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Abstract. Let X be a Banach space, and let (etA)tZO be a bounded Cp-semigroup on X, with
generator A. Suppose that A™! exists as a (closed) densely defined operator. In 1988 deLaubenfels
asked whether A™! also generates a Cy-semigroup. The problem is still open in the setting of
Hilbert spaces. In this survey we will discuss partial advances obtained so far and mention also
related results.

1. Introduction. The theory of Cy-semigroups is a well-established chapter of operator
theory with many applications to partial differential equations, mathematical physics,
probability theory and other areas of analysis. It contains very few gaps (if any) and the
subject has reached its maturity a while ago. In this survey we will discuss a problem
which is easy to formulate but probably not so easy to solve, and despite many efforts,
especially last years, its solution is still out reach, and it is even difficult to formulate
a plausible answer. Namely we will address the following notorious problem formulated
in a general framework of Banach spaces.

PROBLEM 1.1. Let A be the generator of a bounded Cy-semigroup on X and assume that
there exists a densely defined algebraic inverse A~! of A. Does then A~! also generate
a Cy-semigroup?

Note that from the mean ergodic theorem (see e.g. [29, Theorem 1.8.20]), it follows
that if A generates a bounded Cy-semigroup on X and the range of A is dense in X, then
A is injective, and the (algebraic) inverse A~! exists and is densely defined. Moreover, if
X is reflexive then the range of A is dense if and only if A is injective.

The problem is of great importance in control theory and numerical analysis, for more
details on that see [65]. Moreover, its understanding is crucial in the study of permanence
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properties of functional calculi for A, see [34] and [5]. In what follows, for short-hand, we
refer to the problem as “A~!-problem”.

Apparently, the problem was first posed by deLaubenfels in [19], where it was proved
that if A is the generator of a sectorially bounded holomorphic Cy-semigroup and A~! is
well-defined, then A~! generates a sectorially bounded holomorphic semigroup too. The
proof of deLaubenfels’ result is quite simple. By [44], IX.6], there exists 6 € (0,7/2) such
that the sector X /5, ¢ around the positive real half-axis of angle 7/2 + ¢ is contained in
the resolvent set of A, and

IR\, A)|| < % A€ S, /a4g, for cach ¢ € (0,0), (1.1)
Therefore, if A has a dense range, then
ROAY) = XTI - A TR(A A)) (1.2)
for A € X7 /249, so (1.1)) and (1.2) readily imply the estimate
1
1RO A7 < —52 N em ),y forall ¢ € (0,6),

Al
and A~! is the generator of a sectorially bounded holomorphic Cp-semigroup. Another
situation when the answer can be obtained easily arises when the space X is Hilbert and
A generates a contraction Cy-semigroup on X. In this setting, when the algebraic inverse
A1 exists and is densely defined, we have

Re(Azr,z) <0, z € dom(A) <= Re{d'z,2) <0, z € dom(A™)

and A~! generates a Cy-semigroup of contractions on X as well by the Lumer—Phillips
theorem.
It is crucial that the A~!-problem can also be formulated in the following manner.

PROBLEM 1.2. Let A be the generator of a bounded Cp-semigroup (e*);>0 on X. Fur-
thermore, assume that the range of A is dense in X. Is then A~! a generator of a bounded
Co-semigroup on X7

It has been noted in [64] that Problems and are essentially equivalent in the

following sense. Assume that there exist a Banach space X and a Cy-semigroup (etA)tZO

on X such that A=! generates an unbounded Cy-semigroup (S(¢)):>0 on X. Let

6N, X) =l - P X.
n=1
Note that the operator Ag = diag(n~'A) on I(N, H) generates a bounded Cp-semigroup
(diag(et”_lA))tZO on £5(N, X), and its inverse Ay " = diag(nA~!) is closed and densely
defined. If A ! generates a Cy-semigroup on I»(N, X), then the semigroup should neces-

sarily be given by (diag(et"A_l))tZO. However,

sup [S(#)[| = sup sup [|S(nt)|| = sup |[|diag(S(nt))|| = oo.
t>0 t€[0,1] neN t€0,1]

Thus, if (¢!4 " );>0 is unbounded, then (diag(e™* " ));> is not locally bounded, and in

particular, is not strongly continuous. Note that ¢5(N, X) is a Hilbert space if X is so. In

fact, that the direct sum construction above goes back to Chernoff, see [13].
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The first counterexample to Problem using a nilpotent shift semigroup on
Co([0,1)) and the direct sum trick described above, was given by H. Zwart in [65]. It
must be pointed out however that a negative answer to Problem when X = ¢p(N) is
contained implicitly in the well-known Komatsu’s paper [46] on fractional powers of oper-
ators. Komatsu’s considerations were put in a broad context of ¢P-spaces in [37]. Namely,
it was shown in [37] that for every p € (1,2) U (2, 00) there exists a linear bounded opera-
tor A on a Banach space X = ¢P(N) providing a counterexample to the A~!-problem. The
A~ '-problem on ¢P-spaces is thoroughly discussed in Section |§| below. Recently, a version
of this counterexample based on a different argument was given in [27]. Apparently, the
simplest counterexample to Problem in the setting of Banach spaces was proposed
n [2T]. It was proved there that the inverse of the differentiation operator —d/dt on the
closure of its range in L1([0,00)) does not generate a Cy-semigroup. Several sufficient
conditions on the resolvent R(\, A), ensuring the generation property of A~! were given
in [32]. These conditions are addressed in Section [7] A number of conditions for A=1 to
generate a Cp-semigroup can be found in the interesting article [2I]. Unfortunately, the
A~ '-problem remains still open if X is a Hilbert space, and it is of primary importance
just for that particular class of Banach spaces. Formally, as we will see below, one can
give several criteria for A=! to be the generator of a Cy-semigroup. While they can be
of certain interest, the criteria do not reveal the impact of the geometry of X to the
generation property of A~', and thus seem to be not very helpful in the framework of
Hilbert spaces.

A~l-problem is intimately related to another intriguing and still open problem in
operator theory on Hilbert spaces. For any generator A of a bounded Cy-semigroup on
a Banach space X define its Cayley transform by

V=V(A):=A+1)(A-1)"" (1.3)

Clearly, V is a bounded operator. Since the spectrum o(A) of A is contained in the
closed left half-plane, the spectrum o (V') of V' is then contained in the closed unit disk.
From the point of view of operator theory and its applications it is of substantial interest
to understand the interplay between asymptotic properties of a Cy-semigroup (etA)tZO
and the discrete semigroup (V"(A))nen, see e.g. [10], [24], [48], [62], [57], and [58]. For
example, it is well-known that A generates a Cy-semigroup of contractions on a Hilbert
space, if and only if V(A) is a contraction, and this allows one to transfer H*°-functional
calculus, model theory, etc. from the discrete setting to a continuous one and vice versa.
As another instance, recall if a bounded operator on a Hilbert space generates a bounded
Cy-semigroup, then its Cayley transform is a power bounded operator. This fact was first
noted in [4] and [31].

