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A large family of pseudorandom sequences of
k symbols with length pq
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Huaning Liu and Bo Gao (Xi’an)

1. Introduction. In a series of papers Mauduit and Sárközy (partly
with other coauthors) studied finite sequences of k symbols

EN = (e1, . . . , eN ) ∈ AN ,

where A = {a1, . . . , ak} (k ∈ N, k ≥ 2) is a finite set of k symbols. Write

x(EN , a,M, u, v) = |{j : 0 ≤ j ≤M − 1, eu+jv = a}|,

and for w = (ai1 , . . . , ail) ∈ Al, D = (d1, . . . , dl) with non-negative integers
d1 < · · · < dl,

g(EN , w,M,D) = |{n : 1 ≤ n ≤M, (en+d1 , . . . , en+dl) = w}|.

Mauduit and Sárközy [14] introduced the following pseudorandom measures.

Definition 1.1. The f -well-distribution measure of EN is defined as

δ(EN ) = max
a,M,u,v

|x(EN , a,M, u, v)−M/k|,

where the maximum is taken over all a ∈ A and u, v,M with 1 ≤ u ≤
u+ (M − 1)v ≤ N .

Definition 1.2. The f -correlation measure of order l of EN is

γl(EN ) = max
w,M,D

|g(EN , w,M,D)−M/kl|,

where the maximum is taken over all w ∈ Al, D = (d1, . . . , dl) and M such
that 0 ≤ d1 < · · · < dl ≤ N −M .
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A sequence is considered to be a “good” pseudorandom sequence if both
δ(EN ) and γl(EN ) (at least for small l) are “small” in terms of N (in par-
ticular, both are o(N) as N → ∞, ideally N1/2+ε). A few pseudorandom
sequences of k symbols have been studied (see [1], [2], [9], [12], [14]). For
example, Mauduit and Sárközy [14] proved the following.

Proposition 1.1 (Mauduit and Sárközy). Let p be a prime, and let χ
be a Dirichlet character modulo p of order k ≥ 2. Write N = p − 1, and
define the sequence EN = (e1, . . . , eN ) by

en = χ(n).

Then

δ(EN ) < 2N1/2 logN, γl(EN ) < 27klN1/2 logN.

Ahlswede, Mauduit and Sárközy [1], [2] gave a large family of sequences
of k symbols by using the Dirichlet character.

Proposition 1.2 (Ahlswede, Mauduit and Sárközy). Assume that k ∈ N,
k ≥ 2, p is a prime number, χ is a character modulo p of order k, and
f(x) ∈ Fp[x] has degree h (> 0) and no multiple zero in Fp. Define the
sequence Ep = (e1, . . . , ep) of kth roots of unity by

en =

{
χ(f(n)) for (f(n), p) = 1,

1 for p | f(n).

Then δ(Ep) < 11hp1/2 log p. Moreover, suppose that l ∈ N and at least one
of the following assumptions holds:

(i) h < p, l(k − 1) < p, the prime factorization of k is k = qα1
1 · · · qαs

s

(where q1, . . . , qs are distinct primes and α1, . . . , αs ∈ N), and each qi
is a primitive root modulo p.

(ii) l ≤ k/(k − 1) and h < p.
(iii) (4l(k − 1))h < p.

Then γl(Ep) < 10lhkp1/2 log p.

Mak [12] presented some new families of pseudorandom sequences of k
symbols, which generalized the above constructions. Gomez and Winter-
hof [9] constructed pseudorandom sequences of k symbols by using Dirichlet
characters and the Fermat quotient.

Proposition 1.3 (Gomez and Winterhof). For a prime p and an integer
u with (u, p) = 1, the Fermat quotient qp(u) modulo p is defined by

qp(u) ≡ up−1 − 1

p
(mod p), 0 ≤ qp(u) ≤ p− 1,

and we define qp(u) = 0 if p |u. Let χ be a Dirichlet character modulo p of
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order k ≥ 2. Define Ep2 = (e1, . . . , ep2) by

en = χ(qp(n)).

Then

δ(Ep2)� p3/2 log p, γl(Ep2)� lp5/3.

Note that these constructions are with moduli p or p2. One might wish
to look for constructions with composite moduli N , since this type of con-
structions are more important in cryptography. Throughout this paper we
suppose that N = pq and p, q are two distinct primes satisfying “RSA type”
conditions with 2 < p < q < 2p. From the Chinese Remainder Theorem we
know that there are common primitive roots of both p and q. Let g be a fixed
common primitive roots of both p and q, and let x be an integer satisfying

x ≡ g (mod p), x ≡ 1 (mod q).

Let d = (p − 1, q − 1) and e = (p − 1)(q − 1)/d. Following [16], the
generalized cyclotomic classes of order d are defined by

Di = {gsxi : s = 0, 1, . . . , e− 1}, i = 0, 1, . . . , d− 1.

It is not hard to prove that

Z∗pq =
d−1⋃
i=0

Di, Di ∩Dj = ∅ for i 6= j.

We set

P = {p, 2p, . . . , (q − 1)p}, Q = {q, 2q, . . . , (p− 1)q}, Q0 = Q ∪ {0}.
Hence,

Zpq = P ∪Q0 ∪
d−1⋃
i=0

Di.

The Whiteman generalized cyclotomic classes were applied to construct
binary sequences, pseudorandom subsets, and k symbols (see [3], [4], [5], [6],
[8] and [11]). For example, Chen, Du and Wu [5] defined and studied the
following sequence of k symbols by using the generalized cyclotomic classes.

Proposition 1.4 (Chen, Du and Wu). Suppose that k > 1 and k | d
for d = (p− 1, q − 1). Define EN = (e1, . . . , eN ) ∈ ZNk by

en =


i (mod k) if n ∈ Di, 0 ≤ i < d,

A if n ∈ P ,

B if n ∈ Q0,

for n = 1, . . . , N and fixed A,B ∈ Zk. Then

δ(EN )� N1/2 logN, γ2(EN )� N3/4 logN.
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In this paper we construct a large family of pseudorandom sequences of
k symbols with length pq by using generalized cyclotomic classes, and study
their properties. The main results are the following.

