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Summary. We show that under the action of fast oscillating-in-time external forces, there
exists a unique time periodic solution, and any weak solution to the Navier–Stokes–Voigt
equations converges to this time periodic flow with exponential speed in time.

1. Introduction. Let O be a (not necessarily bounded) domain satis-
fying the Poincaré inequality in R3 with smooth boundary ∂O. We consider
the following Navier–Stokes–Voigt equations:

(1.1)


yt − α2∆yt − ν∆y + (y · ∇)y +∇p = F, x ∈ O, t > 0,

∇ · y = 0, x ∈ O, t > 0,

y = 0, x ∈ ∂O, t > 0,

where y = y(x, t) is the unknown velocity and p = p(x, t) is the unknown
pressure, ν > 0 is the kinematic viscosity coefficient, α is a length scale
parameter characterizing the elasticity of the fluid, and F is the external
force.

The system (1.1) was introduced by Oskolkov [13] as a model of motion
of certain linear viscoelastic fluids. The system (1.1) was also proposed by
Cao, Lunasin and Titi [5] as a regularization, for small values of α, of the
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3D Navier–Stokes equations for the sake of direct numerical simulations.
The presence of the regularizing term −α2∆ut leads to the fact that system
(1.1) has a natural energy inequality in H1-norm, and this has many impor-
tant consequences. On the one hand, it leads to the global well-posedness
of (1.1) both forward and backward in time, even in three dimensions. On
the other hand, it changes the parabolic character of the limit Navier–Stokes
equations, so the Navier–Stokes–Voigt system behaves like a damped hyper-
bolic system. In fact, the Navier–Stokes–Voigt system belongs to the class
of so-called α-models in fluid mechanics (see e.g. [10]), but it has an at-
tractive advantage over other α-models in that one does not need to impose
any additional artificial boundary condition (besides the Dirichlet boundary
conditions) to get global well-posedness. We also refer the reader to [8] for
an interesting application of the Navier–Stokes–Voigt equations in image
inpainting.

In the last few years, mathematical questions related to 3D Navier–
Stokes–Voigt equations have attracted the attention of a number of math-
ematicians. The existence and long-time behavior of solutions in terms of
existence of attractors to the Navier–Stokes–Voigt equations in domains
that are bounded or unbounded but satisfying the Poincaré inequality were
investigated extensively in [1, 4, 9, 11, 14]. The decay rate and decay char-
acterization of solutions to the Navier–Stokes–Voigt equations on the whole
space were studied more recently in [2, 12, 15].

As in the case of Navier–Stokes equations, one can easily show that if
the external force is time-independent and small enough in norm, then there
exists a unique stationary solution to the Navier–Stokes–Voigt equations,
and this solution is globally exponentially stable.

The aim of this paper is to study the effect of fast oscillating-in-time
forces on the long-time behavior of solutions to Navier–Stokes–Voigt equa-
tions. Using some ideas of [7], we show that if the external force is oscillating
fast enough in time but does not necessarily have small spatial norms, then
there exists a unique time periodic solution such that any solution to the
Navier–Stokes–Voigt equations converges to that solution with exponential
speed in time. For results on feedback stabilization of a given time periodic
solution to Navier–Stokes equations, we refer the reader to the recent mono-
graph of Barbu [3]. Notice that all our results are also valid in the case of
periodic boundary conditions as in [7]; however, here we consider the Dirich-
let boundary conditions because they have more physical meaning. We also
emphasize that we do not need to require the boundedness of the domain O
considered.

Let us denote

V = {y ∈ C∞0 (O)3 : ∇ · y = 0}.
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In order to study the system (1.1), we use the function space

H = VL
2(O)3

:= the closure of V in L2(O)3

with the norm

|y| =
( 3∑
j=1

�

O
|yj |2 dx

)1/2
,

and

V = VH
1
0 (O)3 := the closure of V in H1

0 (O)3

with the norm

‖y‖ =
( �
O
|∇y|2 dx

)1/2
.

Let P be the Helmholtz–Leray orthogonal projection in L2(O)3 onto the
space H. We also define the bilinear form

B(u, v) := P ((u · ∇)v)

and the trilinear form

b(u, v, w) =
�

O
B(u, v) · v dx,

for all u, v, w ∈ V . We see that

b(u, v, v) = 0 for all u, v ∈ V.

