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Topological entropy on zero-dimensional spaces
by

Jozef Bobok and Ondiej Zindulka (Praha)

Abstract. Let X be an uncountable compact metrizable space of topological dimen-
sion zero. Given any a € [0, o0] there is a homeomorphism on X whose topological entropy
is a.

1. Introduction. It is well known that each homeomorphism of the
closed interval has topological entropy zero. On the other hand, the two-
sided shift of the Cantor cube 2% has positive entropy.

The Cantor cube is metrizable, zero-dimensional, compact and uncount-
able. We ask if these features of a metric space are enough to ensure the
existence of a homeomorphism with positive entropy.

The answer is affirmative. As a matter of fact, more holds for such
a space. If X is a zero-dimensional, compact, uncountable metric space,
then for each a € [0,00] there is a homeomorphism T : X — X such that
hiop(T) = a.

We prove this result in Section 4. Section 2 recalls basic concepts of
topological and measure-theoretic entropy. In Section 3 we investigate the
local structure of zero-dimensional compacta and set a theorem on extending
homeomorphisms as a preparation for the main result. Section 5 contains
some counterexamples showing that none of the four conditions that are
listed above can be dropped.

2. Preliminaries. The following notation of basic sets is adopted. Z
denotes the set of all integers. The set of all positive integers including zero
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is denoted by w, instead of the more common notation N, because it is often
considered an ordinal number. A nonnegative integer n € w is sometimes
also considered an ordinal number, i.e. n = {0,1,...,n — 1}. From the
topological point of view, n is a discrete space consisting of exactly n points.
2« and 2% denote, respectively, the sets of all binary sequences and all binary
bisequences. Both are topologically identical to the Cantor set.

We will several times appeal to the following fact. Recall that a topolog-
ical space is zero-dimensional if it has a base consisting of clopen sets, and
perfect if it has no isolated points.

2.1. PROPOSITION ([6, 6.2.A(c)]). A perfect, compact, metrizable, zero-
dimensional space is homeomorphic to 2%.

We now recall the notion of topological entropy and related material. | A]
denotes the cardinality of a set A. If T': X — X is a mapping and A C X,
then T'A and T~'A denote, respectively, the image and preimage of A. For
n € Z, the set T™A is defined as follows:

A if n=20,
TrA = {TT”_lA if n >0,
T-1TnH A ifn < 0.
If A is a family of subsets of X and n € Z, then
T"A={T"A: Ac A}.
For two families of sets A and B define
AvB={ANB:Aec A BecB}.
2.2. DEFINITION. Let X be a compact space and I/ an open cover of X.
Define
H(U) =logmin{|V| : V is a finite subcover of U}.
Let T : X — X be a continuous mapping. Define
1
WMT,U) = lim ~HUVT UV ...vT~ " Dy)

n—oo N,
(the limit exists, see [8, Theorem 7.1]) and
hiop(T') = sup{h(T,U) : U is a cover of X}.
The quantity hiop(T) is called the topological entropy of T', or, more precisely,
the topological entropy of the dynamical system (X,T).

It follows directly from its definition that the topological entropy is an
invariant of topological conjugacy. We shall need the following. Recall that
the two-sided shift o : n” — n” is defined by o({x; : i € Z)) = (x;41 : i € Z).
It is obviously a homeomorphism.

2.3. PROPOSITION ([1, Lemma 4.1.10]). Let X be a metrizable space and
T:X — X a continuous mapping. If X = J,c,, Xn and the sets X,, are
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closed and T-invariant, then
hiop(T') = sup heop (T X5,).

new
2.4. THEOREM ([8, Theorem 7.13]). For each a > 0 there exists n € w
and a perfect, shift-invariant subset 2 C n” such that hiop(o]2) = a.

2.5. COROLLARY. For each a € [0,00] there exists a homeomorphism
T :2¥ — 2¥ such that hiop(T) = a.

Proof. If a = 0 let T be the identity map on 2“. If 0 < a < oo, consider
the space {2 of Theorem 2.4. By Proposition 2.1 it is homeomorphic to 2%.
Consider o[f? and take for T its conjugate by this homeomorphism. We
construct T' for the case a = oo. Let 0 € 2* denote the sequence that is
identically zero. For each n € w let p,, € 2"*! be defined by

{0 fo<i<n

P\ =91 ifi=n,

and X,, = {f € 2 : p, C f}. Each X,, is homeomorphic to 2¢, therefore
there exists a homeomorphism 7T;, : X,, — X,, satisfying hiop(75,) = n. The

family {X,, : n € w}U{{0}} obviously forms a disjoint cover of 2. Therefore
the following formula defines a mapping 7" : 2 — 2%:

_JT.(f) fornew, feX,,
T = {6 for f =0.

