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Abstract. A simple arc ¢ is said to be a Whitney arc if there exists a non-constant
function f such that
L @)~ fo)| _
a0 |p(x) — p(zo)]
for every xg. G. Petruska raised the question whether there exists a simple arc ¢ for which
every subarc is a Whitney arc, but for which there is no parametrization satisfying

lim &

t—to |¢(t) — ¢(to)|
We answer this question partially, and study the structural properties of possible mono-
tone, strictly monotone and V BGx functions f and associated Whitney arcs.

=0.

1. Introduction. A simple arc ¢ : [0,1] — R" is said to be a Whitney
arc if there exists a non-constant function f such that

* 1)~ )] _
(+) A2 16(2) = o(zo0)]
for every xg € [0, 1].

Several constructions of Whitney arcs are known ([5]). In particular, in
[3] the authors construct a Whitney arc ¢ : [0, 1] — [0, 1]? such that

: |t —to
() lim ———
t=to [(t) — ¢(to)]
for every to € [0,1]. G. Petruska raised the question whether there exists
a simple arc for which every subarc is a Whitney arc, but for which there
is no parametrization satisfying (xx). We show that for every n > 2 there
exists a simple arc ¢ : [0,1] — [0, 1]™ with the required property, however,
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1991 Mathematics Subject Classification: 26A24, 26A45, 26 A30.
Research supported by the Hungarian National Foundation for Scientific Research,
Grant No. T019476 and FKFP Grant 0189/1997.

(63]



64 M. Csoérnyei

the planar case remains open. We also study the structural properties of
possible Whitney arcs.

DEFINITION 1. A simple arc ¢ : [0,1] — R™ and a non-constant function
f :]0,1] — R are said to form an (n-dimensional) Whitney pair (¢, f) if
they satisfy (). That is, ¢ is a Whitney arc iff there exists an f for which
(¢, f) is a Whitney pair. Analogously, we say that f is an (n-dimensional)
Whitney function if there exists a ¢ : [0,1] — R™ for which (¢, f) is a
Whitney pair.

It is immediate from the definition that any n-dimensional Whitney pair
is an m-dimensional Whitney pair for every m > n. Therefore the existence
of a simple arc ¢ : [0,1] — R? satisfying (**) means that idjg,1] is an n-
dimensional Whitney function for every n > 2. This implies immediately
that every continuous function f is an n-dimensional Whitney function for
n > 3. Indeed, let (¢o,id[o 1)) be a 2-dimensional Whitney pair, and for a
given continuous function f define ¢ : [0,1] — R® C R™ as follows:

¢(x) = (¢o(f(2)),2) € R**,

where the third coordinate of the three-dimensional point ¢(z) is indicated
following the two-dimensional point ¢o(f(z)). Now, ¢ is a simple arc, and
|op(x) — d(x0)| > |do(f(x)) — do(f(20))|. If f is constant in a neighbourhood
of z then (%) obviously holds; in the other case we have

Y@=t () — (o)
e—wo [@(x) — @(z0)| T w0, f(2)£f(x0) |Po(f(2)) — do(f(x0))]
. [t —tol
= lim =0.

t—to=f(z0) ’¢0 (t) - ¢0 (to)’

The construction of injective arcs on the plane is much more difficult, and
the characterization of the 2-dimensional Whitney functions is only partly
solved. It is easy to see that if f is a Whitney function and A : [0,1] — [0, 1]
is a homeomorphism, then f o h is a Whitney function as well (since the
composition with A means only a re-parametrization of the curve ¢). Thus,
since id[g,q) is a 2-dimensional Whitney function, every strictly monotone
continuous function f : [0,1] — R is a 2-dimensional Whitney function.
Now, it is almost immediate that every monotone continuous function is a
2-dimensional Whitney function, and hence piecewise monotone continuous
functions are 2-dimensional Whitney functions as well.

The Whitney property easily extends to continuous functions f of
bounded variation as follows. Let f = g1 — g2, where the functions g; and go
are increasing, and let h = g; +g2. Since h is monotone, we have a simple arc
¢ : [0,1] — R? such that (*) holds for h and ¢. Now, for every x,y € [0,1]
we have |f(x) — f(y)| < |h(z) — h(y)|, thus (%) holds for f and ¢ as well.



Whitney pairs 65

As a generalization of this remark we will show that every continuous
VBG, function is a 2-dimensional Whitney function. (Property V BG, is
discussed in detail in [4] or [2]. The only fact that is needed here is a theorem
of R. Fleissner and J. Foran, saying that every continuous V BG, function
can be transformed into a differentiable function by an inner homeomor-
phism (see [1], [2])).

