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A GENERAL THEOREM COVERING MANY ABSOLUTE
SUMMABILITY METHODS

BY

W. T. SULAIMAN (QATAR)

Abstract. A general theorem concerning many absolute summability methods is
proved.

1. Introduction. Let > a, be a given infinite series with the sequence
of partial sums (s,). By ¢° we denote the nth Cesaro mean of order § > —1
of the sequence (s,,),

1 n
6 _ 0—1
o, = Vel E A Sy
n p=1

Here AS = (k;g‘s) =(0+1)...(0 + k)/k!. Tt may be easily verified that
A ~ k°. The series Y a,, is said to be |C, 8|x summable, k > 1, if

oo
Z nf ol —6? | |F < 0.
n=1

Let (pn) be a sequence of positive numbers such that

n
Pn:ZpU—M)o as n — oo.
v=0
The transformation

1 [e.@]
=5
n P,',L UZOp’U‘SU

defines the sequence (t,) of the Riesz means of the sequence (s,,) generated
by the sequence of coefficients (p,,) (see [4]). The series Y a,, is said to be
|R, pp|r summable, k > 1, if

oo
an_1|tn — tn,l\k < 00.
n=1
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The series > a,, is said to be |N,p,|rx summable, k > 1 (Bor [1]), if

() k—1
P,
E <) It — tn_1|* < c0.

n=1 n
_In the special case when p, = 1 for all values of n, both |R, pp|r and
|N, pn | summability are the same as |C, 1|, summability.
The series > a,, is said to be |N, p,| summable if

oo
(1) > T = Tha| < o0,
n=1

where

1 n
Tn = P7n vzopn—vslw

The sequence class M is defined by

Mz{pz{pn}:pmo&““s““gl, n=01..., Pn%oo}.
Dn Pn41

It is known (Das [3]) that for p € M, (1) holds iff
>
nkP,

n
§ pn—’UUaU
n=1 v=1

For p € M, the series > a,, is said to be |N, p, |x summable, k > 1 (Sulaiman
[5]), if

[e.o]

< oQ.

=1
PBy=r

n=1 n

k
< Q.

n
E pn—vvav
v=1

In the special case in which p, = A7"! r > —1, |N,p,|r summability is
equivalent to |C, r|; summability. The series ) a,, is said to be |R,logn, 1|
summable if it is | N, p, |, summable with p, = 1/(n+1) and P, ~ log(n+1).
For any sequence { f,}, we define Af,, = f,, — fnt1-

2. Main result. We prove the following:

THEOREM 1. Let {fn}, {gn}, {Gn}, and {H,} be sequences of positive
constants such that {f,} € M and F,, = Y I'_, fu = o0 as n — oo. Let
{en} be a sequence of constants. Given a sequence {x,} define

1 < 1 -
Xn - = v Ly, Yn B R— Vn—vTyéEn
Gn Uz::lg Fn—lHn ;1 f
and assume

(2) Int1 = O(gn),

Hn+1Fn+1 o HnFn
) Gnt1 O< Gn >7
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() ag, = o(221),
®) a(mg) =o(%er)
nG, 1
) A(w) -o(z)
frno 1
(7) Z+F L O<Hk)

Let k> 1. Then a necessary and sufficient condition for the implication:
if Z\Xn\k < oo then Z]Yn\k < 0o
to hold (for any sequence {x,}) is

(i) en = O(gnHp Fy /(nGY)), and
(ii) Aey, = O(gn-HHn/(nG ))

3. Lemmas

LEMMA 1 (Bor [2]). Let k > 1, and let A = (any) be an infinite matriz
that maps (¥ into (%, Then a,, = O(1) for all n and v.

Proof. By the Closed Graph Theorem, A defines a bounded linear map-
ping in ¢¥. Then the bound |a,,| < C follows, where C' is the norm of A.

LEMMA 2 (Sulaiman [6]). Let p € M. Then for 0 <r <1,

o

Pn—v—-1 _
— O~ "
WP (v™").

n=v+1

LEMMA 3. Suppose that €, = O(a,fn), an,Bn > 0, pi1Pny1 =
O(anfn), AlanBn) = O(an) and Alen/(anfn)) = O(1/Brn). Then Aey, =
O(aw,).

Proof. We have ¢, =k,a, 3, where k, =¢,/(a,8,)=0(1). Therefore
Agn - knA(anﬁn) + Akn(an+16n+1)
=0(1)0(a) + O(1/8,)0(anBrn) = O(ay).

