subset Us of a 4-dimensional warped
product My X g My. We also note that there exist non-semisymmetric Ein-
steinian 4-dimensional warped products M; X g Ms, e.g. the Schwarzschild
spacetimes. Moreover, the Schwarzschild spacetimes are pseudosymmetric
manifolds.

It was proved in [16] that (1) and (6) coincide for hypersurfaces of Rie-
mannian space forms with non-zero constant sectional curvature. This result
cannot be extended to the level of pseudosymmetry. Namely, the main re-
sult of [13] (Theorem 1) shows that the Cartan hypersurface in the sphere
S™+1(c), n = 6,12 or 24, is a non-pseudosymmetric Ricci-pseudosymmetric
manifold with non-pseudosymmetric Weyl tensor.

The paper is organized as follows. In Section 2 we fix the notations and
present auxiliary lemmas. Moreover, we describe some curvature properties
of Ricci-pseudosymmetric manifolds satisfying (xx). In Section 3 we con-
tinue investigations of such manifolds assuming additionally condition (x).
Finally, in Section 4 we restrict our considerations to the special case when
Ls = 7 Ly. We prove that every Ricci-pseudosymmetric manifold satisfying
(%) and (**), with Lg = % Lo, must be pseudosymmetric (Theorem 4.1).
We mention that a family of manifolds realizing the above conditions is de-
scribed in [2]. Furthermore, we also show that the manifolds considered
have additional, very interesting in our opinion, curvature properties. Some
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of them appeared in the earlier papers devoted to manifolds of pseudosym-
metry type. Moreover, we note that a certain converse statement (Theorem
4.2) is also true.

Throughout this paper all manifolds are assumed to be connected para-
compact manifolds of class C'*°.

2. Preliminaries. Let (M, g) be an n-dimensional, n> 3, semi-Rieman-
nian manifold. The Ricci operator S is defined by ¢(SX,Y) = S(X,Y),
where X,Y € 5(M), Z(M) being the Lie algebra of vector fields on M.
Next, we define the endomorphisms R(X,Y), C(X,Y) and X AY of Z(M)
by

R(X,Y)Z = [Vx,Vy]|Z - VixvZ,
C(X,Y)Z =R(X,Y)Z — ni2<X/\SY+SX/\Y nfl)my)z,
(X AY)Z = g(Y, 2)X — g(X, 2)Y,

where X,Y,Z € Z(M). Now the Riemann—Christoffel curvature tensor R,

the Weyl conformal curvature tensor C' and the (0,4)-tensor G of (M, g) are
defined by

R(X1, Xo, X3, X4) = g(R(X1, X2) X3, X4),
C(X1, X2, X3, X4) = g(C(X1, X2) X3, Xu),
G(X17X23X37X4) = g((Xl A XZ)X3;X4)'
A tensor B of type (1,3) on M is a generalized curvature tensor if
Xl,)é,Xa B(X1,X2)X3 =0,
B(X1,Xs5) + B(X2,X1) =0,
B(XlaX27X3aX4) = B(X37X47X17X2)a

where B(X1, X3, X35, X4) = g(B(X1, X2)X3,X4). For a (0, 2)-tensor field A
on (M, g) we define the endomorphism X A4 Y of Z(M) by (X AaY)Z =
AY,Z)X — A(X,Z)Y, where X,Y,Z € =Z(M). In particular, X Ay Y =
X AY. For a (0,k)-tensor field T, &k > 1, a (0,2)-tensor field A and a
generalized curvature tensor B on (M, g) we define the tensors B - T and

Q(A,T) by

(B-T)(X1,..., X X,Y) = —T(B(X,Y)X1,Xo,...,X1) — ...
~T(X1,..., Xp_1, B(X,Y)Xp),

QA T)(X1,..., X X,Y) = ~T((X A V) X1, Xy, X)) — ...
~T(

T Xl,...,Xk_1,<X Na Y)Xk),

where X,Y, Z, X1, Xo,... € Z(M). Putting in the above formulas B = R or
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B=C,T=RorT=CorT=S8,A=gor A=S, we obtain the tensors
R- Ra R- Ca R- Sv C- S» Q(ga R)v Q(Sa R)v Q(ga C)’ Q(ga S) and Q(Sv C)a
respectively. We note that the Weyl conformal curvature tensor C' can also
be presented in the following form:

(8) C=R- U+ G,

where

U(X1, X2, X3, X4) = g(X1, Xa) 5 (X2, X3) — g(X1, X3)S5 (X2, X4)
+ 9(Xa2, X3)5(X1, X4) — g(Xa, X4)S(X1, X3).