DEFINITION 2. A Whitney pair (¢, f) is said to be monotone, strictly
monotone, or VBG, if f is monotone, strictly monotone, or V BG,, respec-
tively. A Whitney arc ¢ is called monotone, strictly monotone, or VBG, if
there exists a monotone, strictly monotone, or VBG, function f for which
(¢, f) is a Whitney pair.

REMARKS. (i) We remark that the “monotone”, “strictly monotone”
and “VBG,” attributes refer to the Whitney function and not to the
Whitney arc. Therefore, for example, a V BG, Whitney arc ¢ : [0,1] — R"
is not necessarily a V BG, arc in R™. On the other hand, “n-dimensional”
refers to the arc, all the n-dimensional Whitney functions are from R
to R.

(ii) Every strictly monotone Whitney arc is obviously a monotone Whit-
ney arc, and likewise, every monotone Whitney arc is V BG,. We will study
the possible reverse implications under suitable assumptions.

(iii) If (¢, f) is a Whitney pair and h is a homeomorphism of [0, 1] onto
itself, then (¢oh, foh) is again a Whitney pair. By the theorem of R. Fleiss-
ner and J. Foran mentioned above, every continuous V BG, function can
be transformed into a differentiable function by an inner homeomorphism.
Therefore in order to prove that every continuous V BG, function is a 2-
dimensional Whitney function it is enough to show that every differentiable
function is a 2-dimensional Whitney function.

(iv) ¢ is a strictly monotone Whitney arc if and only if it admits a
parametrization satisfying (xx).

2. Monotone, strictly monotone and V BG, Whitney pairs

THEOREM 1. Every continuous V BG, function f is an n-dimensional
Whitney function for every m > 2. Moreover, for every given continuous
VBG, function f and strictly monotone Whitney arc ¢ there is a homeo-
morphism h of [0,1] for which (¢ o h, f) is a Whitney pair.

Proof. Let ¢ : [0,1] — R™ be a strictly monotone Whitney arc. We
can suppose that (xx) holds and we choose a homeomorphism h such that
f oh~!is differentiable (see remark (iii) above). Now, for every xo we have
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lim [f(h~ (x)) = f(h ! (20))]

w0 |p(x) — B(z0)|

— lm |f(h(x)) — f(h™ (o)) = o Y(a 0 —
o, |z — 2o |p(x) — (o) (e h) (0)] -0 =0.

Putting = = h(y) we have

i W) = o)l
v=vo [¢(h(y)) — ¢(h(yo))|

thus (¢ o h, f) is a Whitney pair, as required. m

We shall prove that a 2-dimensional Whitney function is not necessarily
V BG,. But the following problems remain open:

PROBLEM 1. Does there exist a continuous function which is not a 2-
dimensional Whitney function?

PROBLEM 2. Does there exist a non-V BG, Whitney arc?

PROBLEM 3. Does there exist an n-dimensional Whitney arc ¢ such that

for every n-dimensional Whitney function there is a homeomorphism h of
[0,1] for which (¢ o h, f) is a Whitney pair?

THEOREM 2. There exists a non-V BG, 2-dimensional Whitney function.

Proof. In [3] the authors construct a simple arc ¢ : [0,1] — [0, 1]? for
which 3/7" < |t; — to| < 3/7"7! implies |¢(t1) — ¢(t2)| > 1/5™. We choose
an arbitrary number 1 < ¢ < 7/5, and a small number &, for every m.
Let fn(t) : [0,1] — [0,&,,] be defined as the distance of the number ¢™¢
and the sequence {0, 2¢,,,4¢,,,...}. It is clear that if the numbers ¢, are
small enough then the function f =)  fp, exists and f is not of bounded
variation on any subinterval of [0,1], hence f is not VBG,. We can also
assume that ,, < 3/7™ for every m. Now, 3/7" < |t; — to] < 3/7"7!
implies

Zm|fm(t2)_fm(t1)| . ’tQ_tl‘

< )
|p(ta) — &(t1)] — |ta — t1] |p(t2) — B(t1)]
where
Yo [ fm(t2) = fmn(t1)] < S | fm(t2) = fn(t1)] n Ent1 +Eng2t+ ...
|ta — t1] B |t2 — 1] |ta — 1]
3 3
i TR T
<c+E+E 4.t 73+2 < nc"
™

if n is large enough, and

|ta — 1] 3 <5>n
() — (i) ~ 10 =27 )
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Thus

Since ¢ < 7/5, we have

lim |f(t2) = f(t1)]

2 60t — o)

as required. m

It will be useful to study functions defined only on a closed subset of the
interval [0, 1]. Clearly, Theorem 1 remains true if rather than property (x),

(k) lim M =0 Vrged
w€A, z—wo [P(x) — (o)
is to be satisfied, where ¢ : [0,1] — R™ is a strictly monotone Whitney arc
and f is defined on a given closed subset A C [0, 1].
For functions defined only on the closed subset A C [0, 1] it makes sense
to study also the 1-dimensional “arcs”. We characterize the “l1-dimensional
Whitney functions on A”.