We have the following estimate (see, e.g., [6]):

(1.2) |b(u, v, w)| ≤ c0‖u‖ ‖v‖ |w|1/2‖w‖1/2, ∀u, v, w ∈ V.

Because of the assumption on the domainO, we have the Poincaré inequality

(1.3) ‖v‖2 ≥ λ1|v|2 for all v ∈ V,

for some λ1 > 0. It is known that if O is bounded, we can take for λ1 the
first eigenvalue of the Stokes operator A = −P∆, which is defined by

〈Au, v〉 =

3∑
i=1

�

O
∇ui · ∇vi dx, u, v ∈ V.

Here 〈·, ·〉 denotes the duality between V and its dual space V ′.

We now make the following assumption on the external force.

Assumption (F). For any positive constant Ω > 0, the force term
F (x,Ωt) is a time periodic function with period Tper, having the following
structure: There exists a time periodic function G(x,Ωt) with period Tper
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such that

(1.4)


1
Ω

(
∂tG(x,Ωt)− α2∆∂tG(x,Ωt)

)
= −F (x,Ωt), x ∈ O, t > 0,

∇ ·G = 0, x ∈ O, t > 0,

G = 0, x ∈ ∂O, t > 0.

Further,

F ∈ L∞(0, Tper;H), and ‖F‖L∞(0,Tper;H) is independent of Ω.

Moreover, G ∈ L∞(0, Tper;V ) and there exists a positive constant G inde-
pendent of Ω such that

(1.5) ‖G‖2L∞(0,Tper;V ) ≤ G‖F‖
2
L∞(0,Tper;H).

Let us give an example of an external force F . Let

F (x,Ωt) = f(x) sinΩt, where f ∈ H and Ω is a positive constant.

We will find G(x,Ωt) of the form

G(x,Ωt) = −h(x) cosΩt.

Substituting G into (1.4), we get
(I − α2∆)h(x) = f(x), x ∈ O,
∇ · h = 0, x ∈ O,
h = 0, x ∈ ∂O.

Then, by the Lax–Milgram lemma on the Hilbert space V , we get the exis-
tence and uniqueness of h ∈ V such that

‖h‖2 ≤ G|f |2

for some positive constant G independent of Ω. Thus G ∈ L∞(0, Tper;V )
and G satisfies (1.5), where Tper = 2π/Ω.

More generally, we can take F (x,Ωt) = f(x)ϕ(Ωt), where f ∈ H and
ϕ(t) is a real-valued periodic continuous function with period T . Then F
satisfies Assumption (F) with Tper = T/Ω.

2. Main results. First, we prove the existence of a time periodic solu-
tion to system (1.1).

Theorem 2.1. Let F satisfy Assumption (F). Then there exists Ω0 > 0
depending on ν, c0, α, λ1, G and ‖F‖L∞(0,Tper;H) such that for any Ω ≥ Ω0,
system (1.1) has a Tper-periodic solution yper satisfying

(2.1) |yper(t)|2 + α2‖yper(t)‖2 ≤
ν2α

2c20
, t ∈ [0, Tper].
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Proof. Since under Assumption (F) we have F ∈ L∞(0, Tper;H) ⊂
L2(0, Tper;V

′), by [1, Theorem 3.2] for each initial datum y0 ∈ V there
exists a unique weak solution y ∈ C([0, Tper];V ) to (1.1) satisfying the ini-
tial condition y(0) = y0.

We now prove that (1.1) has at least one Tper-periodic solution yper ∈
L∞(0, Tper;V ) satisfying (2.1). To do this, set

(2.2) y = Y − 1

Ω
G(x,Ωt).

Then we deduce from (1.1) that

(2.3)

Yt − α2∆Yt − ν∆Y + (Y · ∇)Y +∇p

=
1

Ω
(∂tG(x,Ωt)− α2∆∂tG(x,Ωt)) + F (x,Ωt)

− ν

Ω
∆G− 1

Ω2
(G · ∇)G+

1

Ω
[(Y · ∇)G+ (G · ∇)Y ], x ∈ O, t > 0

∇ · Y = 0, x ∈ O, t > 0,

Y = 0, x ∈ ∂O, t > 0.

