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A note on Tsirelson type ideals
by

Boban Velickovié (Paris)

Abstract. Using Tsirelson’s well-known example of a Banach space which does not
contain a copy of ¢g or lp, for p > 1, we construct a simple Borel ideal Zt such that the
Borel cardinalities of the quotient spaces P(N)/Zr and P(N)/Zy are incomparable, where
Tp is the summable ideal of all sets A C N such that ), 4 1/(n+1) < oco. This disproves
a “trichotomy” conjecture for Borel ideals proposed by Kechris and Mazur.

Introduction. Given Borel equivalence relations £ and F' on Polish
spaces X and Y respectively, we say that E is Borel reducible to F' and
write F <gor F' if there is a Borel function f : X — Y such that for every
z and y in X

zEy it f(z)F f(y).
For such f let f*: X/E — Y/F be defined by f*([z]g) = [f(z)]r. Then f*
is an injection of X/FE to Y/F which has a Borel lifting f. We write
E ~Bor F it F <Bor F&F <Bor E.

By an ideal Z on N we mean an ideal of subsets of N which is nontrivial, i.e.
N & 7, and free, i.e. {n} € Z, for all n € N. We say that Z is Borel if it is a
Borel subset of P(N) in the usual product topology. Given a Borel ideal 7
on N we define an equivalence relation E7 on P(N) by letting

XEzY ifandonlyif XAY e€Z.

Finally, we write Z <o, J iff Fz <por F7.

The class (£, <por) of all Borel ideals with this notion of reducibility
was studied by several authors. Here we identify two ideals which are ~gq,-
equivalent. In [LV] Louveau and the author showed that this structure is very
rich by embedding into it the partial ordering (P(N), C*) (where X C* Y iff
X \Y is finite). The ideals constructed in this proof are all F,5 and P-ideals
(recall that an ideal Z is a P-ideal iff for every sequence {4, : n € N} of
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members of Z there is A € Z such that A,, C* A for all n). The interest of
looking for P-ideals is that in this case, by a result of Solecki [So], (Z,A) is
a Polish group under a suitable topology. The construction from [LV] was
later modified by Mazur [Mal] to obtain F, ideals. However, Mazur’s ideals
are not P-ideals.

By <rk we denote the Rudin—Keisler ordering on ideals, i.e.

T<gkJ iff If:N-NXcT f1(X)eT).

The Rudin—Blass ordering <grp is obtained by requiring in the above defini-
tion that f be finite-to-one. It is clear that Z <gp J implies Z <rk J and
this in turn implies 7 <gor J. It is an open question whether 7 <g,, J iff
there is a set A € J* such that Z <gp J|A, the restriction of J to P(A).
In all known cases, this seems to be true. Mathias [Mat], Jalali-Naini [JN],
and Talagrand [Ta] showed that FIN <grp Z for any Borel (in fact, Baire
measurable) ideal Z, where FIN is the ideal of finite subsets of N. Thus, in a
way, the “Borel cardinality” of P(N)/FIN is the smallest among all P(Z)/Z
for Z a Borel ideal.

Recently, Kechris [Ke2] addressed the issue of finding minimal ideals
above FIN under <g,.. He was motivated by the well-known dichotomy
results on Borel equivalence relations. He identified two ideals related to
FIN denoted by () x FIN and FIN x () (in fact, these ideals are defined on
N2 but they can be moved to N by some fixed bijection). Define

X €0 xFIN iff Vm({n:(m,n) € X} is finite),
X EeFINx0 iff Im(X CmxN).

Thus, it is known and fairly easy to see that () x FIN and FIN x () are
incomparable under <p,, and strictly above FIN (see [Ke2] for complete
references). Say that Z and J are isomorphic iff there is a permutation 7
of N such that X € 7 iff 7(X) € J. Finally, say that Z is a trivial variation
of FIN iff there is an infinite set A such that Z = {X C N: X N A is finite}.
Kechris then showed that both ) x FIN and FIN x () are minimal above FIN,
in the following strong sense.

THEOREM 1 ([Ke2)). If T is a Borel ideal and T <o ) x FIN (FIN x 0,
respectively) then either it is isomorphic to ) x FIN (FIN x ), respectively)
or it is a trivial variation of FIN.