Since each X, is a clopen subset of 2% and diam X,, — 0, it follows that 7" is
a homeomorphism. Since each X, is closed and T-invariant, Proposition 2.3
yields
hiop(T') > sup hiop(T'1Xy) = sup hiop(Ty) = supn = co. m
new new new

There is also another, metric-dependent definition of topological entropy
due to Bowen [2]. For compact metric spaces it is equivalent to the one given
above, but it also makes sense for noncompact spaces.

2.6. DEFINITION. Let (X, ) be a (not necessarily compact) metric space
and let T : X — X be a uniformly continuous mapping. For each n > 0
the function g, : X x X — R given by 0, (z,y) = maxo<i<n o(T%(x), T (y))
is a metric on X equivalent to g. A set E C X is called (n,e)-separated
if on(x,y) > € for all z,y € E, © # y. For a compact set K C X define
sn(T, e, K) to be the maximal cardinality of an (n, €)-separated subset of K.

Put 1
ho(T,K) = lim limsup — logs, (T, ¢, K)
€—>0+ n—oo n
and

ho(T) = sup{h,(T,K) : K C X compact}.
The quantity h,(7") is called the Bowen entropy of T
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2.7. PROPOSITION ([8, Theorem 7.4, Corollary 7.5.2]). Let (X,0) be a
metric space and T : X — X a uniformly continuous mapping.

(i) If ¢’ is a metric on X uniformly equivalent to o, then hy(T) = hy (T).
(ii) If X is compact, then hy(T) = hiop(T).

2.8. PROPOSITION ([4, Proposition 14.21(b)]). If X;7,Xs C X satisfy
T(Xl) = Xl, T(XQ) = X2 and X1 U XQ = X, then

ho(T') = max(ho(T[X1), ho(T1X2)).

Recall the definition of measure-theoretic entropy. If X is a metrizable
space and T : X — X a Borel measurable mapping, a finite Borel measure
on X is called T-invariant if uT—'E = pE for each Borel set E.

2.9. DEFINITION. Let X be a metric space, ¢ a Borel probability measure
in X and P a Borel partition of X. Define

H,(P) ==Y u(P)log u(P).

PeP
Let T : X — X be a measurable mapping such that y is T-invariant. Define

1
h(T,P) = lim —H,(PV T'Pv...vT-(»=1p)

(the limit exists, see [8, Corollary 4.9.1]) and
h,(T) = sup{h,(T,P) : P is a finite Borel partition}.
The quantity h,(T) is called the measure-theoretic entropy of T

We will make use of the following consequence of the so-called Variational
Principle. A T-invariant probability measure y is called T-ergodic if T'E =
E implies pFE = 0 or uEF = 1 for each Borel set F.

2.10. THEOREM. ([8, Corollary 8.6.1(1)]). If X is a compact metric space
and T : X — X a continuous mapping, then

hiop(T) = sup{h,(T) : p is a T-ergodic probability measure}.

3. Extending homeomorphisms. The goal of the paper is to find,
on a zero-dimensional compact space X, for a prescribed value a, a hom-
eomorphism of entropy a. If we supposed that the space X had no isolated
points, then the existence of such a homeomorphism would follow directly
from Theorem 2.4. When X has isolated points, the situation is a little more
complicated. Using the Cantor-Bendixson Theorem, one can split X into a
compact subset C' without isolated points and a countable subset S.

The plan is to apply Theorem 2.4 to C' and then extend carefully the
homeomorphism of C' to C' U S preserving entropy.

In order to do that we build up a taxonomy of points in zero-dimensional
compacta. The technique used is akin to that used for instance in [7], where



Topological entropy on zero-dimensional spaces 237

similar results are established. While we consider zero-dimensional locally
compact metric spaces, [7] deals with first-countable scattered compacta.

The first goal is to describe the local structure of countable, completely
metrizable spaces.

3.1. DEFINITION. Let X be a separable metric space.

(i) For A C X denote by ¢(A) the set of all isolated points of A and by
A" = A\ 1(A) the derived set of A, i.e. the set of cluster points of A.
(ii) For A C X define recursively, for each ordinal «,

AO =4, AT =A@y A = () AP for a limit.

