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On a certain additive divisor problem
by

BERKE TOPACOGULLARI (Lausanne)

1. Introduction. Additive divisor problems have a rich history in an-
alytic number theory. A classical example is the binary additive divisor
problem, which is concerned with finding asymptotic estimates for the sum

(1.1) > dn)d(n+h), h=>1,

n<x

where d(n) is the usual divisor function. There has been a lot of effort in
studying this problem, one reason being its intimate link to the fourth power
moment of the Riemann zeta function, which has been of great interest since
the classical work of Ingham [I3]. We refer to [23] for an extensive discussion
of the history of this problem.

In other applications to L-functions (see [4] and [I1]), variations of the
binary additive divisor problem have come up, usually concerning sums of
the form

(1.2) D)= Y. w (?)m <n2>d(n1)d(n2).

ni,n2
rins—roni=h

Here r; and ro are positive coprime integers, h is non-zero, and w; and ws
are smooth weight functions, which we assume to be compactly supported
in [1/2,1] (the assumption that r; and re be coprime is not restrictive—
otherwise h has to be divisible by their greatest common divisor, and we
can divide both sides of the equation by that number).

The case r; = ro = 1 is just a smoothed version of and has probably
received most of the attention, but a few nice results are available for general
r1 and 7o as well. Besides the implicit treatment in [4], there is the work of
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Duke, Friedlander and Iwaniec [10], who showed that
(1.3)  D(x1,2z2) = (main term) + (’)((7“2:1:1 + r1x2)1/4(7"1r23:1:v2)1/4+5).

The size of the error term in this result is inferior compared to what can be
achieved in the classical case r1 = r9 = 1, which is due to the fact that they
did not make use of spectral theory. Nevertheless, the range of uniformity
in h for which this asymptotic formula is non-trivial is quite impressive. In
the case r9 = 1, this result has been improved recently by Aryan [I].

With applications in mind to be considered in a separate paper [28], we
consider the following generalized sums:

D(x1,29) := Zwl <r1n * f1>w2 <r2nx—;— f2)d(7“1n + fr)d(ran + f2).

I

n

Note that for (r1,72) = 1 and the choice h = 71 fo—7ra f1, this is the sum .
For r1 and ro not coprime, however, this leads to a new and more difficult
problem. We have not been able to find any results in the literature con-
cerning this sum for general r1 and ro, and the following asymptotic formula
seems to be new.

THEOREM 1.1. Set
(1.4) ro :=min{(r1,r3°), (re, 17°)},  hi=r1fa —rafi.
Then, for h #0 and fi < 217°, fo < 237F,
D(z1,22) = M (21, 22) + O(ro(r2x1)1/2+9+5),

where the main term is given by

M(z1,12) = |, (“w 1>w2 (Tﬁf 1)P<log(r1§ + 1), log(rs€ + f2)) d€

Ty
with P(&1,&2) a quadratic polynomial depending on ri, ra, f1 and fa. The
implicit constants depend only on wy, wo and €.

Here we denote by 6 the bound in the Ramanujan—Petersson conjecture
(see Section for a precise definition—in any case § = 7/64 is admissible,
as we know by the work of Kim and Sarnak [I7]). The polynomial appearing
in the main term can be stated fairly explicitly (see (3.20)).

Our aim was to make use of the powerful tools of spectral theory to get
an asymptotic formula for D(x1,22) for r1 and ry as large as possible. In
particular when r1 and 79 are not coprime, this turned out to be much more
difficult to achieve than one might expect at first glance (we will say more
about the arising difficulties below). On the other hand, we have not aimed
at the largest possible range of uniformity in f; and fy. In fact, with some
work it should be possible to extend our result to include f; and f; in a larger
range than required above. It also seems likely that the dependence on rg is
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not optimal, but here it is not immediately clear how an improvement might
be achieved. Our result improves on , although the latter estimate is
valid for much larger A than ours. In the special case ro = 1, our result is
the same as [I, Theorem 0.1].

We also want to state the following result, which deals with an analogue
of D(x1,xz2) with sharp cut-off.

THEOREM 1.2. Let rg and h # 0 be defined as above. Assume that

A< (ma)'™ o< (rox)'75, (rorire, h)h < ré/3(7,1r2)5/3x1/375'
Then

Z d(rin+ f1)d(ren + f2)
z/2<n<z
= 2 P(log z) + O((ror1re, h)e?”g/3+0(r1r2)1/3x2/3+8),
where P(&) is a quadratic polynomial depending on 1, ro, f1 and fa, and
where the implicit constants only depend on .

Correlations of a much more general type have been investigated by
Matthiesen [20], but the methods used there do not apply to our case and
do not give power savings in the error term. Similar problems, where the
divisor functions are replaced by Fourier coefficients of automorphic forms,
have been studied as well (see e.g. [2]). In particular, for Fourier coeffi-
cients of holomorphic cusp forms, Pitt [25, Theorem 1.4] was able to prove
an analogue of our Theorem for r1, 79 squarefree and f; = fo = —1.
Unfortunately, his method relies on Jutila’s variant of the circle method,
which becomes ineffective when a main term is present, as is the case in our
problem.

The proof of Theorems [I.1] and initially follows standard lines: We
split one of the divisor functions and use the Voronoi summation formula
to deal with the divisor sums in arithmetic progressions. Serious difficulties
arise when the sums of Kloosterman sums take the stage at this point. In a
simplified form, we are faced with sums roughly of the form

Z S(1 —r73, 1; TlC)F(Tlc)

ric

(c,rgc)zl

where F' is some weight function, and where 73 is understood to be mod c.
We could bound the Kloosterman sums individually using Weil’s bound,
and the resulting error terms in our theorems would be of a size comparable
to . But as already mentioned above, our aim is to use spectral methods
to get results beyond that.