Let (M, g) be a semi-Riemannian manifold covered by a system of charts
{W;z*}. We denote by gij, Ruijk, Sijs Ghijk = gnkij — gnjgix and

1
9) Chijk = Rhiji — m(ghksij — gnjSik + 9ijSnk — 9ikShj)
K
S E— A
TS =gy T

the local components of the metric tensor g, the Riemann—Christoffel cur-
vature tensor R, the Ricci tensor S, the tensor G and the Weyl tensor C,
respectively. Further, we denote by Sfj = 5;5;" and S, = ¢7" S, the local
components of the tensor S? defined by S?(X,Y) = S(SX,Y), and of the
Ricci operator S, respectively.

At the end of this section we present some results which will be used in
the next sections.

LEMMA 2.1 ([8], Lemma 3.6). If B is a generalized curvature tensor at
a point x of a semi-Riemannian manifold (M, g), dim M > 3, such that

(10) Xﬁza(X)B(Y, Z)=0, X,Y,ZeT,(M),

for a covector a at x, then Q(a ® a,B) =0 at x.
Now we present the converse statement.

LEMMA 2.2. Let (M,g), dim M > 3, be a semi-Riemannian manifold.
Let a be a non-zero covector and B a generalized curvature tensor at a point
x of M satisfying Q(a ® a, B) = 0. Then (10) holds at x.

Proof. Inlocal coordinates the equality Q(a®a, B) = 0 takes the form

ap Briji — apm Biijr + a0 Bhmjk — iQm Bhijk

+ a1 Bpimk — 0j0mBhik + ara;Bhijm — agamBriji = 0.

Alternating this identity in h,l, m, and making use of properties of B, we
obtain
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2a;(a;Bpmjk + amBinjk + anBmijk) + aj(@Bhmik + @m Binikan Bmiik)
+ ag (@ Bhmji + amBinji + anBmiji) = 0.
Putting Pipmjk = @1 Bhmjk + @m Binji + anBmijr and applying Lemma 2 of
[14], we easily obtain (10).
From Theorem 4.1, Proposition 4.2 and Corollary 4.1 of [8] we get

LEMMA 2.3. Let x be a point of a semi-Riemannian manifold (M, g),
dim M > 4, such that

S=pug+oa®a, X’SY,Za(X)B(KZ) =0
for some non-zero covector a, where B = R —~G, u,0,7 € R. Then at x
we have

K (n—2)k

First we consider Ricci-pseudosymmetric manifolds satisfying (s#:x).

LEMMA 2.4. Let (M, g), dim M >4, be a semi-Riemannian Ricci-pseudo-
symmetric manifold satisfying condition (5). If Ly £ 0 at v € UsNUs C M
then

(11) Sy Rrijk + 85" Rrikn + S} Rrinj = 0,
(12) Sp"Crijk + 55" Crikn + 53" Cring = 0,
(13) C-5=0,
(14) S? = a8 + Bg
at x, where
_ R u(s) ok 5
a=(n-2Ls+ —. ﬂnn((nmﬁn_l)

Proof. In local coordinates, (3) takes the form
(15) Sy Ryijk + S;" Renjk = Ls(gnjSik — 9nkSij + 9ijShk — GikShj)-

Summing cyclically this equation in h, j, k we obtain (11). Using (9) and (11)
we easily obtain (12). On the other hand, the relation (5) in local coordinates
takes the form