THEOREM 3. For every function f: A — R the following two properties
are equivalent:

(i) there exists a homeomorphism ¢ : [0,1] — [0, 1] such that (xxx) holds;
(ii) fis continuous, VBG, and X\(f(A)) = 0.

Proof. Suppose f is continuous, VBG, and A\(f(A)) = 0.

Since f is continuous and V BG,, there is a homeomorphism h such that
f o h™! is differentiable on h(A). Since f(A) = (f o h=1)(h(A)) we can
suppose that f is differentiable.

If f is differentiable and A(f(A)) = 0, then f/'(z) = 0 for a.e. z € A.
Let B = {x € A: f'(z) # 0}. Since A(B) = 0, there are open intervals
I, I5,... covering the interval [0, 1] such that every x € B is contained in
infinitely many intervals and ) |[,| < oco. Let m(z) be the number of

intervals covering x, and let M = S(l) m(x)dx. It is immediate that M =
> 11, N [0,1]] < co. We define ¢(z) = M~* Sg m(t) dt.

For every z,y € A we have |¢(y) —¢(z)| > M~y—x| (because m(x) > 1
for every x € [0, 1]), thus

‘f(y) —f@| 1 ‘f(y) — f(z)

y—x |~ M |¢(y)—o(x)]

From this it is immediate that (xxx) holds for every xy € A\ B. Consider

a point xg € B with |f'(xzg)| = ¢ > 0. The intervals I,, are open, and z is

contained in infinitely many intervals, thus for a fixed N there is a positive
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d such that m(z) > N for every = € [z¢ — d,zo + d]. We can suppose that d
is so small that = € [z¢g — d, xo + d| implies

f@) = i)y,
T — To =
Now,
N N _
|p(x) — P(x0)| > MKUC — 20)| > e |f(x) 26f($0)|,
and hence
2Mc

‘f (z) = f(z0)
¢(x) — p(x0)
for every N if |z — x| is small enough.

The other direction is clear. Indeed, f o ¢! is differentiable and we
have (f o ¢~ 1) (x) = 0 on ¢(A), thus f o ¢! is continuous, VBG,, and
0= Afood 1(p(A))) = A(f(A)). Finally, since ¢~! is a homeomorphism,
the function f is continuous and V BG,, as required. m

We know that every monotone Whitney arc is VBG,. Now we prove the
reverse implication.

THEOREM 4. Fvery V BG, Whitney arc is also a monotone Whitney arc.

Proof. Let ¢ : [0,1] — R™ be a VBG, Whitney arc with the VBG,
function f. Without loss of generality we suppose that f is differentiable.

Let Z = {z € [0,1] : f’(z) = 0}. Since f is a non-constant continuous
function on [0, 1], we have A\(Z) < 1. Take an open covering set Z C G with
AM@G) < 1. Let x(z) be the characteristic function of [0,1] \ G, and defining
g(xz) = Sg X (t) dt, for the upper derivative we have g’(x) < 1 for every .

Now we show that (¢, g) is a Whitney pair, i.e. (x) holds for g and ¢. If
xo € G, then there is a neighbourhood of xy where g is a constant, thus (x)
is trivial. If g € G, then as 0 < g’(xo) < 1 and f'(z¢) # 0 we obtain

o l9@) — (@)l _ 9@ —glwo)l e —wol |f(@) = f(o)
wowo [¢(2) = dlwo)|  =owo |z —wmo|  [f(2) = fwo)| |¢(x) — d(x0)]
1
RN M

as stated. It is obvious that ¢ is continuous, monotone, and since A\(G) < 1
it is not a constant. m

3. Structural properties. In this section we study the structure of the
possible monotone but not strictly monotone Whitney arcs.

LEMMA 1. Let ¢ : [0,1] — R™ be a simple arc, and suppose that for every
interval I C [0, 1] there is a function f = fr such that
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(i) the derivative [’ exists and is non-zero on a subset of I of positive
measure: A({x € I : 3f"(x) # 0}) > 0, and
(ii) (@|1, f1) is a Whitney pair.

Let
. |z — o] }
R=4x9€[0,1] : limsup ———— > 0.
{roc 01 imaw 5= 20
If R is of first category, then ¢ is a strictly monotone Whitney arc.

Proof. Let R =, A, where the sets A,, are nowhere dense.