To give one more motivation for the study of power asymptotics for V(A), consider
the abstract Cauchy problem

u'(t) = Au(t), t>0, u(0)=uy € dom(A), (1.4)

where A is the generator of a bounded Cy-semigroup. The problem is well-posed and its
approximate solutions U,, & u(t,) can be defined as in [9] (see also [65]) by

Un+1 = T(kA)Unv n >0, Uo = o, (15)
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where k is a time step, t, = nk and r is a rational function with |r(z)| < 1, Rez < 0,
satisfying certain additional assumptions. The scheme (1.5 then provides an approxima-
tion 7(kA)™ of et»“ and one of the basic questions in the approximation theory for (T.4)
is whether {r(kA)"},en is bounded. Or, in other words, whether the approximation is
stable. Choosing

142/2

") =100
one obtains a well-known Crank—Nicolson approximation scheme, where
r(A) = —(A/2+1)(4/2-1)7" = —V(4/2),

is in fact the Cayley transform of A/2, see [16] and [12] for more details. Various related
issues on numerical analysis of abstract differential equations are discussed in the survey

paper [38]. Other applications of Cayley’s transforms of semigroup generators, e.g. arising
in systems theory, are discussed [53] (see also [39]). Thus it is natural to ask the next
question.

PrROBLEM 1.3. Let A be the generator of a bounded Cy-semigroup on X. Is then the
Cayley transform V' (A) power bounded?

As for the A~!-problem, it is not so difficult to construct counterexamples for concrete
non-Hilbertian Banach spaces (e.g. X = L1(0,1)). It was proved in [31I] (see also [39])
that if both A and A~! generate bounded Cp-semigroups on a Hilbert space X, then the
answer is positive as well. However, at the moment is not clear whether the assumption
on the boundedness of (e“rl)tzo can be dropped.

2. Some notation and definitions. It will be convenient to fix some notation for the
sequel. Let X be a Banach (and, in particular, Hilbert) space. To underline a specifics of
Hilbert spaces, we will sometimes let H stand for a Hilbert space. Let £ = £(X) be the
set of densely defined closed linear operators in X. It will also be convenient to introduce
the set £_ = £_(X) of densely defined closed linear operators in X whose spectrum lies
in the left half-plane {\ € C : Re A < 0}. For an operator A € £ we denote its domain by
dom(A), its spectrum by o (A), the identity operator on X by I, and the resolvent of A by
R\ A) = (N - A)!
defined on the resolvent set A € p(A) := C\ 0(A). Let L(X) be the algebra of bounded
linear operators in X.

By Gr, = G (X) we denote the set of generators of bounded Cy-semigroups on X and
by Gexp = Gexp(X) the set of generators of exponentially stable Cy-semigroups on X. Let
H(0), 6 € (0,7/2], be the set of generators of Cp-semigroups on X holomorphic in the
sector

Yoi={z=re?:0<r<o0, ¢ <0},

bounded and strongly continuous in an arbitrary sub-sector Xg,, 6y € (0,0), and H,
the set of operators of the form A = Ay + 81, where § > 0 and Ay € H(#) for some
0 € (0,7/2].

Let finally, for x € X, and y € X*, (z,y) stand for the value of y at x, and for a
Hilbert space H let (-, -) denote the inner product.
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3. General considerations. In this section, we formulate and prove two generation
criteria for A71. Let A € Gp(X), A~ € £(X). Then o(A™1) C {A € C:Re) <0} and

(I-XAHTP=AA - AP =T—- AR\ A), X>0.
Hence for every m > 0,
(I-XAH™™ = [I-ARM\ T, A)]" =1+ 5,()\A),

where
- ml(=A)* kry—1
m )\7A = )\ 714- ].
50 )= 3 g gy PO ) (31)
Recall that
n _ 1 > n—1_-—M\t tA

for all A with Re A > 0. On the other hand, inserting (3.2)) in ., we obtain

Mt gtA At bl
Sm(A\A) = f/ - <)\ ) dt
(A, A4) ; Z k' )1

(oo}
= _,\/ e MetALW () dt,
0

where {Lfﬁ) :m > 0} are the first order Laguerre polynomials [I], §6.2]:

1 k+1)! —t)™
L'(“ (t):= Z ((m——’—l— 1))! m!((k; —) m)!’ (3:3)

m=0

Thus,
(I—XA"H™ =T — )\/ e M ALW (At)dt, A>0, meN, (3.4)
0

and the Hille—Yosida theorem implies the following proposition.

PROPOSITION 3.1. Let A € Gy(X) and A= € £(X). Then A~1 generates a Co-semigroup
(e )10 on X such that ||e!A || < Me®t, t > 0, for some M >0 and w > 0, if and
only if

)\’ A€ (0,w™t), meN.

AT ()
L M) dt|| < ————
/0 ¢ b A0S oy
In what follows, let J;(-) stand for the Bessel function of the first kind and the first
order.

THEOREM 3.2. Let A be the generator a bounded Cy-semigroup on X, with dense range.
Then A~ is the generator of a Co-semigroup on X if and only if for some (and then for

any) to >0
—o/n NL2VES) 4 H
sup max |[vt s/m ZLEX T oA ds|| < oo 3.5
neg t€[0,t0] / \[ ( )
If (3.5) holds, then
_ & J1(2v't
e p =2 — lim \/E/ e s/m Si(2Vts) ez ds (3.6)
n— 00 0 \/E

forallt >0 and z € X.
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Proof. Suppose that A~! generates a Cy-semigroup (et“rl)tzo on X such that
e < Mge®t, ¢ >0.
Since A71(1 - A7t /n)"t = (A4 - 1/71)_1 n € N, we have

[|et(A—1/m)™ || < Moe*t,  t>0, (3.7)
and, by Yosida’s approximation formula,
e = lim et(Afl/")_lx, z € X, (3.8)
n— oo
(see e.g. the proof of Hille-Yosida’s theorem in [22 VIL.1]). On the other hand,
_ > ¢m
etA=1/m) ™ gy Z - (A=1/n) "™z, t>0, zelX, (3.9)
m=0 "
and from (3.2) it follows that
_1)ym o
(A-1/n)™™ = (7(71)1)'/ e"¥/msm et ds,  meN. (3.10)
A

Hence, substituting (3.10)) in (3.9) and interchanging summation and integration (which
is legitimate since (e'4);>¢ is bounded), we have

A1/ t/oo =8/ Z 7(,1)"1(,58)?71 Az ds.
0 0 m'(m + 1)‘

Using the identity

(D)™ ()™ J1(2V/s)
Z ml(m + 1)! Vis

m=0

(see [1l §4.5]), we obtain
_ o J1(2vt
ptA=/m)™ o \/g/ =5/ M ez ds. (3.11)
NG
Now (1) and (B8) imply (E3) and ().