(16)  CrijeR i + Chrjk R i1y + Chirk R j1, + Chigr Ry,

= Lo(SnChmijk — SkmClijk + SitChmjk — SimChijk
+ S1Chimk — SjmChitk + SkiChijm — SkmChiji)-

Contracting this equality with ¢"* we get

Lo(S;"(Crijm + Crjim) — Sy (Criji + Crjir)) = 0,
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whence, by the assumption that Lo # 0, we obtain

S, "Crijm + S Crity + 5, " Crjim + S, Crjis = 0.
Applying now (12) we have

(C : S)ijlm = Sircrjlm + Sjrcrilm =0,
i.e. the equality (13). It is easy to see, in view of (9), that

—R.g__t o, K
C-S=R-S= Q6.5+ 305

Applying now (5) and (13) we get

Q(g,52 - ((n —2)Lg+ —— )5) =0,
n—1
which, by Lemma 2.4(i) of [12], leads to

52=<(n—2)LS—|—ni1>S+)\g, AeR.
Hence we easily obtain (14). This completes the proof.

PROPOSITION 2.1. Let (M, g), dim M >4, be a semi-Riemannian Ricci-
pseudosymmetric manifold satisfying condition (5). If Ls # 0 at © € Us N
Us C M then

(17) (nLS — IQLQ)Ser”‘jk = (KLS — tr(SQ)Lg)Clijk
at x. Moreover, if Ls = =Ly at z, then

H2

(18) tr(S?%) = o

Proof. First we observe that (14) and (12) or (13) lead to

(19) SirClii + S5.C o + SinClipy = 0,

(20) C-5?=0,
respectively. Transvecting (16) with S, we get

SpsRslhrCTZ‘jk + SpsRslirChrjk + SpsRsljrChirk + SpsRslerhijT
= La(Sn S, Crijk + SatSy" Chrjk + Sj1S," Chirk
+ S8, Chijr — SppClijk — SpiChijk — Sp;Chitke — S Chisit)

and, after symmetrization in p, !, by (3),

(21)  Ls(gpnS,"Criji. + qinS, Criji. — 9piS;" Crnjk — 91iS, Crhji
+ 9p; 81" Cricni + 9158, Cricni — GpS; " Crjni
— 9168y Crjni — SinChpijr — SpnCijk
— 51iChpjr. — SpiChijk — Si;Chipk
— Sp;iChitk — SikChijp — SpkChijt)
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= La(Sn S, Crijk + ShpS;" Criji. + SuS, Chari
+ SipS; " Chrjk + Sj1S," Chirk + SjpS; " Chirk
+ S11S, Chijr + SkpS; " Chijr — S21,Clijk. — S5, Criji
— S2.Chiji — SEChpjk — ngchilk
— S5 Chipk — SpkChijt — Sfi.Chijp)-

Contracting (21) with ¢"? and using (12), (13), (19) and (20), we obtain
Ls(nSerm'jk — Iich'jk) = LQ(HSchm'jk - tI‘(S2)Clijk),

which immediately leads to (17). Finally, if Lg = £ Ly, then (17), in view of
C # 0 and Ly # 0 at , yields tr(S?) = x%/n. This completes the proof.

3. Ricci-pseudosymmetric manifolds satisfying (x) and (xx). In
the sequel we restrict our considerations to the set U = Us N Us.

LEMMA 3.1. Let (M, g), dim M >4, be a semi-Riemannian Ricci-pseudo-
symmetric manifold satisfying conditions (4) and (5). If Ls #0 at x € U

then (57) )
2K tr(S K

22 - 1)I% ==L —

(22) (n=1)Ls n S + n nin—1)

at x.

