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Positive binary forms representing the same integers
in an arithmetic progression
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MyunG-HwAN KiM and BYEONG-KWEON OH (Seoul)

1. Introduction. For a positive definite binary form f(x,y) = az? +
bxy + cy?, we say that f represents an integer n if the diophantine equation
f(x,y) = n has an integer solution. The general theory of quadratic forms,
including composition of binary quadratic forms, was advanced by Gauss
in his great book ‘Disquisitiones Arithmeticae’. The problem of determin-
ing Q(f), the set of all integers that are represented by a binary form f,
has a long and rich history since Fermat’s theorem on the representation by
a sum of two squares. There is an effective algorithm to determine the set
Q(x? + ny?) N P, where n is a positive integer and P is the set of primes
(for details, see [I]). However, determining the set Q(f) itself for a general
positive definite binary form f is still an open problem except for some
particular cases, including the case when the class number h(f) of f is one.

In 1938, Delone [2] proved that for two (positive definite primitive inte-
gral) binary forms f and g, Q(f) = Q(g) if and only if f is equivalent to g or,
as an exceptional case, the pair (f, g) is equivalent to (2 +zy+y?, 22 +3y?).
This result implies that the set of integers that are represented by a posi-
tive definite binary quadratic form decides the form itself except for a single
case. This result was generalized to the indefinite case by Li [7]. Related
to this result, Jagy and Kaplansky [4] considered the set of primes, in-
stead of the set of integers, that are represented by a binary form. They
exhibited a table of 68 pairs (f, g) of non-equivalent binary forms satisfying
Q(f)NP =Q(g) NP, and conjectured that their list is complete except for
some family of trivial pairs. This conjecture was proved by Voight [I1]. In
fact, he classified all pairs (f, g) of primitive binary forms having different
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fundamental discriminant such that

|Q(f)N P —Q(g) N P| < oo.

In this article, we consider the arithmetic progression
Ay i={pn+k:n >0},

where p is a prime and k is any integer. We give effective criteria for finding
all non-equivalent binary forms f and ¢ satisfying

QUNNALL=Q(g9)NApr # 0,

or
r(m, f) =r(m,g) for any m € Ay,

where 7(m, f) is the number of representations of an integer m by f.

In fact, the proof for ged(k,p) = 1 is a little different from one for the
case when k is divisible by p. So, in Section 2, we consider the case when
ged(k, p) = 1. The case of p| k will be considered in Section 3. In this case,
the composition law of binary forms plays an important role.

For a binary form f(z,y) = az? + by + cy?, we simply write f = [a, b, c].
For two binary forms f and g, we say f is equivalent (resp. proper equivalent)
to g if there are integers 7, s,t and u such that

ru—st==+1 (resp.ru—st=1) and f(rz+ sy, tz+uy)=g(x,y),

and we then write f ~ g (resp. f ~ g).

Let L = Zey + Zes be a binary Z-lattice. Throughout this paper, the
discriminant Dy, of L is defined by Dy, = 4(B(e1, e2)?—Q(e1)Q(e2)) = —4dL,
where dL is the discriminant defined in [5] and [9]. The binary quadratic
form corresponding to L for the ordered basis B = {e1, ez} is defined by

fe(z,y) = [Q(e1),2B(e1, e2), Q(e2)] = Q(el)xz +2B(e1, e2)ry + Q(€2)Z/2-

Note that the binary form corresponding to L is independent of the choice
of basis for L up to equivalence. However, up to proper equivalence, it does
depend on the choice of basis. When we consider some properties depending
only on the equivalence class, we will use the notation f;, rather than fus. For
binary lattices L and M, we say L is isometric to M (L ~ M) if fr ~ far.
We will use the notation [a, b, | for the presentation of the lattice L defined
over Z or the p-adic integer ring Z, such that fr, ~ [a,b, c].

For pairs (L, M), (L', M") of binary lattices, we say (L, M) is isometric
to (L'yM") if L ~ L' and M ~ M', or L ~ M'" and M ~ L'. In this
case, we write (L, M) ~ (L', M"). For pairs (f,g), (f’,¢’) of binary forms,
(f,9) ~ (f',g) and (f,g) ~ (f',¢') are defined similarly.

Throughout this article, we always assume that any binary form f(x,y) =
ax® + bxy + cy?® is primitive and positive definite, that is, respectively,
a,b and ¢ are relatively prime integers and az? + bzy + cy? > 0 for any
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(7,y) € Z*>—{(0,0)}. For a binary lattice L, we always assume that the cor-
responding binary form f7, satisfies the above assumptions. Hence n(L) = Z.
The isotropic (anisotropic) binary %Zp modular lattice is denoted by H,
(A, respectively).

For any positive integer n, we define

R(n,L) :={(z,y) € Z* : Q(z,y) =n} and 7(n,L):=|R(n,L)|.

