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NONLINEAR HEAT EQUATION WITH A
FRACTIONAL LAPLACIAN IN A DISK
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VLADIMIR VARLAMOV (BOGOTA)

Abstract. For the nonlinear heat equation with a fractional Laplacian
utJr(fA)a/Qu:uQ, l<a<2

the first initial-boundary value problem in a disk is considered. Small initial conditions,
homogeneous boundary conditions, and periodicity conditions in the angular coordinate
are imposed. Existence and uniqueness of a global-in-time solution is proved, and the
solution is constructed in the form of a series of eigenfunctions of the Laplace operator in
the disk. First-order long-time asymptotics of the solution is obtained.

1. Introduction. The nonlinear heat equation
(1.1) u—Au4uP =0, zeRY, t>0,

and the asymptotic behavior of its solutions were the subject of many papers
(see, e.g., [4-9, 11, 12, 15] and the references there). The authors considered
primarily initial-value problems imposing some restrictions on the initial
data and discussing the asymptotic behavior of solutions in terms of the
parameters IV, p, and the exponent of decay of initial data. The existence
of a global-in-time solution of the Cauchy problem for (1.1) with initial data
from L1 10c(R™) was proved in [4] and for the corresponding mixed problem
in the bounded domain 2 in [15]. Using the approach of [6-8], i.e., the
rescaling technique and the maximum principle, L. Herraiz [9] examined the
first initial-boundary value problem for (1.1) in the domain R \ 2, where
{2 is bounded. For nonnegative initial data with a power decay at infinity
he calculated the first-order long-time asymptotics of the classical solution.

In [26] C. E. Wayne examined the Cauchy problem for (1.1) with a
sufficiently smooth nonlinear term F'(u) and constructed finite-dimensional
invariant manifolds for it. He showed that these manifolds controlled the
long-time behavior of solutions and could be used for calculating the higher-
order long-time asymptotics. As an example he considered the power non-

1991 Mathematics Subject Classification: 35Q55, 35B40.
Key words and phrases: nonlinear heat equation, fractional Laplacian, initial-boundary
value problem in a disk, long-time asymptotics.

[101]



102 V. VARLAMOV

linearity u* and obtained the second-order asymptotics of the solution. For
parabolic partial differential equations on bounded domains the use of in-
variant manifolds usually permits establishing the lowest-order long-time
asymptotics (see [24] and the references therein). The linear operator of the
corresponding equation has a point spectrum, which gives a natural sepa-
ration of the phase space of the linear problem into stable, unstable, and
central subspaces. In this case the asymptotics is characterized by the expo-
nential decay in time rather than the power-law decay that one encounters
in initial-value problems (see [26]).

The aim of the present paper is to study the long-time behavior of solu-
tions of the fractional Laplacian version of (1.1) with the particular quadratic
nonlinearity,

(1.2) w4 (A =4?, 1<a<2

The case o« = 2 corresponds to the standard (Gaussian) diffusion while
0 < a < 2 corresponds to the anomalous one (see [3]). The importance of
examining fractional derivative nonlinear dissipative equations was empha-
sised in [1-3, 13, 14]. Nonlocal Burgers-type equations (similar to (1.2), but
with the nonlinearity containing the gradient of u?) appeared as model equa-
tions simplifying the multidimensional Navier—Stokes system with modified
dissipativity [1], describing hereditary effects for nonlinear acoustic waves
[16], and modeling interfacial growth mechanisms which include trapping
surface effects [13]. A variety of physically motivated linear fractal differen-
tial equations with applications to hydrodynamics, statistical physics, and
molecular biology can be found in [15]. We would like to point out that a
rigorous investigation of the long-time behavior of solutions of the Cauchy
problems for fractal Burgers-type equations has been conducted in [3], where
the first two terms of the asymptotics have been found.

Below we study the first initial-boundary value problem for the equa-
tion (1.2) in a circular domain and obtain the higher-order long-time asymp-
totics of its solution. First, we construct a global-in-time mild solution by
means of eigenfunction expansions and perturbation theory, and then we
calculate the first-order long-time asymptotics of this solution. The Laplace
operator in a disk has a point spectrum, therefore it is natural to expect the
exponential decay of the solution in time. The sign of u? does not matter for
the proof of the existence of global-in-time solutions since we only consider
small initial data.