Proof. Contracting (15) with ¢"*, we find
(23) Ajj = S™Ryijs = SZ —nLsSij + kLsgij,
where S = ¢"S,°. Applying the operation R - to this equality we obtain
(24) (R- S)psnkR";° + S"(R - R)rijsnk = (R S%)ijnk — nLs(R - S)ijnk-

In view of (3), (5) and S™°Cyi;s = 0, which follows immediately from (13),
the left hand side of this identity is equal to

Ls(S) Rejin + Sy Rreijn — S Rejir. — Sy Rriji) + Sip R + S Ry,
- SerTjih + SlgrRrijh + SihAjk - SikAjh + thAik - SjkAih
+ L1 (S, Crjin + S, Crijn — Sy Crjit — Si Criji)-
Using twice (12) and next (13) we can easily see that the expression in
the last brackets vanishes. Moreover, in view of (11), we have S,"R,jin —
Sy Ryjik = —9;" Ryjnk. Analogously, using
SfZLrRTijk + SJQ'TRTik’h + Sk "inj = 0,
which follows immediately from (14) and (11), we get

2 r 2 T _ 2 pr Q2 T
Sh'rR Jik — SkTR jih — _SirR jkh — SirR jhk-
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Taking into account all these identities one can easily see that the left hand
side of (24) can be written as follows:

—Ls(R-S)ijni + (R S)ijnk + SinAji — SikAjn + SinAik — Sk Ain.
Substituting this expression into (24) we obtain
(n—=1)Ls(R - S)ijhe = SikAjn — SinAjk + SjrAin — SjnAir.
Using now (23) we get
(n—1)Ls(R-S) = —Q(S,5%) + kLsQ(g, 5).
But, by (14), we have

Q(S,5%) = Q(S, a8 + Bg) = BQ(S. g) = —BQ(g, 5).
Substituting this into the previous equality and using (3), we find

which, by the assumption that = € Ug, implies
(25) B=Ls((n=1)Ls — k).
Using the definition of 5 we immediately have (22). This completes the
proof.
Now, taking into account Proposition 2.1 we have the following

REMARK 3.1. Under the assumptions of Lemma 3.1, if Lg = ~Lyat
then

(26) Lg= ——

n(n—1)
Moreover, if K#0 at « then Lo =1/(n — 1). In fact, substituting (18) into

(22) we easily get (26). The equality Ls =1/(n — 1) now follows immediately
from our assumptions.

PROPOSITION 3.1. Let (M, g), dim M >4, be a semi-Riemannian Ricci-
pseudosymmetric manifold satisfying conditions (4) and (5). If Ly # 0 at
x €U then

X KR X
(27) nlq (Sl ! C”‘jk — nClijk> + (K—?’LLs)Sj7Rrijk +7’LL5(SikSlj —SijSlk)

— kLs(g1Sik — qunSiz) + nL%(9i S — ginSiy) — KLEGuije = 0
at x.
Proof. In local coordinates (4) takes the form
Rrijik R iy + Rhrjle R 1 + Rhirk R i + Rhijr B,
= SniBRmijk — ShmBiije + SiRhmjk — SimBrijre + SjtRhimi — Sjm Rhitk
+ SkiRhijm — SkmRniji + L1(9niCmijk — ghmClijk + 9t Chmjk
— 9imChijk + 9j1Chimk — 9imChitk + 9riChijm — JemChiji)-
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Transvecting this with S, we obtain
Sy Rsine R 1, — S Rstir Ry g + 5," Rstjr Ry — Sp° Rsiier R
=SSy’ Rsijk — SuSp® Rengjk + SjuSp° Rskni — SkiSp° Rsjni
— 82 Risj — Spi Ruijk — Sy Rnitk — Sy R
+ L1(9n1S,° Csijr — 9i1Sy° Cshjk + 9515y Cskni — griSy° Csjni
— SpnClijk — SpiChijk — SpjChitk — SpkChiji)-

Symmetrizing the above equality in p,! and using (3), we have

(28)  Ls(gpnSirR"ij5 + 9inSpr R ij5 — 9piSir R njie — 91Spr By jie

+ 9piStr R + 915Spr B i — 9ok Sir R i — gueSpr R 5
— SinRpijk — SpnRisjr + StiRpnji + SpiRinjk — Si; Rpkhi
— SpjRikni + S Rpjni + SprRijni)