Note that r(n, L) is always finite. Finally, we define Q(L) = {n : r(n, L) # 0}.
For a binary form f, we will also use the notations r(n, f) and Q(f) de-
fined quite similarly to the above. The isometry group of a lattice L (resp.
a form f) is denoted by O(L) (resp. O(f)). Note that the order o(L) :=
|O(L)| is 2,4,8 or 12. For the proper isometry group, we will use the nota-
tion O™ (-). Note that every isometry in O(L) of order 2 is a symmetry or —1.

Any unexplained notation and terminology on quadratic forms and lat-
tices can be found in [5] or [9], and especially for binary forms, see [1] or [6].

2. Representations of integers in an arithmetic progression. In
this section, we study the representation of integers in an arithmetic pro-
gression with a fixed prime difference and non-zero initial term. For the time
being, let p be an odd prime and %k be a positive integer less than p. Let
L = Zx + Zy be a positive definite binary lattice such that n(L) = Z. The
set of binary sublattices of L with index p is denoted by I,(L). Note that
|I(L)| = p+1, and in fact every lattice in I},(L) is of the form

L(-1):=Z(pz) +Zy or L(u):=Z(z + uy) + Z(py),
where 0 < u < p — 1. First assume that L, is isotropic unimodular. Then
each lattice in I'},(L) is isometric to
<17 _p2>7 <Ap7 _App2> or <p7 _p>

over Zy, where 4, is a non-square unit in Z;. Furthermore one can easily
show that the number of such lattices is (p — 1)/2,(p — 1)/2 and 2, respec-
tively. If L, is anisotropic unimodular, then the norm of each lattice in I7,(L)
is Z, and the number of lattices isometric to (1, —A,p?) over Z, is (p + 1)/2.
All the other lattices are isometric to (A,, —p?) over Z,. Finally, if p divides
the discriminant of L, then there is a unique lattice in I},(L) whose norm is
contained in pZ. We define two subsets I, +1(L) of I,(L) by

Iy +1(L):= {K € I,(L) : K represents an integer a such that (a) ::tl}.
p

The number of equivalence classes in each set is denoted by vp +1(L).

LEMMA 2.1. Let € = 1 or —1. For the action ¢ : O(L) x I}, (L) —
I'he(L) defined by ®(o,M) = o(M), each orbit orb(M) of a lattice
M € I, (L) consists of all lattices isometric to M. Furthermore |orb(M)| =

o(L)/o(M).
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Proof. 1t suffices to show that if there is an isometry o : L(i) — L(j) for
L(i),L(j) € Ipe(L) where —1 < 4,5 < p—1, then 0 € O(L). Assume that
i,j # —1 and o(py) = a(zx + jy) + B(py) for a, B € Z. Since

o?Q(z + jy) + 2paBB(x + jy,y) + "7 Qy) = &’ Q(z + jy) = 0 (mod p)
and Q(z + jy) # 0 (mod p), « is divisible by p. Therefore (L) = L. The
proofs of all the other cases are quite similar. m

Note that o(L) = 12 (resp. o(L) = 8) if and only if L ~ [1,1,1] (resp.
L ~[1,0,1]). For all the other binary lattices, o(L) = 2 or 4. If o(L) = 2, then
the isometry group of each lattice in I, +1(L) is of order 2 and 7, +1(L) =
[Ty +1(L)]-

Assume that an odd prime p divides the discriminant Dy of a binary

lattice K. If K, represents a unit square in Z,', then we define u,(K) := 1,
otherwise u,(K) := —1.

LEMMA 2.2. Assume that o(L) = 4 and 7, € O(L) for a primitive vector
xz e L. If (_T?L) =1, then

p—4-(5)
4

p=(3)

7p7(%)(L):2—|— and Vp,,(%ﬂﬂ))(L):O—{_ 1 s

and if (%) = —1, then

p—2+ (;1)
(L) =21 (L) = 1 P2

Finally, if p divides the discriminant of L, then

p—1
Yp,up(L) (L) =1+ ? and Yp,—up(L) (L) =0.

In the formula, the boldface number is the number of equivalence classes
whose isometry group is of order 4.

Proof. Since o(L) = 4, there are integers a, b such that

Baa) = (5 ) o B = (5, ")

where {z1,x2} is a basis of L. By Lemma it is enough to compute the
number of lattices in I,(L) fixed by the symmetry 7, € O(L). Here we may
take x = x; for the former case and x = x; — x9 for the latter. Let L(—1) =
Z(pzx1) + Zxo and L(i) = Z(x1 + ix2) + Z(px2) for 0 < i < p — 1. Suppose
that 7,(L(j)) = L(j). Then clearly j = —1,0 for the former case. For the
latter case, note that 7,,(L(—1)) = L(0) and 7,:(L(j)) = Z(x2+jx1)+Z(pz1)
for j > 1. Take integers s,t¢ such that sj — pt = 1. Then

7o (L(f)) = Z(s(w2 + jo1) — Upe1)) + Z(=p(z2 + jr1) + j(pr1)) = L(s).
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Therefore only L(1) and L(p—1) are fixed by 7,.. The lemma follows directly
from this. =

COROLLARY 2.3. If L =[1,0,1], then
3+(2) p=2(2)-(5) -

L) =
’yP71( ) 2 8 ’

1
Yp,—1(L) =
If L =11,1,1] and p # 3 then

3+(5) p-3() - (8) -9
2 12

’Yp,l(L) =

and

Finally, if L =[1,1,1] and p = 3, then v,1(L) =1 and v, —1(L) = 0.