Since (¢|r, fr) is a Whitney pair, the sets {x € I : 3f;(z) # 0} and R
are disjoint. Thus, by (i) we have A(I \ R) > 0 for every subinterval I. We
define a series of monotone functions f,, such that the sum of the series is a
strictly monotone function satisfying ().

We arrange the rational intervals (i.e. the intervals [a, b] where a,b € Q)
in a sequence Iy = [0,1],I2,..., and put fo = 0. Suppose that the func-
tions fo, fi1,..., fn—1 have been defined. In the nth step we consider the nth
rational interval I,,.

.

L
\
0 an ar, by, bn, 1
Fig. 1. Graph of fn

AR

—t
-t}
—
]
b

We choose a subinterval J,, = [an,b,] C I, disjoint from Aj,...,A,.
Denote the middle 1/3 of J,, by J = [a},b!], and choose an open cover

n»-n

G D RN J} such that A(G) < |J7|. Let J* = J*\ G. Let d,, denote
the minimum of the distances between the subarcs ¢([0, ay]), ¢([a},1]) and
#([0,0%]), ¢([bn, 1]), and define

Ful@) = SA0.4 N ) (€ [0,1)

(see Figure 1 above). Now, f, is a non-constant monotone function such
that for every z,y we have

(1) |fn(x) — fn(y)| < dy, < diamd)([O, 1])

-yl T 20 T 2"
Thus f,, satisfies (%), because for g € R there is a neighbourhood where f,
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is constant, and for xyp € R we have

@) = S| Ual) = falzo) Jr— ol
Mmse @) —oao)] ST ] 16(@) — élao)]
_ diam 6((0, 1)
< Lomd(01)

-0=0.

Now we put f =), fn. It is clear that f is strictly monotone. In order
to verify (x) we consider first o € R. For such points there is an N such
that n > N implies zg &€ J,. Put m > N. If xy does not belong to J,
then z¢ € [0,a,] or xg € [by,1]. It is easy to see from the definition that
fn is constant on the intervals [0,a’] and [b}, 1], thus f,(x) = fn(zo) or
xo € [0,an], x € [ak, 1], or xg € [by, 1], € [0,b%]. In the last two cases, by
the choice of d,, we have

B = flr 1 1
o ool 2 AN G =

and hence
| Yt fr(@) = 320 frl(o)] — |fe(@) = frlzo)| _ 1
6(2) — ola0) < 2 ) s S

k=m+1
Since Y-, fi is a Whitney function, (x) follows.
On the other hand, at a point zg € R, that is, if

y |z — x0]
im sup

T—To ’¢(1‘) - ¢<1‘0)‘
then the finite upper derivative of f (see (1)) guarantees (). m

=0,

COROLLARY 1. If ¢ is a Whitney arc and for a dense sequence of pairwise
disjoint closed subintervals I, C [0,1], ¢|1, is a strictly monotone Whitney
arc, then so is ¢ itself.

Proof. Indeed, let the union |J,, I, of pairwise disjoint closed inter-
vals be everywhere dense, and assume that there exists a strictly monotone
function f,, : [0,1] — R satisfying (*) on I,,. Re-parametrizing the intervals
I, = [an, by] we can suppose that every f,, is linear. Indeed, let T;, be the
linear bijection

(@, ba] 2 [fa(@n), Fuba)],
and put ¢*(t) = ¢(f,, 1 (Tyt)) for every t € [an,b,] and ¢*(t) = ¢(t) for every

n

t & U, In- Then (x) obviously holds for every zg € int I,,, ¢* and f = idjo 1:
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putting u = f,, 1 (T,,x) we have

. |z — x| . | — x|
A 15 @) = 0 @)l ke 16U (Tne)) — 6 (Tora))]
o T (u) — Tt i (wo)
T o) — (w0
_ b, — an . |fn(U)_fn(U0)’
P F o) — Flan)  [0(u) — Bluo)

= 0.

Since f’(x) = 1, the set

— B |z — o }

= o € 01 msup S >0
is disjoint from the interior of our intervals I, thus it is nowhere dense.
Finally, for every subinterval I = [a,b] C [0, 1] there exists an interval I,, =
[@n, by] for which A(I,,NI) > 0, and for the function f; defined by f;(x) = a,
if v € [0,a,], fi(x) = z if © € [an,b,] = I, fi(x) = b, if z € [by,1]
we find that (¢*|;, fr) is a Whitney pair and fj(z) = 1 for every z €
int(l,, N I). Lemma 1 shows that ¢* is strictly monotone, and then ¢ is
strictly monotone, as stated. m

This means that if a simple arc ¢ : [0, 1] — R™ is not a strictly monotone
Whitney arc, then it has a subarc which has no strictly monotone subarc.
Thus, in order to study monotone but not strictly monotone Whitney arcs
it is enough to consider Whitney arcs having no strictly monotone subarc.