Theorem 1.1. Let f(x) = ahx
h+ · · ·+a1x+a0 ∈ Z[x] with (ah, N) = 1

and 0 < h < p (< q). Assume that f(x) as a polynomial over Fp has
no multiple roots in Fp and f(x) as a polynomial over Fq has no multiple
roots in Fq. Suppose that k > 1 and k | d = (p − 1, q − 1). Define EN =
(e1, . . . , eN ) ∈ ZNk by

en =


i (mod k) if f(n) ∈ Di, 0 ≤ i ≤ d− 1,

A if f(n) ∈ P ,

B if f(n) ∈ Q0,

for n = 1, . . . , N and fixed A,B ∈ Zk. Then

δ(EN )� h2N1/2 logN,(1.1)

γ2(EN )� hN3/4,(1.2)

γ3(EN )� hN3/4.(1.3)

Theorem 1.2. Define EN as in Theorem 1.1, and denote D=(d1, . . . , dl)
with 0 ≤ d1 < · · · < dl < N . Suppose that w = (ai1 , . . . , ail) ∈ Zlk and M is
a positive integer with M ≤ N − dl.
(i) If di 6≡ dj (mod p) and di 6≡ dj (mod q), 1 ≤ i, j ≤ l, then

(1.4) |g(EN , w,M,D)−M/kl| � h2N1/2 logN.

(ii) If d1 ≡ · · · ≡ dl (mod p) or d1 ≡ · · · ≡ dl (mod q), then

(1.5) |g(EN , w,M,D)−M/kl| � hN3/4.

Theorem 1.3. Define EN as in Theorem 1.1. Take w = (0, 0, 0, 0) ∈ Z4
k,

D = (d1, d2, d3, d4) and M satisfying

d1 = 0, d2 = p, d3 = q, d4 = p+ q, M = N − p− q.
Then

(1.6) g(EN , w,M,D)− M

k4
=
k − 1

k4
N +O(hN3/4 logN).

By Theorem 1.3, γ4(EN ) is extremely large, so the f -correlation γl of
higher order l could be greater than clN provided the prime factors p and q
of N are known. Therefore p and q should be kept secret. Furthermore, for
w = (ai1 , . . . , ail) ∈ Zlk and d1, . . . , dl, M such that 0 ≤ d1 < · · · < dl < p
(< q) and M ≤ N − dl, from Theorem 1.2 we have

|g(EN , w,M,D)−M/kl| � h2N1/2 logN.

This suggests that the high order “short range” correlation of EN is small.
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2. Some lemmas. In order to prove the theorems, we need the following
lemmas.

Lemma 2.1 ([13, Lemma 2]). Let p be a prime number, and let χ be a
non-principal character modulo p of order d. Suppose that f(x) ∈ Fp[x] has
degree l, and f(x) is not a constant multiple of the dth power of a polynomial
over Fp. Then for all a ∈ Z we have∣∣∣∑

n∈Fp

χ(f(n)) e(an/p)
∣∣∣ ≤ sp1/2,

where e(y)=e2πiy, and s denotes the number of distinct zeros of f(x) in Fp.

Lemma 2.2 ([7]). Let k, d ∈ N and let p be a prime number with d | p−1.
Let r ≤ k, 0 ≤ d1 < · · · < dr < p, 1 ≤ δ1, . . . , δr < d and (δ1, . . . , δr) = 1.
Suppose that f(x) ∈ Fp[x] is a polynomial of degree l with no multiple roots
in Fp. Define

F (n) = f(n+ d1)
δ1 · · · f(n+ dr)

δr

and write

F (n) = b(n− x1)u1 · · · (n− xs)us

in Fp, where xi 6= xj for i 6= j. Suppose one of the following assumptions
holds:

(i) k = 2;
(ii) d is a prime divisor of p− 1 and (4k)l < p;
(iii) the polynomial xp−1 + · · · + x + 1 is irreducible in Fw[x] for all prime

factors w of d.

Then (d, u1, . . . , us) = 1.

Notation 2.1. For a ∈ Z and q ∈ N such that (a, q) = 1, let iq(a)
denote the unique integer b such that 0 ≤ b ≤ q − 1 and ab ≡ 1 (mod q).

3. The well-distribution measure of EN . Define

H = {χ mod N : χ(g) = 1} and G = {g, g2, . . . , ge}.

Then H is the annihilator of G in Z∗N . By [10, Theorem 5.6] we know that

the order of H is |Ẑ∗N |/|Ĝ| = d. Denote H∗ = H \ {χ0}.
For any χ modulo N we write χ for the inverse of χ. By the definition

of Di we have
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f(n) ∈ Di ⇔ f(n) ≡ gsxi (mod N) for some s with 0 ≤ s ≤ e− 1(3.1)

⇔ 1

φ(N)

e−1∑
s=0

∑
χmodN

χ(f(n))χ(gsxi) = 1

⇔ 1

d

∑
χ∈H

χ(f(n))χ(xi) = 1.

We further study the properties of H.

Theorem 3.1. Assume that k ≥ 1 and k | d for d = (p − 1, q − 1). For
any integers a and r with r ≥ 1, we have∑

χ∈H∗

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

χ(xi)

∣∣∣∣r =
dr

kr
(k − 1),

∑
χ′∈H∗

∑
χ′′∈H∗

∣∣∣∣d−1∑
i=0

χ′(xi)

d−1∑
j=0

j 6≡i (mod k)

χ′′(xj)

∣∣∣∣r =
d2r

kr
(k − 1).

Suppose that χ ∈ H∗ is of order t. Write χ∗ = χ1χ2 with χ1 a character
modulo p of order t1 and χ2 a character modulo q of order t2. Then

t = t1 = t2.

Proof. From the properties of character sums we get∑
χ∈H∗

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

χ(xi)

∣∣∣∣r =
∑

χ1 mod p

∑
χ2 mod q

χ1(g)χ2(g)=1

χ1χ2 6=χ0

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

χ1(x
i)χ2(x

i)

∣∣∣∣r

=
∑

χ1 mod p

∑
χ2 mod q

χ1(g)χ2(g)=1

χ1χ2 6=χ0

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

χ1(g)i
∣∣∣∣r.

Write

χ1(n) =

 e

(
m1 indg,p(n)

p− 1

)
, (n, p) = 1,

0, (n, p) > 1,

χ2(n) =

 e

(
m2 indg,q(n)

q − 1

)
, (n, q) = 1,

0, (n, q) > 1,

where indg,p(n) is the unique integer with n ≡ gindg,p(n) (mod p), 0 ≤
indg,p(n) ≤ p−2, and indg,q(n) denotes the unique integer with n ≡ gindg,q(n)
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(mod q), 0 ≤ indg,q(n) ≤ q − 2. Then we have∑
χ∈H∗

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

χ(xi)

∣∣∣∣r =

p−2∑
m1=0

q−2∑
m2=0

e(
m1
p−1

) e(
m2
q−1

)=1

m2
1+m

2
2>0

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

e

(
im1

p− 1

)∣∣∣∣r.