By another result of Solecki [So], if Z is a Borel ideal then FIN x ) <gp Z
iff Z is not a P-ideal. Moreover, if Z is a P-ideal then ) x FIN <grp Z iff
7 is not F,. Thus, any ideal which is incomparable with both FIN x ()
and () x FIN is an F, P-ideal. One way of obtaining such ideals is from
classical Banach spaces. Fix any (o), € ¢f \ l1, where cg is the space of
all nonnegative sequences of reals converging to zero; for concreteness let us
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say ay, = 1/(n+ 1) for all n. Define the ideal Zy by

X eI, iff Zan<oo.
neX
Then, clearly, Zp is an F, P-ideal. It is known that Z; is incomparable in
the sense of <p,, with both FIN x () and () x FIN (this follows from results of
Kechris-Louveau [KL], Hjorth [Hj1], and has also been shown independently
by Mazur [Ma2]). Moreover, Hjorth [Hj2] proved that if Z <., Zy, then
either Z ~por Zp, or else 7 is a trivial variation of FIN. In the light of these
results Kechris conjectured that the following trichotomy holds.

CONJECTURE 1. If T is any Borel ideal on N and FIN <g, Z then either
FIN x ) <gor Z or @ x FIN <por Z or Zg <por Z.

As noted in [Ke2], this is equivalent to a conjecture of Mazur [Ma2]
which asserts that if 7 is an F, ideal with FIN <p,, Z, then FIN x () <p,, Z
or Zy <por Z. In this note we disprove this conjecture by showing that an
ideal associated with the Tsirelson space provides a counterexample. This is
a Banach space which does not contain an isomorphic copy of the classical
Banach spaces ¢y or [, for 1 < p < oo.

In fact, the picture seems to be much more complicated than suggested
by the above conjecture. Thus, apparently, there are no minimal (in the
sense of <p,,) ideals below the ideal Zt constructed in the next section, but
on the other hand, (P(N) C*) can be embedded in the class of Tsirelson
type ideals ordered by <gp,,, etc. We plan to present these and other related
results in a later paper. There is a large literature on Tsirelson’s and other
related Banach spaces. For a good if somewhat outdated survey we refer the
reader to [CS], and for a more recent survey to [OS].

REMARK. A proof of the main result of this paper was found indepen-
dently by Ilijas Farah in “Ideals induced by Tsirelson submeasures”, which
appears in this issue of Fundamenta Mathematicae.

1. Tsirelson’s space. We now present the Figiel-Johnson version of
Tsirelson’s space (see [FJ] or [CS]). This is actually the dual of the original
space constructed by Tsirelson. We start with some definitions.

(a) If E, F are finite nonempty subsets of N we let E < F' iff max(E) <
min(F'). We write n < E instead of {n} < E. Similarly we define £ < F, etc.
We say that a sequence {E;}5_| is admissible if k < By < Ey < ... < E}.
In general, given an increasing function A : N — N and an integer k£ we say
that a sequence {E;}!_; is (h, k)-admissible if k < By < By < ... < E; and
I < h(k).

(b) Let R<“ denote the vector space of all real scalar sequences of finite
support and let {¢,}5°; be the canonical unit vector basis of R<“. Given a
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vector £ =) ant, € R<¥ we define Ex = )" _p a,ty, the projection of x
onto the coordinates in F.

(c) We define inductively a sequence (|| - [|;)59_, of norms on R<¥ as
follows. Given z = ant, € R<¥ let

lz|lo = max,|a,].

For m > 0, we set
1 k
%1 = max { ]I, 5 sup D B @l {E; M-, s admissible}.
j=1
(d) One verifies that the || - ||, are norms on R<%¥_ they increase with m,

and that for all m,
|zllm < lanl.

Thus, lim,, ||z|/,, exists and is majorized by the l;-norm of z. Therefore
setting

]| = Tim ]|
m
defines a norm on R<¥.
(e) Finally, Tsirelson’s space 7' is the || - || completion of R<%.
Recall that {¢,,}5, is the canonical unit vector basis of R<“. A block is

a vector y of the form ) _; a,t, for some (finite) interval I in N. We now
record some basic properties of the space T' (cf. [CS, Proposition 1.2]).

PROPOSITION 1. (1) The sequence {t,}32, is a normalized 1-uncondi-
tional Schauder basis for T.
(2) For each x =73, ant, €T,

1
x| = max{max]an| supz |Ejz| : {E; }k 118 admzsszble}

(3) For any k € N, and any k normalized blocks {y;}*_, such that for
some integers k —1 < p; < py < ... < Pr+1, Yi 1S a lmear combination of
the base vectors t,, for p; <n < p;y11, we have

7Z|b ‘ < szzyz

for all scalars {b;}%_,.

!bl

i=1

We are now ready to define a Tsirelson type ideal Zt. Fix a vector
a=Y ant, € cg \ T, for instance, we could again take a, = 1/(n + 1).
For a finite subset E of N define 7(F) = ||E«/||, and for an arbitrary X C N
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let
7(X) =sup7(X Nn).
n

It is now clear from Proposition 1 that 7 is a lower semicontinuous submea-
sure on P(N) and that for any X,

7(X) <oo iff lim 7(X\n)=0.

