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1. Introduction. Let K be an algebraically closed field, and A =
(Ag,...,Ap) and X = (X4,...,X,,) systems of variables.

Let Wsep be the separable closure of K(A). We say that polynomials
Fi,F, € WSBP[X] are conjugate over K(A) if there exists a K(A, X)-
automorphism ¢ of Wsep(X) such that ¢(Fy) = F5.

We say that a polynomial F' € K(A)Sep [X] is monic if the last coefficient
of F' in the lexicographic order is equal to 1.

In the theory of polynomials the following Salomon’s Theorem is well-
known ([Sa], [Sc, Theorem 17]).

SALOMON’S THEOREM. If F € K[Ay, X] is irreducible over K(Ay) then
all monic factors of F irreducible over K(/ll)bep are conjugate over K(Ay)
and the number of linearly independent coefficients over K of any such factor
does not exceed deg, F + 1.

Using the idea of Krull [Kr] (see also [Sc, Theorem 17]) we give a general-
ization of this theorem to the case of several parameters A (Theorem 2). The
upper bound deg,, F'+1 is replaced by the number v, (F) of integer points
of the Newton polyhedron of F' which we now define. Let F' € KA, X]
be of the form F = ), F;A7 ) where J = (ji,...,jm) is a multiindex,
AT = Al AJmoand Fy € K[X]. Let supp,(F) = {J € Z™ : Fy # 0}.
Then we define the Newton polyhedron A,(F') of F' and the number v (F')
by

Ax(F) = conv(supp,(F)),  va(F) = #(Aa(F) N Z™),
where conv A denotes the convex envelope of a set A C R™. The main
difficulty in this generalization is the estimation of the number of linearly
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independent coefficients in the factors. The problem has been suggested by
Professor A. Schinzel in a talk with the third author.

The key role in the proof is played by Proposition 1 (Section 2) on a
multilinear form in the coefficients of polynomials.

The estimation obtained is a natural generalization of the one-parameter
case because, for m = 1 and an irreducible polynomial F' with degy F > 0,
we have y4(F') = deg,, F'+1 (i.e. the number of coefficients of a polynomial
in one variable with given degree). Moreover, in this estimation equality is
attainable (Example 1), and it easy to see that v, (F") does not exceed certain
numbers which may be generalizations of the number mentioned above:

e A(F) < (degAanrm), i.e. Y4(F) does not exceed the number of coeffi-
cients of a polynomial with a given degree,

o v4(F) <TI2,(deg,, F+1),ie. y4(F) does not exceed the number of
coefficients of a polynomial with given degrees with respect to all variables.

Additionally we have v4(F) < (deg, F)™ + m.

Theorem 2 does not fully explain the generalization of Bertini’s Theorem
([Sc, Theorem 18]) to the case of polynomials with arbitrary degree with
respect to the parameters. Such a generalization was claimed by Riehle in
[R] (inaccessible to the authors), but Krull [Kr] objected to the validity of the
proof. Riehle claimed that the number of linearly independent coefficients

in the above mentioned factors does not exceed 1+ [[;~, deg @, F

2. Multilinear forms in the coefficients of polynomials. For A, B
C R™ we write

A+B={a+b:acA beB} and nA=A+...+A.
—_——

n times

Thus, if A is convex, then nA = {na: a € A}.

LEMMA 1. Let A C R™ be bounded and convexr. If G,Q1,...,Qn €
K[A] are polynomials such that

(1) Ap(Q;) CiA  fori=1,...,N,
and
(2) GN+ QiGN 1+ .. . +QN=0,

then Ax(G) C A.

Proof. Since Ap(G?) = iAx(G) for i =1,..., N, from (1) and (2) we
obtain

-

(3) NAL(G) C conv ( (N — ) A(G) + iA]).

1

(2
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Assume that, on the contrary, A (G) ¢ A. Then there exist Jy € As(G)\ A
and a linear form L : R™ — R such that

(4) L(Jo) > L(J)  for J € Au(G),
(5) L(Jo) > L(J))  for J € A.