If r1 and 79 are coprime, we can use the Kuznetsov formula with an
appropriate choice of cusps to do that. Otherwise, it is not directly clear
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how the Kuznetsov formula might be put into use here. The novelty of our
paper is to show how this can nevertheless be accomplished. We solve the
problem by splitting the variable r1 = tv into a factor ¢ which is coprime
to 3, and a factor v which contains only the same prime factors as ro. By
twisted multiplicativity of Kloosterman sums we have

S(1 —r7a,1;mc)  S(fe,te;v) S(rg — 11, v2r9; te)

ric v tc ’
where now all the inverses are understood to be modulo the respective mod-
ulus of the Kloosterman sum. Following an idea of Blomer and Milié¢evié¢ [6],
we separate the variable ¢ occurring in the first factor by exploiting the
orthogonality of Dirichlet characters, as follows:
S(te,te;v) 1 S(y,7;v)

. = 0 Z X(tc)gv(x) with SU(X) = Z Y(Q)f’

x mod v y (v)

(y,v)=1
where the left sum runs over all Dirichlet characters mod v. This way we are
led to sums of Kloosterman sums twisted by a Dirichlet character, which we
can indeed treat by spectral methods.

2. Preliminaries. In the following, ¢ always stands for some positive
real number, which can be chosen arbitrarily small. However, it need not be
the same at each occurrence, even if it appears in the same equation.

To avoid confusion, we recall some of the notation to be used in this
paper. When we write A =< B, this means A < B <« A. Given a func-
tion f: R — C, we will occasionally write

supp f < X

to mean that there exist constants c1,ca > 0 such that supp f C [e1 X, co X].
The expression (a,b) denotes the greatest common divisor of a and b.

The summation
)= > ()

a(c) amod ¢
means that the variable a runs over some residue system mod c. Analogously,

we will frequently write n = h (c¢) instead of n = h mod c.
As usual, e(q) := > and

S(monie)i= > e<m“j”“> )= % e(T;a>

a(c) a(q)
(a,c0)=1 (a,q)=1

which are the usual notations for Kloosterman sums and Ramanujan sums
(here @ indicates a solution to a@ = 1 mod c).
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2.1. The Voronoi summation formula and Bessel functions. Us-
ing the well-known Voronoi formula for the divisor function (see [I5, Chap-
ter 4.5] or [16, Theorem 1.6]) and the identity

3 L —bh bn
ngzh::%c)d(n)f(n)zc%(b%iil < )Zd <d>’

it is not hard to show the following summation formula for the divisor func-
tion in arithmetic progressions:

THEOREM 2.1. Let h and ¢ > 1 be integers. Let f : (0,00) — R be
smooth and compactly supported. Then

S dn)Fn) =~ ane(©)F(E) de

n=h(c)

ZZd Sth, d)S%(M\/f)f({)dg

dlc n=1
2253 D e (40 V5 ) e g
dlc n=1

with

3el© = 3 D 1og e + 27— 210g0)

dlc

We want to sum up some well-known facts concerning the Bessel func-
tions Ko(€) and Y, (§) for v € Z (see e.g. [14, Appendix B.4]). Regard-
ing Ko(§), it is known that, for £ > 1,

K(H)(f) < 7 for p >0,

and for £ < 1,
Ko(€) < [logé| and K(&) < 1/¢*  for p> 1.
Regarding the other Bessel function Y, (&), we know that, for £ > 1,
YW (€) < 1//€  for v, pu > 0.
For £ <« 1, we have the following bounds:

Yo(6) < llogé|,  YM(&) < 1/¢*  for p>1,
YW (€) < 1/e¥HH forv > 1, p> 0.
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From the recurrence relation (£7Y,(§)) = £"Y,—1(§), we get the identity
o= () Sern ()
2.1 Yo 4m Y= de = [ —— vy, [ 4x Y5 ) () de,
2 () et = () ¢ ") 1 e e
which is useful when estimating the sizes of the Bessel transforms appearing
in the Voronoi summation formula.

The Bessel function Y, (&) oscillates for large values, and to make use of
this behaviour we state the following lemma (see [27, Lemma 2.3]).

LEMMA 2.2. For any v > 0, there is a smooth function vy : (0,00) — C

such that
o -s(e()+()

W(E) < 1/e 2 for g > 1,

where the tmplied constants depend on v and p.

and, for any p >0,

2.2. The Hecke congruence subgroup and Kloosterman sums.
Here and in the following sections we will go through some results from the
theory of automorphic forms. A general account of the spectral theory of
automorphic forms can be found for instance in [14] or [15, Chapters 14-16],
while [12] gives a nice introduction to Maafl forms of higher weight with
arbitrary nebentypus.

Besides the Kuznetsov formula, our main tools are the large sieve in-
equalities, which were proven by Deshouillers and Iwaniec [§] with respect
to Hecke congruence subgroups. Their results can be extended to our spe-
cific setting, the details of which have been worked out by Drappeau [9].
We also want to cite [4] as a reference, from which we borrow parts of the
notation.

Let ¢ be some positive integer, let k € {0,1}, and let x be a character
mod qo, with qg | ¢, such that

x(=1) = (=1"
Let I' := I'y(q) be the Hecke congruence subgroup of level g. The character y
naturally extends to I by setting

x(7) == x(d) fory= <Z Z) el

Every cusp a of I' is equivalent to some u/w with (u,w) =1 and w|q. It is
called singular if
x(y)=1 forall v € Iy,

where I, is the stabilizer of a.
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For any cusp a of I' we can choose o, € SLa(R) such that
0,00 =a and oa_lfaaa =l .
Given two singular cusps a, b, we define for n,m € Z the Kloosterman sum
o _ o 1)
satmrn = 5 5" Dot )e(n )
d modyZ 7 g v v

where the sum runs over all § mod vZ for which there exist o and S such

that
(04 6) S O'a_ll_‘O'b.
v 0

Note that this definition depends on the chosen scaling matrices o, and oyp.

As an example, for a = b = oo and the choice 0, = 1, the sum is non-
empty exactly when ¢|c¢, and in this case it reduces to the usual twisted
Kloosterman sum

Sl 0) = Sy(mni0)i= Y xlape ).

a (o) ¢
(a,c)=1

It is well-known that, for any prime p, this sum can be bounded by
Sy(m,n;p) < 2(m,n,p)"?p'/?.