DEFINITION 3. Given a simple arc ¢ : [0,1] — R™ and a nowhere dense
closed subset H C [0, 1] we say that a non-constant monotone function f is
associated with H if

(i) (¢, f) is a Whitney pair;
(ii) f is constant on every interval contiguous to H;
(iii) f is ¢-Lipschitz, that is, the set

@) =) )
{wm»—¢@ﬂ"yem‘L *y}

is bounded.

LEMMA 2. Given a simple arc ¢, every nowhere dense closed set P C [0, 1]
admits a disjoint decomposition P = AUJ,, B, such that

(i) A is a closed set, and for every portion AN I there is a function f
associated with cl(ANI);
(ii) By C [an,byn] and the intervals [an,by] are non-overlapping;
(iii) there is no monotone function f associated with the closure of By,.
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Proof. Let B* be the set of points x € P such that for every function
f associated with P, f is constant on a neighbourhood of x. Let B be the
relative interior of B* in P, and let B,, denote the relative components of B.
(Thus every B,, is a portion of P, B =J,, By, and (ii) holds.)

By the definition of B*, a function f associated with P could only have
countably many different values on B*. Thus if it is constant on the intervals
contiguous to the closure of some B,, C B* as well, then since B,, is a portion
of P we see that it is a continuous function of countable range, thus it must
be constant on the whole interval [0, 1]. So (iii) is proved.

Let A = P\ B. If for an interval I = (a,b) the intersection A N I
is a portion of A, then there is a point € I\ B, and then in a small
neighbourhood there is a point y € I\ B*. Thus, there exists an f associated
with P which is not constant on I. We can suppose that f is constant on the
intervals of [0, 1]\ I. It is enough to show that f is constant on the intervals
contiguous to cl 4 in 1.

Since f is monotone, we have f(t) = f(a) + A(f([a,t] N A)) + >, fn(t)
for every t € I, where f,,(t) = A(f([a,t] N By)). Since (¢, f) is a Whitney
pair and f is ¢-Lipschitz, so is f,, and it is immediate that f, is constant on
the intervals contiguous to cl B,,. Thus (iii) implies that f,, = 0 for every n,
hence f(t) = f(a)+A(f([a,t]NA)), f is constant on the intervals contiguous
to cl A, and the proof is complete. m

The main result of this section is the following theorem.

THEOREM 5. Let ¢ : [0,1] — R™ be a Whitney arc for which every
subarc is a monotone Whitney arc. Then the following two properties are
equivalent:

(1) ¢ has no strictly monotone Whitney subarc;
(2) ¢ can be parametrized so that [0,1] = RUPUA, PNA=1{, and
(2.1) the set R = {wg : limsup, ., |* — xol/|¢(x) — ¢(z0)| > O} is
residual;
(2.2) P =, P, ts dense in [0,1], and the sets P, are closed and
nowhere dense; P, C |ay,by] where b, — a,, — 0 and for every
m # n we have Py, 0 (an,by) =0 or Py N (am, b)) = 0;
(2.3) no monotone function is associated with P,;
(2.4) A is a nowhere dense set.

Proof. (2)=(1). Suppose that a subarc of ¢ is strictly monotone, i.e.
there is a function f which is strictly monotone on I = [a,b] C [0, 1], and for
which (%) holds. By (2.4) we can suppose that I N A = (). It is clear that we
can suppose that f(a) =0 and f is constant on the components of [0, 1]\ I.

For z € R clearly f'(z) = 0, and since f is monotone we have A(f(R)) = 0.
Thus, on I we have f =3 f,,, where f,,(z) = M(f([a,z] N P,)).
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Since f has property (x), so does f,. Moreover, f, is clearly monotone,
continuous and constant on the intervals contiguous to P, . Hence, according
to (2.3), either f,, = 0 or f, is not ¢-Lipschitz; in the second case we can
find points z,y € [ay, b,] for which

[6(y) — o(x)|

Since f,, and ¢ are continuous, the same inequality holds in a small neigh-
bourhood of z and y. Now, (2.2) and the fact that f is strictly monotone
and f, is constant on the intervals contiguous to P, imply that every subin-
terval of [0,1] contains an interval [ay,,b,]| for some n where f, is not ¢-
Lipschitz, thus we can find intervals I O [an,,bn,] D [@ny,bn,] D ... and
points y1,yz,... such that y; € [an,,bn,] \ [an.y,0niiy], bny — an, — 0, and
for every x; € [an, ,,bn,,,] we have

|9(yi) — o))

This means that for {z} = (;[an,,bn,] there is a sequence y; — z and a

> 1.