Note that we do not use any of the methods of [2-9, 11, 12, 24, 26]. The
basic ideas of our approach stem from the monograph [14], where Cauchy
problems for nonlocal evolution equations of the first order in time were
considered (fractional derivative terms describing dispersive and dissipative
effects appear there in connection with equations governing wave propaga-
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tion). In the papers [19-23] this method was developed further and adapted
not only for solving higher-order in time nonlinear dissipative equations,
but also for studying initial-boundary value problems. The latter aspect is
more important for us in our present investigation. In [20] the first initial-
boundary value problem with small initial data was considered for the spa-
tially 1-D Boussinesq equation on an interval. Its solution was constructed
in the form of a Fourier series, whose coefficients in their turn were rep-
resented by series in a small parameter present in the initial conditions.
The first-order long-time asymptotics was calculated, which showed expo-
nentially damped time oscillations and space evolution. In [21] the second
mixed problem with small initial data was studied for the same equation
on an interval. Its solution was constructed, and the second-order long-time
asymptotics was obtained. The main term came from the linear problem, but
the second term was essentially nonlinear and contained Airy functions of a
negative argument. In a certain case a blow up of the solution took place.
In [22] the radially symmetric problem for the damped Boussinesq equation
in a disk was examined. Its global-in-time solution was constructed in the
form of a Fourier—Bessel series, and the first-order long-time asymptotics
was calculated. In [23] the general spatially 2-D case in a disk was studied,
and the long-time asymptotics was computed.

In the radially symmetric problem in a disk considered in [22], we en-
countered the “loss of smoothness effect”, i.e., raising the smoothness of the
initial data does not lead to the increase of the regularity of the solution.
This is a consequence of the combined influence of the geometry and the
nonlinearity. However, in the problem in question, as well as in [23], it does
not take place. The regularity of the solution can be somewhat improved by
means of imposing more periodicity conditions in the angle (in spite of the
poor convergence of the eigenfunction expansion series). It is reflected by the
presence of convolutions in the “angular indices” in the sums representing
the eigenfunction expansion coefficients.

The presence of the fractional Laplacian, the nonlinearity, and the circu-
lar geometry in the problem in question lead to the appearance of the critical
power a., which determines the decay of the residual term of the long-time
asymptotics. We must also point out that this asymptotics is nonlinear since
the coefficient in its main term is represented by a series of nonlinear ap-
proximations.

2. Notation and function spaces. Let 2 = {(r,0) : |r| < 1,
0 € [—m,m|}. Our main tool in studying the first initial-boundary value prob-
lem for the equation (1.2) in {2 will be expansions in series of eigenfunctions
of the Laplace operator in the disk. For a function f(r,8) € Lo, (£2) (L2(£2)
with weight r) the corresponding expansion is



104 V. VARLAMOV

o0 o0

(2.1) o0 =3 > funXmn(r,0),

m=—oon=1

where the X, (r, 0) are the eigenfunctions of the Laplace operator in (2, i.e.,
nontrivial solutions of the problem

Ax =—-Ax, (r,0) €,
(22) X‘@Q = Oa X(Ta 0+ 27T) = X(7"79)a ‘X(Oa 0)’ < 0.
These eigenfunctions and the corresponding eigenvalues are

(2'3) an(ﬁ@) = Jm()\mnr)eim97 N = )\2 méEeZ, nEeN,

mn’

where J,,,(z) are Bessel functions of index m, A, are their positive zeros
numbered in increasing order, and n = 1,2, ... is the number of the zero.
The system of functions {Xmn (7, ) }mez, nen is orthogonal and complete
in Ly, (£2) (see [18, 25]). Denoting the scalar product in Ly ,(£2) by (-,-)r0
and the corresponding norm by || - ||,,0 we can write
(Xm'm Xkl)r,() = 5mk5nl HanHi,Oa

where 6;; is the Kronecker symbol. By Parseval’s identity we have

1£120 = | fmn*IXmnlZ0:  where  fin = (fs Xmn)r0/ [ Ximn [7.0-
m.n

Denoting by || - ||, the norm in the weighted space L ,.(0,1) we obtain

1
HanH?n,U = 27T||JM()‘mnT)‘|v2n = 27TXTJ21(>‘mnT) dr = 7TJ31+1()‘mn)-
0

The following estimates are valid for large positive A (see [18]):
(2.4) C1/A < [T (M)l < Ca/A.

We shall also need the asymptotics of A, as n — co. For bounded m we
have the following asymptotic formula uniform in m (McMahon’s expansion,
see [10]):

1 1\«
2.5 Amn: mn @) 5 mn — 2n — — -, .
(25) o <umn> : <m+ ! 2>2 "

On the basis of the weighted Lebesgue space Lg ,-(£2), we can introduce
the weighted Sobolev spaces H;({2) = W3 ,.(£2) with the norm defined by
the formula

Hng,s = Z)‘grfn|fmn|2”><mn”$,0’

m,n

where A\, > 0 for all m € Z, n € N.
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We shall also use the Banach space C*([0,00), H(£2)) equipped with

the norm
k

luller =" sup [10/u(®)]s,r-

=0 te[0,00)

3. Main results. We consider the first initial-boundary value problem
for the equation (1.2) in the unit disk. Using polar coordinates (r, ) we can
pose this problem as follows:

w + (—A)Y2u =4, (r,0) € 2, t>0,
u(r,0,0) = 2p(r,0), (r,0) € 12,
(3.1) ulan =0, t>0,
|u(0,0,t)| < oo,
periodicity conditions in 6 with period 2,

where 1 < o < 2, ¢ = const > 0; ¢(r,0) is a real-valued function, A =
(1/7)0,(r8y) + (1/7%)0.