B<a

3.2. LEMMA. If X is a countable, completely metrizable space, then there
is a countable ordinal n such that X = ().

Proof. The set X(® is obviously closed for each ordinal «. Therefore
it is completely metrizable. Thus when it is nonempty, the Baire Category
Theorem yields an z € X(®) such that {z} is open in X(®) i.e. z is isolated
in X(®), Therefore X(@+1) C X (@ Tt follows that the sequence (X(®) :
X (@) £ () is strictly decreasing and thus countable. m

3.3. REMARK. If either of the hypotheses is dropped, the lemma can
fail. The real line and the set of rationals are, respectively, examples of an
uncountable complete space and a countable incomplete space for which
X(@ = X for all a.

3.4. DEFINITION. Let X be a countable, completely metrizable space.

(i) Define the depth of X to be the ordinal nx = min{a : X(®) = (}.
(ii) For x € X define the type of z in X to be the ordinal

tx(x) = min{a: z ¢ X(@+D},

Lemma 3.2 obviously implies that ¢x () is defined for each € X and that
tx(z) <nx.

3.5. REMARK. The depth and type, as well as the sets Sx and C'x defined
by (3.2) below, obviously depend on the underlying space X. If X is given
and A C X is a completely metrizable subspace, then t4(z), 74 etc. make
sense.

3.6. LEMMA. Let X be a countable, completely metrizable space. For each
x € X and each neighborhood V' of x there is a neighborhood U C V' such
that

(i) tx(y) <tx(z) forally € U, y # z,
(i) for each B < tx(zx) there isy € U, y # x such that tx(y) > (.
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Proof. Let o = tx(x).

(i) By definition, z is an isolated point of X (®). Hence there is an open
subset W C X such that W N X(®) = {z}. Thus if y € W and y # z, then
y & X hence there is § < a such that y € X and tx(y) < a follows.
Put V=WnU.

(ii) Assume on the contrary that there is § < a such that tx(y) < ( for
all y € V, y # x. Since tx (y) < B yields y ¢ X P it follows that V' \ {z} C
X\ X which in turn implies that VN X®) C {z}. If VN X) = (), then
z ¢ X and thus obviously tx(z) < 8. If VN X = {2}, then z is an
isolated point of X(#). It follows that z ¢ X ¥tV whence tx(z) < §. In
either case tx(z) < (3, which is the desired contradiction. m

Arithmetic of ordinals. We now need a little ordinal arithmetic and to-
pology. Let o and § be ordinals. Recall:

e The sum a+ ( is the unique ordinal whose order type is that of the set
{0} x aU {1} x g provided with the lexicographic order. Informally, o + 3
is the ordinal that one obtains by putting 8 next to «. Addition of ordinals
is associative but not commutative.

e When (a, : n € w) is a sequence of ordinals, then

Zan =sup(ap+ a1+ ...+ ayp).

nEw new

e The product « - 3 of two ordinals is the unique ordinal whose order
type is that of the cartesian product 8 x « provided with the lexicographic
order.

e The power w®

is defined by recursion as follows:

W=1, ' =w"w, w*=supw® for a limit.
B<a

We also define (w®)* to be the ordinal
1 ifa=0
1 oy ={ )
(3.1) o w® 4+ 1 otherwise.
We list some basic properties of w®. Though most of them hold for any value
of a, we only consider countable ordinals. The proofs are elementary.
3.7. PROPOSITION. Let a > 0 be a countable ordinal.
(i) w® is a limit countable ordinal.
(i) (w*)* - w = woTt,
Let (o, : € w) be a sequence of ordinals such that o = sup,,¢,, 0.

(iii) If B < a, then (WP)* + (W*)* = (WY)* and (W°)* + W = W*.
(iv) If @ = oy for infinitely many n € w, then >, . (w*)* = w1
(v) If a>ay foralln € w, then ) . (W )" = w®.
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Proof. We only prove (iv), for (v) is proved in a similar manner and
the rest is trivial. Let (n(i) : ¢ € w) be the increasing enumeration of {n €
w:a, =a}. Put

Io=1{0,1,...,0(0)}, I; = {n(0)+1,....n(1)}, b = {n(1)+1,...,n(2)}...

By assumption and (iii),

Z(wan)* _ (wo‘"(”)* _ (wa)*'
Therefore (ii) yields

Do)=Y Y W) =Y W) = @) w=w .

new 1€Ew nel; S

Topology of ordinals. Ordinals have a natural topology induced by the
well-ordering. If « is an ordinal and § < «, then (3 is isolated in the topology
if it is a nonlimit ordinal, and if ( is a limit, then the sets of the form (v, 7],
where v < 3, form a base of the neighborhood system of 5. In other words,
the base for the topology is formed by open intervals.