By (3) there exist Jl,...,JseAA(G), Ji, o Jle A0 <idq,...,ig <N
and t1,...,t; € R, ¢, >0, %1 + ... +t; =1, such that

NJO—Ztk — i Jk—i-lkjk]
Hence, from (4) and (5) we have

Ztk —’Lk Jk) +’LkL(Jk)]

< Ztk —ix)L(Jo) + ixL(Jo)] = NL(Jo),

which is impossible. Th1s ends the proof.

We are going to formulate a proposition which plays a crucial role in the
proof of Theorem 1. First we define multilinear forms in the coefficients of
polynomials which will be used in the proof of Proposition 1.

For a multiindex I = (21,.. Jin), let |[I|| = i1 + ... + i, and XTI =
X0 ... Xin. Let F; e K(A) "[X],j=1,...,k, be of the form
(6) Fj= Y aX',

I]|<v
where v € Z, v > 0, a1 € msep for j =1,...,k, |[I|| <v. LetY; =
Yl €v),j=1,....k If g € Z[Y1,...,Y}] is a homogeneous form of
degree k such that degyj g=1,5=1,... k, then

G=glojr: T <o, j=1,....k) KA
is called a multilinear form in the coeﬁﬁczents of the polynomials Fy, ..., Fy
(where for r € Z weput -1 € msep).
Let F) EK(A)sep [X], 7=1,...,k, be all the conjugates of F; over K(A).

Then there exist polynomials Pi,...,P; € K[X] and &;,; € K(A)sep such
that

(7) Fj :&j,lpl —{—,,.—|—&j7de

for j =1,...,k (and &1 ,,...,da,; are all the conjugates of & ; over K(A)
fori=1,...,d). Let Z = (Zy,...,Z4) be a system of variables and

Ej =812+ ...+ &jaZa e K(A) 2], j=1,....k
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PropoOSITION 1. Let f € K(A), f # 0. If d is the minimal number in
(7) and
F=fF.. F,eK[AX]
then
E=fE...E, €K[A,Z] and A (E)= As(F).

Proof. From the choice of d we see that the polynomials Pi,..., Py
are linearly independent over K. Since K is an infinite field, there exist
z', ..., 2% € K" such that

(8) det[P;(27)]; j=1....a # 0.
From (6) and (7) we have
Z Oéu[(.%’j)l = &171P1($j) +...+ OoéinPd(:L‘j), j = 1, e ,d.
[1]|<v
So, by (8), from Cramer’s formulae we find that there exist &; ; € K, [|I]| < v,

i=1,...,d, such that
&s,i = Z O‘s,[é.i,l-
IT<v

Thus any multilinear form in the coefficients of fFE1, ..., E} is a linear combi-
nation over K of multilinear forms in the coefficients of fFi,..., F. Hence,
since F' € K[A, X], by Kronecker’s Theorem ([K], [Sc, Theorem 10], [K&,
VI, §2]), the multilinear forms in the coefficients of fF1,..., Ej are integer
over K[A]. Since Fi,..., F} are all the conjugates of F; over K(A), it fol-
lows that E1, ..., E) are all the conjugates of E; over K(A). In consequence
E € K(A)[X], thus E € K[A, X].

The inclusion Aj(E) D A(F) is obvious. We prove that Aj(F) C
AN(F). Let E =Y, A;Z7, where A; € K[A] for every multiindex J. Since

Ap(E) = conv (UAA(AJ)),
J

it suffices to prove that A (A;) C Ax(F) for all J. Take any coefficient
G = A;eK|A] of the polynomial E. Obviously G is a multilinear form in the
coefficients of fFE1,..., Eyx. Then there exist multilinear forms G, ..., Gy
in the coefficients of fFy,...,Fx and &1,...,&y € K such that