Next assume that . holds. Then by m,

t(A—1/n)"1

sup max |e | < oo,

neN t€[0,to]
and therefore Cy-semigroups (e*(A=1/m)" 1),fzo satisfy 1) for some My > 1 and w > 0.
Moreover,
lim (A—1/n)"'z = A"z, for any x € dom(A™1),

n—r oo

and then, by Trotter—Kato’s approximation theorem (see [25, I11.4.9]) Cp-semigroups
(et(A_l/")fl)tZO, n € N, converge strongly (and uniformly in ¢ € [0, #1]) to a Cp-semigroup

—1
(etA )tZO‘ |

REMARK 3.3. While the paper was in press, Theoremwas also derived in [27], Th. 2.1].

Similarly, using Euler’s approximation formula

lim (I —tA/n) "z =2, ze€X,

n—oo

and ([3.4), we can prove the next result.
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THEOREM 3.4. Let A be the generator of a bounded Cy-semigroup (e!);>¢ on X, with
dense range. Then A=1 generates a Cy-semigroup on X if and only if for some (and then
for any) to > 0,

sup max / e_stllzl(s)eS”A/tw ds|| < o0, ze€X. (3.12)
neN t€(0,to] 0
If (3.12) holds, then moreover
o0
ez =2 — lim e_sL,(zl_)l(s)es”A/tx ds, t>0, xe€X. (3.13)
n—oo 0

Observe that if A is the generator of an exponentially stable Cy-semigroup in X, then
A~' € £(X), so that A~* generates a Co-semigroup (!4 )y>¢ given by
tA~L - " —-m
e _ZEA . t>0. (3.14)

m=0
In this case, we can write an integral representation for (etA_l)tZO, see [37, Theorem 1],
[64, Lemma 3.2].

COROLLARY 3.5. Let A be the generator of an exponentially stable Co-semigroup on X.
Then

A =2 — \/1?/ (]1(\2}3/5) e*Aa ds (3.15)
0

forallt >0 and z € X.

4. Exponentials of Volterra operators. Recall that the classical integral Volterra
operator J acts boundedly on all L, = L,[0,1], 1 < p < o0, and is defined by

Uﬂ@0=ééﬂ@%, feL, (4.1)

It is well-known that J is quasinilpotent on L, 1 < p < o0, i.e. the spectrum of J is
precisely zero on each of those spaces.

To relate J to the study of A~!-problem, define the differential operator A on L,,
1 <p< oo, by

(Af)(y) = —f'(y) with dom(A) = {f € W, [0,1] : f(0) = 0}, (4.2)
where Wp1 [0, 1] stands for a standard Sobolev space. The operator A generates a nilpotent
Co-semigroup (e');>0 on L, given by

@Mﬂ@:{ﬂs“’0<5t§L (4.3)

0, otherwise,

AV@%

and therefore (e >0 is a semigroup of contractions on L. Following [49], let us show
that (e~*/);>o is unbounded on L, if p # 2. This will provide a counterexample for
Problem [T.2] and then, using the direct sum construction from the introduction, yield
concrete counterexamples to A~!-problem on spaces ¢*(N, L,[0,1]), 1 < p < oo, p # 2.

and A=! = —J. If p = 2 then
2

1
Re<']f7 f>L2 = 5 > Oa f € L27

7tJ)
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Suppose that for p € [1,4+0], p # 2, there exists M, > 0 such that ||e_tJ||Lp < M,
t > 0. Then using (3.2)) we obtain

sug NI+ J) "z, <M, (4.4)
ne

On the other hand, by [52] Theorem 1.1],
I+ )", ~ Al e, (45)
(for p =1 this is the result due to Hille [42]), a contradiction to (4.4).
Observe that in fact we have a sharp estimate (see [33]):

limsup ¢~ /4=~ >0, pe (1,00 (4.6)
t—o0
Below we give a full proof of (4.6]) only for p = 1 since this case is the least technical.
First of all, we need the following formula for the norm of an integral operator on L =
L4[0, 1]. Suppose that k is a real-valued continuous function on [0, 1]. If a bounded linear
operator K on L, is given by

(KF)(t) = / Kt — 5)f(s) ds,
then )
1Kz, = / Ik(s)] ds. (4.7)

This result follows from a very general statement on norms of integral operators given in
[43, Theorem XI.1.4]. For a particularly simple proof see [63, Lemma 4.5].

By (3-15) and (&3), we have

(e (@) = f(x) = (SO f)(z), t>0, ze[01], (4.8)
where
* T (2/t(x — 9))
S(t =Vt —_ ds. 4.9
(S01)(@) = Vi [ s (19
Now and yield
le ||z, =< t/4,  ast— oc. (4.10)
Indeed, the boundedness of Ji(s), s > 0, and the relation
V2 cos(s + /4 _
Ji(s) = \/7%1/2/)+0(s 32) s — 0. (4.11)
see [I], §4.8], imply that
t
/ Ji(s) ds = VE, £ — 0o, (4.12)
0

So, (4.10) follows from
1 2Vt
J1(2+/1
Is@le, = vi [ 22N g [ sy s
0 Vs 0

Employing (4.8)), (4.9) and the asymptotic property (4.11) one can show as in [33]
that

t;\1/471/(2p)\||6*th||Lp >¢>0, neN, (4.13)
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for ¢ > 0 and a positive sequence {t, : n > 1} such that t,, — 0o, n — oo. Moreover,

from (4.8), (4.9) and (4.12) it follows that
2Vt
le="||L, < 1+/ |J1(s)|ds < MtY*,  t>1, 1<p< . (4.14)
0

Then, using the contractivity of (e7*/);>0 on Lo, (4.14), and the Riesz-Torin interpolation
theorem [45], p. 97] we obtain:

le ™|, < MI=2/P/A=1/ARI ¢ > 10 p e (1, 00). (4.15)
Thus the bounds (4.13)) and (4.15)) provide a semigroup counterpart of (4.5)) obtained
in [52].
Remark also that according to [7, Th. 1.2],

6
In|le* ||,

t—+oo t1/2 = \/5(308(9/2)7 0 ¢ (_77771']7 (416)

where 1 < p < oco. For |8| < 7 the right-hand side of (4.16)) is positive. On the other
hand, if = 7 then the limit in (4.16)) is zero.

