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Abstract. We examine the asymptotic, or large-time, behaviour of the semigroup
kernel associated with a finite sum of homogeneous subcoercive operators acting on a con-
nected Lie group of polynomial growth. If the group is nilpotent we prove that the kernel
is bounded by a convolution of two Gaussians whose orders correspond to the highest
and lowest orders of the homogeneous subcoercive components of the generator. Moreover
we establish precise asymptotic estimates on the difference of the kernel and the kernel
corresponding to the lowest order homogeneous component. We also prove boundedness
of a range of Riesz transforms with the range again determined by the highest and lowest
orders. Finally we analyze similar properties on general groups of polynomial growth and
establish positive results for local direct products of compact and nilpotent groups.

1. Introduction. There have been two different approaches to the
asymptotic analysis of strongly elliptic or subcoercive operators H, the first
through bounds on the corresponding semigroup kernels (see [Dav], [Rob]
or [VSC] for background information), and the second through asymptotic
expansions [NRS]. The first approach has been largely restricted to homo-
geneous operators with the aim of establishing Gaussian bounds valid for
all times. Barbatis and Davies [BaD] pointed out, however, that the kernel
of the simplest inhomogeneous operator, the sum of two distinct powers of
the Laplacian on R?, is a convolution of Gaussians. They then established
that although the higher order term determines the short-time behaviour
the lower order term is important for the long-time distribution. Our aim is
to analyze this phenomenon for sums of homogeneous subcoercive operators
H,,, of different orders m; acting on Lie groups G of polynomial growth.
If, for example, the group G is nilpotent then we show that the kernel is
bounded by a convolution of two Gaussians, the first of order m = maxm;
and the second of order m = minm;: the short and long time behaviours
are governed by the orders m and m, respectively, and the kernel can be
bounded by a single Gaussian if, and only if, m = m, or G is compact.
The last result illustrates that asymptotic analysis through simple Gaussian
bounds is not suited to the study of inhomogeneous operators.
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The second approach to asymptotic analysis through asymptotic expan-
sions originated with the work of Nagel-Ricci-Stein [NRS] and has been
analyzed for nilpotent Lie groups in [DERS]. The method consists in con-
structing asymptotic approximates, G and H,, of G and H by a scaling
limit. In the simplest case G = G the kernel of Hy, gives the leading term
in an asymptotic expansion for the kernel of H. But the situation is more
complicated for non-homogeneous groups with G # Go,. We show, however,
that for a general nilpotent group the leading term in the asymptotic ex-
pansion can be identified as the kernel associated with the lowest order term
Hy, in H. Our argument does not require homogeneity of G' and gives an
optimal estimate for the remainder in the expansion (see Theorem 2.12).

It was shown in [ERS2| that for homogeneous real symmetric second-
order operators the kernel and its derivatives satisfy good large time Gaus-
sian bounds if, and only if, the group G is a local direct product, G=Kx; N,
of a compact group K and a nilpotent group N. Then Dungey [Dun] esta-
blished that the kernels of a large class of homogeneous operators of order
four or more have good Gaussian bounds if, and only if, G = K x; N. Hence
it appears appropriate to begin the analysis of inhomogeneous operators on
nilpotent groups N and the near nilpotent groups K x; N.

In Section 2 we consider nilpotent groups, in Section 3 we discuss why
some of our conclusions are not necessarily valid for general groups of poly-
nomial growth and in Section 4 we analyze local products G = K x; N. Since
good asymptotic bounds for the derivatives of the kernels of second-order
operators are related to boundedness of the Riesz transforms of all orders
[ERS2] we also analyze these relationships for the inhomogeneous situation.
But then there is a range of Riesz transforms to consider, a range delineated
by the order of the singularities, local and global, of the semigroup kernel,
i.e., by the parameters m and m.

Throughout the following G denotes a connected Lie group with po-
lynomial growth, (bi-invariant) Haar measure dg and Lie algebra g. One
can associate a subelliptic right invariant distance (g, h) — d'(g;h) with a
fixed algebraic basis aq,...,aq of g. Let g — |g]' = d’(g;e), where e is the
identity element of GG, denote the corresponding modulus. Then the Haar
measure |B’(g;0)| of the subelliptic ball B'(g;0) = {h € G : |[gh™!|' < o}
is independent of g. Set V(o) = |B’(g;0)|. Next, for all : € {1,...,d'} let
A; = dL(a;) denote the generator of left L translations acting on the classi-
cal function spaces in the direction a;. Multiple derivatives are denoted with
multi-index notation, e.g., if & = (i1,...,in) € J(d) = Upeof{l,...,d'}*
then A* = A;, ... A;, and |a] = n. If p € [1,00], n € N and the function
space equals L, then we set L, = ﬂ|a\:n D(A%). (In general we adopt the
notation of [Rob] and [EIR1].)
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Next for all » € N let g(d’,r) denote the nilpotent Lie algebra with d’
generators which is free of step r. Thus g(d’,r) is the quotient of the free
Lie algebra with d’ generators by the ideal generated by the commutators of
order at least r + 1. Further let G(d’,r) be the connected simply connected
Lie group with Lie algebra g(d’,r). It is automatically a non-compact group.
We call G(d',r) the nilpotent Lie group on d’ generators free of step r and
use the notation § = g(d’,7), G = G(d’,r) for brevity. Generally we add a
tilde to distinguish between quantities associated with G and those associated
with G. For example, we denote the generators of g by @1,...,aq. We also
set L, = Ly(G;dg) and Ls = L,(G;dg) and denote the corresponding
norms by | - ||, and || - ||;. Then the norm of an operator X on L, is denoted

by | X||p—p and the norm of an operator X on L~ by H)N(H;_”?. One sim-
ple example of this construction is for the Abelian nilpotent group G = T™.
Then G = R".

Let m be an even positive integer and for every multi-index « with
|| =m let ¢, € C. The homogeneous mth order operator

H,, = Z Ca A%,

|a]=m

with domain D(H,,) = L ,,, is defined [EIR1] to be subcoercive of step r if

pym?

the comparison operator
H,, = Z Ca A”

|a]=m

satisfies a Garding inequality on L, i.e., there exists a fi,, > 0 such that

(1) Re($, Hn) > fim > [ A°GI2
|a|=m/2

uniformly for all g € C°(G). We let p,, denote the largest value of fi,, for
which this is satisfied and refer to this as the ellipticity constant. Note that
it follows from this definition that there is a 6,, € (0,7/2] such that e’ H is
subcoercive of step r for all § € (—0,,,0,,). It also follows, but this is less
evident, that subcoercivity of step r implies subcoercivity of step s for all
s <r (see [EIR3], Corollary 3.6).

Now let {m;}i1<j<k be a family of even positive integers with m = mq >
... > mg = m. We consider inhomogeneous operators

H=7Y Hp,

j=1
again with domain D(H) = Lj,,,, and now H is defined to be strongly sub-
coercive of step r if each of the homogeneous components H,,, is subcoer-

cive of step r. The highest order m and the lowest order m of the operators
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occurring in the sum will play a key role in all subsequent estimates. Then
the operator H generates a holomorphic semigroup S with a kernel K.

2. Nilpotent groups. In this section we assume that G is a connected
nilpotent Lie group of rank r. Our first aim is to prove the following theorem.

THEOREM 2.1. Assume G is a connected nilpotent Lie group with Lie
algebra of rank r and that the inhomogeneous operator H is strongly subco-
ercive of step r. The following are valid.