If o is countable, then the topology of w® is second countable and thus
metrizable, and locally compact; moreover, it is noncompact unless o = 0.
(Warning: w® is not a topological product of o many countable discrete
spaces!) The topological space (w®)* defined by (3.1) above is its Aleksan-
drov one-point compactification. If & = 0, then the space w® = 1 is obviously
compact. Overall, (w*)* is, for each countable «, the smallest compact space
containing w®, and due to Proposition 3.7(i) it is a countable ordinal.

In the proof of Lemma 3.10 we shall use the following property of com-
pact spaces. If X is compact, z € X and Y = X \ {z} is not compact, then
X is the Aleksandrov compactification of Y.

We refer the reader to [6, 3.5.11] for more information on the Aleksandrov
one-point compactification.

The following are topological counterparts of Proposition 3.7(iii), (iv)
and (v).

3.8. LEMMA. Let v and (3 be countable ordinals, oo < 3. Let K, and Kg
be spaces homeomorphic to (w*)* and w® respectively. Then the topological
sum K, ® Kg is homeomorphic to w”.

3.9. LEMMA. Let (o, : n € w) be a sequence of countable ordinals and
Q= SUp,,c,, 0. Let {K, : n € w} be a family of topological spaces such that

K., is homeomorphic to (w**)* for alln € w and let K = P,,c,, K, be the
topological sum of K, ’s.
(i) If &« = ay for infinitely many n € w, then K is homeomorphic

to wtt,
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(ii) If a > o, for all n € w, then K is homeomorphic to w®.

Proof. For each n € w, let ¢, : (w*)* — K, be the homeomorphism.
Let ¢: ), c,(w*)* — K be the unique common extension of the ¢,’s. It
is clear that ¢ is a homeomorphism. Proposition 3.7(iv) and (v) concludes
the proof. =

We have enough background to state and prove the main lemma on the
local structure.

3.10. LEMMA. Let X be a countable, locally compact metrizable space and
x € X. If tx(x) = «, then for each neighborhood V of x there is a clopen
neighborhood U C'V of x that is homeomorphic to (w*)*.

Proof. If a = 0, then x is isolated. Therefore there is nothing to prove.
We proceed by induction up to nx.

Assume that o > 0 and that the assertion is true for each § < a. By
Lemma 3.6 there is a neighborhood U C V of x such that tx(y) < « for
all y € U\ {z}. As X is countable and locally compact, mutatis mutandis
U can be assumed to be clopen and compact, and it is of course countable.
Let (x, : n € w) be an enumeration of U \ {x}. For each n € w put «a,, =
tx(zn) < a.

We inductively construct a countable disjoint clopen cover W of U \ {z}.
By the induction hypothesis there is a clopen neighborhood Wy C U \ {z}
of zg that is homeomorphic to (w*)*. Put Wy = {Wy}.

Now assume that n € w and that W, is already defined. If ,,11 € | Wh,
put Wy11 = W,,. Otherwise, as U \ {z} is open and |JW,, is closed, the
induction hypothesis yields a neighborhood W, 11 C U\ {z} \UW, of 2,41
that is homeomorphic to (w®m+1)*. Put Wy,11 = W,, U{W,,41}.

When W, is constructed for each n € w, put W = {J,,c,, Wh. The family
W is obviously disjoint and covers U\ {z}. Each W € W is homeomorphic to
some (w*")*. Lemma 3.6 ensures that one can apply Lemma 3.9 to conclude
that U \ {z} is homeomorphic to w®. Since a > 0, it follows in particular
that U \ {z} is a locally compact, noncompact space. As U is compact, it
is the Aleksandrov compactification of U \ {z}, which is homeomorphic to
(w*)*. The induction step is finished, and so is the proof. m

We now attempt to extend the definition of type to an uncountable
compact metric space. For a space X put

(3.2) SX:U{UQX:Uopen, Ul <w}, Cx=X)\Sx.

We list some properties of Sx and Cx. (i) below, the first part of (ii) and
(iii) are trivial, and the last part of (ii) is Proposition 2.1. Recall that a
topological space is locally countable if each of its points has a countable
neighborhood.
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3.11. LEMMA. Let X be an uncountable metrizable space.

(i) Sx is open and locally countable.
(ii) Cx s closed and perfect. If X is compact and zero-dimensional,
then Cx is homeomorphic to 2.

(iii) If U C X s open, then Sy =UNSx and Cy =UNCx.