However, for general modulus we have to account for the conductor of x as
well, and in this case we can use the following bound (see [I8, Theorem 9.2]):

SX(ma n; C) < (m, n, 6)1/2q5/201/2+5_

Another important example is for ¢ = rs with (r,s) = 1 and qo|7.
Consider the two singular cusps co and 1/s, together with the choice

()

Now the sum Sy (1/)(m,n;7) is non-empty exactly when v may be written
as
vy=+rsc withceZ\ {0}, (c,r)=1,
and in this case we have
Soo(1/s)(m,n;y) = e(ns/r)x(c)S(m,nT; sc).
2.3. Automorphic forms and their Fourier expansions. We de-
note by Sk(q, x) the finite-dimensional Hilbert space of holomorphic cusp

forms of weight k = x mod 2 with respect to I(g) and with nebentypus .
Let 6x(q, x) be its dimension. For each k, we choose an orthonormal Hecke
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eigenbasis fjr, 1 < j < 0x(q, x). Then the Fourier expansion of f; around
a singular cusp a (with associated scaling matrix o) is given by

i(00,2) " fir(00z Z%k (n,a)(47n)*%e(nz),

n=1

where we have set

b
i(y,2) :=cz+d for’y:<a >
c d

Next, let £2(q, x) be the space of Maaf forms of weight x with respect
to I'y(g) and with nebentypus x, and let £3(q, x) C £2(q, x) be its subspace
of Maaf} cusp forms. Let u;, j > 1, run over an orthonormal Hecke eigenbasis
of Eg (¢, x), with the corresponding real eigenvalues A\; < Ay <.... We can
assume that each u; is either even or odd. We set t? = \; — 1/4, where we
choose the sign of ¢; so that it; > 0 if \; < 1/4, and t; > 0 if \; > 1/4.
Then the Fourier expansions of these functions around a singular cusp a are
given by

300 2) " ui(002) = 3 py(m @)W s 4 (dlmly)e(na)

n#0
where
cz+d a b
j = fi = .
37 2) T (C d)

The Selberg eigenvalue conjecture says that A; > 1/4, which would imply
that all ¢; are real and non-negative. While for x = 1 this is known to be true,
it remains an open question for x = 0. The eigenvalues with 0 < A\; < 1/4,
together with the corresponding values ¢;, are called exzceptional, and lower
bounds for these exceptional A; imply upper bounds for the correspond-
ing it;. Let 6 € [0,00) be such that it; < 6 for all exceptional t; uniformly
for all levels ¢ and any nebentypus; by the work of Kim and Sarnak [17], we
know that we can choose

0 = 7/64.

The orthogonal complement to £3(g, x) in £2(g, x) is the Eisenstein spec-
trum £(q, x) (plus possibly the space of constant functions if x is trivial). It
can be described explicitly by means of the Eisenstein series E¢(z;1/2 +it),
where ¢ is a singular cusp and t € R. The Fourier expansions of these Eisen-
stein series around the cusp a are given by

3(0a; 2) " Ee(0az;1/2 + it) = o1 ()yH /2 4 con(t)yt/ >

+ Z;:T) Pet(n, G)Wﬁg,it(‘lﬂ‘”‘y)e(nx)'
n
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Note that by the choice of our basis, we have
pj(=n,00) = [t;]%]pj(n,00)|  for n > 1.

Furthermore, since all Eisenstein series are even, the same is true for their
Fourier coefficients:

|pet(=n, 00)| = [t]|pci(n,00)|  for n > 1.
2.4. The Kuznetsov formula. With the whole notation set up, we

can now formulate the famous Kuznetsov formula, which in our case reads
as follows.

THEOREM 2.3. Let f : (0,00) — C be smooth with compact support,
let a, b be singular cusps, and let m, n be positive integers. Then

57 St p (4 V) S . ), 6) N )

5 v = cosh(rt;)
1 Nl
+t§n:g S Pet(m, a)pc(n, b)mf(t) dt
+ > (k=D k(m, @) k(n, b)y/mn f(k),
k= (2), k>k
1<5<0k(q,x)
and
Sas(m, —n;7) Vmn\ . Vmn
3 S (1m0 —]lej(m,copj( b))
+ Z S Pei(m, a)pei(—n, b)COSh%JE(t) dt,

¢ sing.

where vy runs over all positive real numbers for which Sqp(m,n;y) is non-
empty, and where the Bessel transforms are defined by

s 2mitt T ' cr d¢
ft)= sinh(rt) (S)(Jmt(f) — (=1)"J_2it(€)) f(€) ¢
F(t) = 8i~* cosh(xt) | Kau(€)1(€) df
0
Fk) = 4i* | T 1 (€)£(€) df
0

Proof. For a = b = oo, the first formula was proven in [26], and the
second in [5 Proposition 2]. The extension to our situation with general
cusps is straightforward. m
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For a = b = oo, the sum of Kloosterman sums in the theorem above is
Z Soooo(m,:tn;fy)f<4ﬂx/mn> _ Z Sy(m, in;c)f<4W\/Tn>

2 " c¢=0(q) ¢

while in the case ¢ = rs with (r,s) = 1 and ¢o | 7 mentioned above, we have

()

I

Soo 1/s (mv :l:n;’)/)
) Z (1/s)

(2.2
gl

f

(2) 3wt )

(e,r)=1
To get some first estimates for the Bessel transforms appearing above, we
refer to [3, Lemma 2.1], where the case k = 0 is covered. The proofs carry
over to the case k = 1 with minimal changes.

Y

LEMMA 2.4. Let f: (0,00) — C be a smooth and compactly supported
function such that

supp f < X, f¥(§) < 1/Y¥ forv=0,1,2,
for positive X and 'Y with X > Y. Then

-2
f(it)af(it) <<li|—+Yvat f0T0§t<1/4,
ONEEPN 1+ [log Y|
(1+t),{7f(t)7f(t><<1+7y fO?"tZO7
f(#) X\%/ 1

R f), ft) < <Y>2 <t5/2 + ig) for t > max(X,1).

For certain oscillating functions, we can do better. Assume that the
function w : (0, 00) — C is smooth and compactly supported, and satisfies

suppw = X, w®(€) < 1/X” for v >0.
For o > 0 define
o
1) =52 Ju(©)
Then we have the following bounds for the Bessel transforms of f.

LEMMA 2.5. Assume that X < 1 and aX > 1. Then, for v,u >0,

(23) f(zt),f(zt) < X 2te <‘XV:u + (aX)V> for0<t < 1/4,
f@) . of [aX\”
(2.4) 0+ t)nvf(t),f(t) <5 <t> fort > 0.