By Kronecker’s Theorem ([Sc, Theorem 9], [K6, VI, §2]) there exists a non-
empty set of non-zero forms hq, ..., hy in the coefficients of fF1, ..., Fj such
that every multilinear form Gy in the coefficients of fFj, ..., F} satisfies

N
GShi:Zbihj?Gshj’ /L.:]'""7Na

j=1
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where b; ; ¢, are some linear forms in the coefficients of F'. Hence (9) yields
N

M
(10) Z(di,jG_ngbiJ,GS)hj =0, ¢=1,...,N,
s=1

j=1
where 0; ; is the Kronecker symbol. Since hi,...,hy are non-zero, the
determinant of the linear system (10) vanishes. Thus we have

(11) GN + QiGN 14+ ... +Qn =0,
where @; € K[4] is a homogeneous form of degree j in the coefficients of

F,j=1,...,N. Thus As(Q;) C jAs(F). By Lemma 1, Ay(G) C A(F),
which ends the proof.

3. Generalization of Salomon’s Theorem. Let F' € K[A, X|. The
main result of the paper will be preceded by

————sep

THEOREM 1. Let F; € K(A) "[X], j=1,...,k, be all the conjugates of
Fy over K(A) and let f € K(A), f # 0, be such that

F=fF...F,cK[A X].
Then the number of linearly independent coefficients (over K) of any F; does
not exceed YA (F).

Proof. Let F;, j =1,...,k, be of the form (6). Let d be the dimension
of the following linear space over K:

{ Z Eraq,r & € K for [|I]] < v},
1] <v

and &1 1,...,Q1 4 be its basis. Then there exist Py, ..., Py € K[X] such that

Fi=d11Pr+ ...+ &1 4P
Since Fi,..., F) are conjugate over K(A4), we have

Fj = &j,lpl 4+ ...+ (c)’éj,dpd
for j =2,...,k (and &1,4,...,d,; are all the conjugates of & ; over K(A)
fori=1,...,d). Let

Ej =812+ ...+ &jaZa e K(A) 2], j=1,....k

where Z=(Z1,...,Z;). By Proposition 1 we have E=fE; ... E, €K[A, Z]
and Ap(E) C Ap(F). Thus v4(E) < ya(F). In consequence there exist ho-
mogeneous forms H; € K[Z] and polynomials B; € K[A], i = 1,...,va(F),
such that

Ya(F)

E = Z B;H;.
1=1
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Assume, contrary to our claim, that v4(F') < d. Then the forms Hq, ...
..., H,,(r) have a common non-trivial zero (£1,...,&q) € K¢ and so

k
0=f H(&j,lﬁ + ...+ Co‘éj,dfd).

j=1
In consequence, at least one factor of the right-hand side is zero. This contra-
dicts the definition of d (since for any j = 1,..., k the elements &;1,...,¢;.q

are linearly independent over K). This ends the proof.

For F irreducible, the above theorem immediately yields the following
generalization of Salomon’s Theorem to the case of several parameters.

THEOREM 2. If F € K[A, X] is irreducible over K(A) then all monic

factors in K(A)Sep [X] of F irreducible over K(A)sep are conjugate over K(A)
and the number of linearly independent coefficients (over K) of any such
factor does not exceed v (F).

Proof. Let Fi be a monic factor of F' irreducible over Wsep and
Fy, ..., Fy be all its conjugates over K(A). Since Wsep is Galois over
K(A), F; are all irreducible over K(A) and since they are monic, they are
pairwise relatively prime. Hence F} is a divisor of F', j = 1,...,k. It follows
that Hle F; is a divisor of F. However, Hle F; is invariant with respect
to any automorphism ¢ of K(A)  over K(A), hence H?Zl F; € K(A)[X]
and, by the irreducibility of F' over K(A), there is an f € K(A) such that

k
(12) F=f]]F
j=1

Hence, by Theorem 1, we have the assertion.