If X is locally compact, separable and metrizable, then it has a countable
base and therefore Sx is countable. The set Sx U {z}, being a union of a
closed set and an open set, is a Gs-set in the locally compact space X. It
follows that Sx U{x} is a countable, completely metrizable space. Therefore
the following definition makes sense in view of Definition 3.4.

3.12. DEFINITION. Let X be a locally compact separable metric space.
For each x € X put

tx(7) = tsyu(ay (@)

3.13. LEMMA. Let X be a locally compact separable metric space.

(i) tx(z) <ngy for each x € X.
(ii) The set {x € X :tx(z) < a} is open for each ordinal c.
(ili) If U C X is open and x € U, then ty(x) = tx(z).

Proof. (i) If € Sx, then tx(z) = ts,(x), so tx(x) < ns, by the
remark preceding Lemma 3.6. If 2 € Cx, then obviously (Sx U {z})(®) C
Sg?) U {z} for each a, whence (Sx U {z})"sx) C {z}. Therefore (Sx U
{z})sx+1) C {2} =0, and tx(x) < ng, follows.

(ii) We prove that if ¢tx(x) = «, then there is a neighborhood U of z
such that tx(y) < a for each y € U. If x € Sx, then the assertion follows
directly from Lemma 3.6. If x € C'x, then there is an open set U C X such
that U N Sx satisfies the conditions (i) and (ii) of Lemma 3.6. Let y € U. If
y € Sx, then tx(y) < a by Lemma 3.6(i). Let y € Cx. Assume tx(y) > «.
As UN(Sx U{y}) is a neighborhood of y in Sx U{y}, Lemma 3.6(ii) yields
a z € UN Sx such that tx(z) > «, a contradiction.

(iii) Obviously «(U) = «(X)NU. Thus U’ = X' N U. A straightforward
application of the latter fact yields U™ = X(®) N U for each «, which in
turn implies ty(z) = tx(z). =

3.14. LEMMA. Let X be a locally compact separable metric space and
z € Cx.

(i) If tx(z) =0, then x ¢ Sx.
(ii) If tx(x) = a > 0, then for each neighborhood V' C X of = there
exists an open set U C VN Sx homeomorphic to w® such that U = U U{x}.

In particular, U is homeomorphic to (w®)*.
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Proof. (i) If tx(x) =0, then z & (Sx U{z})". A fortiori x & (Sx)’. As
Sx = Sx U SY%, it follows that = ¢ Sx.

(ii) Lemma 3.6 implies that there is a sequence (z,, : n € w) in VN Sx
such that z,, — x, tx(z,) < « for all n € w and

(a) if « = B+ 1, then tx(z,) = 3,
(b) if «v is a limit, then tx(z,) — «a.

In either case, the set {z, : n € w} is closed and discrete in Sx. As metriz-
able spaces are collectionwise Hausdorff, Lemma 3.10 yields a sequence
(Up : n € w) of disjoint clopen compact subsets of Sx such that

(¢) Uy, is a neighborhood of z,, for each n € w,
(d) diamU,, — 0,
(e) U, is homeomorphic to (w!x(@n))*,

Thus (a), (b) and Lemma 3.9 imply that U =
set that is homeomorphic to w®.

Obviously € U. Let z € U. There is a sequence (z; : j € w) in U
that converges to z. Passing to a subsequence if necessary, we can assume
that either the z;’s pass through infinitely many U,,’s, and then (d) yields
zj — x, i.e. z = x, or else the z;’s stay within one U,,, and then z € U,,
because U, is closed. We have proved that U = U U {z}. =

U, CVNSx is an open

new

3.15. LEMMA. Let X be a locally compact, zero-dimensional, metrizable
space that is not locally countable. Then there is a clopen compact subspace
K C X such that

(i) Ck 1is homeomorphic to 2,
(ii) tx (x) = nK for all x € Ck,
(ili) tx (z) < ni for all x € Sk.

Proof. By assumption, X has a base consisting of clopen compact sets.
At least one of them is uncountable. Thus we may assume without loss of
generality that X itself is compact and uncountable.

Consider the ordinal n = min{tx(z) : * € Cx} and the set Y = {x €
X :tx(z) < n}. According to Lemma 3.13(ii) the set Y is open. Choose
any y € Cy = Y N Cx. By Lemma 3.6(i) there is a clopen neighborhood
K CY of y such that ty () < 7 whenever x € K \ Cy. We prove that K is
the required set. By Lemma 3.11(iii), Cx = K N Cy. By Lemma 3.13(iii),
ti(z) = ty(x) for z € K. Since Ck is nonempty, by Lemma 3.11(ii) it is
homeomorphic to 2¥. =

The following is the core result on extending homeomorphisms from C'x
to X. It is a crucial ingredient of the proof of Theorem 4.3.