I For all o € J(d') and j € {1,...,k} one has D(H®/™s) C D(A®)

and there exists a ¢ > 0 such that
|A%gl|2 < el|HIV ™|,

for all p € D(H®I/™3). In particular, for all « € J(d') there exists a ¢ > 0
such that
[A%plla < e(I[H'* /™ pllo A || HI*/mep|5)
for all p € D(HI®l/™)n D(Hl/m),
II. For all « € J(d') there exist b,c > 0 such that

(AYK) ()] < e(t™1al/m aglol/my(@im) i) (g)

for all g € G and t > 0, where Gg?(g) = V(t)~Vne=b((gl)"¢HY Y gy
ternatively, for all a € J(d') there exist b,c > 0 such that

(A K)(g)] < eft™1el/m a¢=lol/my (v ) =1/m A v ()= m) e5™) (g) v e (g))

for all g € G and t > 0, where el(:? (9) = e~btgle /(D

REMARK 2.2. The Barbatis—Davies estimates, [BaD], Proposition 5.1,
for sums of powers of the Laplacian on R? correspond to bounds

[Ke(2)] < V()Y (el (9) v e (9))-

The last statement of the theorem optimizes the large time decay of these
bounds.

Subsequently, in Theorem 2.12, we establish that the lowest order part
H,, of H determines its asymptotic behaviour by deriving good large ¢ esti-

mates on the difference K; — Kt(m), where K™ is the kernel of the semigroup

generated by H,,. Despite the fact that K; approaches Kt(m) asymptotically
it is not usually bounded by a Gaussian of order m, or any other order,
uniformly for all ¢. This statement is made precise in Proposition 2.15.

The proof of Theorem 2.1 will be given in a series of lemmas, propositions
and corollaries which give extra detail on the asymptotics. For example,
Proposition 2.11 gives several alternative formulations of the kernel bounds.
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The first useful observation is that subcoercivity combined with nilpo-
tency implies the strong Garding inequality.

LEMMA 2.3. If H,, is a homogeneous subcoercive operator of step r and
order m with ellipticity constant p,, then

Re(p, Hnp) > i >, [|1A%|I3

|a|=m/2
forall p € Ly, (G;dg).

Proof. Let Ay =3, /2(A%) A% on Ly(G) and Ap be the compa-

rable operator on Lo(G). If € (0, fiy,) then the Garding inequality (1) for
ﬁm on Lg(é) implies that Re(ﬁm — uﬁm) > 0. Thus the semigroup genera-
ted by ﬁm — ;LA~m is contractive. But then it follows from the transference
arguments of [ERS1], Theorem 2.1 and Lemma 3.2, that the semigroup ge-
nerated by H,, — p4,, is also contractive. Hence Re(H,, — u4,,) > 0 and
the lemma follows. m

It follows straightforwardly from this lemma that there are pu,p > 0

such that the strongly subcoercive, inhomogeneous operator H satisfies the
estimates

(2) Re(p, Ho) > > [[A%[3+u > [|A%|3

|al=m/2 la|=m/2

for all ¢ € Lj,,,(G;dg). We call (2) the strong Garding inequality for the
(inhomogeneous) operator H.

The main idea in the subsequent analysis of the inhomogeneous opera-
tor H is the introduction of a second comparison system consisting of k
copies of the original system weighted in such a way that H is a weighted

homogeneous operator. To this end we introduce a family ¢y, ..., cxq of ele-
ments of g which contains k copies of the algebraic basis a1, ...,aq. Then for
1 €{l,...,kd'} we consider the elements ¢; of g with weights w; defined by
ci—nyar+i = @i and w(;_1yg4; = m/my fori € {1,...,d'} and j € {1,...,k}.
The weighted length ||a| of the multi-index a = (Iy,...,l,) € J(kd') is de-
fined by ||af = 22:1 wy,. Then with these definitions one can write H in
the form
H= Y b,C"
llal=m

The component H,,, of H is expressed in terms of the jth copy of the
algebraic basis ai,...,aq and although it has unweighted order m; it has
weighted order m. Thus H is homogeneous with respect to the weighted
structure with weighted order m.
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Next consider the nilpotent Lie algebra gj which is free of (unweighted)
step r and with generators ¢,...,¢ke. Thus if & = (ly,...,l,) then the
(unweighted) order of the commutator

Gy = s o] ]
is defined to be n and all commutators in g of order greater than or equal
to r 4+ 1 are assumed to vanish. Thus g is the quotient of the free Lie
algebra with kd' generators ¢;, with weights w;, by the ideal generated by
the commutators of unweighted order at least » + 1. Note that the maps
Fe(¢1) = t*e;, with ¢ > 0, extend to dilations on gx. (Cf. [EIR4], Example
2.7.) Let ék denote the connected simply connected homogeneous Lie group
with Lie algebra g, and |- | the modulus on G}, associated with the algebraic
basis ¢1, ..., ke and weights wy, ..., wgar. _

One can now define the natural extension H of H to the spaces L,(Gj) by

H= " b.C"

lleell=m.

The operator H is again homogeneous with weighted order m and the next
lemma states that it is a subcoercive operator on Lo (Gy).

LEMMA 2.4. If the inhomogeneous operator H is strongly subcoercive of
step r then the homogeneous weighted operator H is weighted subcoercive on
Lo(Gy), i.e., there is a p > 0 such that H satisfies the Garding inequality

Re(§, HZ) > > [C¢|3

el =m/2

uniformly for all o € C° (ék)

Proof. The lemma is a weighted version of Lemma 3.10 of [EIR3], using
[EIR4], Theorem 9.2.1V, instead of [EIR3], Theorem 3.3.IIL. m

The operator H can now be analyzed by examining the homogeneous
operator H on the free group G, and then projecting down to G as in [ERS1].
The projection technique requires the introduction of an appropriate homo-
morphism from g to g. There exists a unique Lie algebra homomorphism
A : gk — g such that A(¢;) = ¢, for all [ € {1,...,kd’'} and this lifts to a
homomorphism 7 : Gr— G by the exponential map. Explicitly,

T =expodoexp

where exp : gy — G and exp : g — G. For any finite measure g on Gy let
7.(fi) denote the image measure on G. Then the map m, : M(G) — M(G)
is also contractive (see [ERS1], Section 2).

Using transference techniques one can next prove the first statement of

Theorem 2.1.
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Proof of Theorem 2.1.1. We follow the reasoning of [ERS1], Section 4.
First for all 8 € J(kd') introduce the regularized transforms

Rgy,e = CP (vl + H)II/m (1 4 cf)=N

with ¢ > 0 and N a suitably large positive integer. The factor (I +eH)™
reduces the singularity of the kernels 7{:'5;1,75 of these operators by the intro-
duction of a factor g + (|g')N™. Therefore if N is sufficiently large the
kernels are integrable although the norms ||E5;U1€H1 diverge as v [ 0 or ¢ | 0.
But ]?Eﬂ;u,g is bounded on lr2v =Ly (ék) uniformly in v and e. In particular

|Rgelly_z < 1CP(wI + H) 1PWm |-~ = ||CP(1 + H)~I18I/m||5_~

where the estimate follows from contractivity and the equality by scaling.
Now if kg., . is the kernel of the operator

Rp.e = CP(wl + H) WBI/m (1 4 em)=N

one has kg.. = 7. (kgw.e), where we identify L;-functions with complex
measures, and hence

||Rﬂ;u,8|

22 = [[La(kpwe)llz—2 < | Lg (kswe)llz_z = I Rpwellz_5

So the norm of Rg., . is bounded uniformly in v and € on Ly(G). Then, taking
limits as in the proof of Lemma 4.2 of [ERS1], but using Theorem 9.2.IV of
[EIR4] instead of Theorem 3.3.ITT of [EIR3], one deduces that D(HIAI/™) C
D(C?) and

ICP ¢l < ICP(I + H) W™ 5| 511
for all o € D(HIBI/™) and B € J(kd').