5. Example of Komatsu. In this section we will present the example due to Komatsu
mentioned in the introduction. Consider the right shift operator

S(81,82,83,--.) = (0,81,82,-. ),

on ¢y = ¢(N), and define
C:=-I+65. (5.1)

Observe that if a = (ax)r>1 € ['(N) and a bounded linear operator P on cg is given by

P = Z akSk,
k=0
then

1Pl = laxl (5.2)
k=0

(see [50, Remark 1.3.2]). Therefore C' generates an isometric Cp-semigroup (e'“);>¢ on cg
given by

Moreover, it is easy to show that
dom(C™1) := {(fk) €cor Yy bk = 0},
k=1

and the set on the right hand side is clearly dense in c¢y.

It was shown in [46, pp. 341-344] (see also [50]), that C~! does not generate a
Co-semigroup on cg. The proof of this result in [46] relies on . We give below a slightly
different proof based on Theorem [3.2}
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THEOREM 5.1. The operator C~' does not generate a Cy-semigroup on cq.

tc—1

Proof. Suppose to the contrary that C~! generates a Cp-semigroup (e )i>0 on co.

Then observing that

Gpx = / e s/n M e5Crds = / e~ (1/n+1)s M § ‘i' Sk ds
0 \/g 0 \/5 =0 k!

— E :(/ e—(l/n+1)ask—1/2jl<2\/§) dS)k' Skx.  x€co,
k=0 \O0 '

and using (3.5 for ¢ = 1 we obtain

M := sup |Gy < 0. (5.3)
neN
On the other hand, since
\/E/ e s TV2 (2VEs)ds =1 —e7t, >0, (5.4)
0

and
\f/ e P2 (2vEs) ds = (k — Dle LM (1), keN, t>0, (5.5)
see e.g. [61L §5.4], we infer that

/oo e_(1+1/n)83_1/2=]1(2\/§) ds =1 — 6—1/(1+1/n)’
0

and
Oo—1+1nsk—12 _ (k—1)! —1/(1+1/n) 7 (1)
/0 em (/Mg /J1(2\/§)ds—me (ALY /(1 +¢), kel
So, if
W1/ +1
R SHCVICRS V)
’ k(1 +1/n)k+1
then

(oo}
Gpr = ngkSkx, T € cg.
Therefore if C~! generates a Cyp-semigroup on cg, then by (5.2) and .,
Zlgk\ < sup Z |9ne| < M,
k=1 neN
where g == lim,, 00 gn .k = k‘ng_)l(l). Hence the function

L
ngz —zz k+1 =1—¢#/(1-2)

must be continuous on the closed unit disk. At the same time, (%) is obviously discon-
tinuous at z = 1, and we arrive at a contradiction. m
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6. Shift operators on (?. Now we extend the result of Komatsu to the Banach spaces
2 = ¢P(N), with 1 < p < 00, p # 2. Our arguments will follow [37] closely.
Consider the left shift @@ on ¢? defined by

Q(glaf%"'):(6276&-")' (61)
Note that the operator
A=—T1+0Q, (6.2)
generates a Cp-semigroup (etA)tZO on /P such that

le ]|, < e flle’ll, <1, t>0.

Since A has trivial kernel, A=1 € £(¢P), 1 < p < oo.
The next result is a counterpart of Komatsu’s counterexample for all £, with p different
from 2.

THEOREM 6.1. Ifp € (1,2)U(2,00) and A is given by (6.2), then A1 does not generate
a Co-semigroup on (P.

To prove Theorem we will need the following simple lemma.

LEMMA 6.2. Let X be a Banach space and let A € L(X) generate a bounded semigroup
on X. Assume that there exists a sequence of A-invariant subspaces {X, :n > 1} of X
such that |,y X is dense in X. If A=! € € and moreover A~1 generates a Co-semigroup

on X, then X, is invariant with respect to (etAfl)tZO for every n € N and

tA~!

e tA-L HetA71|

_ A
x, ¢ ">

-1
| = sup le="]l, ¢ >0,
ne

where Ap, = A| . is the restriction of A to X,.

For each n € N consider a finite-dimensional space ¢ of n-tuples £ = (&)p_, with

el = (3 teur) "
k=1

the norm

Let also for every N € N,
Vn :={z = (zp)neny € P : 2, =0 for n > N}. (6.3)

Clearly, {Vn}n>1 are finite-dimensional subspaces of £,. Moreover, (6.1 and (6.2)) imply
that Vy is A-invariant for each N. Let Ay be the restriction of A to V. Then Ay has
the following matrix form in the standard basis of Vy:

-1 1 0 ... 0
0 -1 1 ... 0
Av=1|: = = . (6.4)
0 0 0 ... 1
0 0 o0 ... -1

Observe that e'?|y,, = e~ (e!4¥);5( is exponentially stable, and there exists a bounded
inverse Ag,l.



118 A. GOMILKO

LEMMA 6.3. For every N € N, the semigroup (etA;)tZO has the next matrix represen-
tation on 0% :

1 LV —eLMwyy2 o =L )/(N = 1)
0 1 —tL" @)1 . =LY ) /(N —2)
AN =t : : : ) (6.5)
0 0 0 .. —tLP (1)1
0 0 0 1

where L,(:), k >0, are the first order Laguerre polynomials given by (3.3).

Proof. We have

0 1 0 0
B 001 ...0
tm m
etAN:e*tZ W?!N,Where Qn:=1|: 1 . (6.6)
m=0 000 1
0 0 O 0

Using now ([3.15)), (5.4), and (5.5, we obtain:
B S —1 kok
t?tAN1 = I — \/175/ 6_58_1/2.]1(2\/{8){]4— 5 QN}dS
0

=

k!

k‘

=1
n—1 00
—7_ \[/ s 71/2J (2\/> ds — \/ZZ Qﬁ// efsskfl/Qt]l(Q\/E) ds
—1 0

N—1 (1)
L
=e _ttE - 1()Q’§,, t>0,

(6.7)
which is precisely (6.5)). =

The main technical difficulties are comprised in the following statement. For its proof
see [37, Lemma 3.