Proof. One can easily show that if L = [1,0,1] (resp. L = [1,1,1]
and p # 3), then up to equivalence, [1,0,p?] and [2,2, (1 + p?)/2] (resp.
(1,1, (3p? + 1)/4] and [3, 3, (p* + 3)/4]) are the only binary lattices in I}, 1(L)
U I —1(L) whose isometry group is of order 4. The formula follows directly
from this. =

LEMMA 2.4. Let p be an odd prime and let k be any integer relatively
prime to p. For any binary Z-lattice L,

r(pn+k,L) = Z OO((II;))’I“(])TL+ k,K).

Kel, @)/~
Proof. Note that for any distinct K1, Ko € I},(L), we have K1NKy = pL.
Hence, for any vector x € L such that Q(z) = pn+k, x is contained in exactly
one lattice in I, x )(L). The lemma follows from this and the fact that the
N p

number of lattices isometric to K for any K € I, /) (L) is o(L)/o(K). m

When p = 2, one can have similar results. In this case, the following
lemma will be enough for our purpose.

LEMMA 2.5. Let £ be a binary Z-lattice such that ¢35 ~ [1,1,1]. Define
t(l) =114 |OW)] =12, t(£) =2 if |OW)| =4, and t(£) = 3 if |O¥)]| = 2.
Then there are exactly t(€) non-isometric sublattices of ¢ with index 2. Fur-
thermore, if t(¢) = 2, then the isometry groups of two non-isometric sub-
lattices of £ with index 2 are of order 2 and 4, respectively, and if t(£) = 3,
then every sublattice with index 2 has a trivial isometry group.
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Proof. Let B = {ej,ea} be an ordered basis of £. Then all binary sub-
lattices of ¢ with index 2 are

S1(B) :=Z(2e1) + Zea, S2(B) := Zey + Z(2e3),
S3(B) :=Z(e1 + e2) + Z(2e2).

If |O(¢)] = 12, then f; ~ [1,1, 1]. One can easily show that all three sublat-
tices are isometric to each other. Assume that |O(¢)| = 4. Then there is a
basis B’ = {e], €5} of ¢ such that fyu ~ [a,b,al, where ab (a # b) is an odd
integer. Hence S1(B’) ~ Sy(B’).

Suppose that there is an isometry o : S3(B’) — S1(B’) such that
o(2e}) = a(2€)) + pe,, where «, 8 € Z. Then

Q(0(2¢h)) = 4aa® + 2aB8b + aBf? = 0 (mod 4).
Hence f is even and o(¢) = ¢. Therefore

(0(e1),0(eh)) = £(eh,e3) or (a(eh), o(eh)) = £(e5, ),
which is a contradiction.

Note that (fs, (@), foymn) ~ ([4a,2b,a],[2a — b,0,2a + b]). Clearly,
|O([4a, 2b,a])| = 2 and |O([2a + b,0,2a — b])| = 4. When |O(¢)| = 2, one
can easily show that any isometry between S;(8)’s for i = 1,2, 3, if exists,
induces an isometry of £. Everything follows from this observation. m

In 1840, Dirichlet conjectured that for any (primitive) binary lattice L
such that Q(L) N Ay, # 0, L represents infinitely many primes in A,, x,
where m, k (m > 0) are relatively prime integers and A, j is an arithmetic
progression with common difference m and initial term k. Weber [12] proved
a special case of this conjecture and Meyer [§] finally proved the conjecture.
Meyer’s theorem will be frequently used in the proofs of our results.

THEOREM 2.6. Let p be an odd prime and let k be any integer relatively
prime to p. Let L and M be primitive binary Z-lattices such that Dy < Dy,
L # M and (L,M) % ([1,1,1],[1,0,3]). The lattices L and M satisfy

(2.1) QL) N App = QM) N Ay # 0
if and only if either
(2.2) La ~ My and every lattice in I, (E)(L) is isometric to M,

P

or L = [1,0,3] and the pair ([1,1,1], M) satisfies (2.2) in place of (L, M).
Furthermore, (2.2) is equivalent to the conditions given in Tables 1 and II.

Proof. Assume that binary lattices L and M satisfy (2.1). Then one
can easily show that L, ~ M, for any prime ¢ # 2,p, and Ly ~ My or
(L2, M) ~ ([1,1,1],[1,0,3]) (for details see, for example, [7]).