It is easy to show that

e

(
m1

p− 1

)
e

(
m2

q − 1

)
= 1 ⇔ e

(
m1(q − 1) +m2(p− 1)

(p− 1)(q − 1)

)
= 1

⇔ (p− 1)(q − 1) |m1(q − 1) +m2(p− 1)

⇔ (p− 1)(q − 1)

d

∣∣∣∣m1
q − 1

d
+m2

p− 1

d
.

Hence,
p− 1

d

∣∣∣∣m1,
q − 1

d

∣∣∣∣m2.

Therefore∑
χ∈H∗

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

χ(xi)

∣∣∣∣r =
∑

0≤n1≤d−1

∑
0≤n2≤d−1

(p−1)(q−1)
d

∣∣n1
(p−1)(q−1)

d2
+n2

(p−1)(q−1)

d2

n2
1+n

2
2>0

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

e

(
in1
d

)∣∣∣∣r

=
∑

0≤n1≤d−1

∑
0≤n2≤d−1

n1+n2≡0 (mod d)

n2
1+n

2
2>0

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

e

(
in1
d

)∣∣∣∣r =
∑

1≤n1≤d−1

∣∣∣∣ d−1∑
i=0

i≡a (mod k)

e

(
in1
d

)∣∣∣∣r

=
∑

1≤n1≤d−1

∣∣∣∣e(an1d
) ∑

0≤j≤d/k−1

e

(
jn1
d/k

)∣∣∣∣r =
dr

kr

∑
1≤n1≤d−1

d
k
|n1

1 =
dr

kr
(k − 1).

Similarly we have∑
χ′∈H∗

∑
χ′′∈H∗

∣∣∣∣d−1∑
i=0

χ′(xi)
d−1∑
j=0

j 6≡i (mod k)

χ′′(xj)

∣∣∣∣r

=
∑

χ′1 mod p

∑
χ′2 mod q

χ′1(g)χ
′
2(g)=1

χ′1χ
′
2 6=χ0

∑
χ′′1 mod p

∑
χ′′2 mod q

χ′′1 (g)χ
′′
2 (g)=1

χ′′1χ
′′
2 6=χ0

∣∣∣∣d−1∑
i=0

χ′1(g)i
d−1∑
j=0

j 6≡i (mod k)

χ′′1(g)j
∣∣∣∣r
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=

p−2∑
m′1=0

q−2∑
m′2=0

e(
m′1
p−1

) e(
m′2
q−1

)=1

(m′1)
2+(m′2)

2>0

p−2∑
m′′1=0

q−2∑
m′′2=0

e(
m′′1
p−1

) e(
m′′2
q−1

)=1

(m′′1 )
2+(m′′2 )

2>0

∣∣∣∣d−1∑
i=0

e

(
im′1
p− 1

) d−1∑
j=0

j 6≡i (mod k)

e

(
jm′′1
p− 1

)∣∣∣∣r

=
∑

0≤n′1≤d−1

∑
0≤n′2≤d−1

n′1+n
′
2≡0 (mod d)

(n′1)
2+(n′2)

2>0

∑
0≤n′′1≤d−1

∑
0≤n′′2≤d−1

n′′1+n
′′
2≡0 (mod d)

(n′′1 )
2+(n′′2 )

2>0

∣∣∣∣d−1∑
i=0

e

(
in′1
d

) d−1∑
j=0

j 6≡i (mod k)

e

(
jn′′1
d

)∣∣∣∣r

=
∑

1≤n′1≤d−1

∑
1≤n′′1≤d−1

∣∣∣∣d−1∑
i=0

e

(
in′1
d

) d−1∑
j=0

j 6≡i (mod k)

e

(
jn′′1
d

)∣∣∣∣r

=
∑

1≤n′1≤d−1

∑
1≤n′′1≤d−1

∣∣∣∣d−1∑
i=0

e

(
in′1
d

) d−1∑
j=0

j≡i (mod k)

e

(
jn′′1
d

)∣∣∣∣r

=
∑

1≤n′1≤d−1

∑
1≤n′′1≤d−1

∣∣∣∣d−1∑
i=0

e

(
i(n′1 + n′′1)

d

) ∑
0≤j≤d/k−1

e

(
jn′′1
d/k

)∣∣∣∣r
=
d2r

kr

∑
1≤n′1≤d−1

∑
1≤n′′1≤d−1

n′1+n
′′
1≡0 (mod d)
d
k
|n′′1

1

=
d2r

kr

∑
1≤n′′1≤d−1

d
k
|n′′1

1 =
d2r

kr
(k − 1).

Furthermore, for χ ∈ H∗ we write χ∗ = χ1χ2, where

χ1(n) =

 e

(
m1 indg,p(n)

p− 1

)
, (n, p) = 1,

0, (n, p) > 1,

χ2(n) =

 e

(
m2 indg,q(n)

q − 1

)
, (n, q) = 1,

0, (n, q) > 1,

for some 0 ≤ m1 ≤ p−2 and 0 ≤ m2 ≤ q−2. From χ1(g)χ2(g) = 1 we know
that

(p− 1)(q − 1)

d

∣∣∣∣m1
q − 1

d
+m2

p− 1

d
,

p− 1

d

∣∣∣∣m1,
q − 1

d

∣∣∣∣m2.
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Then

χ1(n) =

 e

(
n1 indg,p(n)

d

)
, (n, p) = 1,

0, (n, p) > 1,

χ2(n) =

 e

(
n2 indg,q(n)

d

)
, (n, q) = 1,

0, (n, q) > 1,

for some 0 ≤ n1 ≤ d−1, 0 ≤ n2 ≤ d−1, n1+n2 ≡ 0 (mod d) and n21+n22 > 0.
Therefore ordχ = ordχ1 = ordχ2.

Remark 3.1. From Theorem 3.1 we know that any χ ∈ H∗ can be
expressed as χ = χpχq, where χp is a non-principal character modulo p,
χq is a non-principal character modulo q, and ordχ = ordχ1 = ordχ2.

Now we study the well-distribution measure of EN . For any a ∈ Zk and
M,u, v ∈ N with 1 ≤ u ≤ u+ (M − 1)v ≤ N , by (3.1) we have

(3.2) x(EN , a,M, u, v) = |{j : 0 ≤ j ≤M − 1, eu+jv = a}|

≤
M−1∑
j=0

f(u+jv)∈Z∗N
eu+jv=a

1 +
M−1∑
j=0

f(u+jv)∈P∪Q0

1 =
d−1∑
i=0

M−1∑
j=0

f(u+jv)∈Di

eu+jv=a

1 +O(h(p+ q − 1))

=

d−1∑
i=0

M−1∑
j=0

f(u+jv)∈Di

i≡a (mod k)

1 +O(hN1/2)

=
1

d

d−1∑
i=0

i≡a (mod k)

M−1∑
j=0

∑
χ∈H

χ(f(u+ jv))χ(xi) +O(hN1/2)

=
M

k
+

1

d

∑
χ∈H∗

( d−1∑
i=0

i≡a (mod k)

χ(xi)

)M−1∑
j=0

χ(f(u+ jv)) +O(hN1/2).

