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Representation of integers as sums of
fractional powers of primes and powers of 2

by

WENBIN ZHU (Jinan)

1. Introduction. Linnik [11] established that each large even integer
N is a sum of two primes and a bounded number of powers of 2,

N =p1+ps+2" +-- +2%,

where p; and v; denote prime numbers and positive integers respectively.
Gallagher [I] established a stronger result by a different method. Liu, Liu
and Wang [13] first established that k& = 54000 is admissible. Heath-Brown
and Puchta [4] showed that k& = 13 is admissible. Liu and L [16] showed
that k = 12 is admissible.

Motivated by the works of Linnik and Gallagher, Liu, Liu and Zhan [I4]
proved that every large even integer N can be written as a sum of four
squares of primes and powers of 2,

N =pl+ps+p3+pi+2" 4+ 2%
And in [I2], it is showed that k = 8330 is admissible. The value of k was
improved by Liu and Lii [15] and Li [10]. Recently Zhao [19] showed that
k = 46 is admissible.
In this paper we consider the representation of integers in the form
(1.1) N = [pi] + [p§] + 2" + - - + 2",
We establish the following theorem.

THEOREM 1.1. For 1 < ¢ < 29/28, there exists an integer k such that
each large integer N can be represented in the form (1.1)).

Notation. Let [z] denote the integer part of x, {x} denote the fractional
part of z, e(z) denote €™ and p(x) denote 1/2 — {x}. Let v = 1/c and
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L = logy N. Let ¢ denote a sufficiently small positive real number which
may not be the same everywhere it occurs.

2. The set up. Let
T(z) = 3 (logple(alp)), Gla)= 3 e(2a) = Y e(2"2)
pe<N 2V<N v<L

and

re(N) = Z (log p1)(log p2).
N=s 2 et 2

Let w = N=1/3=7 and 7, be a sufficiently small positive real number. We

divide [~w, 1 — w) into the major arc and minor arc as in [9]. We have

re(N) = T(az)QG(m)ke(—xN) dx

= Ot

|
|

T(z)?G(z)*e(—zN) dx

—Ww

= {jw + 15“ }T(m)zG(x)ke(—xN) dx.

We set M = [—w,w] and m = (w, 1 — w). In the rest of the paper, we treat
them separately.

3. Major arc M. In this section we consider the integral over the major
arc M. For |z| < w, we have

T(x) = Z (log p)e(xp®) + O(wN7).

p°<N
Let
S, N)= Y (logple(p?), U@, N)= 3 elam®),
p°<N me<N
S(z,X) = Z (logp)e(zp®), U(zx,X)= Z e(xmS).
X<pe<2X X<me<2X

In order to control the error term, we need the following L? estimate.

LeMMA 3.1 ([8, Theorem 3.1]). For 0 <Y <1/2, we have

Y
| 1S, X) = U, X) PP da <
-Y

X2/672 10g2 X

1
Y2X +Y2( X, —
Y * * JC( ’2Y>’
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where J.(X,h) = SiX(H((x + )Yy — 0(x/e) — ((x + h)Ye — 2V/))? dx and

In order to state the following result, we introduce a hypothesis on the
density of the zeros of the Riemann zeta-function. With classical notation,
we assume that there exist constants B > 0 and C > 2 such that for
o€ [1/2,1] and T > 2, we have
(3.1) N(o,T) < T¢=)(log T)E.

Huxley [6] proved that (3.1) holds with C' = 12/5 and some B > 0.

LEMMA 3.2 ([8, Theorem 3.2]). Let ¢ > 0 be a real number and € be an
arbitrarily small positive constant. Assuming that (3.1)) holds, there exists a
positive constant c1 = c¢1(g), which does not depend on c, such that

Jo(X,h) <¢ W2 X% Lexp( —c log X v
o ¢ P ! loglog X
uniformly for X172/(Cote < p < X

The following two lemmas are classical results on exponential sums and
exponential integrals.