Finally let o = (i1,...,4,) € J(d') and j € {1,...,k}. Introduce the
multi-index 8 by 8 = ((j — 1)d’ +i1,...,(j — 1)d’ +iy). Then D(H!I/ms) =
D(HNIBI/™)y € D(CP) = D(A®) and

1A%¢ll2 = [CPpllz < ICP(I + H) VI |5 s HIFV ™
= GO + By 1V s s il g
for all o € D(H!®/™3), w
The foregoing proof has two immediate corollaries.

COROLLARY 2.5. For all n € N and all o € J(d') with nm < |a| < nm
there exists a ¢ > 0 such that

[A%pll2 < cl[H"pl|2
for all ¢ € D(H™).
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Proof. It follows as in the proof of Lemma II1.3.3 of [Rob] that there

exists a ¢ > 0 such that
A%l < of e A%l -+ max A7)

for all ¢ € C°(G). Then the corollary follows from Theorem 2.1.I and
density. m

COROLLARY 2.6. For all n € N and j € {1,...,k} there exists a ¢ > 0
such that

1A%¢ll2 < eI H gl + ce™ o]l

for all o € J(d') with |a] < nmj, € >0 and p € D(H™).

Proof. This follows from the subelliptic analogue of [Rob], Lemma
I11.3.3, and Corollary 2.5. =

Our next aim is to prove the second statement of Theorem 2.1, the kernel
bounds, and to this end we examine the Davies perturbation

SE=U,5U,"

of the semigroup S where ¢ € CP°(G) is real-valued, o € R and U, denotes
the operator of multiplication by the function e~¢¥ on Lo. Following Dun-
gey [Dun] we consider a one-parameter family (¥g)r>o of functions defined
by
Yr = Rnr

where the ng are cutoff functions of the type considered in [ERS2], Section 2.
These are a family of C*°-functions (ng)r>o for which there exist o >0 and
for all multi-indices o a ¢o > 0 such that suppng C Bp, 0 < ngp < 1,
nr(g) =1 for all g € B/ ;, and

(3) [A%NR |l < CaR—‘al

uniformly for R > 0 and « € J(d'). (These cutoff functions exist because G
is nilpotent, [ERS2], Theorem 4.5.)
Now let H, denote the corresponding Davies perturbation of H,

H,=U,HU,"

where U, is now the operator of multiplication with e~ 2%r and, for simplicity,
we omit any notational dependence on R. Then for each n € N it is clear
that Hy — H" is a polynomial in the A; of (unweighted) order nm — 1 with
coefficients which are polynomials in ¢ of order at most nm. But

(4) UpAiU, ' = A; + 0(Aivr) = Ai + oR(Aing)

and the special properties of the cutoff functions lead to the following esti-
mates.
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LEMMA 2.7. There exists a ¢ > 0 such that
k

(¢, Hop) — (0, Hp)| < eRe(sp, Hp) + ¢y _ e o™ ][3

Jj=1

for all ¢ € CX(Q) uniformly for ¢ € (0,1], R € (0,00) and o € R with
lo] > R~

Proof. If Hj, = U,H,, U, " then it follows as in [Dun], Proposition
4.1, using the strong Garding inequality (2), that for all j € {1,...,k} there
exists a ¢ > 0 such that

(0, Hj,o0) = (0, Hm, )| < € Re(p, Hep) + ce ™+ o] ™ |3

for all ¢ € C°(G) uniformly for ¢ € (0,1], R € (0,00) and ¢ € R with
lo] > R=1. Then the lemma follows by addition. m

COROLLARY 2.8. There exists a ¢ > 0 such that
Re(p, Hyp) > 27 ' Re(p, Hp) — c(lo|™ + |o]™)[l¢lI3

and
(0, Hpp)| < cRe(p, Hp) +c(lo]™ + [ol™)l|¢l13
for all ¢ € D(H), R € (0,00) and o € R with || > R™1.
Proof. This follows from Lemmas 2.3 and 2.7. =
Next introduce 6z by
O = sup{f € (0,7/2] :
Vne[—6,6] [e"H is a strongly subcoercive operator of step r]}.

Thus 0y is a lower bound for the angle of the sector on which S is holomor-
phic.

LEMMA 2.9. There exist c,w > 0 and 6 € (0,0y) such that
[152]|a—s2 < ew(lel™+le™)Izl  (nd | H,SE o < ct—Lew(lol™+lel™)t

for all t > 0, z € C\ {0} with |argz| < 6y, R € (0,00) and o € R with
ol > R7".

Proof. Let ¢ > 0 be as in Corollary 2.8. Then for all z € C with
larg z| < 09 = 2710y A arctan(2¢) ! and ¢ € Ly one has

d i
%Hsfietsﬁﬂg = *QRe(Sfmt@a € GHQSSietQO)
< —2cosORe(S%0,0, HpS%0,0) 4 2|sin 0| - |(SSio, 0, HoSZ0,0)
< —2cos0(27 ' Re(S%,, HS%,,0) — c(lo|™ + |o™)[5%,%13)
+2|sin 0| (cRe(S%o 0, HS o 0) + el o™ + [0™)1| 820, 2113)
< 4c(lo|™ + ™) ll3
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for all ¢ > 0. Hence [|S2||2_o < e2elel” eIzl yniformly for all z € C\ {0}
with |argz| < 6, R € (0,00) and p € R with || > R™!. Then using the
Cauchy integral representation (see, for example, [Rob|, Lemma I11.4.4, or
[Dav], Lemma 2.38) one obtains bounds

1H S22 < 't H(1+w(]of™ + |o)t)e el +1err
uniformly for all ¢ € R and all ¢ > 0. The estimates of the lemma then
follow by slightly increasing the value of w. m

The following lemma is the key to estimating derivatives of the perturbed
semigroup.

LEMMA 2.10. For all o € J(d') and j € {1,...,k} there exists a ¢ > 0
such that
|A%S2|oys < ct—lel/mg gw(lel™+]ol*)t

for all t >0, R € (0,00) and ¢ € R with || > R~!.

Proof. Let n € N be such that nm; > |a|. It follows by induction from
(4) that for all § € J(d') with nm < || < nm there are cg ;.. yv € R
such that

(5) UpAPU, ' — AP0 = "cpmmn (@R)N (AMnR) ... (A" 1R) AV

where the sum is over all N € {1,...,|8|}, all v € J(d') with |y|] < |3| and
Vy-eoyyN € JT(d') with |y1] + ...+ |yw] + |v] = |8 Consider one term in
this sum. Since |y1|+ ...+ [yn| — N >0 and R~! < |g| one has

6) RN (A" nR) ... (A nr)AT¢| 2
<oV ey, o eqy R AN AT
< |Q|Iw\+...+|w|c71 e 1A 0l
by (3). But by Corollary 2.6 one has bounds
|47 ¢ll2 < PP H 0|2 + ez

.....

uniformly for all € > 0 and |y| < nm. Hence
[(R)™] - (A" nR) ... (A nr) A7 g2
< JelP1m ey, o eqy (PP H @l + c~Mlgl]2)

for all ¢ > 0. Therefore taking e = §|p|~!, and adding the various terms, it
follows that there is a ¢/ > 0 such that

I(Hg = H™)pll2 < (OIH @ll2 + (lo] ™™ + [o]™#)5~""[l¢pll2)

for all ¢ € D(H™) and 6 € (0,1]. Choosing ¢ appropriately one deduces that
there is a ¢” > 0 such that

[1H"pll2 < 2(lHgell2 + " (Jo]™™ + ol™™)l¢ll2
for all ¢ € D(H™), R € (0,00) and ¢ € R with |o| > R~
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Next it follows from Corollary 2.6 and Lemma 2.9 that there exist ¢,w >0
such that

|A%SE |22
< el HPSE |50 + 271 S 120
< emmimled (2] HE S |ama + ¢ (Jo]™™ + |0]™™)]|S¢||2—2)
G [ [P
< (@I (2(ent )" (o] ol ) + el o)
forallt > 0,e >0, R € (0,00) and ¢ € R with |g| > R™!. Then the lemma

follows by setting € = t'/™ and making an elementary estimate. m

We now have sufficient preparation to prove the second statement of
Theorem 2.1, the kernel bounds.