From the trigonometric sum we get

(3.3)
M−1∑
j=0

χ(f(u+ jv)) =
1

N

M−1∑
j=0

N∑
n=1

∑
|r|<N/2

e

(
r(n− (u+ jv))

N

)
χ(f(n))

=
1

N

∑
|r|<N/2

M−1∑
j=0

e

(
−r(u+ jv)

N

) N∑
n=1

χ(f(n)) e

(
rn

N

)
.
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Hence we derive
N∑
n=1

χ(f(n)) e

(
rn

N

)
=

q−1∑
c=0

p−1∑
d=0

χ(f(cp+ dq)) e

(
r(cp+ dq)

N

)

=

q−1∑
c=0

χq(f(cp)) e

(
rc

q

) p−1∑
d=0

χp(f(dq)) e

(
rd

p

)

=

q−1∑
c=0

χq(f(c)) e

(
riq(p)c

q

) p−1∑
d=0

χp(f(d)) e

(
rip(q)d

p

)
.

By Lemma 2.1 we have

q−1∑
c=0

χq(f(c)) e

(
riq(p)c

q

)
� hq1/2,

p−1∑
d=0

χp(f(d)) e

(
rip(q)d

p

)
� hp1/2,

therefore

(3.4)

N∑
n=1

χ(f(n)) e

(
rn

N

)
� h2N1/2.

It is not hard to show that

(3.5)
∑
|r|<N/2

∣∣∣∣M−1∑
j=0

e

(
−r(u+ jv)

N

)∣∣∣∣
= M +

∑
0<|r|<N/2

∣∣∣∣M−1∑
j=0

e

(
−r(u+ jv)

N

)∣∣∣∣
≤M + 2

∑
0<|r|<N/2

1∣∣1− e
(−rv
N

)∣∣ = M + 2
∑

0<|r|<N/2

1∣∣1− e
(
r
N

)∣∣
= M +

∑
0<|r|<N/2

1∣∣sin πr
N

∣∣ ≤M +
∑

0<|r|<N/2

N

2|r|

= M +
∑

0<r<N/2

N

2r
≤M +

∑
0<r<N/2

N

r
� N logN.

From (3.2)–(3.5) and Theorem 3.1 we immediately get

|x(EN , a,M, u, v)−M/k|

� 1

d

∣∣∣∣ ∑
χ∈H∗

( d−1∑
i=0

i≡a (mod k)

χ(xi)

)M−1∑
j=1

χ(f(u+ jv))

∣∣∣∣+ hN1/2 � h2N1/2 logN.

Therefore
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δ(EN ) = max
a,M,u,v

|x(EN , a,M, u, v)−M/k| � h2N1/2 logN.

This proves (1.1).

4. The correlation measure of order 2 and 3 of EN . For any
w = (ai1 , ai2) ∈ Z2

k and D = (d1, d2) with 0 ≤ d1 < d2 < N −M , by (3.1)
we have

g(EN , w,M,D) = |{m : 1 ≤ m ≤M, em+d1 = ai1 , em+d2 = ai2}|

=
M∑
m=1

f(m+d1)∈Z∗N
f(m+d2)∈Z∗N
em+d1

=ai1
em+d2

=ai2

1 +O(hN1/2) =
d−1∑
i=0

d−1∑
j=0

M∑
m=1

f(m+d1)∈Di

f(m+d2)∈Dj

em+d1
=ai1

em+d2
=ai2

1 +O(hN1/2)

=
1

d2

d−1∑
i=0

i≡ai1 (mod k)

d−1∑
j=0

j≡ai2 (mod k)

M∑
m=1

∑
χ1∈H

χ1(x
i)χ1(f(m+ d1))

×
∑
χ2∈H

χ2(x
j)χ2(f(m+ d2)) +O(hN1/2).

Using the methods in Section 3 we get

1

d2

d−1∑
i=0

i≡ai1 (mod k)

d−1∑
j=0

j≡ai2 (mod k)

M∑
m=1

(f(m+d2),N)=1

∑
χ1∈H∗

χ1(x
i)χ1(f(m+ d1))

� h2N1/2 logN,

1

d2

d−1∑
i=0

i≡ai1 (mod k)

d−1∑
j=0

j≡ai2 (mod k)

M∑
m=1

(f(m+d1),N)=1

∑
χ2∈H∗

χ2(x
j)χ2(f(m+ d2))

� h2N1/2 logN.

Therefore

(4.1) g(EN , w,M,D)

=
M

k2
+

1

d2

∑
χ1∈H∗

( d−1∑
i=0

i≡ai1 (mod k)

χ1(x
i)

) ∑
χ2∈H∗

( d−1∑
j=0

j≡ai2 (mod k)

χ2(x
j)

)

×
M∑
m=1

χ1(f(m+ d1))χ2(f(m+ d2)) +O(h2N1/2 logN).
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Note that H is cyclic. Let χ′ ∈ H∗ be a generator of H. For χ1, χ2 ∈ H∗,
we write

χ1 = (χ′)b1 , χ2 = (χ′)b2 , 1 ≤ b1, b2 ≤ d− 1.

Define
χ∗ = (χ′)(b1,b2), δ1 = b1/(b1, b2), δ2 = b2/(b1, b2).

Then

χ1 = (χ∗)δ1 , χ2 = (χ∗)δ2 , 1 ≤ δ1, δ2 ≤ d− 1, (δ1, δ2) = 1.

Notice that the order of χ∗ is a divisor of d with ordχ∗ > 1. Thus we have

(4.2)

M∑
m=1

χ1(f(m+ d1))χ2(f(m+ d2))

=

M∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
)

=
1

N

N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
) M∑
u=1

∑
|a|<N/2

e

(
a(m− u)

N

)

=
1

N

∑
|a|<N/2

M∑
u=1

e

(
−au
N

) N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
)

e

(
am

N

)
.