3.16. LEMMA. Let K be a compact, zero-dimenstonal, uncountable metriz-
able space such that



Topological entropy on zero-dimensional spaces 243

(i) tx(xz) = nk for all x € Ck,
(ii) tx(z) < i for all x € Sk.

Then for each homeomorphism T : Cx — Cfk there is a homeomorphism
T: K — K that extends T, i.e. T[Cx =T.

Proof. Assume that nx > 0, otherwise there is nothing to prove. In
order to simplify notation write n = g, C = Ck, S = Sk and t(z) = tx ().
Let d denote a fixed metric on K. Let D be a countable dense subset of C
that is invariant with respect to both 7' and T~!. Such a set exists: it
is enough to take any countable set F that is dense in C' and put D =
Ujez TVE. Let {(c, : n € w) be an enumeration of D. To enumerate the
countable set S, assign to each s € S some ¢ € D so that d(s,c) < 2d(s,C)
and the assignment s — c¢ is one-to-one. This is possible as D is dense and
C has no isolated points. Thus there is a set I C w such that (s, : n € I)
enumerates all points of S and

(3.3) d(sp,cpn) < 2d(sn,C) forallnel.

We now inductively construct sequences (V,, : n € w), (W,, : n € w) and
(Up : n € w) of sets satisfying the following conditions.

(a) V,NW, =0 and U, =V, UW,, for all n € w,

(b) W,, = () whenever n € w\ I,

(c) the family {U,, : n € w} is a disjoint cover of S,

(d) Uy, is a clopen subset of S homeomorphic to w" and Uf =U,U{cn},
(e) Vi, € B(ep,27") for all n € w,

(f) Wy, € B(sn, 3d(sn,C)) for all n € I.

During the construction we define for each n € w a set

A — 0 when n = 0,
"\ Uicn Un when n > 0.

According to (d), ¢, & Zf. Thus B(cn,27™) \ A, is a neighborhood of ¢,.
Let V,, be a subset of this neighborhood that is homeomorphic to w”, clopen
in S and satisfies V,, = V,,U{c,}. Its existence is ensured by Lemma 3.14(ii).

The set W, is defined as follows. If n € I or s,, € A,,, then put W,, = (). If
n € Iands, ¢ A,, then B(s,, 1d(s,,C))\(4,UV,) is a neighborhood of s,,.
Let W, be a subset of this neighborhood that is a clopen neighborhood of s,
and is homeomorphic to (w!(¥7))*. Tts existence is ensured by Lemma 3.10.

Finally put U, = V,, UW,. If W,, = 0, then (d) obviously holds. If
W, # 0, then (d) follows from Lemma 3.8. Properties (a), (b), (e) and (f)
are obviously satisfied. As to (c), it is clear that the collection {U,, : n € w}
is disjoint, and as s,, € W,, C U,, whenever n € I, it is also a cover.

It follows from (c) and (d) that the set S can be identified with a set
D xw". This identification is topological in the sense that .S is homeomorphic
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to the topological product of a discrete space D and the ordinal topological
space w". We shall thus assume that S = D x w". Note that as {c} x w" is
a clopen subset of S for each ¢ € D, the mappings {c} x w" — {Tc} x W,
(c,a) +— (Tc,a), and {c} x w" — {T7tc} x W, (c,a) — (T 1c,a), are
continuous.

Define the extension T' of T by

oo To={fE TnE s

T obviously extends 7. As T' is one-to-one and onto, so is f, because
TID : D — D is bijective. So to prove that 7' : K — K is a homeomor-
phism, it suffices to show that 7" is continuous. A simple argument shows
that it is actually enough to prove that

(3.5) lim f(azj) = T(lim z;)

for any convergent sequence (z; : j € w) in K such that <f(x]) 1 J Ew)
converges as well. Consider such a sequence. We can clearly assume that
xj € S for each j € w. Put  =limz; and y = lim T'(z;).

First assume that € S. Then there is ¢ € D such that z; € {c} x w”
for all but finitely many j’s. Therefore f(x) = lim f(a:]) because of the
continuity of the mapping {c¢} x w" — {Tc} x W", {(¢,a) — (Te¢,a). So in
this case (3.5) is proved.