First, assume that Lo ~ M. If L, ~ M), then Dy = D)y;. By Meyer’s
theorem on Dirichlet’s conjecture, there is a prime g € A, that is repre-
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Table I (z € L is a primitive vector such that 7, € O(L))

p k (modp) ofL) Dy, (%) M

3 1 2 1(mod3) x  [L:M]=3, up(M)=1

3 2 2 1 (mod 3) X [L: M) =3, up(M)=-1

3 1 4 1 (mod 3) X [L:M]=3, up(M)=1

3 2 4 1(mod3)  x  [L:M]=3, uy(M)=-1

3 1 4 2 (mod 3) -1 [L:M])=3, up(M)=1

3 2 4 2 (mod 3) 1 [L:M]=3, up(M)=-1

5 1,4 4 1 (mod5) -1 [L:M]=5, up(M)=1

5 2,3 4 +1(mod5) 1 [L:M]=5, up(M)=—1

Table II
D k (mod p) L M p  k (mod p) L M
3 1 1,1,1] [1,1,7] | 5 1,4 1,1,1 [1,1,19]
5 2,3 1,1,1  [3,3,7 | 7 1,2,4 1,1,1 [1,1,37]
7 3,5,6 1,1,1] [3,3,13) | 11 2,6,7,8,10 [1,1,1] [7,1,13]
13 2,5,6,7,8,11 [1,1,1] [7,519] | 3 1 1,0,1] [1,0,9]
3 2 1,01 [2,25 | 5 1,4 1,0,1] [1,0,25]
2,3 1,0,1 [2,2,13) | 7 3,56  [1,0,1] [5,2,10]

sented by L. By assumption, g is also represented by M. Since there is only
one equivalence class with discriminant Dy, that represents the prime ¢, L
is isometric to M. Therefore we may assume that

L, ~[e1,0,e2p”] and M, ~ [e1,0, e2p”],

where €; € Z,, B — « is a positive even integer and ek € (Z;)Q. Sup-
pose that v, ()(L) > 2 and Ly, Ly are non-isometric binary lattices in
Ly, (ary(L). If M is represented by both Ly and Lo, then there is a prime
that is represented by both L; and Lo. This is impossible for Dy, = Dy,.
Therefore we may assume that M is not represented by Li. Note that by
Meyer’s theorem, there is a prime ¢ € A, that is represented by L; and
hence by L. Hence there is a sublattice £ of Ly with [L; : £] = p(f=)/2-1
that represents ¢. Since £ is not isometric to M and D, = D), the prime
q is not represented by M, which is a contradiction. Therefore I’ Pt )(L)

consists of only one orbit, say orb(K), and M is represented by K. If K
is not isometric to M, then M is also represented by a primitive sublat-
tice of K with index p. Since the number of such non-isometric lattices is
greater than 1, this contradicts the assumption for the same reason as above.
Therefore every lattice in r, (%) (L) is isometric to M. The converse is almost
trivial.
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To complete the proof, we have to find all possible cases such that
Voo E)(L) = 1. This can be easily done by using Lemma H and Corol-

p
lary

Now assume without loss of generality that Ls ~ [1,0,3], My ~[1,1,1].
Let

L, ~ [€1,0,ep”] and M, =~ [e,0, ezpﬁ],
where ¢; € Z) and e1k € (ZX)?. First assume that o > . Since at most
one sublattice of M with index 2 represents L, we have M ~ [1,1,1] by
Lemma and the pair (L, [1,0, 3]) satisfies the condition (2.2). Note that
D103 = —12 does not satisfy any of the discriminant conditions given in
Table I. Hence such pairs do not exist.

Now assume that o < 8. Note that §—« is even. Let m be any sublattice
of M with index 2 and let {L1, ..., L;} be the set of all sublattices of L with
index [L, : M,]. Note that D,, = Dy, for any i =1,...,t.

If m is not isometric to any of the sublattices L;, then there is a prime
q € Ap i such that ¢ is represented by m (and also by M) but is not rep-
resented by any of the L;’s by Meyer’s theorem. Since every integer that
is represented by L is also represented by at least one of the L;’s, ¢ is not
represented by L. This is a contradiction.

Therefore m is isometric to at least one of the L;’s. Since M 2 [1,1,1],
the number of non-isometric sublattices of M with index 2 is two or three
and hence t > 2. Furthermore, there is a sublattice whose isometry group is
of order 4 in the former case. Since 2M is represented by any sublattice of
M with index 2, there is a prime ¢ € Q(M) — {2, p} such that

Z r(4q,m) > 6.
mCM
[M:m]=2

Since L; N L; C pL for any ¢ # j, the number of representations of 4q
by L is greater than or equal to 6, that is, r(4¢,L) > 6. Since we are
assuming that Lo ~ [1,0, 3], there is a basis {z,y} of L such that Q(z) =1
(mod 8), Q(y) =3 (mod 8) and B(x,y) = 0 (mod 4). If Q(azx + by) = 4q,
then a = b (mod 2). This implies that

r(q,Z(T) +Zy> > 6.