Write χ∗ = χpχq with χp a character modulo p of order tp > 1 and χq a
character modulo q of order tq > 1, where tp, tq are divisors of d. We have

N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
)

e

(
am

N

)

=

q−1∑
u=0

p−1∑
v=0

χ∗
(
f(up+ vq + d1)

δ1f(up+ vq + d2)
δ2
)

e

(
a(up+ vq)

N

)

=

q−1∑
u=0

χq
(
f(up+ d1)

δ1f(up+ d2)
δ2
)

e

(
au

q

)

×
p−1∑
v=0

χp
(
f(vq + d1)

δ1f(vq + d2)
δ2
)

e

(
av

p

)

=

q−1∑
u=0

χq
(
f(u+ d1)

δ1f(u+ d2)
δ2
)

e

(
aiq(p)u

q

)

×
p−1∑
v=0

χp(f(v + d1)
δ1f(v + d2)

δ2) e

(
aip(q)v

p

)
.

We consider three cases.
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Case I: d1 6≡ d2 (mod p) and d1 6≡ d2 (mod q). From Lemmas 3.1 and
3.2 we get

q−1∑
u=0

χq
(
f(u+ d1)

δ1f(u+ d2)
δ2
)

e

(
aiq(p)u

q

)
� hq1/2,

p−1∑
v=0

χp
(
f(v + d1)

δ1f(v + d2)
δ2
)

e

(
aip(q)v

p

)
� hp1/2.

Then

(4.3)
N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
)

e

(
am

N

)
� h2N1/2.

Case II: d1 ≡ d2 (mod p) and d1 6≡ d2 (mod q). By Lemmas 3.1 and 3.2
we get

q−1∑
u=0

χq
(
f(u+ d1)

δ1f(u+ d2)
δ2
)

e

(
aiq(p)u

q

)
� hq1/2.

On the other hand, we easily have

p−1∑
v=0

χp
(
f(v + d1)

δ1f(v + d2)
δ2
)

e

(
aip(q)v

p

)

=

p−1∑
v=0

χδ1+δ2p (f(v + d1)) e

(
aip(q)v

p

)

=


O(hp1/2) if tp - δ1 + δ2,
p−1∑
v=0

e

(
aip(q)v

p

)
+O(h) if tp | δ1 + δ2,

=


O(hp1/2) if tp - δ1 + δ2,

O(h) if tp | δ1 + δ2 and p - a,

p+O(h) if tp | δ1 + δ2 and p | a,

=

{
O(p) if tp | δ1 + δ2 and p | a,

O(hp1/2) otherwise.

Therefore

(4.4)

N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
)

e

(
am

N

)
=

{
O(hN3/4) if tp | δ1 + δ2 and p | a,

O(h2N1/2) otherwise.
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Case III: d1 6≡ d2 (mod p) and d1 ≡ d2 (mod q). Using similar methods
we obtain

(4.5)
N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2
)

e

(
am

N

)
=

{
O(hN3/4) if tq | δ1 + δ2 and q | a,

O(h2N1/2) otherwise.

Now combining (4.2)–(4.5) we immediately get

(4.6)

M∑
m=1

χ1(f(m+ d1))χ2(f(m+ d2))

� 1

N

∑
|a|<N/2

∣∣∣∣ M∑
u=1

e

(
−au
N

)∣∣∣∣ · h2N1/2

+
1

N

∑
|a|<N/2
p|a

∣∣∣∣ M∑
u=1

e

(
−au
N

)∣∣∣∣ · hN3/4 +
1

N

∑
|a|<N/2
q|a

∣∣∣∣ M∑
u=1

e

(
−au
N

)∣∣∣∣ · hN3/4

� 1

N

(
M +

∑
1≤a<N/2

N

a

)
· h2N1/2 +

1

N

(
M +

∑
1≤a<N/2

p|a

N

a

)
· hN3/4

+
1

N

(
M +

∑
1≤a<N/2

q|a

N

a

)
· hN3/4

� hN3/4.

Then from (4.1), (4.6) and Theorem 3.1 we have

|g(EN , w,M,D)−M/k2|

� 1

d2

∑
χ1∈H∗

∣∣∣∣ d−1∑
i=0

i≡ai1 (mod k)

χ1(x
i)

∣∣∣∣ ∑
χ2∈H∗

∣∣∣∣ d−1∑
j=0

j≡ai2 (mod k)

χ2(x
j)

∣∣∣∣ · hN3/4

+ h2N1/2 logN

� hN3/4.

Therefore γ2(EN )� hN3/4. This proves (1.2).

For all w = (ai1 , ai2 , ai3) ∈ Z3
k and D = (d1, d2, d3) with 0 ≤ d1 < d2 <

d3 < N −M , by (3.1) and the methods used in proving (1.2) we have
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(4.7) g(EN , w,M,D)

= |{m : 1 ≤ m ≤M, em+d1 = ai1 , em+d2 = ai2 , em+d3 = ai3}|

=

M∑
m=1

f(m+d1)∈Z∗N
f(m+d2)∈Z∗N
f(m+d3)∈Z∗N

em+ds=ais , s=1,2,3

1 +O(hN1/2) =

d−1∑
i=0

d−1∑
j=0

d−1∑
r=0

M∑
m=1

f(m+d1)∈Di

f(m+d2)∈Dj

f(m+d3)∈Dr

em+ds=ais , s=1,2,3

1 +O(hN1/2)

=
1

d3

d−1∑
i=0

i≡ai1 (mod k)

d−1∑
j=0

j≡ai2 (mod k)

d−1∑
r=0

r≡ai3 (mod k)

M∑
m=1

×
∑
χ1∈H

χ1(x
i)χ1(f(m+ d1))

∑
χ2∈H

χ2(x
j)χ2(f(m+ d2))

×
∑
χ3∈H

χ3(x
r)χ3(f(m+ d3)) +O(hN1/2)

=
M

k3
+

1

d3

∑
χ1∈H∗

( d−1∑
i=0

i≡ai1 (mod k)

χ1(x
i)

) ∑
χ2∈H∗

( d−1∑
j=0

j≡ai2 (mod k)

χ2(x
j)

)

×
∑
χ3∈H∗

( d−1∑
r=0

r≡ai3 (mod k)

χ3(x
r)

)

×
M∑
m=1

χ1(f(m+ d1))χ2(f(m+ d2))χ3(f(m+ d3))

+O(hN3/4).

There exists χ∗ ∈ H∗ such that

χ1 = (χ∗)δ1 , χ2 = (χ∗)δ2 , χ3 = (χ∗)δ3 ,

1 ≤ δ1, δ2, δ3 ≤ d− 1, (δ1, δ2, δ3) = 1.