LEMMA 6.4. Forn € N and ty > 0 consider an operator on ¢ given by the matriz

]:n(tO) =
Tcos(2vio+ %) A cos(%/? +3) ... "lﬁ cos(2y/nto + §)
0 3 cos(Q\Fo—&— o M cos(2y/(n —1)to + §)
: : : (6.8)
0 0 %cos(%/%—i— 7
0 0 1 cos(2y/to + %)
Then for each p € (1,2) U (2,00) and to = 72/64,
§I1/2-1/p]
[ Fn, o) lnp > —25— =(16s)>+1, seN. (6.9)

720
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In particular,
lim sup || Fy (o) |ln,p = 00. (6.10)

Proof of Theorem[6.1} By the discussion above and Lemma it suffices to show that
there is £y > 0 such that
—1
lim sup [[efon ||, , = oo. (6.11)
n

Let Qp,,x be a zero matrix of size m x k. In view of
LV (t) = 7= 12et/24=3/40 % cos(2v/nt — 3n/4) + O(n~ ),  n— o0, t >0,
where the bound for remainder holds uniformly in - any [a,b] C (0,00), and (6.5]), we infer

that for fixed ¢y > 0 and N > 2 the operator ef° ~' can be represented as
7150/2

A = /1 G (t) + e+ (o), (6.12)
where
QN_22 ]:N—2(t0)>
Gn(t )
(to) = ( Q2,2 Q2,N—2
0 a1 ay ... an_1
0 0 a1 ... an-2
RN(to) =1: , (6.13)
O 0 0 ... a1
o 0 0 ... 0

and Fn(to) are defined by . Moreover, aj, = O(k=>/*) as k — oo, so that a =
{ax }ren € 0. Since

N-—-m
(Ry(to))n =0, (Bn(to)lm = D axmer, m=1,....N -1,
k=1
by Young’s inequality,
N—-1
1R (o)l < (3 land)lllvs < lalle, - ol
k=1

Thus, the norm of Ry (o) in ¢4 is bounded by a constant independent of N, so for
the proof of (6.11)) it is enough to show that

limsup [|Gn(to)le, y =00 as N — oo. (6.14)
Setting now to = m2/64, we finally note that (6.10) and
1GN (to)llin, = [EN—2(to)lin—s, N >2,

imply (6.14). m

It would be instructive to observe that a statement similar to Theorem [6.1] holds for
Komatsu’s operator C' as well.

COROLLARY 6.5. Let a bounded linear operator C on (P be defined by (5.1). If
€ (1,2) U (2,00), then C~1 € E(LP) but it does not generate a Cy-semigroup in (P.
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Proof. Clearly, (etc)tzo is a contraction Cp-semigroup on £,, 1 < p < oo. Let p €
(1,2)U(2, 00) be fixed. If the operator A on ¢,, 1/¢ =1—1/p, is given by and ,
then C = A*. So, if C~! generates a Cy-semigroup on ¢P then A~! is the generator of a
Co-semigroup on ¢7 (see [29] Theorem 1.4.9]), which contradicts Theorem "

REMARK 6.6. Theorem [6.1] does not hold for p = 2. While the estimates in the proof
of Theorem [6.1] do not lead to a contradiction, one may note that since (e!);>¢ is a
Cy-semigroup of contractions on 2, A~! generates a Cy-semigroup of contractions as
well.

Let us comment on the cases p = 1 and p = oco. First observe that Theorem[6.1]is true
also on £1. If (e!4),>¢ is considered on ¢! then et =(e*“)* for every t > 0, where C' € L(co)
is given by . The latter property implies that A = C*, and A~! = (C~1)*, and the
claim follows from Komatsu’s result. Theorem does not hold for (etA)tZO on /> since
A~ is not densely defined in this case.

In turn, the operator C cannot serve as a counterexample in both cases. If p = 1 then
it is easy to check that the range of C' is not dense in ¢! (however, it will possibly be
a counterexample after restricting to the range of C, see the example of deLaubenfels
mentioned in the introduction) so the algebraic inverse of C' has non-dense domain in £!.
If p = oo, then C' has a non-trivial kernel in £°°. Hence C' has no algebraic inverse in £*°.

tA

. . . . . —1
We conclude this section with an observation on norm estimates for (e**~ );>o on £

illustrating Theorem From (6.7) and the inequality
LV ()] < cet2t3 YA 4 /Y, >0 (6.15)
(see [60, Ch 6, §3]), we infer that

—1 _ _
HetAN ||N71 ftet Z

N—
et ce t/21/4 Z
k=

L (@)

E1/4 t5/4
< CN'Y*,  ¢>0,

for some C' > 0. Moreover, since (e*4~ )e>0 is a contraction semigroup on £%;, so is the

semigroup (etAN )i>0. Then by the Riesz—Thorin interpolation theorem (see e.g. [45]

§1.1)),

45, < et

Moreover, we have

S ||2 2/pH tAy H2/P 1 <e, NY@p=1/4 e (1,2).

14 g = €5 Nl Up+1/a=1,

and therefore
||etA;vl ||N,p < cpN|1/471/(2p)|, p € (1,2) U (2,00). (6.16)
On the other hand, from (6.9 , (16.12) and ( it follows that

hmbupN 1/4-1/@P)] gup|et4n' >0, pe(1,2)U(2 ), (6.17)
t>0

so that, in view of (6.16)), (6.17) is sharp.

N HN
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7. Sufficient conditions for A=! € G,(X). Let A be the generator of a bounded
Cy-semigroup in a Banach space X, and let A has a densely defined inverse A~'. In this
section we give a sufficient condition on the resolvent R(\, A), Re A > 0, implying that
A~1 is also a generator of a bounded Cp-semigroup (see [32]).

First, recall the following condition for A € £_(X) to generate a bounded Cp-semi-
group on X (that is, to belong to G, (X)), see [30] and/or [59] for more on that. If

o+i00
swpo [ (B A )l dA] < oo (7.1)
>0 o—100
for all x € X and y € X*, then A € G,(X).

If X is a Hilbert space, then (|7.1) is also necessary for A to be a generator of a

bounded Cy-semigroup. Indeed, if for a Hilbert space X one has A € G,,(X), then

o+io0 o)
a/ 1RO, A)z]|? [dA| = 27r0/ 27|ty 2 dt < wM2|al|, o >0,
T —100 0

by Plancherel’s theorem, and a similar inequality holds for A* in view of A* € Gy(X).
Thus, observing that [(R*(\, A)z,y)| < [[(R(X, A)z|[|[R(A, A*y)| we obtain (7-1).

The next result is similar in spirit to the above result from [30] and [59], and it can
in fact be considered as its corollary. It also relies on an elementary version of Carleson’s
embedding theorem, see e.g. [28, Chapter 2.3].