LEMMA 3.3 ([7, Lemma 8.8]). Let f(t) be a real function with |f'(t)] <
1—0 and f"(t) # 0 on [a,b]. Then

b
> glme(f(m)) =V g()e(f(t)) dt + O(GO™),
a<m<b a

where
b

G =lg®)| + |19 dy.

a

LEMMA 3.4 ([7, Lemma 8.10]). Let f(t) be a real function with |f'(x)| >
h on [a,b]. Then
b
Ve(f()dt < 1/h.

a
We also need the following integral estimate.
LEMMA 3.5 ([I8, Lemma 7]).
w

| |T() do < N>~ 'log® N.

—w

The lemma below is the key result in this section.
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LEMMA 3.6. For any2<n <N,

S T(x)%e(—zn) dx
I(147) o _ log N \/?
= T a2yl o N2 _ _ e
I'(2y) " + P\ T2 loglog N
for some constant co smaller than ¢i in Lemma[3.2]
Proof. By the Cauchy—Schwarz inequality and Lemma [3.5] we have

| IT(2)? - Uz, N)?| da

—w

< Q(USJ (T(z)? +U(z,N)?) dx)1/2 <‘§ IT(z) — U(x’N)|2dx>1/2

« 1/2
< (N 1]og? N)1/2(§ 1S(z, N) — U(a:,N)]Qda:—kng?V) .

—w

Let
S@)= Y  (ogpe(xp?), Ulx)= Y elam").
N1=7/3<pe<N N1=7/3<me<N
We have
S(z,N)=S(z, N3+ S(z), U(x,N)=U(x, N'" 73 +U(x).
Thus

| [S(@,N) = U(z, N)|* do

—w

< | 8@ N3 — U2, N3P da + | |S(z) — U(x)[? da.

By the prime number theorem,
w
| [S(z, N'773) — U2, N3 2 da < NP1,
—Ww

Let Y = w. By the dyadic method and Lemmas [3.1H3.2] we get

w

. - ~ log N\ /3
2 2y—1
S |S(z) = U(z)|* de < N7 eXp<C2<loglogN>

—w

for some constant ¢y smaller than the ¢; of Lemma, |3.2
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Hence

w

3 log N 1/3
_ 2 2v—1 _ -2
S |S(z,N) —U(xz,N)|*de < N exp( CQ(]oglogN) :

Since w3N?Y < N27=1737 we have
32) | T(2)%e(~an)ds

—Ww
w

B log N \/3
2 (_ 2y—1 _
= S U(z)“e(—xn) dx+O<N exp< C2<loglog > )>

—Ww
Now we analyze {* U(z)%e(—an)dz. Lemma with a = 1, b = N7,
g(t) =1 and f(t) =tz yields

N7
(3.3) U(z) = | e(tz)dt+O(1).
1

Lemmawith a=1,b=N, g(t) =~vt""! and f(t) = tx yields

NY N
S e(t‘x)dt =~ S 7 te(tr) dt =~ Z mY Ye(zm) + O(1).
1 1 1<m<N

Thus

(3.4) Ux)=vy Y, m 'e(zm)+O(1).

1<m<N

Let V(z) =9 1<men mYLe(zm). We get

| U@)? = V(@)?e(-azn)de < N7 | [U(z) - V(2)|dz < wN"
< N?v=1=n,
Hence

S U(x)’e(—xn)dr = S V(x)%e(—xn)dz + O(N»~17m).

5 3
By Lemma [3.4] (3.3) and (3.4), we have
N
Vie)= | e(tz)dt +O(1) < 1+1/z.
1
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Thus
w 1-w
S V(z)%e(—xn)dz — S V(z)%e(—an) dx
w - 1
< Sx_z dr < w ! <« N2v—1-n,
Therefore,
w 1—w
| U)e(—an)de = | V(x)%e(—an)dz+ O(N*17).
Since
1—w
S V(z)%e(—xn) dz = ~* Z m'ly*lm’yfl’
—w mi1+mae=n

it follows that

S U(z)?e(~zn)dx =~ Z m¥_1mg_1 + O(NP—1=m,

—w mi1+mo=n

By [B, Lemma 7.17], we get

g - - (’7) —
y—=1__~—1 1 2v—1 =1
m m2 = —FnN O N - .