Set A= (—A)*/? 1< a <2, where A is defined on sufficiently smooth
functions satisfying the conditions (2.2).

DEFINITION. We callu(t) a mild solution of the problem (3.1) if it satisfies

the integral equation
¢

(3.2) u(t) = e? exp(—tA)p + Sexp(—(t —T)A)A(t)dr, t>0,
0

in some Banach space F.

Define le) ={(r,0):0<r<é,0 € |—n, |} for sufficiently small § > 0
and Qég) =0\ Qél). Note that ng) is a closed domain. Now we formulate
some assumptions for a sufficiently smooth function f(r,8), (r,8) € (2.

ASSUMPTIONS A.

85]0(7’, —) :agf(’l“, —7), k=0,1;
f(1,0) =0, 8gf(0,9):3§f(1,9)20;
VAV 0 £(7,0)) = Vi(0) € Ly (~m,7),

Tl_ig1+ \/Farf(r’ 9) =F (9) € Ll(_ﬂ-’ 7T),
Vo (Vr 0:05 f(r,0)) = V12(0) € Ly (—m,7),
dim /7 8,02f(r,0) = F15(0) € Ly(—m, ).

THEOREM 1. If 1 < o < 2 and ¢(r,0) satisfies Assumptions A, then
there is g > 0 such that for e € [0,e0] there exists a unique mild solution
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of the problem (2.1) in the space C°(]0,00), HS(£2)), s < a — 1/2. It can be
represented as

(3.3)  wu(r,b,t) Z t)Jo(AonT)

Z Jm mnr umn(t) imo +umn(t)e_im€]a
m,n=1
where the bar denotes complex conjugation and the coefficients Upy(t) are

defined below. Moreover, u(r,0,t) is continuous and bounded in ng) x [0, 00)
and can be represented there as

(3.4) u(r,0,t) = > eNuM(r0,1),
N=0

where the functions uN)(r,0,t) are defined in the proof (see (5.9)) and

the series converges absolutely and uniformly with respect to (r,0) € (262
t €[0,00), and € € [0,¢&0].

REMARK 3.1. It is easy to construct an example of a function ¢(r, )
satisfying the hypotheses of Theorem 1 by separation of variables. Indeed,
we have

o(r,0) = R(r)©(0), where R(0)= R(1) =
Vo (VTR (r) = ¢1 < o0, hm VTR (r) = ¢3 < o0;
W (—n)=0W(x); k=0,1; O"() € Li(—m,).

REMARK 3.2. Representation (3.3) is a series of regular perturbations
with respect to the initial data and can be used as an asymptotic series in

the domain QgQ) x [0, 00).

Now we sketch briefly the proof of Theorem 1. Seeking the solution of
(3.1) in the form of an expansion in eigenfunctions of the Laplace operator
in the disk,

u(r,0,t) = Z Zumn ) Xmn (1, 0),

m=—oon=1

and calculating the series expansion coefficients of the nonlinearity (u2),,. (t)
we substitute the corresponding expansions into (3.1) and obtain an initial-
value problem for u,,,, (t). Integrating it with respect to t we deduce a nonlin-
ear integral equation for u,,,(t). To solve this equation we use perturbation

theory. Representing the series expansion coefficients as formal series in €,
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(3.5) T (t) ZaN“ oM (t),

we substitute them into the integral equation and obtain

(36) 652%(75) = Eﬁ/ﬁmn exp(_)‘?nnt)7
where the ©,,, are the coefficients of the expansion of the initial function
o(r,0), and o) (t), N > 1, are the nonlinear approximations defined by

the recurrence formulas
t

3.7 A1) = Yexp[-Am.(t —7)]

0
Z Z 1 A(N 7)
X { Qmnpqls U(] ) Uls ( )
p,1>05q,s>1
p+Hl=m

-1 AN
+ Z amnpqlszvz(ﬂzz '(r ( J)()

p,q,l,s>1
l—p=m
1 A(N )
+ g amnpqlsE U(j ) Uls ( ) dr.
P,q;l,s>1
p—Il=m

Using time estimates of o) (t), N > 0, which show the decay in A, we
prove that the formally constructed function (3.3) really represents a mild
solution of (3.1) from the required function space. Since in Qég) x [0, 00) the
series (3.3) with U, (t) defined by (3.5) converges absolutely and uniformly
we can change the order of summation and obtain (3.4).