Proof of Theorem 2.1.II. For each m,n € N, ¢t > 0 and b,w > 0 with
m > n introduce the functions Gé?,Nfﬁ’"), Eé:’?’") :G — R by

G (g) = V()= Y/ne=tal )" DYy gy=1/mg=ballal e D,

NG9 = (VO™ A V()77 inf e elol retem vt

and
By () = (V)T AV
. (e*b((lgl’)mt’l)l/(m’” V. e*b((lgl’)"t’l)l/("’”)
)y AV ) myettlal T e gl > ¢,
(V ()™ AV (#)=H/m)ebtllal D™ 0 g g1 < g,
It will be a consequence of Proposition 2.11 that Néﬁ’")(g) > 0 and that the
four functions G,()”?) s Gl(;?, G,()’ft) s Gl(;?), NSE’") and E,E,T’") are comparable.

We initially prove bounds for the kernel expressed in terms of Nfﬁ’m).
This is accomplished in two steps. First we derive uniform bounds.

Fix j € {1,...,k} and n € N such that nm > (D’ vV D)/2. Then nm; >
(D' v D)/2. In the Sobolev inequality ([Dun], Lemma 3.1)

(7) el < eV (&)~ E™ (o]l + ¢ nax 14%¢]l2)

one replaces ¢ by A*S;p and notes that one has bounds
147 Sepll2 < e HPV ™ Spp)l2 < 1M o) 2

for each v € J(d') uniformly for all ¢ > 0, by Theorem 2.1.1. Tt follows that
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there exists a ¢ > 0 such that

|A%Sy||2ms00 < ¢V (£) 71/ @ma) (g=lal/ma 4 yny=(nmstlal)/my)
- ch(t)—l/@mj)t—\al/mj_

Repeating the argument with || = 0 and with H* and S} replacing H and
S; yields

[1Sell12 = (IS} [l2moe < V()71 (2m3)

for a suitable ¢’ > 0. Hence

[A%Sat]l1500 < |4 Stllo 00|57 [|2-300 < eV ()M magll/mi
uniformly for all ¢ > 0. Since this is valid for all j it follows that there is a
¢ > 0 such that
(8) 1A% Killoo < (eI pgmlelmyv )=/ m A v(e)=1/m)
for all ¢t > 0.

Next we extend these bounds to establish that there exist ¢,w > 0 such
that

(9) (A K (g)] < (™™ ATl mNG = (g)

forall t > 0 and g € G. Again, fix j € {1,...,k} and n € N with nm >

(D' v D)/2. Substituting A*SZ¢ for ¢ in the Sobolev inequality (7) yields
[A%SEpllo0 < V()M (|A*SPplla + " max [|APSPp|lo)

|Bl=nm;+|al
and substituting the bounds of Lemma 2.10 gives
|A%S2|l200 < C/V(t)fl/@mj)fla\/mjew(g””rgﬂ)t,
Arguing by duality one obtains
| A%S2||1 500 < CV(t)—l/mjt—|a\/m]~ew(g’"+gﬂ)t_
Thus there exist ¢,w > 0 such that
|A%S2][1 00 < C(V(t)fl/m A V(tyl/m)(fla\/m A t*\al/mkw(gmwﬂ)t

for all t > 0, 0 € R and R > 0 such that |g| > R™!. Then by a combination
with (3), (5) and arguing as in (6) one establishes the estimates

1U, AU 'S¢ 1500
<V @)TYm AV THm) N7 jgflelmhi(gTlel/m A ¢lal/my e (o7 et
(V< ]l
< c”(V(t)_l/m A V(t)—l/m)(t—\al/m A t—\al/m)ew”(gm+9ﬁ)t_
Then in particular

(AK) (9)]
< (V)T AV ()7 m) (ol g glol/m) e (@ et o) (@)
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uniformly for all t > 0, g € G, ¢ € R and R > 0 such that || > R™!. Now
for g # e one sets R = |g|’ > 0 so that ¥g(g) = 0 and ¢¥gr(e) = |g|’. Then

(10)  [(A"K)(9)]
< V()Y AV ()T Ymy g lel/m p glal/myge(e™ te)i-elgl’

whenever g € G and ¢ > 0 are such that |g|’ > o~!. On the other hand, for
g € G and ¢ > 0 such that |g|’ < o™}, one has

e TRl TR >

and thus the bounds (10) follow from the uniform bounds (8). Hence (10)
holds for all g € G and ¢ > 0, and the proof of the bounds (9) is complete.
The bounds of the theorem now follow from Statement I of the next
proposition.
PROPOSITION 2.11. Let m,n € N with m > n > 2.
I. For all b,w > 0 there exist V', c,w’ > 0 such that
(m,n) (m,n)
Nw,t S Eb’,t ’
(11) B < Gy GYY,
G G < Gl x GY),
Gy« Gy < enimm
for all t > 0.
II. For all b > 0 there exist b/,c > 0 such that
Gz(:;) < CGIETt) * Gétf)t and Gl(:?) * Gg? < CGIETt)
for all t € (0,1].
III. For all b > 0 there exist b',c > 0 such that
ofY <l + )
for all t > 1.
IV. For all b > 0 and € > 0 there exists a ¢ > 0 such that
Gyt + Gy < Gy
uniformly for all t,s > 0.

Proof. Without loss of generality we may assume the normalization
V(1) =1.
First let w > 1, g € G and t > 0. If |g] < ¢ then with p =
271 (|g|" (nwt) =) (=1 one has
—olgl" +w(e™ + 0"t
_ 7((|g|/>nt71>1/(n71)(nw)fl/(nfl)Qfl(l727(n71)n719m7n727(7171)”71)

< 7471(nw)fl/(nfl)((|g|/>nt71)1/(n71).
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Alternatively, if |g|’ > ¢ then with o = 27 (mw)~"/"(|g|' (mwt)~1)1/(m=1)
one has

fglgl’ +w(e™ + ")t
((| |/)mt— 1/(m— 1)( ) 1/(m—1)2—1(mw)—m/n
% (1 §m= 1 5n—1m—1(mw)(m—n)/(m—l)(lgllt—l)—(m—n)/(n—l))

— 47} (mw)~ mmWfWMH%
271 (mw) /™ < (4w)~1. So
NI (g) < EL(g),

)

where § =

where b’ = 471 (mw)™™.
Secondly, fix b > 0. Then for all g,h € G one has

(lgh=ym/ (=t < 2m/t mll ((lgl’ )m/<m11>+(|h| )m/<m11>)
< /(=D ([gym/ 0Dy ([afym/mD),

SO
ey (oh ™) 2 e ()l (1)
for all t > 0, where b’ = 2=/(n=1p,
_ Nap—1y1/(q—1)
elg?g(g) — —b(Ugl) ™)

for all g € N\ {1} and el(;,]) is defined analogously. Similarly,

eya(h"g) > ) (Mey) (o)
for all g,h € G and ¢t > 0.
Thirdly, if t > 1 and g € G then

(G« G (g) = V) /v ()7 {dhel) (hey) (h ™ g)
G

> V()Y @)Y | dhey (e (e (0)
G

>V vy | dhel) (el (k).
{heG:|h|'<t}

But if [h] < ¢ then e{")(h) > e\ (h). Moreover, t1/™ < t since ¢t > 1.
Therefore

(G} + Gy)()