mi+mo=n

Thus

w

2
| U@)2e(~an)de = T

n?17 4 O(NZTI),
I'(2y) ( )

—Ww
By (3.2), we have
w

S T(z)%e(—zn) dz

F2(1 + ")/) 2y—1 o1 lOgN 1/3
= —— N Y _ = '
I'(2y) " O P\ T2 loglog N

In order to get a lower bound of the integral over 91, we also need the
following simple lemma.

LEMMA 3.7. Let E(N,k) ={n>2:n=N-2""—...=2"} with k > 2.
Then
Z n?1 > (1 - a)NQV*lLk.
neZ(N,k)
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Proof. We follow [12, Lemma 6.1], but the present case is easier. Let
vi,. ..,V satisfy the stronger conditions ((v)):

1<wi,...,v <logy(N/(KL)).
Then
N 2v—1
2y—1 v v\ 27—1
Z n2y ZZ(N_21_..._2k)W ><N_L> Zl
n€Z(N,k) () ()
> (1—e)N21LF o
Thus we have the following lemma for 9.
LEMMA 3.8. If k > 2, then
(1
| T(0)2G (@) e(—eN) de > LT
n I'(2y)
for N large enough.
Proof. This follows easily from Lemmas [3.1 and [3.7 =

(1—e)N2 1P

4. Minor arc m. In this section we estimate max,em |7'(x)| from above.

We have
= > A (—z{n°}) + O(N/?).
n<N7Y

By Fourier expansion (see [9]),

ol = 3 entretmy) +0(min(1, i),

|m|<M
where ) ()
—e(—x
en(®) = it )
Hence
T(x)= Y cm(z) > Am)e((z+m)n°)
|m|<M n<NY
1
—|—O(logN min(l,)).
n;;v M{|ne|
Thus
max 7)) < log N (32, +3, )
where

2" me( Muncn)

n<N7Y

— C
Zl = wgénga]\)/(lﬂ‘ Z A(n)e(zn®)|,
n<N7Y

We first estimate ) ,. We have the following lemma.
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LEMMA 4.1 ([3, p. 246]). We have
>, < (N'M'log N + (MN)"?) log N.

Let M = NV/271/64n We get

v /4+5/124n
(4.1) Y, <N .
LEMMA 4.2. We have
5v/64-5/36+1/6
(4.2) Y <N .

Proof. The proof is similar to that of [I8, Lemma 10] which used Vau-
ghan identities; we omit the details. =
LEMMA 4.3. We have

max |T(z)| < N>/6+5/36+n/2,

rem

Proof. Choosing n sufficiently small, by (4.1]) and Lemmawe get the

lemma. =

5. A mean square estimate. Let r(h) denote the number of repre-
sentations of h in the form

(5.1) [Pl = [p3) = h,  pL,p5 <N, [ < N.

In the following, we use the sieve method to give an upper bound of r(h).

Let z = N® and P(z) =[], p. Set
R(h)= > L
m,p<N7Y
[m]—[p°]=h
(m,P(z))=1

It is not difficult to see that 7(h) < R(h) + 3z. Let D = N? and A(d) the
upper bound Rosser’s weight of level D (see [2]). Then

S u(d) < S A@)
d|k d|k
for every k € N. Furthermore, we know that
IMd)] <1, Ad)=0 ifd> D or u(d) =0.

We also have
5 X0 11 )+ o108,

where
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and F'(s) is the upper function of the linear sieve which satisfies
F(s)=2e"s71 1<s<3

(here 7p is the Euler constant).