We prove the uniqueness in the following way. Assuming that there exist
two solutions of the problem in question, ©(*) and u(?, we set w = v —u(?
and expand w in a series of X, (7, 0). Thus we obtain an integral equation
for the series expansion coefficients @y, (t). From this equation we deduce a
local-in-time estimate of||w(t)||,,0 which contains a contradiction. Extending
this estimate to all £ > 0 we establish the global-in-time uniqueness.

THEOREM 2. Under the hypotheses of Theorem 1, there exists a constant
C such that for all t > 0,

_ exp(—)\(flt), 1 <a<ag,
) — <
(3.8) lu—al,s <C { exp(—20811), Qo < a <2,

where u(r,0,t) = BcJo(Ao1r) exp(—A§it), o1 and A1 are the first posi-
tive zeros of the Bessel functions Jo(z) and Ji(z) respectively, oo =
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In2/In(A11/A01) =~ 1.52, and the coefficient B, will be defined in the proof
(see (6.2), (6.3)).

4. Auxiliary results. Let f(z,w) be defined on [0, 1] x [a,b], —oco <
a,b < oo. We denote by Vi (f(z,w)) the total variation of f(z,w) in
x € [0,1]. Consider the integral

1
I,(\w) :Sxf(m,w)Jm()\x)dx, m >0, A\>0, we [a,b].
0

The following lemma can be found in [23], and it is the extension of the
proposition given in [25, p. 595] to the case when the integral in question
depends on two parameters, A and w. Since the proof is not long we present
it below for the reader’s convenience.

LEMMA 1. Suppose that for each fixred w € [a,b] the function \/zf(x,w)
has a bounded total variation in x € [0,1]. Moreover, assume that this
variation is absolutely integrable in w € [a,b], i.e., Vit (Vo f(z,w)) = Vi(w) €
Ly(a,b), and

lim of(z,w)=F(w) € Li(a,b).
xz—0t
Then for all m >0, A > 0, and w € [a,b],

Cy
’va(%@\ S W7
where C,, € Ly(a,b) and is independent of m and .

Proof. It follows from the asymptotics of Bessel functions as x — oo
that for any z € (0, 00),

H\/Ejm(x)dm < ¢ < o0,
0

where c is independent of m and z. N
Set vaf(z,w) = fu(x). We can represent f,(z) as

folw) = £ (@) = (@),
where fé”(:n) = Vox(j;(x)) is the total variation of folz) in [0,2], z € [0,1],
and fu(?)(x) = Vi (fu(z)) — fu(x). The functions ff,l)(x) and fu(?)(x) are
nondecreasing in z for each fixed w € [a,b]. We have
JE0) =0, fE(1) = Vi (ful@)) = Vi(w) € Li(a,b),
fE(0) = = fu(0) = =F(w) € Lx(a,b),
FE) = Vg (fo(@) = fo(1) = Viw) = fu(D).
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Note that [F (1] < [F(0)l+ Vi(fu(@)) = [F(@)| + Vy(w). Applying the
second mean value theorem for integrals we deduce that

0

| [ VED () () de| < 155 ) § Vi) da|
0

LW [ VETm () de|
13
<CV; (w))\_3/2.

Estimating the integral S(l) Vv fU(JQ)()\x)Jm(x) dx in an analogous manner and
combining the results we obtain the required estimate. m

The next lemma permits one to increase the decay of I,,(A,w) in A.

LEMMA 2. Let f(z,w) have a partial derivative O, f(z,w) in [0,1] and let
fO,w) = f(1,w) =0 (in case m = 0 only f(1,w) = 0). Assume that for any
fixed w € [a,b], /x O, f(x,w) has a bounded total variation in x € [0, 1] which
is absolutely integrable in w € [a,b], i.e., Vi (20, f(z,w)) = Vii(w) €
Ly(a,b), and

lim \/Eaxf(xaw) = Fl(w) € Ll(a’ b)
z—0t1
Then for m >0, A >0 and w € [a, b,

Cy(m+1)

|Im()\,UJ)| S )\5/2 )

where Cy, € L1(a,b) and is independent of m and A.
Proof. We shall use the notations f,(z) = f(z,w) and f/(z) =

Or f(z,w). Changing the variable £ = Az and integrating by parts we obtain

A
Tn(A) = 35 § €€/ (€) de

0

1¢(1,
- _ ?S [Xfw(g/A)f—mfw(S/)\) Im+1(€) d€

0
1
0

In order to justify these calculations we note that the hypotheses imply
that there exists a constant M, € Lq(a,b) such that |z f/ (z)] < M, for

f:; () — mfo(z)]Jms1(Az) dz.