>V eV dhel) (el ()
{heG:|h|’<t}

> V(f)fl/”el(,? (g)V (t)~L/m S dh e~ 2b((IRID™
{heG:|h|'<t1/m}

=11/ (m=1)

> eV (t)"me (g),
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where

e=mf V() /™ | dne AT
s>0
{REG:|h|'<st/m}

An elementary estimate shows that ¢ > 0. Similarly

(G« G (g) = VO V()7 [ dhel) (gh el (h)

t Cpr 3t

Cp 1

G
> V)~V { dhel (g)e (Bef) ) ()
G

> V(B e (g).
Since V(1) = 1, by normalization, it follows that
B < i)+ )
forallt > 1.
Finally, if ¢ <1 then

(G +Gy)(g)
= V(@) V()T dhey) (gh ey (k)

Cor t
G
> V()Y (e | dhe (g)ey)y) (h)ey))(h)
{REG:|h|'<t1/m}
> V()Y ey (g)V ()Y | dneten)

{REG: R <t1/m}

t

>V VgVt | dhen)
{heGi|nl/<tt/n}
> eV ()" (9),
where
¢ = inf V(s)71/" S dh el(f,l(h) > 0.
{heG:|n' <st/m}

Obviously 61(77:) (g) <1

<
if |[g|" > t then el(:t) (9) < eg?) (9). So
By < et e? G G

for all ¢ < 1. This completes the proof of the estimate (11).

Next fix b > 0. Since e29l" < eel?’leelh™ "9l for all p > 0 and g,h € G it
follows that
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)
< Jah Gy ey (e Gy (h g)el (hgyeeh
G

< e L an Gy (NG (h )
G

< e(V(E)~Ym AV () TLm)ewlem +eMt
forallt >0, g € G and p > 0, where
¢ = max(sup |G} |11, sup |G{7y [1h) < oo,
s>0 s>0
w=max(m (207 (1 —m )" nTH 207 (1 —n7h))" )
and the elg% , are as before. So
Gy # Gy < eN i

for all £ > 0. Since (G}Y + G{P)(g) = (Gy7 * Gy (g™") and NP (g) =

Ugi?#n)(g_l) this completes the proof of Statement I.
Since
(12) Gz(f?)(g) = V(t)_l/m inf e—elgl’twe™t

0>0

for all t > 0 and g € G, where w = m~}(b=1(1 —m™1))™~1 the estimates of
Statement II follow from those of Statement I.

The estimate of Statement IIT follows from the equality (12), with m
replaced by n, together with the bounds of Statement I.

Finally, if b, > 0 then

e (G G ()

< an Gy (ney) (e GUD (7 g)ey) (" g)eel ol
G
< ewe™ (t+s) S dh Gg?)(h)Ggf;)(h_lg)
G
< (V) TV™ AV (s)TH/m)ewe™ (ts)

for all t,s > 0, g € G and ¢ > 0, where ¢ = supu>0|\G§TL)H1 < oo and
w=m1(b-¢e)"H1—-mt))™"L But there is a ¢ > 0 such that V(t) v
V(s) > dV(t+ s) uniformly for all ¢, s > 0. So

(Glgnz) * Gén;))(g) <e(d)y™Hm ir>1% e0lo' V(¢ 4 5) 1/ mewe™ (t4s)
' ’ 0
= o) "GY) 1 (9)
for all g € G. This proves Statement IV. m
This completes the proof of Theorem 2.1.11. m
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The next theorem establishes that K; converges in a strong sense to the

kernel Kt(m) of H,, as t — oo, but we subsequently argue that one cannot
usually expect simple Gaussian bounds for K.

THEOREM 2.12. Suppose G is a connected nilpotent Lie group and k > 2.
Let K and K™ denote the kernels associated with H and Hy,. Set v =
(mg—1 —mg)/my. Then for all o € J(d') there exist b,c > 0 such that

(A% K)(g) — (A*K™)(g)] < et~ t711/m (@i« i) (g)
forall ge G and t > 1.

Proof. First consider the case |a| < m. Let U, denote the multiplication
operators used in the foregoing discussion of the Davies perturbation. Since

D=Vl (A2 K, ) (g) — (A K ™) ()] < [Up(A%S; — A*S VU 15500

where S(™) is the semigroup generated by H,, it suffices to prove that

U, (A%S; — AaS(m))Ungl—)oo < Ct*l’t*\a|/ﬂv(t)*1/mew(gm+gﬂ)t

for some c,w > 0 and all ¢ > 1 and all ¢ € R. Then the bounds in terms

of G,()”?) * Gg%) follow from Proposition 2.11. The foregoing estimates can,
however, be derived by use of the Duhamel formula
t
Uy(A®S, — AUyt = \ds U, A S (H — H,,)S.U, !
0

and the earlier kernel bounds.
The difference H — H,, is a linear combination of monomials AP with
mi—1 < |B| < m. But one has estimates

t
(13) Sds ||UQAaSt(%5)AﬂSsUQ_1H1—>OO < Ctl—(\a|+\BI)/mv(t)—l/ﬂew(gm-i-Qﬂ)t
0
for t > 1 and all o, 8 € J(d') with |a] < m. These are established in two
steps. First, if s € [0,¢/2] then
|UA* S AP S U 1o
< U A" S APU 1000 S8 1
ag(m) - (m)
< ||UQA S(t_s)/ng 1||2—>OOHUQS(15_S)/2
Each term in the product can be bounded by integration of the kernel bounds
given in Theorem 2.1.I1. One finds bounds
U0 A APS,U, 1oy < et — ) (oA (¢ — g)H et s
< = (elH1BD/my () —1/mew(e™ +om)t

APU S 152188 11
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for all t > 1 where the latter bound uses t — s > ¢/2. Integration over [0,¢/2]
then gives a bound of the same form as the right hand side of (13). Secondly,
for s € [t/2,t] one makes the alternative estimate

U, A% S AP S U5 1500 < [UpA S UL o000l UpA? SuUg 100
Integration of the kernel bounds now gives

HUQAG‘St(?s)AﬂSSUQil”l*}OO < ¢t — 5)7lol/mgmIBl/mys ()~ 1/mew(e™ +em)t
< (t — s)7lol/my=IBl/myy () =t/mewle™ +e)t

Since |a|/m < 1 this bound is integrable for s € [t/2,t] and on integration
one again obtains the same form as the right hand side of (13).

Since the expression for H — H,, only contains terms with |5] > my_; it
follows that

¢
[ ds 10 A% SE(H — Hyp)S,U; s o <t (mas=m)/mylal /(e +21
0

for t > 1 and the proof for |a| < m is complete.