Proof. For k = 0, a proof of these bounds can be found in Lemma 2.6
in [27]. It carries over to the case k = 1 without any difficulties. m
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2.5. Large sieve inequalities and estimates for Fourier coeffi-
cients. Another important tool is the large sieve inequalities for Fourier
coefficients of cusp forms and Eisenstein series. Let a be a singular cusp
of I" written in the form a = u/w with (u,w) = 1. For a sequence a,, of
complex numbers we set
(14 Jt5)) ==/

cosh(rt;) 52y

5@ (N) = At Jil)= S anpe(En,a)va,
ot,+ . n Ct
\/cosh(rt) Nen<an

3
SN = VE=D D anti(n,a)vin.
N<n<2N
Then the following bounds are known as the large sieve inequalities.
THEOREM 2.6. LetT > 1, N > 1/2, and a as above. Let a,, be a sequence
of complex numbers. Then

(1 1/2 q Nite
e G ) e I SRS

ZH(N) = anp;j(£n, a)y/n,

It;|<T N<n<2N
T 14+
2 1/2 q\N
> smpa e (1704 (0. 0 0) S
csing. —T 14 N<n<2N
N £
>ooEdw )!2<<<T2+q”2(w,3j)> Sl
k<T, k=t (2) b/ Ninzon

1<5<0k(a:x)
where the implicit constants depend only on €.

Proof. With the appropriate changes, these bounds can be deduced es-
sentially in the same way as in [8, Section 5]. We refer to [9] for details. =

When there is no averaging over n, the following lemma gives useful
bounds, especially when ¢ or T is large.
LEMMA 2.7. Let T,n > 1, and a as above. Then

Z w\ (En,0)’n < T? + (qnT)*V/(g,n)q0 [ w
COSh(T['tj) p] 9 q Q7 QO 9

A
N

215=5 =[5

t;|<T

T
1+ [t])*~ . ¢
> | U P < 7 4 (an0 g (w2 ) 2
csing. =T
>, (= De(n 0)Pn < T?+ (gnT)" /(g n)0 (w, i) :
k<T, k=r (2)

1<5<0k(g,x)
where the implicit constants depend only on €.
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Proof. For the full modular group and trivial nebentypus, a proof for the
first two bounds can be found for example in [24, Lemma 2.4]. If we use an
appropriate formula as a starting point (e.g. [12, Proposition 5.2]), the proof
carries over easily to our case. Except for the same kind of modifications,
the proof of the last bound is a simpler variant of [8, Proposition 4]. =

For n large, the following bounds are often better.

LEMMA 2.8. Let T,n > 1. Then

(1 + Jt;))=" 2 e2, 20

(2.5) > ij(in,ooﬂ n < (qgnT) T n™,

[t;1<T J

(L [e)*
(26) Z S m’@gt(iﬂ, OO)P')/L dt < (an)ET,

¢ sing. =T

(2.7) > (k= D)k, 00)’n < (¢nT)°T?,

k<T, k=r (2)

1<5<0r(g,x)

where the implicit constants depend only on €.

Proof. The bounds ({2.5) and (2.7)) can be proven along the lines of [22
Proposition 2.3]. For (2.6) we refer to [0, Lemma 1]. =

Finally, in order to be able to handle exceptional eigenvalues, which occur
in the case k = 0, the following result will turn out to be useful.

LEMMA 2.9. Let X,n > 1, and a as above. Assume that

X > X, with Xg:= 1/2q .
(g, n)Y2qy"" (w, q/w)nt/?

Then
|,0J (+n,a) it X\ % 1/2 1/2 q nt/?
§ I x ity X 1 / =) —
COSh 7Tt << (qn ) XO +(q7n) q(] w7 w q I

where the implicit constants only depend on ¢.

Proof. We have
|pj (0, a)*n gy, X |pj(£n, a)]? ait;
X ) L ANt el B 1 X th.
Z cosh(rt;) T X Z cosh(rt;) ( +Xo)
J

Now we use the fact that, for any Y > 1,

(£ 12y
Z'pﬂ ROy ts 1 4 (gny (e w2l (w4 )

cosh( 7rt w q

Wthh can be shown as in [I5, Chapter 16.5], and the result follows. m
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3. Proof of Theorems and Let wq,ws : (0,00) — [0,00) be
smooth functions which are compactly supported in [1/2,1] and satisfy
wgy)(ﬁ) < 1/02" forv >0, S|w§'/)(§)] d¢ < 1/2"71 forv>1,
for some 2 < 1. We will look at the sum

D(w1,29) == Y w (M>w2 (M)d(ﬁn + fu)d(ran + f2),

I i)
n
with the aim of showing that it can be written asymptotically as
D(.Tl, 1}2) = M(ml, 1‘2) + R(:El, $2),

where M (x1,z2) denotes the main term, which has the form

(31) Mz, 59) = Swl <r1§ + f1>w2 <r2€ + f2>

I Z2

- P(log(r1€ + f1),log(r2€ + fa)) d§

with a quadratic polynomial P ({1, &2), and where R(z1,x2) denotes the error
term. The assumptions we need to make are

(3.2) i< xi_a, fo < x%_a, h < (227'23:%_8.
We can also assume that
r%r%rz <L 7y,

since otherwise our results become trivial. Note that from the first two
bounds in (3.2) and the size of the supports of wy and we, it follows that

Tox1 X 1r1x2.
We will prove the following three bounds for the error term:

h 6
(3.3) R(z1,22) < ro(raxy) /> <!|21|/2 + (7“2931)9),

(3.4) R(x1,m2) < ro(razy)'/?*e
. 1 + (ror1m2, h)T1 ’ 1+ (7“07“17"2ah)1/4’h|1/4
nL/2 rorre r(l)/4(7“17‘2)1/2 7
(3.5) R(z1,22) < ro(rom)/?te
‘ (1 N (7“21’1>0<1+ (7“07"17”2,]1)1/4|h|1/4>>'
27 \n) P rura)1 /2

Recall that ro was defined in (1.4). From the first bound and with the
choice {2 = 1, we immediately get Theorem In order to prove Theo-
rem [I.2] we choose

2/3 2/3 1/3
To ™ Ty

2= :
e
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and use the second bound (3.4 to show that

2/3+4¢
(3.6) R(z1,22) < (ToT'lTQ,h)e 2/3 +9(r r )1/3 <il>
1

for h satisfying

4/3 2/3 2 40
(rorira, h)h < Ll?é ( > <TOT1T2> )
ro/ r1

I

Unfortunately, due to the presence of , the possible range for h is weakened
considerably in its size, even if we take the currently best value for this
constant. We can improve this slightly, however, by making use of the third
bound to show that the bound also holds in the range

4/3 2/3 /.2 2 46
(7“17'12/)3 <f1> <r0;17"2> < (ror17a, h)h < T1/3 4/3 5/3 1/3 e
T 1 1

Theorem follows by setting x1 = 71z, x2 = rox and using suitable weight
functions.