If we use (1.4) then (2.3) becomes

(2.4)
Yt − α2∆Yt − ν∆Y + (Y · ∇)Y +∇p

= − ν
Ω
∆G− 1

Ω2
(G · ∇)G+

1

Ω
[(Y · ∇)G+ (G · ∇)Y ], x ∈ O, t > 0,

∇ · Y = 0, x ∈ O, t > 0,

Y = 0, x ∈ ∂O, t > 0.

Multiplying (2.4) by Y and integrating over O we get

(2.5)
1

2

d

dt
(|Y (t)|2 + α2‖Y (t)‖2) + ν‖Y (t)‖2

= − ν
Ω

�

O
∆G · Y dx− 1

Ω2
b(G,G, Y ) +

1

Ω
b(Y,G, Y ).

Here we have used the fact that b(G, Y, Y ) = 0.

Integrating by parts and using the Cauchy inequality, we obtain

− ν
Ω

�

O
∆G · Y dx =

ν

Ω

�

O
∇G · ∇Y dx(2.6)

≤ ν

8
‖Y (t)‖2 +

2ν

Ω2
‖G‖2L∞(0,Tper;V ).
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Using (1.2), (1.3) and (1.5), we get

1

Ω
b(Y,G, Y ) ≤ c0

λ
1/4
1 Ω

‖G‖L∞(0,Tper;V )‖Y (t)‖2(2.7)

≤ c0
√
G

λ
1/4
1 Ω

‖F‖L∞(0,Tper;H)‖Y (t)‖2.

Using (1.2), (1.3) and the Cauchy inequality, we obtain

− 1

Ω2
b(G,G, Y ) ≤ c0

λ
1/4
1 Ω2

‖G‖2L∞(0,Tper;V )‖Y (t)‖(2.8)

≤ ν

8
‖Y (t)‖2 +

2c20

νλ
1/2
1 Ω4

‖G‖4L∞(0,Tper;V ).

Taking

Ω ≥ 4c0
√
G

νλ
1/4
1

‖F‖L∞(0,Tper;H),

from (2.5)–(2.8) we obtain

d

dt
(|Y (t)|2 + α2‖Y (t)‖2) + ν‖Y (t)‖2

≤ 4ν

Ω2
‖G‖2L∞(0,Tper;V ) +

4c20

νλ
1/2
1 Ω4

‖G‖4L∞(0,Tper;V ).

Hence, using the Poincaré inequality (1.3) and (1.5), we get

(2.9)
d

dt
(|Y (t)|2 + α2‖Y (t)‖2) + d0(|Y (t)|2 + α2‖Y (t)‖2)

≤
G‖F‖2L∞(0,Tper;H)

Ω2

(
4ν +

4c20G‖F‖2L∞(0,Tper;H)

νλ
1/2
1 Ω2

)
,

where

d0 =
ν

2
min

{
1

α2
, λ1

}
.

Multiplying (2.9) by ed0t and then integrating from 0 to t yields

(2.10) |Y (t)|2 + α2‖Y (t)‖2 ≤ e−d0t(|Y (0)|2 + α2‖Y (0)‖2)

+ (1− e−d0t)
G‖F‖2L∞(0,Tper;H)

d0Ω2

(
4ν +

4c20G‖F‖2L∞(0,Tper;H)

νλ
1/2
1 Ω2

)
.

Set

R2 =
ν2α

6c20
.
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We will prove that for any Y (0) such that |Y (0)|2 +α2‖Y (0)‖2 ≤ R2 we
also have |Y (Tper)|2 + α2‖Y (Tper)‖2 ≤ R2. Indeed, from (2.10) we have

(2.11) |Y (Tper)|2 + α2‖Y (Tper)‖2 ≤ e−d0TperR2

+ (1− e−d0Tper)
G‖F‖2L∞(0,Tper;H)

d0Ω2

(
4ν +

4c20G‖F‖2L∞(0,Tper;H)

νλ
1/2
1 Ω2

)
.

Then from (2.11) we get, when Ω ≥ Ω0 > 0 is large enough,

|Y (Tper)|2 + α2‖Y (Tper)‖2 ≤ R2.