THEOREM 7.1. Let X be a Banach space, and let A € G,(X) be such that A= € £(X).
Suppose that for all x € X and y € X* there exist o9 > 0, 11 > 19 > 0, and a finite
positive Radon measure p on (—oo,00) such that

o+i0o
— / (R2(A, Az, )] |dA] < oo, (72)
o€(0,00) o

—100

and -
p(dt)
oo it = A2’

Then A=Y € Gy(X). If 11 = ro or X is a Hilbert space, then (7.2)) can be dropped.

|<R2()\,A)x,y>|§/ ReA> 0, A € (0,r2) U (r1,00).  (7.3)

Proof. Since R(A, A) is bounded on every compact subset of the open right half-plane,
we can assume that there are b > 0 and ro € (0,b) such that (7.3) holds in

Qb;rg) :={A € C:ReA >0, [NL£ib] > 1o}

with, possibly, p replaced by p + ¢||z||||ly|l«d0, where ¢ > 0 and dy is the delta-measure
at t = 0. Moreover, in view of (R(\, A4))’ = —R%(\, A) and simple bounds for Poisson
integrals, (7.3) yields

> p(dt)

RO A <5 [ HE xeatn), (74)

forall x € X and y € X*.
To prove the theorem we verify that the resolvent of A~ satisfies (7.1)) for all 2 € X

and y € X*. Since
RMA™H =X A2R(A1 A), Rel >0,
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we have B
o[ UROA e N < wlalll +od o0 (75)
where
oo 1 4 2 1
Jo= [T RAPIRO Ay )+ RO A )
Set

Qo(b,70) ={A € C:ReA> 0} \ Qb;r) ={A€C:ReA >0, [N ib| <ro}.

The mapping A — 1/X transforms the line Re A = o, o # 0, into the circle
1
Cy = C:|z— ¢l =€}, =—_—.
{z € |z —€l =€}, € o
Thus, in view of (7.3]) and (7.4)), after a change of variables, we can write

ngl;@VWwaﬂawkﬂﬂﬂ@%%AﬂwHHwki%J+Lﬁ,

. A P
Jig =2 : : d dt),
L 2/_m{/cg{|zt—z|+|zt—z|2 dz] g utdt)
and

Jo.o =/ {212 [(R(z, Az, )| + [2P|(R* (2, Az, )|} |d2], o := Cq N Qo(b370).
Yo

where

We estimate the integrals J; , and J; , separately. From

2|z| | 2|2 <84+ 2t2
lit — 2| |it — 2|2 — lit — z|2

2t2 10
/ 8+ — |dZ| < l,
c. lit — 2|2 o

oJi, <5mm, m= / w(dt).
—o0

and the estimate
it follows that

Let us now consider Jy , assuming that -, is nonempty, i.e., o € (0,01) for some o1
depending on b and 1. Then |z] < b+ ry for z € v,, so there exist ¢; > 0 and ¢c2 > 0
such that

(7)) <c1, Rez>coo (7.6)

for all z € v, and all o € (0,07). Since |R(\, A)|| < M/(Rez), Rez > 0, we have

/ 2 [(R(z ), g)||d2] < 5, 0 € (0,07)

o

by (7.6)).
Since R(A, A) is bounded on {A € C: Re A > 0¢, |A| <71} and

[ o [ ehom -5

and imply .
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In other words, for each \g > 0 the function A — (R?(\ + g, A)z,y), belongs to the
Hardy space H' over the right half-plane. Therefore, setting Ao = c20, where ¢y is given
by (7.6)), and using Carleson’s embedding theorem, we obtain

Ao+ioco
o [ 1PUR A)e, )] 1d2] < cao / (BN A)z, y)]| AN < s,
A

Yo 0—1%00
where ¢5 > 0 is independent of ¢ € (0,07). Here we have used the fact that if [ is

arc-length measure, then the Carleson embedding constant N in the inequality
I(voN{A€C:ReX € (Xo, Ao+ h), ImA€ (t,t+h)}) < Nh, h>0,teR,

admits the estimate N < 27 for all o € (0, 01), see [32, Lemma 2].
Thus from (7.5)) and the estimates for J,, o € (0,071) it follows that A~! satisfies (7.1)
for all z € X and y € X*, so that A= € Gp(X). =

COROLLARY 7.2. Let X be a Banach space and let A € Gy(X). Assume that
- 1
RN\ A)| < P —— ReA >0
IROAN <D Rex> o

for some ¢ > 0 and (ax)1<k<n CR. If A71 € £(X), then A™1 € G, (X).

Remark that (7.3)) holds if there exist r1 > ro > 0 such that
IR, A < ﬁ, ReA >0, |\ €(0,72) U (r1,00). (7.7)
Moreover, (7.7) for ReA > 0 and |A| € (r1,00) is equivalent to A € Hg, and the same
estimate for Re A > 0 and |\| € (0,72) is equivalent to A~ € Hy, see [44, Chap 9, §1.7].

Thus we have the following assertion.
COROLLARY 7.3. Let X be a Hilbert space. Let both A and A~! belong to Ho(X). Then
AeGy(X) & A7t e Gy(X).

In particular, if A is bounded and boundedly invertible, then A € Gy, if and only if
Ale Gy,

Note that, in contrast to the situation where A € H(6)(X), the assumptions A €
GNHo(X) and A~! € G(X) do not generally imply A~ € Ho(X). Indeed, the Volterra
operator —J on a Hilbert space Ls[0, 1] defined in Section [4] belongs to G N Hp, but its
inverse A = —J~! generates the semigroup given by which is even not differentiable
for t € (0,1).

8. A~ l-problem for unbounded Cpy-semigroups on Hilbert spaces. As we
pointed out in Section [1, A~'-problem is still open for generators of bounded Cp-semi-
groups on (infinite-dimensional) Hilbert spaces. However, the situation changes if we
turn to generators of unbounded Cy-semigroups. In this section we show that there exists
a Co-group e*4 on a Hilbert space H of arbitrarily slow growth at infinity, such that
A7t € £(H) but A~! does not generate a Cp-semigroup on H. The construction of such
a group is taken from [37].
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Denote by || - ||2 the standard norm in the 2-dimensional Euclidean space C?. Assume
that © >0, v > 1, and let
_ 0 ol 1 0 0 1
N 1 _ _ —
A sias, = (0 0) s = (g O) o= (0 ) s
so that J=' = J* = —J, | J]2 = 1, [|S7'l2 = 1, [|Sy]l2 = 7. Then straightforward

calculations yield the following analogue of Euler’s formula:
etAnn = S;l (Z T tm> Sy = S;l(cos(ut)l + sin(ut)J)S,
m=0

= cos(ut)] + sin(ut)S;'JS,, teR, (8.2)