Before diving into the proof, we first describe a smooth decomposition
of the divisor function which was used by Meurman [21I] to treat the bi-

nary additive divisor problem (and which goes back to Heath-Brown). Let
vo : R — [0,00) be a smooth and compactly supported function such that

vo(§) =1 for || <1, wp(§) =0 for[¢| > 2,

and set

v(€) = vy <¢%> h(a,b) = v(a)(2 — v(b)).

For ab < x5, we have (v(a) —1)(v(b) — 1) = 0, so that, for n < z9,

d(n):Z v(a)(2 —v(b) Zhab

ab=n ab=n

It will furthermore be helpful to dyadically split the supports of the vari-
ables a and b. In order to do so, we choose smooth and compactly supported
functions ux : (0,00) — [0, 00) such that

suppuy C [X/2,2X], ug?)(f) < 1/X" forv >0, Zule,

where the last sum runs over powers of 2. Then we set
hAB(a7 b) = h(a7 b)uA(a>uB<b)

Back to our sum—we split the second divisor function and use the dyadic
decomposition described just before, so that we can write

D(z1,x2) E Dap(x1,22),
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where
Dap(z1,a2) =Y wi (T)W(W)d(ﬁnﬂL f1) zb: hap(a,b)
ab=ron+fa
- ¥ Fla.myd(2ab~ £+ 1),
ab=1 (r2)
Fla.b) = w) (E(ab xfz) + ﬁ)m <zz> han(a.b).

Note that the variables A and B, which run over powers of 2, satisfy
AB =1y, A<B, A<ay?

In the following, we have to pay a lot of attention to possible common
divisors between the different parameters, and it will be helpful to define,
fori=1,2,

T ; h
U; = (rivfi)a S = i7 gi ‘= £7 h = T1f2 - f17”2, hO =

Usj Us Uru2 .

Now, since the product ab in the above sum must be divisible by us, we can
write

Dap(x1,x2) Z Z Z ( a u2b>d<:;(ab—gg) +f1>.

u¥|uo
2| (‘152“2) 1ab= g2(52)

Choose a and §5 such that aa + s952 = 1, so that b in the above sum has
the form
b=ags + son withn € Z,

and hence

U us
Dyp(xy,22) = § f<uza TQG(TQ(CW*QQSQ) +f2)>
ub|uz 2 2

a,n

(a,5203)=1 ~d(ri(an — g252) + f1)

-y Y dmima
usluz  n=f1—gar152 (r1a)

a
(a,s2u3)=1

with

s = un (£ Jua (LR Y (0, 2 (e g2 )



158 B. Topacogullari

Note that the modular inverse s, which occurs in the congruence condition,
is understood to be mod a. Also note that the support of f(&;a) is given by

u*
supp f(e;a) < x1, supp f(&e) =< u—zA,
and that its derivatives can be bounded by

8”1+V2 1 U9
s 0 < G (151

Vo
) for v1,v9 >0,

while also satisfying
o1 +v2

S ‘ (‘)§V1 av2

f(&a)

1 u9 V2
d¢ <« (w127 T (u’Q‘A) forvy > 1, v > 0.

1. Use of Voronoi summation. We use Voronoi summation in the
form of Theorem to treat the divisor sum in arithmetic progressions.
This way we are led to

Dap(z1,22) = 29p — 205 5 + 455

with
1 1
E%B = 7 Z aSAfl—gz’l‘lﬁ,rla(f)f(g;a) d€7
1 uS(Lug
(a,s2ud)=1
1 ¢ o S(f1 — gar152, £n;c
S Y Y S d) 152, 3:0)
™ ; a — C
u2(LUQ cjria  n=1
(a,s2ud)=1
B (w"f) 7€ a)de.
C
and

BT(§) :=Yo(§), B (§) = Ko(§).

The main term will be extracted from 221 5, but we will postpone this until
the end and first take care of EjB.
We reshape these sums a little:

SR P ED VS ETD DD DRD DRNES

Ug (U2 ul|ug d a,c
31 c|7“1a r?‘|\7‘1 (d,r1)=r} dc=ria
(a,s2u3)=1 1 (a,s2u3)=1

I

ﬁ‘,i
(]
=~
g
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where we have to replace ¢ by rjc and a by dc, so that

+ RjB
S DDV

uEIZQ (d, r132u2) 1
with
— gar152, En;ric) L,
Ri = d F 5 d ) )
AB Z Z rie (ric;de,n)
(e, SQ'[LQ) 1"
FE(n;a,n) = %SBi (47r:€>f(f;a) dg.

As a reminder, the modular inverse S5 occurring in the Kloosterman sum is
now understood to be mod dc.
Let
_ g x§ uy r A
N 1A>k2 NO+ — 12A*2 A* — D Sl
o x142 uy d

Regarding F'*(r%c; de,n), we have the bounds

% v—1/2
(k] (©12)!2 /A
FT(rid;de,n) < 12 T 2 )

1/2 w \ v—1/2
I x A
F~(rid;de,n) < 1/2< Tiﬁ) )
which can be shown using (2.I). With the help of these bounds, it is not

hard to see that the sum over n in R Ap can be cut at N £ After dyadically
dividing the remaining sum, we are left with

S(f1 — gor15e, Xn;ric .
Rig(N):= > ) dn) ( - 1 )Fi(rlc;dc,n).
N<n<2N 1

c
(c,52u3)=1

3.2. Treatment of the Kloosterman sums. Not surprisingly, we
would like to handle the sum of the Kloosterman sums occurring in Rj 5(N)
using the Kuznetsov formula. However, in our situation this does not seem
to be possible directly. To deal with this difficulty, we factor out the part of
the variable r] which has the same prime factors as sgou3,

vi= (1], (s2u3)>), t1:=71]/v,
and use the twisted multiplicativity of Kloosterman sums,
S(f1 — gar152, £nyric)  S(ficti, £ncty;v) S(hout, +nv253; cty)
ric v ctq '

Here, each modular inverse is finally understood to be modulo the respective
modulus of the Kloosterman sum. Obviously the first factor still depends
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on ¢, but here we follow an idea of Blomer and Miliéevi¢ [6] and use Dirichlet
characters to separate this variable. We define

- _ . S(fiy, £ny;v
Sbem) = Y ) SITETL),
y(v)
(y,v)=1

where x is a Dirichlet character modulo v, so that by the orthogonality of
Dirichlet characters we have
S(ficty, £ncty;v) 1

v (v

;Y Xe)Si(win)

x mod v

where the sum runs over all Dirichlet characters modulo v. Hence

REL(N) = —— 3 X(t)REL(N; x)

QO(’U) x mod v
with
Rip(Nix) = Y dn)Su(xin)Kip(xn),
N<n<2N
S (houiud, Enssubv?; tic
Kigniy) = S SUntb Ensugui o) o) ok 1 e, ).