4. Proof of Theorem 1. Sufficiency. We have via Abel’s transforma-

tion:

Y, = Flen:guxv <vf””
(Zgrxr) v< S ) (Zgrxr) . n]

M

F_ 1H{
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n—1
1 £
e G'L)Xv*nvv 1A_1n—vv
Fn_lHn; { o et (0 DAg fumee

nGp Xy,
+ (0 +1)g, 11 Au frmvew + (v + 1)gvj1fn_v_1Agv} + #{fn
n—141ngn

=Y 1+ Yoo+ Y,3+Yea+Y,5 say
By Minkowski’s inequality,
m m 5
Z |Yn,1’k =0(1) Z Z Vs, r’k
n=1 n=1r=1
Applying Hélder’s inequality gives

n—1

Z Gy
fnfv X”UE’U

v=1 9
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<oy () (9 i e
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1
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i
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Necessity of (i). By the result of Bor [1], the transformation from (X))
into (Y;,) maps ¢* into £* and hence the diagonal elements of this transfor-
mation are bounded (by Lemma 1), so (i) is necessary.
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Necessity of (ii). This follows from Lemma 3 and necessity of (i) by
taking o, = g, H,/(nG,) and B,, = F,,, using (2).

This completes the proof of the theorem.

REMARK. (1) If we put z,, = a,,, fn, = p, and H,, = n'/* in the formula
defining Y;,, p € M, then the condition >_ |Y;,|¥ < oo is equivalent to |V, p, |x
summability of > ane, (note that P,/P,_; is a bounded sequence).

(2) If we put =, = apn, Qn = qo+ --- + Gn, gn = Qn—1 and G,, =
Qn—1(Qn/qn)"* in the formula defining X,,, then the condition 3 | X, |F <
oo simply means |N, g, |, summability of Y a,,.

(3) If we put z,, = apn, Qn = qo+ .-+ @y, gn = Qun-1 and G,, =
nY*=1Q,Qn_1/¢n in the formula defining X,,, then the condition 3 | X, |*
< oo means |R, g, |r summability of > ay,.

5. Applications. Throughout the rest of the paper we assume that
P, —> oo and Q,, > 00 as n — oc.

THEOREM 2. Let p € M and let ng, = O(Qn), Qn = O(Qn—1), and
Prir _ O(( Qn ><QnQn+1>1/k>
Pn Qn—l Qn+1Qn ’
P, (ng,\""* _ 1 (ng,\""*
a(T(er) ) —o((@) )
n { Qn 1/k B 1
a5 () ) =o(z)

Then a necessary and sufficient condition that > anen be |N,py|k summable
whenever Y ay, is |N, qn|r summable, k > 1, is

o Pu(nan L _ 1 (ng,\""
w=o(T(5) ) a-o(i(E) )
THEOREM 3. Let p € M and let ng, = O(Qn), Qn = O(Qn-1), and
Pn+1 (QnQn—i-l) <ann> ( dn >

=0 , A =0 =),
Pn Qn+1Qn Qn Qn

i) =o(z)
A en | =0 = ).
(PnQn P,
Then a necessary and sufficient condition that ) ane, be [N, p,|i summable

whenever Y ap 1S |R, qn|r summable, k > 1, is

en = O(Pnqn/Qn), Aep = O(qn/Qn)-

The following results are consequences of Theorem 2.
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COROLLARY 4. A necessary and sufficient condition that . ane, be
|C, | summable, 0 < o < 1, whenever Y ay, is |C, 1|, summable, k > 1, is

en=0n*"h, A, =01,
provided that A(n'=%¢,) = O(n™%).

COROLLARY 5. A necessary and sufficient condition that »_ ane, be
IN,1/(n+ 1)|x summable whenever Y a, is |C, 1|, summable, k > 1, is

en = O(logn/n), Ae, =0(n™"),

A Lan =0 L .
logn logn

COROLLARY 6. A necessary and sufficient condition that »_ ane, be
IN,1/(n+ 1)|i summable whenever ) a, is |R,logn, 1|, summable, k > 1,
18

provided that

e, = O{(logn)* "k /n},  Ae, = O{1/n(logn)*/*},

provided that
n 1
Al —————en | = .
<(logn)1‘”’“6 ) O<logn>

COROLLARY 7. A necessary and sufficient condition that ) ane, be
|C, | summable, 0 < o < 1, whenever Y ay, is |R,logn,1|; summable,
k>1,1s

en = 0{n*""/(logn)"/*},  Ae, = O{1/(n(logn)'/*)},
provided that A(n*~%(logn)'/*¢,) = O(n™).
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