Since ¢ is a prime and Z(””Tﬂ/) + Zy is a primitive lattice that is not iso-
metric to [1,0,1], we have Z(Zf¥) + Zy =~ [1,1,1]. Therefore, L ~ [1,0,3].
Since Q([1,1,1]) = Q([1,0,3]) and [1,1,1]o ~ My, the pair ([1,1,1], M)
satisfies (2.2). =

COROLLARY 2.7. Let p be a prime greater than 13 and let k be any inte-

ger relatively prime to p. For any primitive binary lattices L and M, Q(L)
NApr=Q(M)NAp if and only if L~ M or (L, M) ~ ([1,1,1],[1,0, 3]).
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Proof. This is a direct consequence of the previous theorem. =
Now we consider the case when p = 2.

THEOREM 2.8. For any primitive binary Z-lattices L and M such that
L # M and (L, M) % ([1,1,1],[1,0,3]), Q(L) N Az1 = Q(M) N Az, if and
only if either

(i) (L, M) ~ ([a,b,al],|a,2b,4a]), where a =1 (mod 2) and b =0 (mod 2),
or
(ii) Lo ~Hy and M is the unique primitive sublattice of L with index 2.

Proof. Assume that Q(L)N Ay = Q(M)N Ag;. Then L, ~ M, for any
odd prime p. By a similar argument used in Theorem [2.6], we may assume
that M is isometric to a sublattice of L with index 2! for some non-negative
integer ¢ and there is only one primitive sublattice of L with index 2 up to
equivalence.

Assume that o(L) > 4. Note that up to equivalence, [1,0, 3] is the unique
sublattice of [1,1,1] with index 2, and [1,0,12],[3,0,4] are sublattices of
[1,0,3] with index 2. The primitive sublattice of [1,0,1] with index 2 is
[1,0,4]; the latter has two sublattices [4,4,5],[1,0, 16] with index 2, up to
equivalence. Therefore ([1,0,1],[1,0,4]) is the only pair satisfying the as-
sumption.

From now on we assume that o(L) = 2 or 4. Suppose that Ly % Ho.
Then there is a basis {z,y} of L such that both Q(z) and Q(y) are odd.

Assume that o(L) = 2. If there is an isometry o : Z(2z) + Zy — Zx +
Z(2y), then o(2z) € 2L. Hence o induces an isometry of L, which is a
contradiction.

Therefore o(L) = 4. Assume that L ~ [a,0,b] for some integers a # b.
Then [4a, 0, b], [a, 0, 4b] and [a+b, 4b, 4b] are all sublattices of L with index 2.
One can easily show that there are exactly two primitive lattices among them
up to equivalence.

If L ~ [a,b,a], then [a,2b,4al,[2a — b,0,2a + b] are both sublattices of
L with index 2. If ab = 1 (mod 2), both of them are primitive, and they
are not isometric to each other by Lemma Therefore a = 1 (mod 2)
and b = 0 (mod 2). In this case, [2a — b,0,2a + b] is not primitive. Since
the isometry group of the lattice [a, 2b,4a] is trivial, the pair of L and any
proper sublattice of [a, 2b, 4a] does not satisfy the condition.

Finally, suppose that Lo ~ Hs. Then there is a basis {x, y} of L such that
Q(x) =2B(x,y) =1 (mod 2) and Q(y) = 0 (mod 2). Hence ¢ := Zx + Z(2y)
is the only primitive sublattice of L with index 2. Therefore every odd integer
that is represented by L is also represented by ¢ and vice versa. Note that
0y # Hy and every isometry of ¢ is contained in O(L). Hence if o(L) = 2,
then ¢ contains at least two non-isometric primitive sublattices with index 2
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by the above observation. If o(L) = 4, then L ~ [a, b, a] for an even integer
a and an odd integer b. Hence ¢ = [2a — b,0,2a + b] is the only primitive
sublattice of L with index 2 and contains at least two non-isometric primitive
sublattices with index 2. Therefore the pair of L and any proper sublattice of
£ does not satisfy the condition. The proof of the converse is almost trivial. m

COROLLARY 2.9. Let p be a prime and let k be a positive integer less
than p. For any non-isometric primitive binary lattices L and M represent-
ing at least one integer in Ay, r(pn + k,L) = r(pn + k, M) for any non-
negative integer n if and only if (p, k) = (2,1),(3,1) or (3,2), L, ~ H,, and
M is the unique primitive sublattice of L with index p such that u,(M) = (5)

only when p = 3. 8

Proof. Assume that r(pn + k,L) = r(pn + k, M) for any non-negative
integer n. Then L and M satisfy the conditions in Theorem or Theo-
rem Hence we may assume that either M is isometric to a sublattice of
L with index p, or L = [1,0, 3]. Furthermore we may assume that M is iso-
metric to a sublattice of [1, 1, 1] with index p in the latter case. Assume that
L #11,0,3]. To satisfy the condition, I, (a5 (L) contains only one lattice,
which is stronger than the condition in (2.2). Using this, one can easily show
that p=2,k=1lorp=3,k=1orp=3, k=2, L, ~H, and M is the
unique primitive sublattice of L with index p such that u,(M) = (%) only
when p = 3.