The proof for |a| > m requires a somewhat more complicated argument.
One now starts from the Duhamel formula

/2
St — St(m)@ = S ds Sét%)s)/z(sgt%)s)/z(Hm —H))Ss¢p
0

t
+ | ds S ((H,, - H)S.)e.
t/2

Note that by duality the operator S((tm_)s) /2(Hﬂ — H) extends to a bounded

operator whose norm has a possible singularity at s = ¢. But there is no
singularity at s = 0. Similarly (H, — H)Ss has a possible singularity at
s = 0 but there is no singularity at s = ¢. Next if one expands H,, — H =
D1 <|B|<m cpAP and if K(™5 denotes the kernel of the operator St(m)AB
then the Duhamel formula gives
t/2
m m m)p
Ki(g) - Kt( )(9) = Z s S ds (K((tf)s)/z * K((tf)s)/g * K)(9)
mi—1<|B[<m 0
t
+ > s | as Lan kP (n)(L(WAPK,)(g)
mp_1<[BI<m  t/2 G

for all t > 0 and g € G. Note that K (™78 satisfies Gaussian bounds: there
exist b, ¢ > 0 such that |Kt(m)ﬁ(g)| < ct"ﬂ‘/ﬂGéﬁ) (¢) uniformly for all |3] <
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m, t >0 and g € G. Hence if o € J(d') then

(14)  (A°K)(9) — (A°K(™)(g)
t/2
= > e | ds(A K, ) KPY L, Ko)(g)
mi—1<|B|<m 0
t
+ > es | ds [an K ()AL AP KL (9)
mi_1<[Bl<m t/2 G
for all t > 0 and g € G. We estimate the two terms separately. Using the

kernel estimates of Theorem 2.1.IT and Proposition 2.11 for the contribution
over the interval [0,t/2] gives

t/2
| ds (A" KG, ) « K25, K (9)]
0

t/2

<c | ds(t—s) UelHoDm@G) G (G 5 G ()

0
t/2
< cyt— (ol +18)/m S ds (Gi/mz)tfs (G % ™)) (g)
0

for all ¢ > 2 and g € G. But then it follows by repeated use of Proposition
2.11 that

ler * (Gl()%) * Gl(:;)) < CQGI()T?Z

b/2,t—s s ¥ G(ﬂ) * Gl(),ﬂs) * Gl(;,ﬂsl)

b1,t—s

< C3G£TZ * G%t) * ng) < C4G§?2 * Glgzz * ng)
S C5Gb3,t * Gl(14,72+s S C5Gb3,t * Gl(15,2
uniformly for all ¢ > 2 and s € (0,¢/2]. Hence

t/2
(15) | ds|((A“K G2, ) = K5 L+ KL (9)]
0

< c5t1*(‘“|+‘ﬁ|>/m(G£fZ « Gé’;fi)(g)

forall t > 2 and g € G.

To bound the contribution over the subinterval [t/2,t] we proceed sim-
ilarly, although there is one new problem with the left translations. It follows
from the proof of Lemma 4.3 of [EIR3| that there is a ¢ > 0 and for all
v € J(d') with |a| < |vy| < r|a| a function f, : G — R such that

(16) L hHAL(hy = Y f(A

la]<|v|<rl|e
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and |f,(h)| < c(Jh)"1=1el for all 4 and h € G. (Since G is nilpotent the
series expression given in [EIR3] terminates after a finite number, at most
r, of terms.) Therefore

| ds | dh K™ (h)(A°L(R) A K.)(g)]
t/2 G

< > Vas Van &2 m) - 1£,(0)] - (A A7 K)(h ™))

la|<|y|<rlal t/2 G

t

<¢ 30 Vs fanfEizin)
la|<|y|<rlal t/2 G
X (|h|/)I'y\*\alsf(\ﬁlJr\'vl)/m(Gl()%) « Gl()gl))(h—lg)

t
< = (el+18)/m Z S ds S dh |K£%2 (h)|

la|<|yI<r|al t/2 G
x (|h]'sVm)i=lel (i) s g™y (1)

uniformly for all ¢ € G and t > 0. But for s € [t/2,t] one has s~/ <
(t — s)~Y/ and an elementary estimate gives

[ WY1l <eG (m(hI (¢ = )71l < G ()
uniformly for all ¢ > 2, s € [t/2,t] and 7 with || < |y| < r|a|. Thus

t

(17) | ds|((A°K™) « (A7K)(9)]
t/2

< (el | ds (G4 (G« GI™))(g)

bt—s
t/2
< c/tlf(\alJr\ﬁl)/m(Gl()/ﬂJ) % Gl()"z))( )

uniformly for all ¢ > 2 because G,(:Z) can be bounded by a multiple of G,(:Z)
for s € [t/2,t].

Combination of (14), (15), (17) and Proposition 2.11.I then gives the
desired bounds. =

COROLLARY 2.13. If k > 2 then there is a ¢ > 0 such that
K — K™ oo < ct™V(E)™2 and K, — K™|| < ct™

for all t > 1, where v = (mp—1 — my)/m.
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Proof. The first statement is an immediate consequence of the estimates
of Theorem 2.12. The second follows straightforwardly by integration of the
estimates. m

REMARK. The following example establishes that the exponent v in these
asymptotic estimates is optimal. Let G = R? and Hpy, = A™i/2 where
A= - 92 Then

K@) = (2m)~ | dg eireetIem +atiel ™)
Rd
and
K™ (2) = (2m) 74 | dg eiéetIel
Rd
for z € R%. Thus one finds that
| Ko = K™l = [K4(0) — K™ (0)]
= (2m)~¢ S dg e~ e (1 — et UE™ 4 el ™)y

> (QW)_deE emtIE () — el

= (2m) "~ m S dne” ™1 — et Il
R4
> m e dpe R )
{m:|n|™k-1 <e}
for t > 1, where € > 0 is chosen small enough so that 1 —e™" > 27! holds

for all r € [0,¢]. Therefore one has an estimate ||K; — K{*||oo > c/t=/t~4/m
for ¢ > 1. So the constant v is optimal in this case. m

Note that for self-adjoint operators the kernel is positive at the identity.
COROLLARY 2.14. If H and H,, are self-adjoint then there is a ¢ > 0

such that
Ki(e) > c(V(H) "™ AV ()1 m)

for all t > 0.

Proof. By [EIR5], Corollary 2.4, one has an estimate Kt(m)(e) >
¢V (t)~Y2 for all t > 0. Combining this with the first statement of Corollary
2.13, it follows that there exist ¢ > 0 and 7" > 0 such that

Ki(e) > eV (t)~H/m
forallt > T.

Alternatively, K; satisfies mth order Gaussian bounds for t < T. Then
by Corollary 2.2 of [EIR5] one obtains an estimate

Ki(e) >V (t)~/m
fort<T. m
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Although Corollary 2.13 indicates that K; approaches Kt(m) asymptoti-
cally it cannot be expected to be bounded by a Gaussian of order m uni-
formly for all t. We make this statement precise.

PROPOSITION 2.15. Suppose n € N\ {1}. The following conditions are
equivalent.

I. There exist b,c > 0 such that |K;| < cGéTlt) for all t > 0.
II. n=m=m or G is compact and n > m.

Proof. “II=I”. If n = m = m then Condition I follows from [ERS1],
Theorem 3.5. Alternatively, assume G is compact. Then Condition I follows
for ¢t <1 from Theorem 2.12 and Proposition 2.11.I1. Next let b,c > 0 be as
in Theorem 2.12 for |a| = 0. Then

EKilg)| < eV ()72 < ev (1)~ m(Gp me N Gl (g)
for all t > 1 and g € G, where x = max{|g|' : ¢ € G} and G is the Haar
measure of G. L

“I=II". For t > 0 set Ly = K/ * K;/2, where K,(g) = K(g~"). Then
it follows as in Step 2 of the proof of Theorem 1.1 of [Dun] that there exists
a ¢ > 0 such that K;(e) > ¢V (t)~'/™ for all t > 0. On the other hand, it is
a consequence of Theorem 2.1.IT and Proposition 2.11 that there is a ¢/ > 0
such that Ly(e) < ¢ (V(t)~Y™ AV (t)~Y/m) for all t > 0. These bounds are
compatible for small ¢ if, and only if, n > m. Moreover, they are compatible
for large ¢ if, and only if, D/m < D/m and this gives the two possibilities
of Condition II. m

Note that the only compact nilpotent Lie groups are products of tori.

3. General groups. Let G be a Lie group of polynomial growth and H
a strongly subcoercive operator of step r. In the previous section we esta-
blished that if G is nilpotent and its Lie algebra has rank r, or less, then H
satisfies the strong Garding inequality (2). In particular H is accretive. But
for this nilpotency of G, or some more stringent assumption on the step of
subcoercivity, is essential. The conclusion can fail even for compact G if the
step is small.