> =
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x € [0,1]. Therefore, f/(x) is absolutely integrable in z € [0,1]. Expanding
fw(z) around zy = 0 and using the boundary condition f,(0) = 0 we get,
for x € (0,1],

folx) = fL(W12)r, 0<V; <1
Substituting this expression into the integrand we obtain

1

In(0w) = =5 § [ @) — m AL )1 (M)
0

Applying Lemma 1 we deduce the required estimate. When m = 0 we do
not need to expand f,(z) around o = 0 and, therefore, we do not need the
condition f,(0) =0. m

REMARK 4.1. The fact that Assumptions A are valid for the initial func-
tion means that ¢(r, 0) satisfies the hypotheses of Lemma 2 for m = 0 and
its second derivative d3¢(r,0) satisfies the hypotheses of Lemma 2 in the
general case.

In the sequel we shall calculate the eigenfunction expansion coefficients
of u? by means of multiplying two series, i.e.,

(ug)gLn (t) ( Z upq qu Z uls Xls, an)
||an||r 0 0

T,

1

- W Z (quXlsaan)noapq(t)ﬁls(t)_
mn |70

P;q5l,s
Therefore, we shall need estimates of the coefficients

1
g l

(4.1)  Gmnpgis = W Gmnpats =\ 7T M) Jp (Apgr) Ji(Ais7) dr
m\/\mn r 0

for integers m,p,l > 0 and n,q,s > 1.

LEMMA 3. The following inequality holds:

V )‘mn
vV qu)‘ls 7

where the constant is independent of m,n,p,q,l,s.

(42) ‘amnpqls’ < C

Proof. Using (2.4) and the estimate [18, 25]
(4.3) |7, (2)| < C/z, v>0, 2>0,

for each of the Bessel functions in the integrand we obtain (4.2). m
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LEMMA 4. For a function f(r,0) satisfying Assumptions A the following
estimate holds for integers m >0, n > 1:

~ C
4.4 Fon| < =
(4.4) | frnn] P (m 1 1)

Proof. By Lemma 2 and (2.4), for m = 0 we have

™ 1
-~ 1
| fon] < df ‘ [ To(Aonr) £ (r,0) dr
0

S T O
1 7 C
< \3/2 S Codb < 3/2

Oon -—m On »

where Cy € Ly(—m, 7). To justify the use of the iterated integral above we
note that it follows from the hypotheses of the theorem that there exists
Ny € Ly(—m,m) such that |0, f(r,0)] < Ng/+/r, r € (0,1). Therefore, since
f(1,0) =0, we have
1
1£(r,0)] < {10 £(£,0)] d§ < cNy

uniformly in r € [0, 1].

For m > 1 we can integrate two times in 6 using the periodicity condi-
tions 05 f(r, —m) = O5 f(r,—7), k = 0,1, to get

1

~ 1
fmn =7 Y N2 STJm()‘mnT)pm(r) dr,
[[Tm (Amnr)[[7 0
1 0 —im
om(r) = —g—— | e"05 f(r,0) do.

Changing the order of integration and applying Lemma 2 and (2.4) we de-
duce that

s 1
-~ 1
il < 40 | {rJn )05 £ (r,0) d
|f |_ 27THJ7’IL()\TILTLT)H%m2 _Sn (XJT ( T) ef(,r ) '
1 t C
= 3/2 S Codd) < 3/2 :
mn(m+ 1) - mn(m + 1)

The inequality (4.4) is established. m

LEMMA 5. The following estimates are valid for the functions (3.6), (3.7)
with m>0,n>1, N>0,t>0:

(4.5) M) < N (N +1)72A5 07D (m 4+ 1)L exp(— A, t).

mn mn
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Proof. First, we notice that the estimates (4.4) hold for the coefficients
Omn- Next, we use induction on N. For N = 0 and sufficiently small ¢ we
have, from (3.6),

TS (D] < el @i exp(=A5nt) < A2 (m+ 1) 7 exp(=AGyt).
Assuming that (4.5) holds for all 6#?21( t), 0 <k < N —1, we shall prove that
it is valid for £k = N. We shall estimate a typical term on the right-hand
side of (3.7) using the inequality [14, p. 181]

JEN+L-) TP <2N+ )P+ (N +1-5)77, 1<j<N.