The upper bound given by Theorem 2 can be attained, as shown by the
following

ExampPLE 1. Let X = (Xo,...,X,) be a system of variables and
P(ti,t2, X) =3, t1t5X,. Let ¢ be a primitive root of unity of degree
n. Then the polynomials

Fy=P(Y/Ay.. A, YA, X) e K(A) T[X], j=1,...,n,
are all the conjugates of F; over K(A4). Hence F' = H?Zl F; € K[A4,X] is
irreducible over K(A). Moreover, y4(F) = n+1 and the F; have each n+1
coefficients linearly independent over K.

In the above example the polyhedron of F' is a segment and one can
reduce this example to the case of one parameter A; (puting Ay = ... = A,,
= 1). The authors do not know such examples with A4 (F') m-dimensional.

From Theorem 2 we obtain the following
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THEOREM 3. Let F € K[A, X]|. Then the number of linearly independent

coefficients (over K) of any factor of F irreducible over K(A)Sep does not
exceed vy (F).

Proof. Let F} € (7/1)sep [X] be any factor of F' irreducible over K(A
Without loss of generality we may assume that Fy is monic. Let F =
Ry ... Ry be the decomposition of F' into irreducible factors in K[A, X].
From Ostrowski’s Theorem ([O, Theorem VI]) we have

AA(Rl) + ...+ AA(Rk) = AA(F)
So, YA(R;) < va(F), j=1,...,k. Since F} is a divisor of at least one R;,
Theorem 2 yields the assertion.

sep
) .

The above theorem is not true for arbitrary factors, as is shown by the
following

ExXAMPLE 2. For F' = X7 — A; we have y4(F) = 2 and

F=(X,—/A)XT P X571/ A 4+ o+ (A7,

It is easy to see that the last factor has s coefficients linearly independent
over K.

REMARK 1. The %lé)ove results hold for arbitrary Galois extensions of
K(A) in place of K(A) P with no change in the proofs.

4. A corollary. In this section we give a particular version of Theorem 2.

Assume that K is an algebraically closed field of characteristic zero. Then
msep is the algebraic closure of K(A).

In Theorems 1-3 the reducibility of the polynomial F in K(A) [X],
by Emma Noether’s Theorem ([N], [Sc, Theorem 15]), is equivalent to the
reducibility of F(A\, X) in K[X] for all A € K™ such that deg F(\, X) =
degy F. We now give a version of Theorem 2 in the case when F(\, X)—z is
reducible in K[X] for all z € Kand A € K™ such that deg F'(\, X) = degy F'.

COROLLARY 1. Let F €K[A, X] be an irreducible polynomial monic with
respect to X1. If F(\, X) — z is reducible for all z € K and A € K™ such
that deg F'(\, X) = degy F, then there exists a representation

F=F .. F,
where F; € WSQP[X} are all the conjugates of Fy over K(A), deg F; <
degy F' and the number of linearly independent coefficients (over K) of any
F; does not exceed 27 (deg,, F'+2)...(deg, F +2).

Proof. By [FS, Corollary 6] there exist R € K[A, X], degy R < degx F,
a; € K[A],i=0,...,s, s > 2, such that
F=aR+a R +... +a,.

Moreover, one can assume that R(A,0) = 0. Hence
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degy, F' > degy, (F' —as—1 R — as)
> degAj(agRS*2 +aiR3 4. 4aso)+ 2degy, R,

and so

(15)

Since F' is monic with respect to X1, we may assume that R is monic

d R<M for i =1
egy, It = 7 ory=1,...,m.

with respect to X; and ap = 1. From the irreducibility of F' we see that
h=aoZ°+ a1 Z5 ' + ...+ as is irreducible in K[4, Z], hence,

h=(Z-fi)...(Z—fs)

where Z — f; € ]K(A)Sep [Z] are conjugate over K(A). Taking F; = R— f; we
see that F); are conjugate over K(A) and, by (15), the number of linearly in-
dependent coefficients (over K) of any F; does not exceed 27™(deg,, F + 2)
...(deg,  F'+2). This gives the assertion.
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