Let G = SO(2), the compact three-dimensional group of rotations. Thus
g has a vector space basis, i.e., an algebraic basis of rank 1, of elements
a1, az,ag satisfying [ay, az] = as, [az,a3] = a1 and [ag,a1] = as. Then G =
G(3,1) = R3, by definition. Now consider the self-adjoint operator

H=—A2 - A2 — A3 +idA3 = — A7 — A3 — A2 +i)[Ay, A5

where A € R. It follows from the second expression for H that it is subco-
ercive of step 1 and homogeneous of order 2. The spectrum of H consists,
however, of a sequence of eigenvalues [(I + 1) — mA with [ € Ny and m € Z
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with |m| < 1. Thus if A > 2 then H has negative eigenvalues and certainly
cannot satisfy a strong Garding inequality. In fact the multiplicity of the
negative spectrum can be made arbitrarily large by choosing A\ sufficiently
large.

This example has other interesting features. If A = 2 then H > 0 but
it has two zero eigenvalues corresponding to I = 0 = m and [ = 1 = m.
The first of these eigenvalues has a constant eigenfunction but the second
has a non-constant eigenfunction ¢;. Since (1, He1) = 0 but ||4;p1]]2 # 0
for at least one i € {1,2,3} the strong Garding inequality must fail for H.
Specifically, ||4;St[las2 = O(1 VvV t~1/2) for all t > 0 and i € {1,2,3}. As
t — oo the norms are attained by the eigenfunction corresponding tol =1 =
m and as ¢ — 0 their values are governed by the eigenfunctions with large
I =2|m]|.

In the next section we consider Lie groups of polynomial growth which
are a local direct product of a connected compact Lie group K and a con-
nected nilpotent Lie group N. We argue that this restriction is natural by
the results of [Dun| and [ERS2]. If H is a strongly subcoercive operator of
step r with r € N satisfying the Garding inequality

Re(p, Hp) > p Y [[A%|3
loe|=m/2
(which is weaker than the estimate (2)) and, moreover, if the kernel K of
the semigroup generated by H satisfies Gaussian bounds
[Ki(g)] < (G} * Gy ) (o)
then it follows from the estimates
m m “1/m —b Iymy—1\1/(m—1)
(G # G )g)] < eV (p)~ me (Gl

and the arguments in Section 2 of [Dun| that there exists a one-parameter
family (ng)r>1 of cutoff functions such that (3) is valid uniformly for all
o] < m/2 and R > 1. But if G is not a local direct product of a connec-
ted compact Lie group K and a connected nilpotent Lie group N then by
Theorem 4.4 of [ERS2] these cutoff functions exist if, and only if, m < 2.

In the discussion of product groups the strong Garding inequality (2)
for H is crucial. On a general group it implies that H is maximal accre-
tive and consequently has a bounded H,-holomorphic calculus by [ADM],
Theorem G. Therefore

|(Sep, HSip)| < et~ lell3
for all ¢ > 0. Hence it follows from (2), with ¢ replaced by S;p, that

max ||A%Si|la2 + max [|[A%Si||ae < t71/2
laf=m/2 |a]=m/2
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for all t > 0. Then by the usual €,e! inequalities linking the powers of the
A;, i.e., the inequalities

(18) max [[A%pl2 < ™7™ max [|A%pl2 +ce7™ ]2
la|=n1 |B]=n2

which are valid for na > ny, € > 0 and for all ¢ € C°(G), one deduces that

‘m|ax |A%S;|laya < c(t™™/™ A ¢—n/m)
for a suitable ¢ > 0, alln € {1,2,...,m/2} and all ¢ > 0. These latter bounds
are crucial in the discussion of product groups.

4. Local direct product groups. In this section we assume that G =
K x; N is a local direct product of a connected compact Lie group K and a
connected nilpotent Lie group N with Lie algebra of rank r. Moreover, H is
a strongly subcoercive operator of step r and order m > 4. The example in
Section 3 of a second-order operator on a compact group demonstrates that
one cannot expect to derive good asymptotic bounds on the corresponding
semigroup kernel or to deduce boundedness of the Riesz transforms without
further assumptions. Nevertheless one can characterize these properties in
simpler terms. We first consider the Riesz transforms.

THEOREM 4.1. Assume H is accretive. Then each of the conditions in
the following two families, indexed by n € N, is equivalent.

1,. There is a 0, > 0 such that

max |A%Sy |25 < o (E7/™ AETR/m)
uniformly for all t > 0.

Il,. For all « € J(d') with |a] = n and all 7 € {1,...,k} one has
D(H™'™i) C D(A®) and there is a ¢ > 0 such that

max | A%pllz < cl| H"/™ o2
|a]=n

for all o € D(H™/™).
Moreover, if H satisfies the strong Garding inequality (2) then all these
conditions are satisfied.
Proof. It follows from Condition II,, that
| A%S¢]l2a < ¢l H™ ™ S4[|2—0

for all & with |@| = n and all j € {1,...,k}. But since H is maximal ac-
cretive it has a bounded H.o-holomorphic functional calculus by [ADM],
Theorem G. Consequently, |[H™/ ™ Sy||o2 < ¢/t="/™ for all t > 0. Condi-
tion I, follows immediately. Next I,, implies I; by two applications of the
inequalities (18) with suitable choices of e. The proof that Iy implies IT,, is
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essentially a repetition of the arguments used to prove Proposition 4.1 in
[ERS2]. Some extra argument is, however, required since H is not assumed
to be self-adjoint.

First one proves the implication for a direct product K x N and then
uses structure theory to lift the result to the local direct product. The latter
argument is unchanged in the current context and one only needs to verify
the former. But on the direct product one introduces a projection P onto
the subspace of Lo formed by functions constant over K. This is defined
by averaging over the compact component, i.e., averaging over K. Then
Condition II,, is satisfied on PLs by the results established for the nilpotent
case in Section 2. On (I — P)Ls one argues as in [ERS2|, with the aid of I,
to obtain spectral estimates

[HN(I = P)gllz = p||[(I - P)pll2
for some p > 0, some N € N and all p € D(HY). If H is self-adjoint this

immediately implies that H restricted to (I — P)Ls has spectrum in [u, 00)
and hence

[H"(I = P)glla = p™[|(I = P)gll2

for all n € N and all ¢ € D(H™). The general case is, however, covered by
the following spectral lemma for holomorphic semigroups on Banach space.

LEMMA 4.2. Let H be the generator of a bounded holomorphic semi-
group S. The following conditions are equivalent.

L. There exist M > 1 and w > 0 such that ||S¢|| < Me™** for all t > 0.
IT. There exists > 0 such that ||[H" || > p"||¢|| for all ¢ € D(H™) and
all n € N.
II. There exists N € N and v > 0 such that ||[HN || > vV|p|| for all
o€ D(HN).
Proof. I=II It follows by integration of S that H~! is a bounded

operator and
o0

|27 < a8 < Mo
0
Hence [|[H™"|| < (M/w)™ and II is valid with 4 = w/M.
It is evident that II=1III so it remains to prove that III=1.

First since S is uniformly bounded for all n € N there is a ¢, > 0 such
that

(19) [HY ol < e™[HY "0l + cac™ |||

for all ¢ € D(HN*") and € > 0 (see the proof of Lemma II1.3.3 in [Rob]).
Hence it follows from III that

IHY ol > (1 = cne™ )™ [l¢]
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for all ¢ € D(HN*") and all € > 0. Therefore there is a k > 0 such that
IHY* o] > 6]

for all n € {0,...,N — 1} and ¢ € D(HY*™). Another straightforward
application of (19) leads to the further conclusion that there are o,7 > 0
such that

IA = H)YN* "ol = o™l

foralln € {0,...,N — 1}, o € D(HN*") and X € C with || < 7.