Denoting this term by %21,2( t), we have, by (2.4),

SO < Amn §exp[=A,,, (8 = 7))
0

~(N—j
Y \amn,,qlswzw V()] [5rs (7)] dr

p,1>0;¢q,52>1
pHl=m

< C)\%Zsmn (t)FmQ(N)7

where

0
1 1 1
o Y Lolot
p,1>0;q,5>1 )‘p )‘ p+1D({+1)
P+l—m

Q(N) ZCJlN372(N+1_])2<CN 1(N+1)

=1
Now we prove that

exp( Ad1 t)
)\a

mn

(4.6) Spn(t) < C

For this purpose we consider several subcases.
(i) If m =0, n =1, then
¢
So1(t) = exp(—A§;t) SeXp(—)\ng) dr = exp(—A§; t)
0
< exp(—)\g‘lt).
T AN
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2, then Mg, > Ago > 21 since Mg =~ 5.52 and

(i) f m =0, n >
). Therefore, for 1 < a <2,

Ao1 =~ 2.42 (see [10]
A «
Aon = 2201 = Ag2 — 2AG1 = Agy [<ﬂ> - 2] >0,
Ao1
and for n > 2 we have
t
Son(t) = exp(—A§,t) Sexp[()\g‘n — 2X§y)T] dT
0
exp[(AGn — 2A1)t] — 1
>‘8‘n - 2)‘81
< — exp(—2Agt) < CeXP(—a)‘Sﬁt).
MGl = 2(Ao1/Aon)?] Adn
(iii) If m =1, n =1, then A1; >~ 3.83, and A}y —2)§; < 0if 1 < a < gy,
where aer = In2/In(A11/Xo1) =~ 1.53, A\ — 2A\5; = 0 for @ = a,; and
AT — 20§ > 0 for ag, < a < 2.
Therefore, if 1 < a < a¢, we can write

= exp(—A§,t)

t
S11(t) = exp(—Afyt) {exp[— (22 — A§y)7] dr
0
- exp[—(2)\8‘1 - )‘(lll)t]

1
= eXp(_)‘tlllt)

2)\81 - A?l
eXP(—)‘(ﬂt) eXP(—)‘Sﬁt)
<C <C .
AN 20 A —1] T A%y

If o = ag,, then
¢
S11(t) = exp(—A§yt) | dr = texp(—Afyt) = texp(—2)t) < C X
0
If avey < @ <2, we can repeat the considerations of item (ii) to get
t
S11(t) = exp(—A%yt) | exp[(ASy—2X5,)r] dr < C
0
(iv) If m > 1, n > 2, then A%, —2A§; > Ay —2A§; > 0 since Aj2 ~ 7.02.
Therefore, the same arguments as in (ii) lead to

eXp[()‘%m B 2)‘81)t] —1

eXP(_Q)‘&t) < CeXP(_)‘&t)
AT - A

Smn(t) = exp(—=A%,.t)

)‘?nn - 2A81
SCexp(—o?)\g‘lt) < Ceng\;)\glt).

The estimate (4.6) is established.
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Next, we examine [, and prove that for m > 0,

C
4.7 r, < ——.
(4.7) T m41
Ifm=0, thenp=1=0and
— 1 1
Iy — — <
2N, N

since a > 1. Assuming that m > 1 we can estimate I, as follows:

1 n 1 < C
_m+2qlsl)\%lq 0‘ m—I1l+1 [14+1) "  m+1

The convergence of the triple sum follows from the asymptotics (2.5) and
the comparison with the corresponding triple integral. Combining (4.6) and
(4.7) we establish (4.5) by induction. m

COROLLARY. The following inequalities hold for N > 0, m =0, n > 2:

(4.8) [T (0] < N (N + D)7 (m 4 1) 7 exp(—2XG1t).
Moreover, form >1,n>1,
(4.9) O (D] < M (N + 1) T2AL T2 (m 4 1) 7 exp(=Afy ).

Proof. Again we use induction on N. For N = 0 we have
~(0 —3/2
[Ton (£)] < elBon] exp(=A5ut) < Ao, exp(=AGst) < Ao, exp(~2)G1t).

Assuming that (4.8) is valid for all A(k)( t), 0 < k < N —1, we estimate
ﬁég)(t). Since for m = 0 the condition p + 1 = m yields p = 0, | = 0 we
should use the inequalities (4.5) to estimate the term

Z| V()] - ooy (1)
7j=1
(

and, therefore, obtain for i)\og)(t) the same estimate as in item (ii) of the
proof of Lemma 5. Similar considerations are used to establish (4.9). m

5. Proof of Theorem 1

5.1. Construction of solutions. We seek solutions of (3.1) in the form

(5.1)  u(r,0,t) Z Zumn )Xmn (7, 0)

m=—ocon=1
(u7 an)r,O(t)

with Uy, (t) = HanHQo
T,
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Since for integer m > 0, J_,,(2) = (—=1)"J(2) and A_p, , = Ay, n > 1
(see [18,25]), we can deduce that

Temn(®) = (=1)™ (), m>0, n>1.

Therefore, we can rewrite (5.1) as
(5.2)  u(r,0,t) = ZﬂOH(t)JU()\Onr)

+ Z T ) [T ()€™ + T (8)e ™™

m,n=1

[ee)

- Z* amn (t)an (Ta 6)

The right-hand side of (5.2) will be used as the notation for the sum on the
left-hand side.