- tlc
(C7S2u; ):1

Of course it is important to have good bounds for gv(x;n). Directly
using Weil’s bound for Kloosterman sums we get
S’U(X; 77,) < (f17 n, U)1/2U1/2+67
but this can be improved with a little effort, and the remainder of this
section will be concerned with proving the improved bound
(3.7) Su(x;n) < (f1,n, v/cond(x))v*

where cond(x) is the conductor of y. The sum actually vanishes in a lot of
cases, in particular when f;, n and v have certain common factors, but this
result will be sufficient for our purposes. At this point, we also mention that

3 Cond Z 3 13Ld<v><<ve,

(%
x mod v x mod v (P( )
cond(x)=v

(3.8) 2(0)

which will be useful later.

In order to prove , note first that Sv(x; n) is quasi-multiplicative in
the sense that if v = v1v9 with coprime v; and vo, and x = x1x2 with the
corresponding Dirichlet characters 1 (mod v1) and x2 (mod vz), then

Su(x; 1) = x1(v2)X2(v1) S0, (x157) Sus (X2 1).
It is therefore enough to look at the case where v is a prime power, v = p*.
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Assume first that x = xo is the principal character. For v = p, we have

Sten =1 3 o( Wi 20)

z,y (p) b b
(z,p)=1
— Z 1*@<< (flanvp))
p
z (p)

f1z£nz=0 (p)

and for prime powers v = p¥, k > 2, we have

Spk(x;n)zzjkze<m:”m>_1k > e(y(flq;;:lzlngc)>

,y (p*) P P e ) h ) P
(z,p)=1 (z.p)=1
=#{x (") | frz£nT=0(p }—7#{30 )| frz =0z =0(p"")}

< (fla n)pk)

We can now assume that x is non-principal. For v = p prime this means
that x is primitive, so that we can transform S,(x;n) as follows:

Stem =1 3 e UATE)

z,y (p) P
(zy,p)=1
1 _ (Y 1
== > xWx(thetnme(=)-= > xW)
p p p
z,y (p) z,y (p)
Jf1zEnT#0 (p) Jf1zEnz=0 (p)
=TS ()
b
z (p)
(z,p)=1

Both the Gauf sum 7(x) on the left and the character sum on the right are
bounded by (’)(\/Ia), which is well-known for the former and follows from
Weil’s work for the latter (see e.g. [15, Theorem 11.23] or [19, Chapter 6,
Theorem 3]). As a consequence, we get the bound

Sp(x;n) < 1.

It remains to look at the case of xy having modulus v = p¥, k > 2, which
is slightly more complicated. Let x be induced by the primitive character x*

of modulus v* = p¥”, and set v° := p¥~*". In our sum
A y(fix £ nT)
St = 30 3 ate( M
z (p*) v (")

(z,pF)=1
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we parametrize y by

y =1y +v*ys with y; mod v* and y, mod v°.

Then
A rEtnx rEtnx
ot =1 5 v 5 (sthren)
z (v) y2 (v°)
(z,0)= 1
_ 1 Z Z <y1 fw:l:nx))
v* v
z (v) (v*)
(z,0)=1
f1zEnz=0 (v°)
7(x*) —( fix£tnT
R Z X < 20 )
z (v)
(z,v)=1
f1zEnz=0 (v°)
We set
L PSS R | S .
. (fl,n,UO)7 . ’ a (fhnuvo)7 ' (fl,n’l))

and the sum becomes

. T ([ fiz+ iz
Sp’“(Xv”) = (fbnvv ) X ) Z X* <fl,ﬁo>
z (D)
fiz£AT=0 (7°)

If v° = 1, we have square-root cancellation for the character sum on the
right (see [29, Theorem 2]), so that S,x(x;n) < (f1,7n,v°).

Otherwise we can assume that both fl and n are coprime to p, or else
the sum is empty. We parametrize = by

x=x1(1+0°x2) with z; mod ©°, (21,0°) =1 and x9 mod v*.
In this case, we can write T mod ¢ in the following way:
T = arT(l —0%z2(1 + 17%2)) mod 7,
and after putting this in our sum, we have
a o T(X*)
Spk<X;n):(f17n7v )7 Z Z

21 (3°) v*)
fiz1EnzT=0 (0° )

where P(X) is the rational function

~ o v ~ f AT
f1r10° X2+ 21 X + %

PX) = X +1
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If p > 3, we can use [7, Theorem 1.1] to get
Y XA(P(as) < 1.
x2 (v*)
If p=2 and 9° > 8, we rewrite this sum as
_ — X9 — X2
*(P = Pl —= =2 | Pl =
= o ¥ x((3)) -2 5 7 (A(2)
z2 (v*) 2 (20%) x2 (v*)

so that we can again apply the cited theorem to show that this sum is (’)(1).
Finally, for the remaining cases ° = 2 and v° = 4, we can use [7, Theo-
rem 2.1] to show square-root cancellation. This concludes the proof of (3.7)).

3.3. Auxiliary estimates. We want to use the Kuznetsov formula in

the form (2.2)) with
G :=t1souiv?,  Fi=souiv?, §:=t; §o:=v, 1 :=houud, 0:=n.

First, some technical arrangements have to be made. Set

= o )

where h is a smooth and compactly supported bump function such that

h(n)=1 forn € [N,2N], supph =N,

and
h")(n) < 1/N” for v > 0.

We have defined this function in such a way that

1 =T
Fi(rTC; de,n) = \TFi (47r \}mfb|,n> for n € [N,2N].
7 7S¢

Note that

~ Nlh ~ 1
supp FE(e;n) < C := A*” | ‘, FE(e;n) < vy/squl Acl xyTe.