Since the ball {| · |2 +α2‖ · ‖2 ≤ R2} ⊂ V is a convex set in a Hilbert space,
it is compact in the weak topology. Hence, by using the Tychonoff theorem
we conclude that the map Y (0) 7→ Y (Tper) has a fixed point Y ∗. Then the
solution Yper of system (2.4) with initial datum Y ∗ is a Tper-periodic solution
satisfying

|Yper(0)|2 + α2‖Yper(0)‖2 = |Yper(Tper)|2 + α2‖Yper(Tper)‖2 ≤ R2.

Moreover, from (2.10), the solution Yper satisfies

(2.12) |Yper(t)|2 + α2‖Yper(t)‖2 ≤ e−d0tR2

+ (1− e−d0t)
G‖F‖2L∞(0,Tper;H)

d0Ω2

(
4ν +

4c20G‖F‖2L∞(0,Tper;H)

νλ
1/2
1 Ω2

)
.

So, when Ω ≥ Ω0 large enough, we infer from (2.12) that

(2.13) |Yper(t)|2 + α2‖Yper(t)‖2 ≤ R2 for all t ∈ [0, Tper].

From (2.2), yper = Yper − 1
ΩG(x,Ωt) is a Tper-periodic solution to (1.1).

Using the inequality (a+ b)2 ≤ 2(a2 + b2), we obtain

|yper(t)|2 + α2‖yper(t)‖2 ≤ 2(|Yper(t)|2 + α2‖Yper(t)‖2)

+
2

Ω2
(‖G‖2L∞(0,Tper;H) + α2‖G‖2L∞(0,Tper;V )).

Hence using (1.5) we get

|yper(t)|2 + α2‖yper(t)‖2 ≤ 2(|Yper(t)|2 + α2‖Yper(t)‖2)(2.14)

+
2G
Ω2

(
1

λ1
+ α2

)
‖F‖2L∞(0,Tper;H).

Combining (2.13) and (2.14) we deduce that

|yper(t)|2 + α2‖yper(t)‖2 ≤ 3R2 =
ν2α

2c20
for all t ∈ [0, Tper],

for Ω ≥ Ω0 large enough. This completes the proof.
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We now prove the global exponential stability of the time periodic solu-
tion yper.

Theorem 2.2. Let y0 ∈ V and suppose the external force F satisfies
Assumption (F). Then any weak solution y to system (1.1) with initial da-
tum y0 satisfies

|y(t)− yper(t)|2 + α2‖y(t)− yper(t)‖2

≤ e−d0t(|y0 − yper(0)|2 + α2‖y0 − yper(0)‖2),
where

d0 =
ν

2
min

{
1

α2
, λ1

}
,

and yper is the time periodic solution obtained in Theorem 2.1. In particular,
the periodic solution yper is unique.

Proof. The function v = y − yper satisfies the following system:
vt − α2∆vt − ν∆v + (yper · ∇)v + (v · ∇)yper +∇p = 0, x ∈ O, t > 0,

∇ · v = 0, x ∈ O, t > 0,

v = 0, x ∈ ∂O, t > 0,

v(0) = y0 − yper(0), x ∈ O.
Multiplying the first equation by v and integrating over O yields

1

2

d

dt
(|v|2 + α2‖v‖2) + ν‖v‖2 = b(v, yper, v).

Here, we have used the fact that b(y, v, v) = 0. Hence, by using (1.2) and
the Cauchy inequality, we get

(2.15)
1

2

d

dt
(|v|2 + α2‖v‖2) + ν‖v‖2 ≤ c0‖v(t)‖2|yper(t)|1/2‖yper(t)‖1/2

≤ c0√
2α

√
|yper(t)|2 + α2‖yper(t)‖2‖v(t)‖2.

From (2.1) we have

(2.16)
c0√
2α

√
|yper(t)|2 + α2‖yper(t)‖2 ≤

ν

2
for all t ∈ [0, Tper].

Since ν‖v‖2 ≥ d0(|v|2 + α2‖v‖2), we deduce from (2.15) and (2.16) that

d

dt
(|v|2 + α2‖v‖2) + d0(|v|2 + α2‖v‖2) ≤ 0.

Therefore,

|v(t)|2 + α2‖v(t)‖2 ≤ e−d0t(|v(0)|2 + α2‖v(0)‖2), ∀t ≥ 0.

The proof is complete.
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