Hence the ideal
Ir ={X :7(X) < o0}
is an F, P-ideal.
The main result of this note is the following.

THEOREM 2. Z1 and Iy are incomparable under <gor.

Proof. It suffices to show that Zg ﬁgor Zr. Assume otherwise and fix a
Borel function f : P(N) — P(N) witnessing that Zy <oy Z1. We first prove
the following.

LEMMA 1. There is an infinite increasing sequence Fy < Fy < ... of
finite sets and a sequence (Bp,)n € car \ l1 such that for every X C N,

7'( U Fn)<oo iff Zﬁn<oo.
neX neX
Proof. First we show that we may assume that f is continuous. To this
end, fix a dense G set G such that f[G is continuous. Then, by a standard
fact (see [Kel, §8.9]), there is a partition N = X, U X and sets Zy C X,
Z1 C X such that, for any i € {0,1}, if X N X; = Z; then X € G. Fix now
i such that X; € Z . It follows that the function g : P(X;) — P(N) defined
by
9(X) = f(XU Z1)
is continuous and witnesses Zy[X; <por ZT. Moreover, it is easily seen that
for any X € Z; we have Zy <gp Zo|X. Therefore, by composing we can
obtain a continuous function witnessing Zy <go; Z.
To simplify notation assume now that f is already continuous. Following
[Ve, Lemma 2|, we can find a strictly increasing sequence 0 = ng < n; < ...
of integers, sets Z; C [n;,n;+1), and functions f; : P(n;) — P(n;) such that:

(a) for every X C N, if X N [n;,ni41) = Z; then f(X)Nn; = fi(X Nn,),
(b) for every X,Y C N, if X N [n;,n;+1) = Y N [ng,ni41) = Z; and
X AY Cn; then

T((f(X) A F(Y)) \ nigr) <1727
To see why we can arrange

(b) suppose that at some stage ¢ no n;y;
and Z; can be found satisfying (b).

Then, as in [Ve, Lemma 2], by using the
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continuity of f, we can find X,Y C N and an infinite increasing sequence
n; = mg < my < ...such that X AY C n; and for every 7,
T(f(X) & f(Y) N [myj,mie1)) > /27

But then we would have X AY € 7, while 7(f(X) A f(Y)) & Zr, contra-
dicting the assumption that f is a reduction witnessing Zo <gor ZT-

Now assume that sequences (n;); and (Z;); have been found satisfying
the above conditions. For ¢ = 0,1, 2, let

X5:U{[ni,ni+1) ci=emod 3}, W, :U{Zi 1 =¢emod 3}.
Assume for concreteness that Xy € Zp and define a function g : P(Xy) —
P(N) by

g(X) = f(X U W1 U Wg) A f(Wl U Wg)
Then g is continuous and witnesses Z[ Xy <gor ZT. Now, for each i, define
a function g; : P([nsi, n3i+1)) — P([nsi—1,n3i12)) by
gi(X) = g(X) N [n3i—1,n3i12)
and let
9" (X) = Ugi(X N [n3i;n3i41))-

Note that (a) and (b) imply that for every X C Xy,
* = 1
H(g(X) A g (X)) €D gy < 1

i=1

Now since g witnesses Z| Xy <por ZT and g(0)) = () it follows that for any
X g XOa

Xel, iff ¢g"(X)eZr.
Since X & Zp we can find subsets B; of [ns;, n3;4+1) such that if we let

1
Bi= D 5T

then lim; .o, 3; = 0 and > .2 3; = oc. Finally, let F; = g;(B;) for each 1.
Then the sequences (;); and (F;); are as required. m

For the remainder of the proof fix sequences (F)), and ((3,), as in
Lemma 1. For a subset X of N define

P(X) = Bn
neX
Then for every such X we have

1) o(X) < oo iff T( U Fn) < .

nex
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Given a finite subset a of N let E, = |, ¢, Fn. For a sequence S = {a, }52,
of finite subsets of N let FU(.S) denote the family of finite unions of members
of S. Call such an S acceptable iff a1 < as < ... and

n—o0

o

lim 7(E,,) =0 and T( U Ean) = 00.
n=1

Given an acceptable sequence S = {a,}>2; define

K(S) = sup Té(E(;”)).

Note that if S* C FU(S) is also acceptable then K (S*) < K(S). Finally, let
K =inf{K(S) : S acceptable}.

We first prove the following.
LEMMA 2. K =0 or K = o0.