Then we get

(4.8)

M∑
m=1

χ1(f(m+ d1))χ2(f(m+ d2))χ3(f(m+ d3))

=

M∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2f(m+ d3)

δ3
)

=
1

N

N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2f(m+ d3)

δ3
) M∑
u=1

∑
|a|<N/2

e

(
a(m− u)

N

)
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=
1

N

∑
|a|<N/2

M∑
u=1

e

(
−au
N

)

×
N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2f(m+ d3)

δ3
)

e

(
am

N

)
.

Write χ∗ = χpχq with χp a character modulo p of order tp > 1 and χq a
character modulo q of order tq > 1, where tp, tq are divisors of d. We have

N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2f(m+ d3)

δ3
)

e

(
am

N

)
=

q−1∑
u=0

p−1∑
v=0

χ∗
(
f(up+ vq + d1)

δ1f(up+ vq + d2)
δ2f(up+ vq + d3)

δ3
)

× e

(
a(up+ vq)

N

)
=

q−1∑
u=0

χq
(
f(up+ d1)

δ1f(up+ d2)
δ2f(up+ d3)

δ3
)

e

(
au

q

)
×

p−1∑
v=0

χp
(
f(vq + d1)

δ1f(vq + d2)
δ2f(vq + d3)

δ3
)

e

(
av

p

)
=

q−1∑
u=0

χq
(
f(u+ d1)

δ1f(u+ d2)
δ2f(u+ d3)

δ3
)

e

(
aiq(p)u

q

)
×

p−1∑
v=0

χp(f(v + d1)
δ1f(v + d2)

δ2f(v + d3)
δ3) e

(
aip(q)v

p

)
.

Using the methods applied in proving (1.2) we get

(4.9)

N∑
m=1

χ∗
(
f(m+ d1)

δ1f(m+ d2)
δ2f(m+ d3)

δ3
)

e

(
am

N

)
=

{
O(hN3/4) if p | a or q | a,

O(h2N1/2) otherwise.

So from (4.8), (4.9) and Theorem 3.1 we have

(4.10)

M∑
m=1

χ1(f(m+ d1))χ2(f(m+ d2))χ3(f(m+ d3))

� 1

N

∑
|a|<N/2

∣∣∣∣ M∑
u=1

e

(
−au
N

)∣∣∣∣ · h2N1/2

+
1

N

∑
|a|<N/2
p|a

∣∣∣∣ M∑
u=1

e

(
−au
N

)∣∣∣∣ · hN3/4 +
1

N

∑
|a|<N/2
q|a

∣∣∣∣ M∑
u=1

e

(
−au
N

)∣∣∣∣ · hN3/4
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� 1

N

(
M +

∑
1≤a<N/2

N

a

)
· h2N1/2 +

1

N

(
M +

∑
1≤a<N/2

p|a

N

a

)
· hN3/4

+
1

N

(
M +

∑
1≤a<N/2

q|a

N

a

)
· hN3/4

� hN3/4.

Now combining (4.7) and (4.10) we get

|g(EN , w,M,D)−M/k3|

� 1

d3

∑
χ1∈H∗

∣∣∣∣ d−1∑
i=0

i≡ai1 (mod k)

χ1(x
i)

∣∣∣∣ ∑
χ2∈H∗

∣∣∣∣ d−1∑
j=0

j≡ai2 (mod k)

χ2(x
j)

∣∣∣∣
×
∑
χ3∈H∗

∣∣∣∣ d−1∑
r=0

r≡ai3 (mod k)

χ3(x
r)

∣∣∣∣ · hN3/4 + hN3/4

� hN3/4.

Therefore γ3(EN )� hN3/4. This completes the proof of (1.3). Similarly we
can get (1.4) and (1.5).

5. The correlation measure of order 4 of EN . Take w = (0, 0, 0, 0)
∈ Z4

k, D = (d1, d2, d3, d4) and M satisfying

d1 = 0, d2 = p, d3 = q, d4 = p+ q, M = N − p− q.

By (3.1) and the methods in proving (1.3) we have

(5.1) g(EN , w,M,D)

= |{m : 1 ≤ m ≤ N − p− q, em = 0, em+p = 0, em+q = 0, em+p+q = 0}|

=

N−p−q∑
m=1

f(m)∈Z∗N
f(m+p)∈Z∗N
f(m+q)∈Z∗N
f(m+p+q)∈Z∗N

em=0
em+p=0

em+q=0

em+p+q=0

1 +O(hN1/2) =

d−1∑
j1=0

d−1∑
j2=0

d−1∑
j3=0

d−1∑
j4=0

N−p−q∑
m=1

f(m)∈Dj1

f(m+p)∈Dj2

f(m+q)∈Dj3

f(m+p+q)∈Dj4

em=0
em+p=0

em+q=0

em+p+q=0

1 +O(hN1/2)
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=
1

d4

d−1∑
j1=0

j1≡0 (mod k)

d−1∑
j2=0

j2≡0 (mod k)

d−1∑
j3=0

j3≡0 (mod k)

d−1∑
j4=0

j4≡0 (mod k)

×
N−p−q∑
m=1

∑
χ1∈H

χ1(x
j1)χ1(f(m))

∑
χ2∈H

χ2(x
j2)χ2(f(m+ p))

×
∑
χ3∈H

χ3(x
j3)χ3(f(m+ q))

∑
χ4∈H

χ4(x
j4)χ4(f(m+ p+ q))

+O(hN1/2)

=
M

k4
+

1

d4

∑
χ1∈H∗

( d−1∑
j1=0

j1≡0 (mod k)

χ1(x
j1)

) ∑
χ2∈H∗

( d−1∑
j2=0

j2≡0 (mod k)

χ2(x
j2)

)

×
∑
χ3∈H∗

( d−1∑
j3=0

j3≡0 (mod k)

χ3(x
j3)

) ∑
χ4∈H∗

( d−1∑
j4=0

j4≡0 (mod k)

χ4(x
j4)

)

×
N−p−q∑
m=1

χ1(f(m))χ2(f(m+ p))χ3(f(m+ q))χ4(f(m+ p+ q))

+O(hN3/4).

Let χ′ ∈ H∗ be a generator of H. For χ1, χ2, χ3, χ4 ∈ H∗, we write

χ1 = (χ′)b1 , χ2 = (χ′)b2 , χ3 = (χ′)b3 , χ4 = (χ′)b4 ,

where 1 ≤ b1, b2, b3, b4 ≤ d− 1. Define

χ∗ = (χ′)(b1,b2,b3,b4), δi =
bi

(b1, b2, b3, b4)
, i = 1, 2, 3, 4.

Then we have

χ1 = (χ∗)δ1 , χ2 = (χ∗)δ2 , χ3 = (χ∗)δ3 , χ4 = (χ∗)δ4 ,

1 ≤ δ1, δ2, δ3, δ4 ≤ d− 1, (δ1, δ2, δ3, δ4) = 1.