Let
ANY = S (1] + b+ 1)7 = ([p] + b)),
p<N7Y

Then
Ny=7 > ([p1+h" +O0(N"1
p<N7Y
via [I7]. Also by [17], it yields
R(h) < Ry + Xo+ 24,

where

Ro=A Z (d’
d|P(z
=13 A Z (- 301+ 0 07)

d|P(z) p<N

, =01

LEMMA 5.1 (Mertens’ theorem).

1 e~ 1
1—=) = 10 .
H( p) logz <log2z>

p<z

Proof. This lemma can be found in many books; we omit the proof. =
Now we can give an upper bound of r(h).
LEMMA 5.2. When 1 < ¢ < 29/28, we have
N2v-1

r(h) < (K(c) + 6)10ng

for any € > 0 and K(c) = 52¢/(29 — 28c¢).
Proof. From [I7], we know that
o e — N j=0,1.
log® N’
By the prime number theorem, it is easy to see that
N2v-1

AN) < (1+¢) g N’

By Lemma we have

Ad)  2(1+¢)
Z d = dlog N

d|P(z)
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Thus

2(1 N2l
Ry < 2LFE) NI
0 log® N
Since 0 < (29 — 28)/26, we have
52(1 N2t
R(n) < 220+¢) .
29y — 28 log® N
Since av < (29 — 28)/52, we get
2(1 N2t
r(h) < 52(1+¢) -
29y — 28 log® N

This completes the proof of the lemma. =

Now we can give a mean square estimate of T'(z)G(x).

LEMMA 5.3. We have
1
S ‘T<37)G(x)|2 dxr < (K(C) + €>N2'~/—1L2.
0

Proof. This is obvious by Lemma -

6. Proof of Theorem 1.1. In this section we combine the estimates of
the integral over the major arc 9 and the minor arc m to prove Theorem[I.1}

To control the integral over the minor arc m, we set £ = {a € (w, 1—w] :
|G(a)| > AL}. We have the following lemma.

LEMMA 6.1 ([, pp. 561-564]). Let

2h_1

Ghla)= 3 e(a2"), F(f,h)zzlh;exp{ﬁRe(Gh<2rh>>}.

0<n<h-1
Then
& log F(&, h) €
~ log?2 B hlog?2 B log 2

meas(£y) < N"FXN - where  E())

for any h € N and any £, > 0.

Now we divide the minor arc m into m N €y and m \ &,.

By (4.3) and Lemma we have

S T(x)ZG(x)ke(—xN) do < N—E(A)N5v/3+5/18+2nLk
mNEy
_ N5/t m-EN) [k o N2r-1
provided that E(\) > 23/18 — ~/3. Using Mathematica 9.0 on a PC with
¢ =1.91and h = 22 in Lemmal6.1] we get A = 0.986175 (see [15] for details).



Representation of integers 195

By Lemma we have
1
| T(2)°Gx)fe(—aN)dx < ALY 2 |T(2)G(x)|* do
m\SA 0
< MN2(K(c) 4+ e)NPLLF,
By Lemma [3.8] we get

I?(1+47) k—2 2y—17k
re(N) > 1—52<—)\_Kc N2k,
)= (1= s (©
Solving the inequality
_ I*(1++
(61) )\k QK(C) < 1_(1(2’)/)),
we get
log K log I'(2v) — 21log I'(1
(6.2) b9y 108 (c) +log I'(2y) — 2log I'(1 + )
| log |

Thus k =3 + [IOgK(C) Hlog Il—’l(OQg'yg\l—QlogF(l-i-’y)] is admissible.

COROLLARY 6.2. If ¢ is very close to 1, then k = 286 is admissible.

Proof. If ¢ is very close to 1, by (6.1) we have
log 52

k>24 — 202
* Tl0g 0.986175|

> 285.824.

Thus we can take k = 286. =

Acknowledgements. The author is grateful to the referee for many
useful suggestions on the manuscript.

References

[1]] P. X. Gallagher, Primes and powers of 2, Invent. Math. 29 (1975), 125-142.

[2]| G. Greaves, Sieves in Number Theory, Springer, 2001.