Now assume that L ~ [1,0, 3]. Clearly, p # 2 by Theorem Note that
for any integer t,

r(2t+1,[1,1,1)) =3r(2t + 1,[1,0,3]) and r(2t,[1,1,1]) = r(2t,][1,0,3]).
Since the pair ([1,1,1], M) satisfies (2.2), there is a constant ¢ such that
T(pn + k, [11 1, 1]) =c T(pn +k, M)

for any integer n. Therefore there is an integer n such that r(pn + k, L) #
r(pn + k, M). The converse is almost trivial. m

3. Representations of multiples of a prime. For any integer D with
D = 0,1 (mod 4), the set &p of all proper equivalences (of primitive forms)
having discriminant D forms a finite abelian group with the composition
law. For any form f with D; = D, the binary form f~! is defined by any
form in the proper equivalence class {f}~! in &p. So it is well defined up
to proper equivalence. Note that

f~f! ifand onlyif [o(f):0"(f)]=2 ifandonlyif o(f)> 4.

For binary forms f, f’,g and ¢', even if f ~ f’ and g ~ ¢/, it can happen
that f - g is not equivalent to f’ - ¢’. For example,

3,2,10] - [3,2,10] ~ [5,2, 6] = [1,0,29] ~ [3,2,10] - [3, —2, 10].
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Let L and M be primitive binary lattices. Note that the binary form
f - far depends on the choice of bases B and B’ for L and M, respectively.
However, the pair (fo- fo/, foa - fg,l) is independent of the choices of bases up
to equivalence, so we use the notation (fr - far, fL - fj\jll) up to equivalence.
For any binary lattice L with D, = D, the set {{fa},{fs} '} C &p is
also independent of the choice of the basis B for L. Hence (fs, fgl) is
independent of the choice of B up to proper equivalence. So we also use the
notation (fr, f; 1) up to proper equivalence.

For any prime p, the Watson transformation Ap(L) of a lattice L is
defined by

Ap(L)={z € L: Q(z+2) = Q(z) (mod p) Vz € L}.

Note that A,(L) is a sublattice of L which is not primitive. The primitive
binary lattice obtained from A,(L) by a suitable scaling is denoted by A, (L).
One can easily show that

L, # H, ifandonlyif Q(L)NpZ=Q(Ay(L)).
Let L and M be primitive binary lattices such that

(3.1) Q(L) N pZ = QM) N piZ.
Then one can easily show that L, ~ M, for any prime q # 2,p. If p # 2,
then Lo ~ Mj or (Lo, M2) ~ ([1,1,1],[1,0,3]) (see, for example, [7]). At the
prime p, one can easily show that L, ~ H, if and only if M,, ~ H,. Hence if
L, # H,, then Q(Ay(L)) = Q(A,(M)). Therefore by Delone’s result,

(32) ML) =AM or (L), Ap(M)) = ([1,1,1],]1,0,3]).

Note that (3.2) does not imply (3.1) even though neither L, nor M, is
isometric to Hl,. For example, if L = [1,0,p] and M = [1,0, p3], then \,(L) ~
Ap(M) ~ [1,0, p]. However r(p, L) = 2, r(p, M) = 0. Note that if we add the
condition n(A,(L)) = n(A,(M)), then (3.2) does imply (3.1).

From now on we assume that L, ~ M, ~ H,,. For the time being we also
assume that Lo ~ My if p # 2. Then clearly M is contained in the genus
of L. Let T be any binary Z-lattice such that Dy = Dy, and r(p,T) > 0.
Note that such a lattice is unique up to isometry.

LEMMA 3.1 ([10]). Under the assumptions given above, if S is any lattice
such that Dg = Dy, then

T(pnva) = T(nvfs : fT) + T(nu fS : fj:l) - T(n/p7 fS)
THEOREM 3.2. Under the assumptions above, if L is not isometric to M,
then Q(L) NpZ = Q(M) NpZ if and only if | fr| = 4 and fr ~ fur - f2.
REMARK 3.3. Note that |fr| is the order of fr in the group under the

composition law. If | fr| = 4, then the binary form f; - f% is well defined up
to equivalence.
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Proof of Theorem 3.2. Assume that Q(L) NpZ = Q(M) N pZ. Note that
for any integer n,

r(pn, fr) = r(n, fr- fr) +r(n, fr- f7') = r(n/p, f1),
r(pn, far) = r(n, far - fr) +r(n far - f71) = r(n/p, far).