We need to separate the variable n to be able to use the large sieve inequal-
ities later, and to this end we make use of Fourier inversion,

1
Go(M)

FE(e;n) = SGO(A)Gf(c)e()\n) dA, Gf(c) = Sﬁi(c; n)e(—An) dn,

where

3 1
Go(A) := vy/sou} AZI :ziﬁmln(N,W).
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Eventually, our sum of Kloosterman sums looks like

Kpin) = [Gaetn) 3 w0 206 (1n @) i

(e,7)=1

Next, we need to find good estimates for the Bessel transforms occurring
in the Kuznetsov formula. For convenience set

|hyN 1
7 = N.
A* ’ AV

Note that due to the assumptions made in (3.2), we have C < 1.
LEmMA 3.1. If N < Ny, then

C:=

(3.9) G (it), Gx (it) < C™% for 0 <t <1/4,
GE(t) - . x§
1 A * * L > 0.
(3.10) (1+t)’i’G>‘(t)’G)‘(t)<<1+t5/2 fort>0

If Ny <<N<<N5r, then, for any v > 0,

(3.11) Gy (it), Gy (it) < 1" for 0 <t <1/4,
GR() sy st vl (2"
. — > 0.
(3.12) (1+t)mG>\(t)’G>\(t) < el fort>0

Proof. We will closely follow the proof of [27, Lemma 3.1}, where a simi-
lar situation was handled. As all the occurring integrals can be interchanged,
we can look directly at the Bessel transforms inside F= (¢, n) and their par-
tial derivatives in n. We will confine ourselves to the treatment of F *(ec, n),
since the estimates for the derivatives can be shown the same way.

First, we will look at the situation when N < ;. Here again, we can
look directly at the function inside the integral over £, given by

o e i
i) = cB ( |h|)f<5’ ric )

supp Hy = C, H{V)(c) < z{C(z5/C)" for v >0,
so that by Lemma
HE(it), H(it) < CT72 for 0 <t < 1/4,
Hi( t) + r+ g
H H (t
(1—}—75) ()’ )\()<<1+t5/2

from which we get (3.9) and (3.10).

We have

for t > 0,
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Now assume N; < N < N&“ . By using Lemma and integrating by
parts once over &, we get

0= SIS 2 )

o000 = g (Ve (o )/ (s )

It is hence enough to look at

with

i) = e [ 552 ). )
Note that
supp w (e, &) < C, 86;171(0, ¢) < @O 1, > 0,

xllt/2Z1/2 cv

where

w(§) =1+ ’w’1<5> ’ +

x1

,<E(§_fl)+f2>‘
wy | A———— .

Z2

Here we use Lemma with a = \/&ra/|h| and X = C, which is possible
since X > (v1N; )Y/2/A* > 25. We get, for any v > 0,
Hi(it), By (it) < a7 for 0 <t < 1/4,
Hi(t) . . xg Z\"
A + + 1
Hi (1), HY (t — | — fort >0
TS 0 < () ez,

t
and (3.11)) and (3.12)) follow immediately. m

3.4. Use of the Kuznetsov formula. Here we will only look at
Kiz(x;n) and we will assume that h > 0, since all other cases can be
treated similarly.

A use of Theorem [2.3] gives

R (N5 x) = [ Go(N)(Z1(V) + E5(N) + Z3(N)) dA,

where
— oy So_OA ) (DR = )
= ._JZ; 1+’t| < COSh(Wtj)p]( ’ )\/>>Ej (N,
©0 it K/2
MM:ZJSﬁﬁN%ﬂ@%W@mﬁwwm
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S(N) = Y Gk (VI — DI, 00) Vi) S5 (N),

k=k (2), k>k
1<5<0k(q,x)

with
EJ(-l)(N) — (1;!; |7TZ2 N<§<:2N n)Sy(x )e()\n — ni)pj (n, ;) vn,
W) = % X dmSme(n oo (1) vh
EJ(?;C)(N) = N<;2Nd n)S,(x;n)e <)\n - n;i)d}j’k <n, ;) Vn.

Assume first that N < N . We divide Z1(/V) into three parts:
EiN) =3 )+ 3 ()t () = Ewa(N) + Ep(N) + Z1e(N),
t;<1 ti>1 tj exc.

We use Cauchy—Schwarz on =1, (N ), and then Lemma 3.1} Theorem [2.6/and
Lemma [2.8] to bound the different factors, which leads to

Gt
Z1a(N) < max A ()
t]'S]. (1 +t])l€
: <Z M‘p(m OO)|2m>1/2(Z \2(1)(N)|2)1/2
= cosh(mt;) T = J
12N 12 ovg) 1/2
< 25?1+, (Nava Z (f1,n,0v°) )
q N<n<2N
A* A*
oN1/2,.e04 [ 1/2
< (v°)/Fxih o <$1 + v1/4(r1‘52u§)1/2>’

where we have set
v° := v/cond(¥).
We split up Z1(N) into dyadic segments
_ ~ 0i(m, 0o \/%
SN T) = Y G PR sy,
T2 cosh(t;)

and in the same way as above we can show that

A* A
= (N.T 1/2,55 0 Ve, &2
(N, T) < (v°) T2\ v/ (rfsaus)/2 )’
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which gives the same bound for =1, (V) as for Z1,(N). Finally,
A* A*
= o\1/2, ¢ 0 1/2
Z1e(N) < (v°) 72 (rez1)” — - <3C1 + v1/4(rf52u§)1/2>’
and all in all this leads to
(3.13) [ Go(N)Z1(N) dX < (v°) 1 Pu(rgay ) /207,
In exactly the same manner, but using Lemma[2.7)instead of Lemma [2.8]

we can also get the bounds

A* A*
= = oy1/2, 4t ( 1/2 1 %
Z1a(N), ZlN) < (07) 2252 (o] +vl/4<r;52u;>1/2>< Fur),

0
_ o rox1\ A* [ 172 A* N
with

(yrov, )L/ 4h1/

V(y) = (gra)Bo1/A

so that

0
(3.14)  [Go(N)E1(N) dA<<(v°)1/2v(r2x1)1/2+5<,fl) (L+w(r1)).