Now assume that z € C. For each j € w there is ¢,,; € D and an ordinal
aj < w" such that z; = (cy,, ;). We show that

(3.6) lim ¢,, = 2.
j—oo
For each n € w consider the set I,, = {j € w : n; = n}. There is at

most one n such that I,, is infinite. Indeed, if I,, is infinite, then (d) yields
x = limjer, ; = ¢y, so if there were two distinct infinite sets Iy, I,,, we
would have ¢ = ¢,, and © = ¢,,,. Put

I — {j €w:n; =n} if there is n such that I, is infinite,
o7 e otherwise,
Jh :{jEw::Uj Ean}\Jo,
ng{jew:mj Ean}\Jo.
If Jo is infinite then, as mentioned above, (d) yields

3.7 lim ¢,, = =.
@) i en =

If j € Jy, then the triangle inequality and (e) imply
(3.8) d(cn,,x) < d(cn,,x5) +d(xj,x) <27 +d(xj, ).
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If J; is infinite, then the set {j € Ji : n; = n} is finite for each n € w.
Therefore lim;c 7, n; = co. Thus both terms on the right hand side in (3.8)
converge to zero, whence

3.9 lim ¢, = .
69) Jig o =

If j € Jo, then

d(sn;, ) < d(sp,,x;) + d(zj,z) < 3d(sp,,C) + d(zj, )
< 1
>3

d(sn;,x) +d(z;, )
by (f). Therefore
(3.10) d(sn;, ) < 2d(zj, ).
The inequalities (3.3), (3.10) and again (3.10) thus imply
d(cn;,x) < d(cn;, 8n;) +d(sn;,x) < 2d(sy,;,C) + 2d(xj, )
< 2d(sn;, ) + 2d(z;, ) < 4d(z;, ) + 2d(x), ) = 6d(z;, T).
So if J3 is infinite, then

(3.11) lim ¢, = z.
jedy

At least one of the sets Jy, J1, Jo is obviously infinite. Combining (3.7),
(3.9) and (3.11) thus proves (3.6).

As T is continuous on C, it follows that
(3.12) lim Tc,, = Tx.

j—00

For each j € w put y; = f(x]) and consider the sequence (y; : j € w).
By assumption, y = lim;_., y; exists. We have y € C. Indeed, if not, then
there is ¢ € D such that y € {c} x w". Therefore all but finitely many y;’s
belong to U,, and thus

z=limz; =limT 'y; =T '(y) e T ({e} x ") = {T'¢} x ",

because the mapping {c} x w"” — {T~tc} x w", {(c,a) — (T 1c,a), is con-

tinuous. As {T1c} x w" is disjoint from C, we arrived at a contradiction
proving that y € C. Also, as the z;’s belong to S, so do the y;’s.
Therefore we can apply (3.6) to the sequence (y; : j € w). Thus

limTc,, =y.

Comparison with (3.12) yields y = T, so (3.5) is proved. Thus T is a
homeomorphism. The proof is complete. m

4. The main result. The following is the main result of the paper.
It follows at once from a slightly more general Theorem 4.3 below. For its
proof we prepare Lemma 4.2.
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4.1. THEOREM. Let X be a zero-dimensional, uncountable, compact met-
ric space. Then for each a € [0,00] there is a homeomorphism T : X — X
such that hyop(T) = a.

4.2. LEMMA. Let X be a compact metric space and T : X — X a
continuous mapping. If C C X is a closed T-invariant subset of X and

X\ C is countable and T-invariant, then hiop(T) = hiop(T'1C).

Proof. Put S = X \ C. Clearly hiop(T') > hiop(T'[C). To prove the
opposite inequality we use Theorem 2.10. Assume that hiop(T7) > hiop(T'[C).
Then there is an ergodic probability measure p in X such that h,(T) >
htop(T'[C). The set C' is T-invariant, therefore either u(C) =1 or M(S) =1
The former case would lead to h#(T) = hy(TC) < hiop(T'TC) < hy(T).
Thus p(S) = 1, whence h,(T) = h,(T[S).

If z € S, then its two-sided orbit O(x) = {TY(x) : j € Z} is T-invariant
and thus either u(O(x)) = 0 or u(O(z)) = 1. If = is not periodic, then
O(z) is infinite and therefore pu({z}) = 0. So the only points which can
have positive measure are periodic. Since distinct orbits are disjoint, the
ergodicity of p implies that there is a unique cycle O(zg) = {zo, x1,..., 2}
such that u(O(x)) = 1. Therefore h,(T) = h,(T'S) = h,(T'TO(x0)). Since
O(zo) is a finite space, we conclude that h,(T) = 0, a contradiction. m

4.3. THEOREM. Let X be a zero-dimensional, locally compact, metriz-
able space that is not locally countable. Then for each a € [0,00] there is a
homeomorphism T : X — X such that ho(T') = a for each metric o in X.
Moreover, both T and T~ are uniformly continuous.