Therefore

N−p−q∑
m=1

χ1(f(m))χ2(f(m+ p))χ3(f(m+ q))χ4(f(m+ p+ q))

=

N−p−q∑
m=1

χ∗
(
f(m)δ1f(m+ p)δ2f(m+ q)δ3f(m+ p+ q)δ4

)
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=
1

N

∑
|a|<N/2

N−p−q∑
u=1

e

(
−au
N

)

×
N∑
m=1

χ∗
(
f(m)δ1f(m+ p)δ2f(m+ q)δ3f(m+ p+ q)δ4

)
e

(
am

N

)
.

Write χ∗ = χpχq with χp a character modulo p of order tp > 1 and χq a
character modulo q of order tq > 1. Then

N∑
m=1

χ∗
(
f(m)δ1f(m+ p)δ2f(m+ q)δ3f(m+ p+ q)δ4

)
e

(
am

N

)

=

q−1∑
u=0

χq
(
f(up)δ1f(up+ p)δ2f(up)δ3f(up+ p)δ4

)
e

(
au

q

)

×
p−1∑
v=0

χp
(
f(vq)δ1f(vq)δ2f(vq + q)δ3f(vq + q)δ4

)
e

(
av

p

)

=

q−1∑
u=0

χq
(
f(u)δ1+δ3f(u+ p)δ2+δ4

)
e

(
aiq(p)u

q

)

×
p−1∑
v=0

χp
(
f(v)δ1+δ2f(v + q)δ3+δ4

)
e

(
aip(q)v

p

)
.

By Lemmas 2.1 and 2.2 we get

q−1∑
u=0

χq(f(u)δ1+δ3f(u+ p)δ2+δ4) e

(
aiq(p)u

q

)
=

{
q +O(h) if tq | δ1 + δ3, tq | δ2 + δ4 and q | a,

O(hq1/2) otherwise,
p−1∑
v=0

χp(f(v)δ1+δ2f(v + q)δ3+δ4) e

(
aip(q)v

p

)
=

{
p+O(h) if tp | δ1 + δ2, tp | δ3 + δ4 and p | a,

O(hp1/2) otherwise.

Then we have
N∑
m=1

χ∗(f(m)δ1f(m+ p)δ2f(m+ q)δ3f(m+ p+ q)δ4) e

(
am

N

)

=


N +O(hN1/2) if tp | δ1 + δ2, tp | δ3 + δ4, tq | δ1 + δ3, tq | δ2 + δ4

and N | a,
O(hN3/4) otherwise.



20 H. Liu and B. Gao

Write t = ordχ∗. We get

t = d/(b1, b2, b3, b4).

Furthermore, from Theorem 3.1 we know that t = tp = tq. It is easy to show
that

tp | δ1 + δ2 ⇔
d

(b1, b2, b3, b4)

∣∣∣∣ b1
(b1, b2, b3, b4)

+
b2

(b1, b2, b3, b4)

⇔ d | b1 + b2 ⇔ χ1 = χ2.

Similarly,

tp | δ3+δ4 ⇔ χ3 = χ4, tq | δ1+δ3 ⇔ χ1 = χ3, tq | δ2+δ4 ⇔ χ2 = χ4.

Therefore

(5.2)

N−p−q∑
m=1

χ1(f(m))χ2(f(m+ p))χ3(f(m+ q))χ4(f(m+ p+ q))

=

{
N +O(hN1/2) if χ2 = χ1, χ3 = χ1, χ4 = χ1,

hN3/4 logN otherwise.

Now from (5.1), (5.2) and Theorem 3.1 we obtain

g(EN , w,M,D)− M

k4
=
N

d4

∑
χ∈H∗

∣∣∣∣ d−1∑
j=0

j≡0 (mod k)

χ(xj)

∣∣∣∣4 +O(hN3/4 logN)

=
k − 1

k4
N +O(hN3/4 logN).

This completes the proof of Theorem 1.3.

6. Collisions and avalanche effects. We further study the structure
of our family of sequences of k symbols. Collisions and avalanche effects are
important notions in cryptography, and can be adapted in the following way
(see [15]).

Assume that A = {a1, . . . , ak} is a finite set of k symbols, and S is a
given set (e.g., a set of certain polynomials). To each s ∈ S we assign a
unique sequence of k symbols

EN = EN (s) = (e1, . . . , eN ) ∈ AN ,
and let F = F(S) denote the family of the sequences of k symbols obtained
in this way:

(6.1) F = F(S) = {EN (s) : s ∈ S}.
Definition 6.1. If s, s′ ∈ S, s 6= s′ and

(6.2) EN (s) = EN (s′),



Pseudorandom sequences of k symbols 21

then (6.2) is said to be a collision in F = F(S). If there is no collision in
F = F(S), then F is said to be collision free.

Definition 6.2. The collision maximum M = M(F ,S) is defined by

M = M(F ,S) = max
EN∈F

|{s : s ∈ S : EN (s) = EN}|.

An ideally good family of pseudorandom sequences of k symbols is col-
lision free. If F is not collision free but the number of collisions is limited,
they do not cause many problems.

Definition 6.3. If for any distinct s, s′ ∈ S many elements of the se-
quences EN (s) and EN (s′) are different, then we speak about the avalanche
effect, and we say that F = F(S) has the avalanche property. If for any
distinct s, s′ ∈ S at least ((k − 1)/k−o(1))N elements of EN (s) and EN (s′)
are different then F is said to have the strict avalanche property.

To study collisions and avalanche effects, we introduce the following mea-
sure:

Definition 6.4. If EN = (e1, . . . , eN ), E′N = (e′1, . . . , e
′
N ) ∈ AN , then

their distance is defined by

d(EN , E
′
N ) = |{n : 1 ≤ n ≤ N, en 6= e′n}|.

Moreover, if F is a family from (6.1), then the distance minimum of F is
defined by

m(F) = min
s,s′∈S
s 6=s′

d(EN (s), EN (s′)).

It is not hard to show that the family F in (6.1) is collision free if and
only if m(F) > 0, and F has the strict avalanche property if

m(F) ≥
(
k − 1

k
− o(1)

)
N.

Now we prove the following results.