> 1.

sequence n1,nsg, ... of integers such that
|6(y:) — o(x)]
Since the functions f,, are monotone we have
£) = @)l |
|6(y:) — o(x)]

a contradiction to ().

(1)=(2). By assumption for every subarc there exists a non-constant
monotone function satisfying () on the corresponding subinterval. It is easy
to see that there is a parametrization of [0, 1] such that for every subinterval
there is a non-constant monotone differentiable function satisfying (*). Since
R is a Borel set which by Lemma 1 is not of first category in any subinterval
of [0, 1], we obtain (2.1).

Thus, the complement of R can be covered by pairwise disjoint nowhere
dense closed sets F'', F?,... Applying Lemma 2 to each of the sets F™ we
obtain F" = A"UlJ, By. Put A=, A" and P =J,, U, By-

It is easy to see that the sets B} can be further decomposed into the
union of closed sets satisfying all of (2.2) but for the density of P. Since there
is no monotone function f associated with B}, it is automatic that there is
no monotone function associated with a closed subset of B}, i.e. (2.3) holds.
For every subarc of ¢ there is a non-constant monotone function satisfying
(%), thus the set R cannot contain an interval. Hence it is enough to show
that A is nowhere dense, which implies that P is also dense.
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Suppose that A is dense in an interval I. By the definition of A we have
monotone functions fi, fa, ... satisfying () such that the set

|fz‘(1‘)—fi(l/)| - -
{r¢<x>—¢<y>r' v el0.1) ”}

is bounded, say, by K;, and on every subinterval J C I some f; is non-
constant.
Now, let K = max|f;(x)|, and put

B fz(fU)
1@ =2 S (B K

%

It is easy to check that the series converges uniformly, f is strictly monotone
on I, and () holds. This contradicts (1) and completes our proof. m

4. Construction of a Whitney arc ¢ which is not strictly mono-
tone but for which every subarc is Whitney

THEOREM 6. There exists a simple arc ¢ : [0,1] — [0,1]3, a Cantor set
C C [0,1] and a non-constant function f such that

(i) f is constant on the intervals contiguous to C;
(ii) (¢, f) is a monotone Whitney pair;
(iii) for every function f satisfying (i) and (ii), the set

W) = f@) )
{|¢<y> “o) v E o7 y}

1s unbounded; that is, there is no function associated with C.

Proof. Let ¢ : [0,1] — [0,1]? be a strictly monotone Whitney arc
with a strictly monotone function fy, ¢o(0) = (0,0), ¢o(1) = (1,1), and let
Cy C [0,1] be a Cantor set for which A(fo(Cp)) > 0.

Let Zy = 0, and let

1, = {ISL,I{L,..-,I,::L”} = {lag, b5]. [at,b7], - .-, [am,,, . bp, 1}

Map? Yy,
be a finite set of pairwise disjoint intervals disjoint from Cjy and indexed by
the real ordering such that

eaf =by =0,ay, =by =1, and a <by for every 0 <k < my;

b In - In—i—l;

o [do(ag) — do(br_,)[ <1/(3-2");

e [po(b) — po(a)| < 1/(3-2™) for every interval [a,b] € Z,, \ Z,,—1.

For every interval [a,b] = [a},b}] € Z,, \ Zp—1 let u = uqy : [(2a + b)/3,
(a + 2b)/3] — [0,1]? be a polygon connecting ¢o(a) and ¢o(b) such that

e max |u(t) — ¢o(a)| < 1/2™;

° ¢o(ay) # u(t) # ¢o(b7) (a # 1t #b');

e the distance of the polygons uun pn, Uap by, is less than 1/(m,, - 2™).
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We choose a sequence (say, an equidistant subdivision) 1/2" < dj <
dp <...<dp, <1/2"71 and let

(¢o(t),0) if tis not covered by intJ,, U;ez, I
(u(t),dy) ifte[(2a+0b)/3,(a+2b)/3],
[a7 b] = [a27 bﬁ] €L \In—1;
linear on [a,(2a 4+ b)/3] and [(a + 2b)/3,b], where [a, b] € Z,,

o(t) =

where the third coordinate of the three-dimensional point ¢(t) is indicated
following a two-dimensional point ¢o(t) and u(t), respectively.

Since d — 0 and max |¢g(a}) — u(t)] — 0, the function ¢ : [0,1] —
[0,1]3 is continuous, and it is easy to see that it is a simple arc as well. Let
C= [07 1] \ int Un UIGIn I

The function f(z) = A(fo([0,x] N C)) is monotone and non-constant,
since Cy C C and A(fo(Cp)) > 0. It is clear that f is constant on the
intervals contiguous to C, and |f(x) — f(xo)| < |fo(z) — fo(xo)]. We claim
that (*) holds for f and ¢.