Proof. We show that if there is an acceptable S such that K(S) is finite
then there is another acceptable S* C FU(S) such that
119
K(S") < — .
(5) < 130 K(S)
The proof of this follows closely that of Lemma 2.1 of [FJ] or Proposition 1.3
of [CS]. To begin, fix an acceptable S = {a,,}52, such that K(S) is finite.
Note that since 7({J,—; E,,) = oo and lim,,_,o 7(E,,) = 0 we know that
for n > 0 and every integer k we can find some b € FU(S) such that k < E,
and 15/(16n) < 7(Ep) < 17/(16n).

CLAIM 1. For every n > N and k there is b € FU(S) such that k < Ej,
119 30
Ey) < — d b) > ———.
(B < G and o) 2 5

Note that using this claim we can easily produce an increasing sequence
by < by < ... of members of FU(S) such that

n—oo

< 7K(S)7 Z @(bn) = 00, lim T(Ebn) = 0.
n=1
Then S* = {b,}>°, is acceptable and K (S*) < %K(S), as desired.

Proof of Claim 1. Fix n > N and k. First find some by € FU(S) such
that k£ < Ej, and
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Set ng = max Ej,. Now let r = 2n( and find sets b; € FU(S), for 1 <i <r,
such that by < by < ... < b, and, for every 1 <i <r,
15 17
<7(E, )< .
16nr — 7(Ep) < 16nr

Finally, let &’ = J;_, b; and b = by Ub’. We claim that b is as required.

Consider an admissible sequence | < Hy < ... < H; for some [. If [ > ng
then

l l l
ZTH N Ey) :ZTH N Ey) < 27(Ey) Z 34.

j=1 j=1 =1

If | < ng we define
A={i>0:H;NE, #0 for at least two values of j},
B={i>0:H;NE,, #0 for at most one value of j}.

Then, since A has at most [ elements, we have

l l
N r(H; N Ey) <Y r(H; N Ey,) + (ZZ+ZZ) (H; N Ey,)

j=1 i€Aj=1 i€Bj=1
<27(By) +2> 7(By)+ Y 7(Ep,)
i€EA i€B
34 17 17 r+1
< L @Q4r—1 < L9
< g @AY )16nr_16n< T )

Ty ) _ 119
= 16n r ) 32n

From these two inequalities it now follows that
1¢ 119
7(Ep) = sup {2 ; 7(H; N Ey) : {H;}._, is admissible } <o
On the other hand, notice that
_ ;w(bi) > KES) ;T(Ebi) > 1673!2(5)
This completes the proof of Claim 1 and Lemma 2. =

We now show that (1) fails in both cases of Lemma 2, thus arriving at a
contradiction.

CASE 1. K = 0o. We consider two subcases.

SUBCASE la. Suppose there exist N € N and ¢ > 0 such that for every
k > N there is Ny such that for every a if Ny < E, and 2/k < 7(FE,) < 4/k
then ¢(a) > ¢/k. In this case we can produce an infinite increasing sequence
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S = {ap}2 y of finite subsets of N such that 2/k < 7(E,,) < 4/k and
o(ar) > ¢/k for every k > N. It follows that S is acceptable and that
K(S) < 4/e, contradicting the fact that K = oo.

SUBCASE 1b. Suppose Subcase 1la does not hold. We first show the fol-
lowing.

CLAIM 2. For every N € N and € > 0 there is a finite set a of integers
such that N < E,, 7(Eq) > 1, and ¢(a) < e.

Proof. Fix N € N and € > 0. By our assumption that Subcase 1a does
not hold we can find k¥ > N and sets {a;}*_, such that max{k, N} < E,, <
. < By, 2/k < 7(E,,) < 4/k and ¢(a;) < e/k for i = 1,..., k. But then,
since the sequence {E,, }¥_; is admissible, by setting a = Ule a; and using
Proposition 1 we have

k

1 1.2

E,) > - E,)>-k—=1.
B 2 53 (B 2 5k
On the other hand,
k
€
pla) = pla;) <k =e.

i=1
Thus we have N < E,, 7(E,) > 1, and ¢(a) <c. m

Now by using Claim 2 and Proposition 1 again, we can easily produce an
infinite set X such that ¢(X) < oo and 7(|J,,c x Fn) = 00. A contradiction.

CASE 2. K = 0. We first show that for every integer N and € > 0 there
is a finite subset a of N such that N < E,, 7(E,) < ¢, and ¢(a) > 1. To see
this, fix an acceptable S = {a,}22; such that K(S) < /2. Moreover, by
thinning out if necessary, we may assume that N < E,, and that ¢(a,) <1
for all n. Now there is an integer k such that letting a = Ule a; we have
1 < ¢(a) < 2. On the other hand, using the fact that 7 is subadditive and
that 7(E,,)/p(a;) < €/2 for every i, we have 7(E,) < ¢.

Now we easily produce an infinite set X such that ¢(X) = oo, but
T(Unex Frn) < oo. A contradiction. =
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