= SuS,’ Rsijk + ShpS;° Rsijk — SuSp° Rsnjr — SipS; " Rsnjk
+ 5515,° Rskni + SjpS;° Rskni — SkiS,° Rsjni — SkpS)* Rsjni
— SpnRuijr — Sfi Ryiji — SpiRnijk — SiRhpji
— 82 Ruitre — Si; Ripk — Spp Rniji — Si Rnijp
+ L1(9n1S,° Csijk + gnpS; *Csijr — 9i1:Sp° Cshiji
= 9ipS; *Csnjk + 9515,° Cskni + 9jpS;° Cskni
= 9k15," Csjni — gkpS; *Csjni — ShpClijk — SniCpijk
— SipChijt — SuChpjk — SjpChitk — Sj1Chipk
— SkpChiji — SkiChijp)-

Now we observe that the tensor A with components A;; given by (23), in
view of (14) and (25), can be written in the form

(29) A= (nil —2LS)S+(n—1)L§g.
Moreover, (14) and (3) imply
(30) R-5%=aLsQ(y,S).
On the other hand, transvecting (15) with S,* we get
(31) ShTSlSRrsjk + Sﬁ-Rrhjk = LS(SljShk — SugShj + ghjSIQk - gikSZQj)'
Moreover, we note that the following identity is satisfied:
—=8;"S) " Rerji + ;78" Rogeri — S}, S, ° R
= 51°(8;" Rysji + 8" Ryisk + Sy Rrijs)
= 8,°(S," Rysji, + 85" Rrijr) = S;"S,* Rrsji + SR -



RICCI-PSEUDOSYMMETRY 221

Contracting (28) with ¢gP" and using (11), (15), (29), (12), (25), the above
equality and (31) and (30), we obtain, after standard but somewhat lengthy
calculations, the relation (27). This completes the proof.

LEMMA 3.2. If (M, g), dim M > 4, is a semi-Riemannian Ricci-pseudo-
symmetric manifold satisfying conditions (x) and (x*) then we have on U:

(32) (L2 —1DQ(S, R) - L1Q(g, R)

- = (L2Q<s, v)+ (fi“l ~Li- LS)Q@ U>)7

(33) (Lg — 1)(’5Rmijk + Sirerjk-) — Ll(n — I)Rmijk-
L
= ( 22 + 1) (SikSmj — SmrSi;)

n —

1 nkL
n—2 (n — i —(n =1L - LS> (9mkSij — gmjSik)
n—1/( Lak
g (ni 1 - LS)(gijSmk — GikSmj)
Lo ) )
+ m(gmjszk _gmkSm)

K Lok
+ n—2 <n —1 Ly~ LS) (9miGik — GmkGij)-

Proof. First we observe that (3) implies
R-U= _LSQ(Sa G) = LSQ(QvU)

Moreover, using (8), we obtain R-C' = R+ R — —5 R U. Substituting into
this equality the previous one and (4) and (5) we get

(31 LQ(S,0) = QS B) + LiQ(,C) - -0l 1),

On the other hand, we have

1 K
Q(5,C) =Q(S,R) — m@(s’ U) + mQ(sa G)
1 K

and

Q0.0) = Qo B) ~ —5Q(0,1).

Combining the last three equalities we have (32). Using the definition of the
tensor Q(A,T), by a standard calculation, we obtain

" Q(S, R)nijrim = kRmiji + S;" Remjr + Sit:Smj — Sij Skm,
gth(% R)hijklm = (Tl - 1)R7rzijk + gijik - gkmSija
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9" Q(S, Unijkim = 5(gmrSij — 9mjSik) + GmiSix — gmrSi
+ (n = 1)(SikSmj — SmrSij),

9" Q(9, U)hijkim = GmkSij — GmjSik + (0 — 1)(9ij Sk — GiksSm;)
+6(gjmGik — GkmYij)-

Contracting (32) with ¢" and using the above relations we get (33), which
completes the proof.