Secondly, let o(H) denote the resolvent set of H and R(\) = (\[ — H)™!
the resolvent for all A € o(H). If S is bounded holomorphic in the sector
A(9) then C\ A(r/2—0) C o(H) and R is analytic in this set. But if
Xo € o(H) the Taylor series for RY around this point can be rewritten
in the form

o) B =3 (YT ) 0w - RO Y
n=0
_ Z (mNN+7’L1— 1) ()\O o )\)(m—l)N—i-nR()\O)mN—i-n_

m=1 n=0
But if Ao € (—7r,0) then \g € o(H) and the previous estimates show that
[RX)™ N2 || < [|RM)N || HRNo)M || < 0~™N. Therefore the series
on the right hand side of (20) converges for |A — A\g| < 0/2 and defines an
analytic extension Ry of RY into the interior of the ball By = {X € C:
Al < o/2}.
Thirdly

Sy = (2mi) T H(N = D)=V N dxe ML — H)TN

= (2m)) YN — DD N dxe MRy (M)

Nt N

where T is a positively-oriented contour in o(H), enclosing A(w/2 —6), which
runs from arg A = —(7/2—60)—e to arg A = (7/2—0)+¢, with € € (0,6). This
follows from the usual Cauchy representation for S through integration by
parts. Since, by the foregoing, Ry has an analytic extension to the half-plane
Re A < 27 'osinf one can deform the contour I' so that it lies totally in the
half-plane Re A > 4 'osin . It then follows from the integral representation
that one has bounds ||S;|| < Me=%! for all t > 1 with w = 47 1o sinf. As S is
uniformly bounded these bounds extend to all ¢ > 0 with an enlarged value
for M, i.e., Condition I is satisfied. m

It now follows as in [ERS2] that Condition II,, is satisfied on (I — P)Ls.
The result on Ly is then pieced together from the results on the two com-
ponents PLy and (I — P)L,.
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Finally if H satisfies (2) then Condition I; is satisfied by the discussion
at the end of Section 3. m

The estimates of the second family of conditions in Theorem 4.1 can be
rephrased as a direct statement of the boundedness of appropriate Riesz
transforms if the group G is not compact. For example, combination of the
equivalent Conditions II,,,,, ;2 and I1,,,, /2 yields bounds

max [AYH ™2 ||y_5 < 00
nm/2< |a<nm/2

for all n € N. Boundedness of the Riesz transforms is directly related to the
existence of good asymptotic bounds on the semigroup kernel. The most
straightforward statement to this effect is for self-adjoint H.

THEOREM 4.3. Assume H is positive, symmetric. Then each of the con-
ditions in the following two families, indexed by n € N, is equivalent to each
of the conditions in the two families in Theorem 4.1.

II1,. There is a pu, > 0 such that
(o) = (| max A3+ max [[4[3)

jal=n |=nm
for all ¢ € D(H™).
IV,,. There are b,c > 0 such that for each a € J(d') with |a| = n,

max |(A%K:)(g)] < et ™ A (G % G (g)

forall g € G and t > 0.

Moreover, if one of the equivalent conditions is satisfied then there are
b,c > 0 such that

IKi(9)] < e(Gy7 + GY2)(g)
forall ge G and t > 0.

Proof. Condition IL,,, /2 with j =1 implies that

(o, H" ) > 1 max 1A%ll3

la]=n
for all ¢ € D(H™). Similarly, Condition II,,, o with j = &k implies that

(o, H"p) > p max _[|A%p||3

lo|=nm /2
for all ¢ € D(H™). Since II;<1I; for all 4,5 € N this means that II,=1I1T,.

But ITI,, implies I; because

max || A%S|aso < ct™™/?
|a|=nm/2
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and then by use of (18) one deduces that

max ||4;S||lase < ct™/™
1<i<d’

for all ¢ > 0. Similarly

max || A;Si||ae < ct™H™
1<i<d’
for all ¢ > 0. Thus Condition I; is valid. Next IV,=1, by integration.
Finally II,, together with the strong Garding inequality IIT; implies IV,, by
the arguments used in the nilpotent case. m
It is not clear which condition on the coefficients of a non-symmetric
operator H implies that H satisfies the strong Garding inequality (2) on a
local direct product group.
The next theorem states that as in Theorem 4.3 the strong Garding
inequality (2) implies Gaussian bounds for the kernel and all its derivatives.

THEOREM 4.4. If H satisfies the strong Garding inequality (2) then for
all o € J(d') there exist b,c > 0 such that

(A" K) ()] < e(t™lel/m aglol/my(@im) s i) (g)
for all g € G and t > 0.

Proof. The proof is as in the nilpotent case. Since (2) is valid Condition
II,, of Theorem 4.1 holds and this implies the Gaussian bounds. =

One can also estimate the difference between the kernel K and its asymp-
totic limit K (™).

THEOREM 4.5. Suppose both H and H,, satisfy the strong Garding ine-
quality (2). Let K and K™ denote the kernels associated with H and Hy,.
Suppose k > 2 and set v = (mg_1 — my)/my. Then for all o € J(d') there
exist b,c > 0 such that

(A K)(g) = (A K™ (g)] < et 171Gl « G (g)
forall ge G and t > 1.
Proof. By Theorem 4.4 both the kernels K and K™ have Gaussian
bounds for all its derivatives. Then the proof of the theorem is almost a
repetition of the proof of Theorem 2.12, but there is one difficulty with the

decomposition (16), as there might be more terms involved. Precisely, in the
current situation one has

(21) LhhAacLy = S f (A
la|<[v|<rs|al
instead of (16), where s is the rank of the algebraic basis.

We sketch the proof of (21). One only has to consider the case where
|a] = 1 and |g|" is bounded away from 0, by Lemma 4.3 of [EIR3]. Let K
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and N be the connected compact and nilpotent Lie groups such that G is
the local direct product of K and N, i.e., G = KN, K N N is discrete and
K and N commute. If ¢ € {1,...,d'}, the direction a; has a unique decom-
position a; = az(-K) + aEN) with az(-K) €t and az(-N) € n, where £ and n are the
Lie algebras of K and N. Then
L((kn) Y A;L(kn) = L(k™YYdL(a" ) L(k) + L(n~")dL(a")L(n)

for all k € K and n € N, since K and N commute. Now one can separately
estimate each of the two terms on the right hand side, where the estimate
on the second term reduces to an application of (16). We omit further de-
tails. m

Let G = K X N be a direct product and assume H is positive, symmetric.
Further let P be the projection onto the subspace of La(G) formed by the
functions which are constant over K. The key observation in the derivation
of the kernel bounds is the spectral estimate

(22) [Se(I — P)lamya < Me™**

for all ¢ > 0. Now if the Haar measure on K is normalized such that |K| =1
then the semigroup S restricted to PLg has a kernel K with

Ki((k,n)) = K™ (n)

where K(N) is the kernel of S acting on Lo(N). If (22) is valid, e.g., if the
equivalent conditions of Theorem 4.1 are satisfied, one immediately has

1K: = Killoo = [1S6(1 = P)ll150o
< NISt/all3—ocllSey2(I = P)llz—sa < eV (1) 71/ et

for suitable c,w > 0 and all ¢ > 1. Therefore the asymptotic form of K
can be estimated by the asymptotic form of K. But the latter is determined
by the nilpotent component and its form has been discussed in Section 2.
Finally since K and K are both bounded by a convolution of Gaussians,
of order m and m, the difference K — K has a similar bound. Combining
this observation with the uniform bound on the difference one deduces that
there are ¢/, w’ > 0 such that

1K, — Koylly < /et
for allt > 1.
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