First, we expand u? in a series of the type (5.1), then we substitute it
into (2.1) to obtain

(5.3) () + A G (t) = (WD, (1), t>0,
‘ amn(o) = 52(ﬁmn7 meZ, neN,

where @,,,, are the coefficients of the corresponding expansion of ¢(r, ), i.e.,

N (s Xonn)
~ ~ , 0
Z Z SDmnan(ra 9)5 Pmn = #

Han Hr,O

m=—ocon=1

Note that the estimates (4.4) are valid for Q.

Next, we obtain the series expansion coefficients of v? by multiplying
two series. We have

(u?) i (t)
1 1 T
Sdr 7T (Amnt) S df e~ ™9
HanHr (O —r

{01 JoPogr) + 3 TpOpar) g (D)™ + Ty (e 7]}

q,p=1

X {Z%s(t)!fo()\os Z (Arsr)[Tags (t)e™ +W(t)6’“9]}.
s=1

s,l=1

Calculating the integrals in § we deduce that for m > 0, n > 1,
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- Z AmnpqlsUpg () U1s (t) + Z AmnpglsUpq (t)Urs (t)

p,1>0;¢,52>1 p,q,l,s>1
p+l=m l—p=m
+ Z AmnpglsUpq (t)Uis (1),
p,q,l,5>1
p—l=m

where the coeffcients anpqs are defined by (4.1).

Setting émn = €Pmn (it is convenient to keep ¢ in these coefficients in
order to simplify some estimates) we integrate (5.3) in ¢ to get
t
(5.5) T (t) = eDpp exp(= A%, 1) + Jexp[=A%,, (£ — 7)](u?)),,, (7) dr.

mn
0

For solving this nonlinear integral equation we use perturbation theory. Rep-
resenting U, (t) as a formal series in €,

(5.6) Upn (1) Z eNHLDN) (1)

we substitute (5.6) into (5.5), compare the coefficients of equal powers of ¢
and get the following recurrence formulas for m >0, n>1, N >0, t > O:

(5.7) A(O)()Ziﬁmnexp(—/\“ nt);

50 = o =7)
0
N
~(7 — ~(N —
A s VR )
p,1>0;q,5>1 Jj=1
p+l=m
+ Z Amnpqls Zﬁp{z 1) A(N_j)(T)
P,q,l,52>1
l—p=m
N
+ Z amnpqlsz/\(] 1)(7')@(]\] J)( )}dT, N > 1.
p,q,l,s>1 =
p—Il=m

In order to prove that the formally constructed function (5.2), (5.6), (5.7)
is really a mild solution of (2.1) in the space C°([0,00), H:(£2)), s < a—1/2,
we should examine the convergence of the series

(5.8) u(r, 0,t) Z [Z eNFLEN) () | Xonn (-, 0),

m,n
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where the G5 (t (t) have the estimates (4.5), (4.8), (4.9). Making use of (5.6)
and choosmg e < 50 < 1/c we can establish analogous estimates for as )( t)
(with ¢ (N + 1)~2 replaced by c).

Using (2.4) and (2.5) we deduce that the series

Z)‘mn’/\"ln ’ ([ im (A mnr)”%

representing [|u||Z , converges uniformly with respect to ¢ > 0 for s < a—1/2.
To this end we apply Fubini—Tonelli’s theorem to establish the convergence
of the iterated series ) >~ by means of the comparison with the integral

o0 o0

1
— 2n —1/2)*7%*d
§1m+18(m+n /2) n

1
with sufficiently large A;, By > 0. Thus, u € C°([0,00), H3(£2)) with s <
a—1/2.

We note that for (r,0) € QgQ) and t > 0 the series (5.2) converges
absolutely and uniformly. Indeed, using the estimate (4.3) we get

‘uOn - |Unn (t)] ]
3 Ot = S5 el ey el

Therefore, for ¢ < g9 < 1/¢ (where ¢ comes from the estimates (4.5)) we
can interchange the order of summation in (5.8) and obtain

u(r,0,t) = Z 6N+1u(N)(’I“,9,t),
(5.9) N=0
u™(r,0,t) = Z BN () Xomn (7, 6)..

m,n

From the absolute and uniform (in r,6,t,&) convergence of this series it
follows that wu(r, @,t) is continuous and bounded in ng) x [0, 00).