Suppose that fr, - fr is equivalent to neither fy; - fr nor far - f ! Then
by Meyer’s Theorem, there is a prime ¢ such that r(q, fr, - fr) > 0 and

r(q, far - fr) = r(q, far - f7) = 0. Then r(pg, L) > 0 and 7(pg, M) = 0. This
contradicts the assumption. Therefore

(fo - fr o f70) ~ (Fae - foo far - F7)-
This implies that (fr - fr, fr - f1 1) is properly equivalent to

(Far - fro for - f70), (Fae frofap - o) (Fap - frts fa - f7') or
(Far - f7'5 Far - fo)-

Since we are assuming that L is not isometric to M,

fofu-frt = fu fioor fue fol - f2P e ff e fR
The proof of the converse is similar.

ExaMPLE 3.4. Let L and M be non-isometric primitive binary lattices
such that Q(L) N2Z = Q(M) N 2Z and Ly ~ My ~ Hy. To find all such
pairs of lattices, we have to find an integer ¢ such that fr = [2,1,¢] is of
order 4. By a direct computation, we have f% ~ [4,1, k] if t = 2k is even, and
f2~[4,-3,k+1]if t =2k + 1 is odd. If | fr| = 4, then 1 is not represented
by f%, and f% should have a non-trivial isometry. Therefore t = 5,7 or 8,
and all possible such pairs are

(fr, far) ~ ([1,1,10],[3,3,4]), ([1,1,14],[4,3,4]) or ([1,1,16],[4,1,4]).

The following lemma shows that such pairs are always finitely many for
any prime p.

LEMMA 3.5. Let L and M be non-isometric primitive binary lattices
having the same discriminant. If L and M satisfy condition (3.1) and L, ~
M, ~ H,, then Dy, > —4p* 4+ 1.

Proof. By Theorem there is a form f € &p,, such that r(p, f) >0
and |f| = 4. Then |O(f?)| > 4. Since p? is primitively represented by f2,
there are integers u and t such that f2 ~ [p? u,t] and 0 < |u| < p?. Suppose
that D = Dy < —4p*. Then t > p? 4+ 1. This implies that [p? u,t] is
Minkowski reduced and the isometry group of f? is trivial. This is a contra-
diction. m
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REMARK 3.6. Note that the bound given above is extreme. For example,
if (fr, far) =~ ([1,1,p%, [p%,1,p%]), then L and M satisfy all conditions in the
above lemma.

Now assume that L, ~ M, ~ H,, (p # 2), L ~ [1,1,1] and My ~ [1,0, 3].

THEOREM 3.7. Under the assumption above, Q(L)NpZ = Q(M)NpZ if
and only if there are odd integers a,b such that fr, ~ [a,b,a], far ~ [4a,2b,a],
and p? is represented by [4,2,(1 — Dp)/4].

Proof. Let T' be a binary lattice such that Dy = Djs and r(p,T") > 0.
First assume that Q(L) NpZ = Q(M) N pZ. We may also assume that fr, is
not equivalent to [1,1,1].

Suppose that no sublattice of L with index 2 is isometric to M. Let S(L)
be a sublattice of L with index 2. Clearly, Dg(ry = Dy. For any integer n
such that r(pn, S(L)) > 0, we have r(pn, M) > 0 by assumption. Hence, by
a similar argument to that in Theorem both fs(r)- fr and fg(r)- f;l is
equivalent (not necessarily proper equivalent) to fas - fr or far - f ! Since
we are assuming that fg(r) is not equivalent to fys,

Fswy - fr = fof - Izt or far - fpt
and
fsy - frt = far - fror fit - fr
By considering all possible cases, we have
Fsw = a1t Rl = e fsw = fycf fre
fsay = - f2, fr=1  or fswy = fof fE far = I
where I ~ [1,0,—Djs/4] is the form in the identity class. Note that if the
first or the fourth case occurs, then fb%( = I. In all cases, fg(r) is equivalent
to far - f2 or f]\_j - 2. Therefore L has, up to isometry, only two sublattices,
say S1(L) and So(L), with index two. Furthermore since |O(L)| = 4 by
Lemma we may assume that |O(fs,1))| =4 and |O(fs,(r))| = 2. Since
f§2( L) % I, only the second or third case can happen for this Sy(L). Therefore
f} =~ I and Si(L) ~ S>(L). This is a contradiction. Consequently, M is
isometric to one of the sublattices of L with index 2.