This is clear on the intervals contiguous to C, since f is constant on
these intervals. If xy € C then ¢(z¢) = (¢o(z0),0), and there are two possi-
bilities:

If there is no interval [a, b] € |J,, Z,, for which z € [(2a + b)/3, (a + 2b) /3],
then ¢(z) = (¢o(x),y) for a y € [0,1], thus |p(x) — d(x0)| = [¢o(x) — Po(x0)].
If x € [(2a+b)/3, (a+ 2b)/3] for an interval [a,b] = I}} € T, \ Z,,_1, then
(using the trivial inequality ¢?/2 < (q — r)? + 52 for every 0 < ¢ and 0 <
r < s) the inequality d = d}} > 1/2" > max |u(t) — ¢o(a)| implies

|po(a) — ¢0($0)‘2
2

< (I¢o(a) — do(xo)| — |¢o(a) — u(z)])* + @
< lu(@) — do(xo)” + d* = [d(x) — d(0)|*.
Hence, in all cases we have

|po(z) — po(z0) and

[¢(x) — d(0)| = 7

[f (@) = f(xo)| < [fo(z) = fo(wo)l,

thus

sy |f(x) — f(zo)] i su | fo(z) — fo(zo)]
limsup ) gt = V2 e doe)

Finally, we show (iii). Let f be an arbitrary monotone function satisfying
lf(y) — f(z)] < K|op(y) — ¢(x)|, and which is constant on the intervals
contiguous to C'. We show that f is constant on [0, 1].

=0.

For a given n, let ¢ denote the value of f on [a},b}]. Then



76 M. Csoérnyei

|/ 0)f < Z\cz—cz 1!<szlst ([ai", b7']), ¢([ai"1, bi-1]))

1 K
<sz18tu“ bty Wa g b )SK'mn'm on  on
n

=1

for every n. Hence f must indeed be constant on [0, 1]. m
The main result of this paper is the following theorem:

THEOREM 7. There exists a Whitney arc @ which is not strictly monotone
but for which every subarc is Whitney.

Proof. We construct this arc by an iterative process.

STEP I. The notation below follows that of Theorem 6.

The iteration is started by applying Theorem 6 as it is. Then for every
interval [a, b] € |J,, Z,, we choose a Cantor set T, C [a, b] with appropriately
short contiguous intervals and a set of small cubes C, ; such that

(i) U{Cap : [a,b] € UU,,Z,.} is a pairwise disjoint system of subcubes of
[0,1]%;

(ii) all cubes have a base with diagonal lying on a side of the polygon
¢(Ja, b)), and the cube has no other point in common with ¢(]0, 1]);

(iii) every segment of ¢([a,b]) is covered by the cubes except for the
Cantor set ¢(Ty.p);

(iv) the cubes are so small that if [a,b] and [c, d] are distinct intervals of
U,, Zn, then for any 2 € Q' € Cap,y € Q* € Cea, 11 € Q' NP and y1 € Q*N
we have |21 — y1| < 2|z — y|, and for all z € Q' € Cup, 1 € Q' N ¢ and
z € ¢(C) we have |z1 — z| < 2|z — z|.

It is important to note that for every simple arc ¢ such that

pycoo)ul) U @

a,b QeCayp
P(t)=9) (Vtel),
vt ed(lathu | @ (Vte UI)
QeCup

the requirements (i)—(iii) of Theorem 6 hold with the same Cantor set C' and
monotone function f. Indeed, f is constant on the intervals [a,b] € |U,, Zy,
thus for given u,v € [0, 1] either we have f(u) = f(v) or there is no interval
[a,b] € U,, Z,, for which u,v € [a,b]. In the latter case by (iv) we have

[9(t) — d(u)] < 2[9(t) — ¥ (u),
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thus
[f(w) = f)l o 1f(w) = F(v)]
[6(u) = @(v)| — 2p(u) — ()]
Now, we take subcubes in all our cubes in the sets C, 3, as follows. For
every cube @) € C,, we take a dense set of pairwise disjoint subintervals on
its diagonal Q@N¢([a,b]) = ¢([c, d]) such that the measure of the union of the
subintervals is less than d — ¢. Then we re-parametrize the segment ¢([c, d])
by the same interval [c,d] so that all the subintervals considered have an
arc length parametrization. Next we place a subcube on each subinterval
as before (that is, each subinterval is the diagonal of a face of a new small
subcube). Finally, we regularly divide the base of each subcube containing
one of our subintervals as a diagonal into 9 smaller squares, the middle one
again into 9 squares, etc., and we place subcubes on the squares on the
diagonal. See Figure 2 below.

for every u,v.