Proof. There is an open set U C X and a point £ € U such that
each closed neighborhood of x contained in U is compact and uncountable.
As X is zero-dimensional, there is a clopen set F' separating = and X \ U,
i.e. z € FF C U. This set is a compact, uncountable, zero-dimensional space.
By Lemma 3.15 there is a clopen set K C F' such that

(i) Ck is homeomorphic to 2¢,
(ii) tx(x) = nk for all x € Ck,
(iii) tx (x) < ni for all x € Sk.
Let a € [0, 00| be given. According to Theorem 2.4 there is a homeomorphism
Ty : Cx — Ck such that hiop(Th) = a. By Lemmas 3.16 and 4.2 there is a
homeomorphism fo : K — K such that htop(fo) = hiop(To) = a. Define a
mapping T : X — X by

T(ZU) — f()(l’) for x € K7
x forz € X \ K.

As K is a clopen set, T is obviously a homeomorphism. T is an aggregate
of an identity and a homeomorphism of a compact space, and thus both T'
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and T~! are uniformly continuous with respect to any metric in X. Since
K and X \ K are both T-invariant, it follows from Proposition 2.8 that for
each metric g in X,

ho(T) = maX(htop(TO)a ho(idx\k)) = a. m

5. Counterexamples. Theorem 4.1 lists four conditions the space X
has to satisfy in order to possess homeomorphisms of arbitrary entropies:

e X is uncountable,

e X is compact,

e X is zero-dimensional,
e X is metrizable.

We show that when any of these conditions is dropped, the conclusion of
Theorem 4.1 fails.

5.1. PROPOSITION. If X is a countable, compact metric space and T :
X — X a continuous mapping, then hyop(T) = 0.

Proof. Apply Lemma 4.2 with C = 0. =
So the first condition cannot be dropped.

5.2. EXAMPLE. Let X be an uncountable set provided with the discrete
topology. Then X is zero-dimensional and metrizable. As each compact sub-
set of X is finite, hiop(T") = 0 for each continuous mapping 7' : X — X.

So the second condition cannot be dropped.

5.3. EXAMPLE. Recall that a Cook continuum is a metric continuum
X that admits only the identity mapping onto nondegenerate subcontinua.
In particular, any continuous mapping 7" : X — X is either constant or
the identity. Cook continua exist, see e.g. [3]. So a Cook continuum is an
example of an uncountable compact metric space of positive dimension such
that hiop (1) = 0 for each continuous mapping 7': X — X.

So the third condition cannot be dropped. Another example of a com-
pact metric space of positive dimension possessing no homeomorphisms of
positive entropy is the unit interval. However, Example 5.3 is better, because
on the unit interval there are continuous mappings of positive entropy.

5.4. PROPOSITION. Let wy be the first uncountable ordinal and X =
wy + 1 its successor provided with the interval topology. Then X 1is a zero-
dimensional compact space and hiop(T) = 0 for any continuous mapping
T: X — X.
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Proof. It is well known that X is zero-dimensional and compact. For
any family A of subsets of X and each n € w define

Ap=AVTTVAV.. VTT"A, Ay = 4.
new
Let V be a finite open cover of X. As X is zero-dimensional, } has an open
disjoint refinement U (cf. [5, 7.1.7]). Using the notation of Definition 2.2 it
is easy to check that

(5.1) HV,) < HU,) = log U],
(5.2) H(T,V) < H(T,U).

For each set U € Uy pick a point zy € U and set D = {xy : U € U }. As
U is countable, so is D. Consider the sets E = J;., T"D and F = E. The
set F' is T-invariant and closed. As D C F, it follows that for the family
U ={UNF:U €U} we have

H(T,U) = H(T|F, U').
Combining with (5.2) and Definition 2.2 we get
(5.3) H(T, V) < H(TIF,U') < huop(TIF).

Since D is countable, so is E. A countable subset of w; is bounded, therefore
E \ {w;1} is bounded. The closure of a bounded subset of w; is bounded,
therefore F'\ {w; } is bounded. A bounded subset of w; is countable, therefore
F\{w1}, and a fortiori F, is countable. As it is also closed, it is a countable
compact space. Thus it is also metrizable. Therefore Proposition 5.1 and
(5.3) yield H(T,V) = 0. As V was an arbitrary open cover of X, it follows
that hyop(T) =0. m

As wy + 1 is zero-dimensional, compact and uncountable, the fourth
condition cannot be dropped.
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