Theorem 6.1. Let T ⊂ Z[x] be a set of monic polynomials of degree
≤ D. Assume that, for any f(x) ∈ T , f(x) as a polynomial over Fp has
no multiple roots in Fp, and f(x) as a polynomial over Fq has no multiple
roots in Fq. Suppose that k > 1 and k | d = (p − 1, q − 1). Define EN (f) =
(e1, . . . , eN ) ∈ ZNk by

en =


i (mod k) if f(n) ∈ Di, 0 ≤ i ≤ d− 1,

A if f(n) ∈ P ,

B if f(n) ∈ Q0,

for n = 1, . . . , N and fixed A,B ∈ Zk, and set

F = F(T ) = {EN (f) : f ∈ T }.



22 H. Liu and B. Gao

Then

m(F) ≥ k − 1

k
(N − (5D + 4D2)N1/2).

If D < 1
3N

1/4, then

m(F) ≥ k − 1

k
(N − (5D + 4D2)N1/2) > 0.

If D = o(N1/4), then Theorem 6.1 gives

m(F) ≥
(
k − 1

k
− o(1)

)
N.

So we immediately get the following corollaries.

Corollary 6.1. If T , F are defined as in Theorem 6.1 and D <
1
3N

1/4, then F is collision free.

Corollary 6.2. If T , F are defined as in Theorem 6.1 and D =
o(N1/4), then F has the strict avalanche property.

Now we prove Theorem 6.1. For distinct f, g ∈ T , by (3.1) we get

(6.3) d(EN (f), EN (g)) = |{n : 1 ≤ n ≤ N, e(f)n 6= e(g)n }|

=
N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)=1

1 +
N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)>1

1

=

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

f(n)∈Di

g(n)∈Dj

1 +

N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)>1

1

=
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

∑
χ1∈H

χ1(x
i)χ1(f(n))

∑
χ2∈H

χ2(x
j)χ2(g(n))

+

N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)>1

1
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=
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(f(n)g(n),N)=1

1 +

N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)>1

1

+
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(g(n),N)=1

∑
χ1∈H∗

χ1(x
i)χ1(f(n))

+
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(f(n),N)=1

∑
χ2∈H∗

χ2(x
j)χ2(g(n))

+
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

∑
χ1∈H∗

χ1(x
i)χ1(f(n))

∑
χ2∈H∗

χ2(x
j)χ2(g(n)).

It is not hard to show that

(6.4)
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(f(n)g(n),N)=1

1 +
N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)>1

1

=
N

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

1− 1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(f(n)g(n),N)>1

1 +

N∑
n=1

e
(f)
n 6=e

(g)
n

(f(n)g(n),N)>1

1

≥ k − 1

k
N − 2D(p+ q − 1)

k − 1

k
≥ k − 1

k
(N − 5DN1/2).

On the other hand, from Theorem 3.1 we have

(6.5)
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(g(n),N)=1

∑
χ1∈H∗

χ1(x
i)χ1(f(n))

=
1

d

(
1− 1

k

) ∑
χ1∈H∗

d−1∑
i=0

χ1(x
i)

N∑
n=1

(g(n),N)=1

χ1(f(n))

� 1

d

(
1− 1

k

) ∑
χ1∈H∗

∣∣∣d−1∑
i=0

χ1(x
i)
∣∣∣ · ∣∣∣∣ N∑

n=1
(g(n),N)=1

χ1(f(n))

∣∣∣∣ = 0,
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and

(6.6)
1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

(f(n),N)=1

∑
χ2∈H∗

χ2(x
j)χ2(g(n))

=
1

d

(
1− 1

k

) ∑
χ2∈H∗

d−1∑
j=0

χ2(x
j)

N∑
n=1

(f(n),N)=1

χ2(g(n))

� 1

d

(
1− 1

k

) ∑
χ2∈H∗

∣∣∣d−1∑
j=0

χ2(x
j)
∣∣∣ · ∣∣∣∣ N∑

n=1
(f(n),N)=1

χ2(g(n))

∣∣∣∣ = 0.

Let χ′ ∈ H∗ be a generator of H. For χ1, χ2 ∈ H∗, write

χ1 = (χ′)b1 , χ2 = (χ′)b2 , 1 ≤ b1, b2 ≤ d− 1.

Then
N∑
n=1

χ1(f(n))χ2(g(n)) =

N∑
n=1

χ′
(
f(n)b1g(n)b2

)
.

Write χ′ = χpχq with χp a character modulo p and χq a character modulo q.
From Theorem 3.1 we know that ordχp = ordχq = ordχ′ = d. We have

N∑
n=1

χ1(f(n))χ2(g(n)) =

q−1∑
u=0

p−1∑
v=0

χ′
(
f(up+ vq)b1g(up+ vq)b2

)
=

q−1∑
u=0

χq
(
f(up+ vq)b1g(up+ vq)b2

) p−1∑
v=0

χp
(
f(up+ vq)b1g(up+ vq)b2

)
=

q−1∑
u=0

χq
(
f(up)b1g(up)b2

) p−1∑
v=0

χp
(
f(vq)b1g(vq)b2

)
=

q−1∑
u=0

χq
(
f(u)b1g(u)b2

) p−1∑
v=0

χp
(
f(v)b1g(v)b2

)
.

Since f, g ∈ T are distinct, f b1gb2 has at least one zero of order b1 or b2.
Thus by Lemma 2.1 we get∣∣∣ N∑

n=1

χ1(f(n))χ2(g(n))
∣∣∣ ≤ 4D2N1/2.
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Then from Theorem 3.1 we have

(6.7)

∣∣∣∣ 1

d2

d−1∑
i=0

d−1∑
j=0

i 6≡j (mod k)

N∑
n=1

∑
χ1∈H∗

χ1(x
i)χ1(f(n))

∑
χ2∈H∗

χ2(x
j)χ2(g(n))

∣∣∣∣
≤ 1

d2

∑
χ1∈H∗

∑
χ2∈H∗

∣∣∣∣d−1∑
i=0

χ1(x
i)

d−1∑
j=0

j 6≡i (mod k)

χ2(x
j)

∣∣∣∣ · ∣∣∣ N∑
n=1

χ1(f(n))χ2(g(n))
∣∣∣

≤ 4D2N1/2k − 1

k
.

Now combining (6.3)–(6.7) we immediately get

d(EN (f), EN (g)) ≥ k − 1

k
(N − (5D + 4D2)N1/2).

Therefore

m(F) = min
f,g∈T
f 6=g

d(EN (f), EN (g)) ≥ k − 1

k
(N − (5D + 4D2)N1/2).

This proves Theorem 6.1.

Acknowledgements. The authors express their gratitude to the ref-
eree for helpful and detailed comments.

This research was supported by the National Natural Science Foundation
of China (grant no. 11571277), and the Science and Technology Program
of Shaanxi Province of China (grant nos. 2014KJXX-61, 2016GY-080 and
2016GY-077).

References
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