4. On a certain subclass of pseudosymmetric manifolds. In this
section we consider the special case of Ricci-pseudosymmetric manifolds
satisfying conditions (x) and (sx):

(S) Ls= SLQ and Lg # 0.
According to Remark 3.1 we have
K 1
Ls=———, Ly= .
(85) s n(n—1)’ 2T a1

Moreover, in view of (14) and (18), we have

2

2K K
2 _ “Rhoy K
(36) 5% = nS 39

LEMMA 4.1. Let (M, g), dim M >4, be a semi-Riemannian Ricci-pseudo-
symmetric manifold satisfying (4) and (5). If at a point x € U the hypothesis
(S) is satisfied then

- K (n—2)k
(37) (Sl Crijk - nClijk) (Ll + n(nl)) =0
at x.

Proof. (27), in view of (35), takes the form

K n—2 K
nL1(S;"Crijk — —Cuiji) + k(S;"Ryiji — —Ruiji)
n -1 n
. (SirSi; — Si;Sue) 572( g Sii)
n_1 iklj ijIlk n(n — 1) gijoik ik i
K> 43

Now using (18) and (36) we easily obtain (37). Further, we define the tensor
T by

K

38 T=5—-—g.
(38) 9
It is easy to see that (36) is equivalent to

(39) T2 =0.
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According to the above lemma we consider two a priori possible cases:

; _ (n—2)k
(ii) Ly # 1)
CASE (i). In this case the equality (34) takes the form
(10)  —=Q(5,0)
B (n—2)k K
= Q(Sv R) - m@(gvc) - n(n — 1)(71 — Q)Q(gv U)

The identity Q(S,G) = —Q(g,U) and (8) imply

1 K
Substituting this equality into (40) we obtain
n—2 1 K
41 T,C0)+ ——Q(S+ —g,U) =0.
(@) "Z20,0)+ QS + Sa.0)
Using the relations: T3, C",, .+, C7 . =0, Tpr Oy i + T O A T30 C

=0, and T7°C,;;s = 0, which are obvious consequences of (13) and (12),
by a standard calculation, we get g"'Q(T, C)pijkim = —T0nyCjj- Similarly,
using (36) we find

K
g’”@(s +-9, U) = (n = D)(TirTinj — T Tij)-

n hijklm
Thus contraction of (41) with g"! leads to

n—2 r n—1
(42) w1 L Clige = 15 (T Toms = Tk Tig)-

On the other hand, transvecting the equality

n—2

1 K
Q(T, Cnijrim + Q(S + —g, U) =0
n—2 n

n—1 hijkim

with T,,' and using (39) and (42), in the same manner as above, we get

Tph (ijTik - kaﬂj) + Tpi (kaThj - ijThk)
+ Tpi (Ton Tite — Trni Thr) + Tk (ToniThy — T Ti5) = 0.
Putting Th,;jk. = Ty Ti; — Ty Ti, and using the fact that the tensor T with

components Th;;1, is a generalized curvature tensor, we can rewrite the above
equality in the form

(43) TohT ik + TpiThmijk + Tpi Thimk + Tk L hijm = 0.
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Since T' # 0 at = we can choose a vector w at = such that a; = w"T}; # 0.
Transvecting now (43) with w? we get

anTmijr + @i Thmik + a5 T himk + ar T hijm = 0.
Applying now Lemma 4 of [15], in view of a # 0 at x, we have T = 0,
whence we immediately obtain T'= ga ® a, o € R. Thus

(44) Szg—l—ga@a.

Applying (44) we have Q(S + Zg, U) = 27’”"62(9, U) 4+ 0Q(a ® a,U). But
Q(g,U) = —Q(S,G) = —0Q(a ® a,G). On the other hand, using (44) we
easily obtain Q(a®a,U)= 27"””62(61(2)(1, @G). Combining the last three equalities
we have Q(SJr%g, U) = 0 and, in virtue of (41), Q(T,C) = 0,i.e. Q(S,C) =
2Q(g,C). Thus (5) implies, in view of Ly = ﬁ7 R-C = ﬁ@(g, C) and,
in view of Ricci-pseudosymmetry of (M, g), R-R= ﬁ@(y, R). Moreover,

using (44) we have Q(a ® a,C) = 0 whence, by Lemma 2.2, we obtain

3 ax)e.z) =o.