Suppose that |O(L)| = 2. Then L has two non-isometric sublattices,
say S3(L) and S3(L), with index 2 that are not isometric to M. Since
|O(S;(L))] = 2, we have fg(L) # I for i = 2,3. Therefore only the sec-
ond or third case is possible, and fg,) ~ fg,(z)- This is a contradiction.
Therefore |O(L)| = 4 and hence there are odd positive integers a and b such
that fr ~ [a,b,a]. Let S1(L) ~ M and let Sa(L) be the other sublattice of
L with index 2 that is not isometric to S1(L).
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Suppose that fa; ~ [2a + b,0,2a — b]. Since fi; = I, we also have
fb%g( L= I by a similar reasoning to the above. This is a contradiction.

Therefore fy ~ [a,2b,4a] and fg, 1) ~ [2a — b,0,2a + b]. Finally, since
f2~ far- fsary ~ 14,2,(1 = Dr) /4], p? is represented by [4,2, (1 — Dr)/4].

Now we prove the ‘if” part. If f;, ~ [1,1, 1], then everything is trivial. So
we assume that Dy, < —4. First we show that [4,2, (1 — Dp)/4] ~ f2. Since

Ejr@%m=2§j(%¥)=a

9€6p,, t|p?

we have r(p?, I) = 2 and

1-D 1-D
T(pa[%Q, T L]>==T(pa[4f—l T L]>==2-

If f2 ~ I, then p? is primitively represented by I ~ [1,0,—Dy] (see [3]),
which is a contradiction. The assertion follows from this. Since M is isometric
to a sublattice of L with index 2, Q(M)NpZ C Q(L)NpZ. Assume that pn €
Q(L) N pZ. Since every integer that is represented by L is also represented
by a sublattice of L with index 2, we may assume that pn is represented by
the sublattice S of L with index 2 such that fg ~ [2a — b,0,2a + b]. Hence
n is represented by fg - fr or fg - f;l. Since

1-D
fM.fSN[a,2b,4a]-[2a—b,0,2a+b]~[4,2, 1 L]Nf%

we have fyr - fs ~ f2 or ijQ. In the former case,

fs It~ faf - fo~ - fr
and in the latter,

fsfr~fo - frt o~ fa - S
Therefore n is represented by fas - fr or far - fr ! This implies that pn is
represented by M. The theorem follows from this. =

Note that Dy > —4102 + 1 in the above theorem. Therefore the number
of pairs (L, M) of binary lattices such that Q(L) NpZ = Q(M)NpZ, L # M
and A,(L) % A,(M) is finite for any prime p. Table III provides all such
pairs when p = 3.

THEOREM 3.8. Let p be a prime and let L, M be non-isometric primitive
binary lattices. Then r(pn,L) = r(pn, M) for any integer n if and only if
neither L, nor M, is isometric to H, and Ap(L) ~ A,(M).

Proof. Assume that r(pn, L) = r(pn, M) for any integer n. Then L and
M satisfy condition (3.1).

Suppose that L, ~ H,, and Ly ~ My when p # 2. Then by Theorem
(fr-fr, fr- ffl) ~ (fm-fr, fm- f;l), where T is a binary lattice such that
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Table III (for p = 3)
fr, fm fr,fm fr, fu

L3~ Ms~Hs, Ly ~ M, | [1,0,17],[2,2,9] [1,0,32],[4,4,9] [1,0,56],[8,8,9]
L3~ Ms~Hs, Ly ~ M, | [7,0,8],[4,4,15] [1,0,65],[9,8,9] | [5,0,13],[2,2,33]
L3~ Ms~Hs, Ly ~ M, | [1,0,77],19,4,9] | [7,0,11],[2,2,39] | [1,0,80],[9,2,9]
L3~ Ms ~Hs, Ly ~ M, | [5,0,16],[4,4,21] | [1,1,39],[5,5,9] [1,1,51],[7,7,9]
L3 ~ Ms~Hs, Lo ~ M, | [1,1,69],]9,7,9] [1,1,81],[9,1,9] | [5,1,15],[7,3,11]
L3 ~ Ms~Hs, Lo ~ M, | [1,1,75],]9,5,9]
L3~ Ms~Hs, Lo %2 My | [3,1,3],[3,2,12] [1,1,9],[4,2,9] [1,1,3],[4,2,3]

Ls # Hs [1,1,1],[1,0,3] [1,1,7],[1,0,27] [1,1,7],[4,2,7]

Dy = Dy, and r(p,

T) > 0. Therefore r(n/p, L) =
n by Lemma This is a contradiction for r(1, [1,

r(n/p,
11)) #

M) for any integer

r(1,[1,0,3]) and

Lo M.

Suppose that L, ~ H, and Ly ~ [1, 1, 1] 22 Ms. Then by Theorem M
is a sublattice of L with index 2. One may easily show that there is an integer
n such that r(pn, L) > r(pn, M). Suppose that neither L, nor M, is isomet-
ric to H,. Then r(pn,L) = r(pn,Ay(L)) and r(pn, M) = r(pn, A,(M)).
Therefore n(A,(L)) = n(A,(M)) and r(n, A\y(L)) = r(n, \p(M)) for any in-
teger n. The theorem follows from this. The converse is trivial. m
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