S0
ot < cos(pt) vsin(ut)> LER.
—y~Lsin(ut) cos(ut) )’
Note that
ool = o=t 4es] e
From we conclude that for ¢t € R
e, < 1S5 2 Neos(rt)T +sin(ut) Ty 155112 = 1S4 ]2 =7, (8.3)
and
et 3 < 1+ [sin(ut)] 15578, 12 = 1+ [sin(ut)]| 7. (3.4)
Moreover, if |cos(ut)| = 1, then
e der], =7, s= % (8.5)

Now, since J~1 = —J, we have
A;l7 = —/flS;lJSW = —,u_ZAMm

and therefore

ehnh = e 7 =—p%  teR. (8.6)
Let {v1 }nen be an unbounded and non-decreasing positive sequence such that
m>1, l"gh forallm,m € N, n > m, (8.7)
n m

so that the sequence {n =17, },en is non-increasing and 1 < «,, < n, n € N. Consider the
Hilbert space H = ., C* with the norm

el = {3}, 2= e} e (53

For a fixed sequence {7, }n,>1 as above, we now construct a Cp-group (e'4);cg on X such
that [|e~*4|| = |||, t € R,

Ym < sup ||etA|| <3Ym, meN, (8.9)
te[0,m]

but A~! is not a generator of any Co-semigroup on X.
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Let -

n — 5 _ > N; 8.10
fn =5, NE (8.10)

and let A € L(H) be defined by
A :=diag(B,), Bn=A4,, .., (8.11)
so that A{z,}={B.z,}, {x,}€H. Then e*4 is a “diagonal” operator for each t€R, so
||| = sup [le!Br ]2, teR. (8.12)

n>1
By (8.3),

letPrlls <vn, mEN, teR. (8.13)

Using now (8.4]) and (8.7) for n > m >t > 0 we obtain

) ™m 7T
e ll2 < 14 [sin(rt/(2n)| n <14 Z =y <1+ (21"“)% <3yme - (8:14)

n

Combining (8.14]) with and and using the monotonicity of {*yn}n>17 we
infer that ||et4|| S 3%17 \t| S m. On thc other hand, ||e™Pm ||y = ., (see (8.5)) and

therefore ||e™4|| > 4,,. This yields .
By (8.11)) and (8.1)) the inverse A~! has the following form:

A~ = diag(B, ') = diag(—pu,,*B,), (8.15)

and (see (8.6)) etBa' = e~thi'Bn. Setting ty = 72/4, we note that [[efBami1|, =

toB_~

Yom+1 — 00 as m — 00, hence sup, ¢y [[e0”n "ll2 = oo. The latter property implies

that A~' does not generate a Cy-semigroup on H.

THEOREM 8.1. Let f : [0,00) — (0,00) be a continuous function increasing to infinity,
such that
fO) =1, ft)y<e, t=0.

Then there exists a generator A of Co-group (e!4)ier on H satisfying
le™* ) = lle")l < ef(¢), t >0, [le"[| = oo, t — o0,
such that A~ is well-defined but does not generate a Cy-semigroup on H.

Proof. Let a function f satisfying the assumptions be fixed. Define

1 t
u(t) :=g(In(1+1nt)), t >1, g(t):= %/ f(s)ds, t >0, ¢(0)=f(0)=1.
0
By the monotonicity of f,
L<g(t) < f(t), t20, u(t) < f(n(l+1nt)) < f(t), t>1.
Moreover, g(t) > f(t/2)/2 — oo as t — o0, so that u(t) — 0o as t — oo. Observe that
d y 1 B
dt( n ) {e )}t—Q, 7=In(1+1Int), t > 1.
Since f(t) <et, t >0, we have

g(r) < f(r)<e” <eg(r), 7>0,
so that (t~1u(t)) <0, ¢ > 1.
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Let v, = u(n), n € N. Then {7, }nen satisfies , and if A is given by (8.11) then
Co-group (e');cr satisfies . Thus, for each t =n+a,n €N, a €[0,1),

e < [le®[[le™ ]| < Beorn, co= sup [le"]| <3y =3,
t€(0,1]
Therefore,

e <3< 3f(t), t[0,1], [ < 9yn < u(t) <9f(t), t> 1,

and
T = ™| = [le* e e A < Jle |l < 3l

so that
[ > u(n)/3 =00 ast=n+a— co.

It remains to note that |le *4|| = ||et4|, t > 0. m

9. Power bounded Cayley transforms. In this section we will study the power
boundedness of Cayley transforms of semigroup generators, and relate these studies to
the A~ !-problem discussed in the preceding sections.

Let X be a Banach space, and let A € Gy(X). It is crucial that one can express the

powers of V(A) in terms (e??);>g :

Vh=1- / e 2L (1et/DAGt  neN, (9.1)
0
where L53> are the first order Laguerre polynomials. The formula above is fundamental
in the study of asymptotic behavior of (V™),>0.

Recall that (9.1) was obtained in [51] for isometric (e?);>9. As noted in [I0], (9.1)
remains true for A € G,(X). Indeed, this fact follows directly from the identity

V= (1+2(A—1)")n zn: (—1)*nl2" R*(1, A) €N
= — — -~ 7 n
P kl(n —k)! T ’
(3.2) with A =1 and (3.3).
Using (9.1]), the estimate (see [3])
o0
/ 2L )] dt < enl/2,  n N, 9.2)
0

and (6.15)), it is easy to obtain a growth bound for powers of V' given in the next result.
LEMMA 9.1. If A € Gy (X), then

V(A <1+ cMn'/?,  neN. (9.3)
If moreover A € Gexp(X), then
[V*(A) <1+ c,Mn*  neN. (9.4)

Note that is a partial case of the classical result due to Brenner and Thomée on
powers of rational functions, see [0, Theorem 1] for more details.

The estimates and are the best possible in a sense that the growth rates
n'/2 and n'/* cannot in general be improved. To justify this claim we first follow an
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argument similar to the one in [I4]. Let X = Li(R) and let (Df)(s) = f/(s), with
dom(D) = Wi (R). Note that D is the generator of a unitary left shift Co-group

(€Pf)(s) = f(s+1), s,teR,

hence by ,
V(D) f)(s) = £(s) — / h e 2L W) f(s+1t/2)dt, sER, neN.
0

From this, using the inequality (see [3])
/ e 2L @) dt > en/?,  neN,
0

for some ¢; > 0 and an abstract result on operator norms from [43] Theorem XI.1.4], it
follows that
1+ ||V”(D)HL1(R) > Clnl/Qa ne Na

therefore is, in general, sharp.

Let now X = L41]0,1], and let an operator A on X be defined by with p = 1.
If Ag := 2A — I, then Ag is the generator of a nilpotent Cy-semigroup on X, and in
particular, Ag € Gexp(X). Observe that

V(A) =AA-D" =T+ J) 1,
where J is the classical Volterra operator given by (4.1)). Then (4.5)) for p = 1 shows that
(19.4) is optimal.
The above examples motivate the problem of providing conditions on A to ensure

that V(A) is power bounded. The following statement from [35] gives such conditions in
terms of the resolvent of A.