—

o224P) @E{f"

1
®(a) @ (b)

Fig 2. A typical step in the construction

Let S¢ 4 be the set of those points « € [c, d] for which ¢(x) is not inside a
cube getting into this regular subdivision, that is, the points not belonging
to the subintervals and the set of dividing points.

Step I concludes with the re-parametrized Whitney arc ¢*, a Cantor set
C, a monotone Whitney function f, Cantor sets T, ;, nowhere dense closed
sets S 4, and an infinite system of new cubes lying on ¢* (say QW Q2 .. s
where all the diagonals lying on ¢* are parametrized by arc length.

For each of these cubes we now apply Step II below.

STEP II. If there is given a cube @, with a distinguished face (called the
base) and a diagonal of the base with a given parametric interval [u, v] where
the length of the diagonal is v — u, then Step II consists of an application of
Step I, such that the parametric interval [0, 1], the points (0,0,0), (1,1,0),
and the cube [0, 1] are replaced by the given parametric interval, the end-
points of the diagonal of the base of the cube @Q,, and the cube itself.

In more detail, let L : [u,v] — [0,1] and A : Q, — [0,1] be linear
bijections, where the A-image of the base of Q, is [0,1]? x {0} and the
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A-image of the distinguished diagonal is the segment with endpoints (0, 0, 0)
and (1,1,0). With these notations and ¢*, C, f constructed in Step I, this
step results in a Whitney curve ¢, : [u,v] — Q,, a Cantor set C,, C [u, ], a
non-constant monotone function f, : [u,v] — R, where ¢ (t) = A~1p(Lt),
Co = L71C and f,(t) = f(Lt). It is clear that f, is constant on the intervals
contiguous to Cy, (¢n, fo) is @ monotone Whitney pair, and there is no
monotone function associated with C,. At the end of Step II we also get
Cantor sets of type T, and nowhere dense closed sets of type S, (these
are the sets T, = L™1T,} and S;b = L71S,4), and we get a new infinite
system of subcubes, the A~ -image of the cubes QM), Q). ... It is easy to
see that the diagonals are parametrized by arc length.

Then we apply Step II again for these new subcubes.

Our induction process yields a simple arc ¢. We show that ¢ and a
suitable decomposition [0,1] = RU P (and A = () satisfy requirement (2)
of Theorem 5.

Let P denote the set of points whose image is not inside any cube from a
certain step, i.e. P is the union of the Cantor sets C, the Cantor sets T,
and the nowhere dense closed sets 5S¢,

It is clear by the very definition that P satisfies (2.2) of Theorem 5. It
is also clear that the Cantor sets C, satisfy (2.3). To verify (2.3) for the
nowhere dense closed sets T, and S, we note that the ¢-image of each
set is contained in a polygon, thus the measure of the i image of these sets by
a hypothetical associated function must be 0, as a consequence of a trivial
application of Theorem 3. Thus (2.3) is trivial for these sets.

Finally, (2.1) is verified as follows. Let R* be the set of points of [0, 1]
belonging to a nested sequence of our cubes. It is clear that R* is residual;
we have to show that

) |z — x|
R*CR:= {xo limsup ———— > 0.
w0 |@() = (o)
For every point x = @(u) of a cube @, of our construction we can find
another cube Q)3 of the same size, namely, the one in a centrally symmetrical

position on the diagonal of the previous base, such that for every point
y = ®(v) of Qg we have |u — v| > dist(Qq,Qs), and

[®(u) = D(v)] = |z — y| < dist(Qa, @)/ (1 +1+1)2 +1/2

(see Figure 3 below).
Thus,

lu — | dist(Qa, @p) /2719
|D(u) — D(v)| = dist(Qa, Qp) /(1 +1+1)2 +1/2 2/19.
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5k

N\

[ Ty

e

Fig. 3. Distances

Now, for every zg € R* we have

limsup 12— %ol
v—wo |P(x) — P(0)]
which was to be proved.

That is, we constructed a curve @ satisfying (2) of Theorem 5. We also
have to show that every subarc is monotone. But this is immediate, since
we know that for every Cantor set C, there is a non-constant monotone
function f, satisfying (x). m

> /2/19 > 0,

The following two problems remain open.

PROBLEM 4. Does there exist an everywhere monotone but nowhere
strictly monotone Whitney arc on the plane?

PROBLEM 5. Does there exist a Whitney arc ¢ which is not a strictly
monotone Whitney arc, but for which there is a VBG, (or arbitrary) no-
where constant function f such that (¢, f) is a Whitney pair?
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