5.2. Uniqueness of solutions. Assume that there exist two mild solutions
u and u® of the problem (2.1) in C°([0,00), H:(£2)), s < a — 1/2. Then
each of them can be expanded in a series of the type (5.2), and the estimates
(4.5) are valid for the corresponding coefficients. Setting w = u(") — 1) we
expand w in a series of the same type and obtain

w(r,0,0) = 3" Bn(t)X(r,6),

m,n

where
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t

(510)  Dynn(t) = Jexp[=A (t = T[]0 (1) = [(®)] (1)} dr

0
A typical term in the difference in the integrand can be represented as

Fo 2 A~
= 3 Gonnpans [0 (D1 () + T2 (1) (1))
D:q,l,s
For brevity we omit here the convolutions in p and I.
Using the Cauchy—Schwarz inequality and (2.4), (4.2) we can write, for
k=1,2,

‘ > amnpqlsaz(alé)(t)@“(t)‘
p,q,l,s
~(k)

[tpq (1) ’{U\IS( )|
<C mn
2 Z S Ve

\aé’f} @ ()2 )2
<cm(zru<k> 2y O 2)
x (Z|@ls<t>|2qu<qur>u$)”2
l,s

< OV A [ (@)l 0 w0 (1) ]10-

Since ||ut® (¢)]|,.0 < co uniformly in ¢ > 0 we deduce from (5.10) that

t

Boun (O < O (§expl A (0 = )00 )
0

Multiplying this inequality by [[Xmnl|7 o and summing the result over m, n,
we find that for some h > 0 and t € [0, h],

lw(®)I7,0 < CQ(t)(tSFP] lw(@)I170)-

)

where

m,n

t
= 3 AnlbtonlZo ( Jexpl-Aga (¢ 7)) dr )
0
) 1 ep(A,0)
—;Amnuxmui( pnt )

mn
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Note that () is a nondecreasing continuous function on [0, ] and Q(0) = 0.
Therefore,

( sup [lw(t)llr0)* < CQE)( sup [w(t)llr0)* < C(R)( sup [Jw(®)]r0)?,

te[0,T1] te[0,h] te[0,h)]

where C'(h) = CQ(h). We can make the constant C'(h) less than one by
an appropriate choice of h. This contradiction yields the uniqueness for
t € [0, h].
Next, we continue this process for the intervals [T7,T5],[T2,T5],...
[ Tky Tit1], - - . with Ty, = kh and k — oo. Since

S exp[—Ap,,,(t — 1) dr =
Tk

1 —exp[—A%,, (t — T)]
Atn

we deduce that for ¢t € [T, Tg11],

( sup  [lw(t)llro)* <CQU-Te)( sup Jw(t)]r0)*.

te[Ty, Thy1] te[Tr,Th+1]

Setting t = T, +n, n € [0, h], so that Q(t — T) = Q(n), and observing that
the condition CQ(n) < CQ(h) < 1 has already been satisfied we establish
the uniqueness of solutions for all ¢t > 0. =

6. Proof of Theorem 2: long-time asymptotics. Recalling (5.2)
we can represent the solution as

(61) u(r, 9,75) = agl(t)Jg()\glr) —|— Rl(’l“, t) —|— RQ(’I“, H,t),

where

[ee]

Z t)Jo(XonT),

(r,0,t) Z I (M) [Unn ()€ imo —i—umn(t)e*ime].

m,n=1

First, we obtain a subtle asymptotic estimate of up;(¢) and then estimate
the residual terms Ry 2. By (5.6) we have

G () =Y eNHE (1)

Adding and subtracting the integrals from t to oo in the integral represen-
tations of v( )( t), N > 1, we can write



120 V. VARLAMOV

~ o ~ N
50 (t) = exp(-A5t)BY, 5y () = exp(— 5 t) BN + R ()],

BO = @y, S A 7)GS (@0(7)) dr,
0

R§Y () = | expNgym)GHY (@(7)) dr,

t

6.2 60 (i
62 e Z aomqoSZvd] D (a9 ()

q,s=1

[ee]

Z aouqlszﬁz(é RUARC

q,l,s=1 =

+ Z CL(]llqla; Zvl(; 1) A(N J)( )a NZ 15
q,l,s=1
where ) n(t), 0 <s < N —1, are defined by (5.7).
Next, we estimate R (). By (4.2), (4.5), (4.8), (4.9) we have
By (1)

<c S exp(AG;T)
t

L;l X )\—8; exp(—2X\§,7) + l7£1 % )\ia exp(—2A%y7) |dr
< cexp(—AG;t).
Therefore, for ¢ > 0 we obtain
|01 (t) — Be exp(—=A51t)| < Cexp(—2A5;t),

where

o0

(63 B= Y VB0,
N=0

and this series converges absolutely and uniformly with respect to € € [0, &].
Using (4.8) and (4.9) we deduce that for ¢ > 0,

(6.4) [Ri(®)]lr.s < Cexp(=2AG1),  [[R2(t)llrs < Cexp(=Afy).

Taking into account that A\{; < 2A§; for 1 < a < ag, and A{; > 2§, for
aer < a < 2 and combining (6.1), (6.3), and (6.4) we obtain (3.8). m
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