Furthermore since
x§ S xi/Qr;/Q S TI’I“Q’UI/2 B q
c h1/2 (rirov, W)V2RYZ (G /2t 22

we can also make use of Lemma [2.9] here, so that

) < E/ 1p; (1, 00) [P ( @ o 1/2<§ ( 12(1)(N)‘2)1/2
cosh(rt;) C J
t;<1
(7 * *
o\1/2, 0+e (rirav, h) i 1/2 A 14 W(r*
< (U ) Ly (T‘T27’2’U)9 x1 Ly + '1)1/4(7“?92'&;)1/2 ( + (Tl))7
and hence

71720, h)

6
(3.15) [Go(NEZ1(N) dX < Voo v(rymy )/ F (a:l( ) (L +w(r1)).

Now assume N, < N < N;". We split =1(N) again into three parts,

SN =D )+ D )+ D).

t;<Z t;>2 t; exc.

2
rira2v

The sum over the exceptional eigenvalues causes no problems in this case,
as the respective Bessel transforms are very small. The rest can be treated
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in the same way as above, and we get the bounds

—_— [} h/9
(3.16) [ Go(N)Z1(N)dA < (v )1/%(7«2@)1/2%@,
3.17)  [GoNE1(N) dX < (v°) P (rpay) /2T — 91 75 (14 Q2w (r)).

The same reasoning applies similarly to Z2(N) and Z3(NV), the main
difference being that we do not have to worry about exceptional eigenvalues
at all. In the end, we get: from (3.13)) and (3.16),

ho
Rip(N;x) < (0°)/v(rgw) /7t (Ql/Q + (r2x1)0>;

from (3.15]) and (3.17)),

Q}/Q + <$1(T§T2U’ ) )9(1+L!7(r1))> ;

T{T2V

Rip(N;x) < (UO)I/QU(T‘2$1)1/Q+S<
and from (3.14)) and ( -,
0
o c 1 2T
Ry (Vi) < () 2ol (oo (28] v ).
On taking account of (3.8]), these bounds finally lead to (3.3)—(3.5).

3.5. The main term. It remains to evaluate the main term. After
summing over all A and B, it has the form

1

(3.18) Z Z VA i—rigna(©)f (& a) dg

u2| 2(a82u2) 1

E+f £+ f
:Sw1<rl -~ 1> <T2 2)(%;220 5’162)
with
= A —719252,71a
(3.19) E0(¢,uf) = Za: hi=rg > (”“fl)h(f: ;“‘22 (ry £+f2))
(a,s2ul)=1
1

=5 ) h(s:9Z(s:6)ds,

(o)
where h(s; &) is the Mellin transform
uga U

h(s;€) = S h( & i (7’2§+f2)> *“tda, Re(s)>0

0 2



An additive divisor problem 169

and the function Z(s;¢) is defined as the Dirichlet series

Z(s:6) =Y. ArngmnaMETS) gy

al-l—s

a
(a,s2u3)=1

The integral in (3.19) is initially defined for o > 0. Our plan is to move the

line of integration to ¢ = —1+-¢, so that we can use the residue theorem to ex-

tract a main term. A meromorphic continuation of h(s; £) can easily be found

by using partial integration. For Z(s; &) the situation is not quite as obvious.
Define the operator

As(§) = (10g§ + 2y + 2;)

)
6=0
so that we can write

ci(fi — r19253
)\fl—T192§,r1a(r1£ + fl) = A(s(?“lf + fl) Z d1+5)

diria

Now we separate the part of 71 which shares common factors with sou3 from
the rest by setting

v = (r1, (s2u3)™),  t1:=1r1/v,

> el - (el (3 ),

dlria dlv dltia

so that

and hence

c 1 cq(hou
2:9) = s+ (T A ) T X

a
v (asup)=1 0o

The two outer sums can be transformed to

1 Cd(h()ul) . Cd<h()ul)<d, tl) 5 .
> alts ) as > 2 Z(sid)
d

(a78233):1 dltia (dyspu3)=1
with ( )
- d,t1)*® 1
Z(s;d) :=C(1+s) 7 H*<1_p1+s>'
pl|s2ug

This is a meromorphic function, defined on the whole complex plane, which
means that the desired meromorphic continuation for Z(s; £) can be given by

259 = s+ (S A ) (X A 2a)
d

dlv

(d,sau3)=1
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Hence
60 = asne + ) (D4 ) (X MR pea)
dfo (d,3233)=1
with

8 1 . _
I°(6,d) = 5 | h(s;6)Z(s;d) ds.
2me
(o)
The Mellin transform h(s; ¢) has at s = 0 the Taylor expansion

~

2 *
h(s;€) = - +log(r2€ + f2) + 2log Zf +0(s),

while that of Z(s;d) is given by
~ 1 0
Z(sid) = (- -
(S’ ) <S + ’y + ap)

All in all, the residue of their product at s =0 is

(d, t1)” 1
dpl 1T <1 - pl+p> +0(s).

p=0 plsau;

*\ P
Res (s ) Z(s50) = a6+ ) (2) U T (1= 85),
pls2uj
We now move the line of integration to o = —1 + ¢,
*\ P 1—e
=0 _ uz \ " (d, t1)” 1 d
I°(§,d) = Ap(r2€ + f2)(u2) —a I (1- pie +0 Jiee )
plsaus 2

and hence

S0, 1) = As(ri& + f1)Ap(raé + fo) M (&, u3) + O(a5 /s
with

e = (2) (S48 11 (1- 5%)

dlv plsaud

cq(hour)(d, )17
(5 sty

(d,s2u3)=1

An elementary but quite tedious calculation shows that

Z Mgp(f,uz) = Cé,p(rlaraa f17f2)’

ub|uz
where
ui)(u3)’
Coplrirn fiof2) = 3 (m> (w) o (1) (52 p (104 52043,
ul|u1

ubluz
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1 cq(h
=Tl ) i X

pln (dn)=1
After a look back at (3.18)), we see that our main term has the form

>0 = M(x1,x2) + O($§/2+6/T2)

with
M(.%‘l,m'g)
={uw (7’153: f1>w2 <r2£;2r f2>P(10g(7“1€ + f1),log(r2€ + f2)) dE,

where P(&1,&2) is the quadratic polynomial given by

)
(3.20) P(log&i,logéa) := As(£1)Ap(€2)Cs p(11, 72, f1, f2).
This concludes the proof of (3.1)).
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