CASE (ii). In this case (37) implies
(45) TerTijk = 0

The equality (33) leads to

ap=""lg 1 <”_(n—1)L1>U+n” <n2(” )—L1>G,

n—2 n—2\n -2 n—1

where A\ = =24 + (n — 1)Ly. This implies \C' = 2=1(§ — 20U + fL—zG)
and consequently Z—j)\C = T. Hence, in view of (39) and \ # 0, we have
CrijkCqt = 0, and next C'- C'= 0. On the other hand, we can check that

the following identity is satisfied on any semi-Riemannian manifold:

R

n—1

1
(C - Ohijkim = (R - C)nijkim + HQ( g—5, C)

hijklm

1
- m(ghlsnfcrijk — ghm Sy Crijk
= GitSpm Crijk + 9imS1" Crijr + 915 Cricni

— 9imS;" Cricni — 9k1Sp Crjni + gkmS;" Crijni)-

Using now (5) and (45) we get C' - C' = me(T, C). Thus Q(T,C)
= 0, which, as we saw in the previous case, leads to (2).
Thus we have proved the following
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THEOREM 4.1. Let (M,g), dim M > 4, be a semi-Riemannian Ricci-
pseudosymmetric manifold satisfying (x) and (xx) and let * € U. Assume
that Ls = 2Ly at x, Ls # 0, and let A = =2+ (n—1)Ly. Then (2) holds
at © and

(i) if A #0, then 2=2XC =T at w;

(ii) if A =0, then the following identities hold at x:

K
S=—g+oaa, X§)ZG(X)C(Y,Z) =0

for some non-zero covector a at x and p € R.
We now present the converse statement to (ii).

THEOREM 4.2. Let z be a point of a semi-Riemannian manifold (M, g),
dim M > 4, such that x € U and the following conditions are satisfied at x:

(46) S=pg+o0a®a,
(47) X§Z a(X)C(Y,Z)=0

for some non-zero covector a and p, o € R. Then (2), (4) and (5) hold at
x. Moreover,

K (n—2)k 1 K
L = — L = —— L e = - 0.
R n(n_l)a 1 ’I’L(’I’L—l)’ 2 /J“ n? KJ#

n—1’
(48)

Proof. First we observe that the identity (47), which in local coordi-
nates takes the form a;Chijr + anCijr + a;Cinjr = 0, implies arC’"ijk =0
and next a,a” = 0. Thus the relation (46) leads to u = x/n. We assert that
k # 0 at x. Suppose that K = 0. Then S = pa® a and applying Lemma 2.1,
in view of p # 0, we get Q(S,C) = 0, a contradiction, because x € U. Using
(8), (46) and p = K/n we have

K

where the (0, 4)-tensor P is defined by Prijr = gnhri@;+ gijan0r — gn;jaiGr —
giranaj. It is easy to see that Sy y ,a(X)P(Y,Z) = 0. Taking into ac-
count this equality, (49) and (47) we obtain Sy y , a(X)B(Y, Z) = 0, where
B=R- ﬁG. Applying now Lemma 2.3 we see that (M, g) is pseu-
dosymmetric and satisfies (4) with Lr and L; given by (48). We can check
that on any semi-Riemannian manifold the equality R- R = ﬁQ(g, R)
implies
K

50 R-C=——Q(g,0).

(50) e Q0.0)

The relation (47), in view of Lemma 2.1, implies Q(a ® a,C) = 0. On the
other hand, using (46) we have Q(S,C) = uQ(g,C) + 0Q(a ® a,C). Thus
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Qg,C) = i (8,C)=2Q(S, ). Substituting this equality into (50) we get
R-C= ﬁQ(S, (). This completes the proof.

It is worth noticing that manifolds satisfying simultaneously conditions
(5) and (47) have been considered in [9]. The main result of that paper
says that the function L of every such manifold must be equal to 1/(n — 1)
or 1/(n —2). Moreover, if Ly =1/(n — 1) then such a manifold is pseudo-
symmetric. On the other hand, as shown in Example 5.1 of [9], there exist
manifolds with Ly = 1/(n — 2) which are not pseudosymmetric.
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