[3] D. R. Heath-Brown, The Pjateckii-Sapiro prime number theorem, J. Number Theory
16 (1983), 242-266.

[4] D. R. Heath-Brown and J.-C. Puchta, Integers represented as a sum of primes and
powers of two, Asian J. Math. 6 (2002), 535-565.

[5] L. K. Hua, Additive Theory of Prime Numbers, Science Press, Beijing, 1957 (in Chi-
nese); English transl.: Amer. Math. Soc., Providence, RI, 1965.

[6] M. N. Huxley, On the difference between consecutive primes, Invent. Math. 15 (1972),
164-170.

[7] H. Iwaniec and E. Kowalski, Analytic Number Theory, Amer. Math. Soc. Colloqg.
Publ. 53, Amer. Math. Soc., Providence, RI, 2004.

[8] A. Languasco and A. Zaccagnini, On a ternary Diophantine problem with mized pow-
ers of primes, Acta Arith. 159 (2013), 345-362.


http://dx.doi.org/10.1007/BF01390190
http://dx.doi.org/10.1007/978-3-662-04658-6
http://dx.doi.org/10.1016/0022-314X(83)90044-6
http://dx.doi.org/10.4310/AJM.2002.v6.n3.a7
http://dx.doi.org/10.1007/BF01418933
http://dx.doi.org/10.1090/coll/053
http://dx.doi.org/10.4064/aa159-4-4

196

9]

[10]

W. B. Zhu

M. B. S. Laporta and D. I. Tolev, On an equation with prime numbers, Mat. Zametki
57 (1995), 926-929 (in Russian); English transl.: Math. Notes 57 (1995), 654—657.
H. Z. Li, Four prime squares and powers of 2, Acta Arith. 125 (2006), 383-391.

[11] Yu. V. Linnik, Prime numbers and powers of two, Trudy Mat. Inst. Steklova 38
(1951), 152-169 (in Russian).

[12]| J. Y. Liu and M. C. Liu, Representation of even integers as sums of squares of primes
and powers of 2, J. Number Theory 83 (2000), 202-225.

[13] J. Y. Liu, M. C. Liu, and T. Z. Wang, The number of powers of 2 in a representation
of large even integers (II), Sci. China Ser. A 41 (1998), 1255-1271.

[14]| J. Y. Liu, M. C. Liu, and T. Zhan, Squares of primes and powers of two, Monatsh.
Math. 128 (1999), 283-313.

[15]| J. Y. Liu and G. S. Lii, Four squares of primes and 165 powers of 2, Acta Arith. 114
(2004), 55-70.

[16] Z. X. Liu and G. S. Lii, Density of two squares of primes and powers of 2, Int. J.
Number Theory 7 (2011), 1317-1329.

[17] Zh. H. Petrov and D. I. Tolev, On an equation involving fractional powers with one
prime and one almost prime variables, arXiv:1604.03885| (2016).

[18]| D. I. Tolev, On a Diophantine inequality involving prime numbers, Acta Arith. 61
(1992), 289-306.

[19] L. L. Zhao, Four squares of primes and powers of 2, Acta Arith. 162 (2014), 255-271.

Wenbin Zhu

School of Mathematics

Shandong University

27 Shanda Nanlu

Jinan, Shandong 250100, P.R. China
E-mail: wbinzhu@outlook.com


http://dx.doi.org/10.1007/BF02304564
http://dx.doi.org/10.4064/aa125-4-6
http://dx.doi.org/10.1006/jnth.1999.2500
http://dx.doi.org/10.1007/BF02882266
http://dx.doi.org/10.1007/s006050050065
http://dx.doi.org/10.4064/aa114-1-4
http://dx.doi.org/10.1142/S1793042111004605
http://arxiv.org/abs/1604.03885
http://dx.doi.org/10.4064/aa-61-3-289-306
http://dx.doi.org/10.4064/aa162-3-4

	1 Introduction
	2 The set up
	3 Major arc M
	4 Minor arc m
	5 A mean square estimate
	6 Proof of Theorem 1.1
	References