THEOREM 9.2. Let A € Gy,. Suppose that for all x € X and y € X* there exist oy > 0,
ro > 0 and a finite positive Radon measure u on R such that

o+ioco
swp o [ (B Ay i < o, (9.5)
c€(0,00) o—100
b dt
[(R2(\, A)z, )| g/ ;(—/\)P7 ReA >0, |\ € (ro,0). (9.6)
Then
sup [V (A4)|| < oo. (9.7)
neN

If ro = 0 or X is a Hilbert space, then (9.5) can be omitted.

The proof of Theorem [0.2] is similar to that of Theorem [7.1] One verifies that the
resolvent of V' (A) satisfies

sup(r—1) [ (B V(). 0) dN] < o, (08)
r>1 IAl=r
for all z € X, y € X*. By [15, Lemma 2.1] this implies (9.7).

Note that holds for A € £_(X) such that

IR\, A <c/INTY Red >0, [ > .
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If A € £(X) then the latter estimate is equivalent to fact that A is the generator of
a (sectorially bounded if 7o = 0) holomorphic Cp-semigroup, see [44] Chap. 9, §1.4].
Thus Theorem implies the following assertion, originally obtained in [31], [39], and
in [4] in the particular case of bounded generator.

COROLLARY 9.3. Let H be a Hilbert space and let A € G,(H) be the generator of a holo-
morphic Cy-semigroup. Then the Cayley transform V (A) is power-bounded. In particular,
V(A) is power-bounded if A € L(H).

Corollary [0.3] was apparently the first positive statement on power boundedness of
Cayley transforms for generators of not necessarily contractive semigroups. Unfortunately,
if A is not bounded, then the situation in the setting of Hilbert spaces becomes much
more complicated, and only partial results are available so far.

10. Growth of powers for Cayley’s transforms in Hilbert space. In this section
we will show that for generators of bounded Cy-semigroups on Hilbert spaces the powers
of their Cayley transforms grow at most logarithmically. The exposition is based on the
results from [31].

We start from the next auxiliary assertion of independent interest (see [3I, Lemma 1]).

LEMMA 10.1. Let g; : [0,1) — o0, j = 1,2, be continuous functions. Let T be a bounded
linear operator on a Hilbert space H satisfying

sup g1(r) Y | T"al*r®" < M*(T)|||?,
T‘E(O,l) n=0

sup go(r) Y | T a|*r®" < M*(T7)||z|)%,
r€(0,1) n=0

for all x € H, and some M(T), M(T*) > 0. Then
ng( 1 >||T"|| <eM(T)M(T*), mneN, (10.1)

where g(r) :== \/g1(r)g2(r), 7 € [0,1).
Proof. For all x,y € H and r € (0, 1),

n n
nr (T, y) =Y (Tha,y)r™ =Y (T Fa, T y)rm =k,

k=1 k=1
hence

[l =T | | Ty |

NE

nr"[(T"z, )|

M
j)—'

2 2\ Y2 (N ek 2,2\ V2 M(T)M(T™)
Tkx 2k T*Fy||>r2F x .
(k |7 )22 (;n ) < et el

Setting » = n/(n + 1), we have
—1 n mn *
— | (T < M(T)M(T .
e n9<n+1)|< z,y)| < M(T)M(T7)||z| [yl

Since z,y € H are arbitrary, (10.1]) follows. m
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For g;(r) =1-r, j = 1,2, Lemma yields the estimate for powers of T first proved
in [IT], Proposition 2.1] and [39, Theorem 8.3].

COROLLARY 10.2. Let T be a bounded linear operator on a Hilbert space H with the
spectral radius m(T) < 1. Assume that for all x € X there exist M(T), M(T*) > 0 such
that

sup (1 —r E:IIT"SEII2 < M(T)|]%,

re(0, 1) n—0
sup (1—r) Y [T |[*r?" < M(T*) ||,
re(0, 1) n=0

Then
|77 < eM(T)M(T*), neN.

We will also need a kind of Parseval identity for powers of Cayley transform.

PROPOSITION 10.3. Let A € G,(H). Then for every x € H,

(=) Y e =l

r? 2/ / sz, etr) E(H’“z)(s"’t)u(s,t;7") dsdt, re€(0,1), (10.2)

where

R Ch 1
u(s, t;r) i=r N I (4rev/st) — (14 72)Io(4reV/st), €=1_ 3 (10.3)

and Iy () is the modified Bessel function.
Proof. By virtue of (9.1)), for » € (0,1), we have

Z V(A — z|*r* = 4r? Z r2n / e 'LV (2t)et Az dt
n=1 n=0 0

2

_47"227"2" / / e+ L) (26) LD (26) (47, Mg ds dt.  (10.4)
Then, by Fubini’s theorem, using , the identity
t
ZL n 633—r2e<s+t>[ r D 1 rev/at) + (14 7)o 2revsD)
Vst
and -, we obtain

Now we are ready to obtain a logarithmic bound for powers of Cayley transforms.
THEOREM 10.4. Let A € Gy(H). Then
ap VAL
neN IOg(TL + 1)
Proof. Taking into account Lemma [10.1| and Proposition it suffices to establish the
estimate

< 00.

(1—7r)Q(r) <a+blog(l—7), re(0,1),
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where
o0 oo 1
= 62/ / 676(1+r2)(s+t)|u(5,t;7")| dsdt, e=——, re(0,1).
0 1—r
Next note that if u is defined by (10.3]) then
u(s, t;r) = (1 — r2) I (4reV/st) + (1 +r )[Io(47"€\/>) Il(4ref)]
(f \/>) Il (47"6\/>)

Vst
Since the modified Bessel functions Iy and I satisfy ([20])
et et
0 < I(t) §CW, 0 < Io(t) — I (¢) Scti\/f’ t>0,
for some ¢ > 0, we have
edreV/st 1 —/1)?
lu(s, t;7)| < AT {(1 —r)?+ 7t %W{) ]

for every r € [1/2,1). Hence

1+r2)(s+t) —4rev/st 1 (\/57 \/5)2
3/2 Ry
) < cre / /0 GO {(1 r)* + 112 + L } dtds,

so letting t = s72, 7 € (0,1), we obtain

e8] 1 2
Q(T) < 20163/2/ / e—e[(1+r2)(1+7—2)—4r7—]s(ST)I/2 |:(1 _ T)2 + i + (1 7') :| dr ds
o Jo T

€EST

1 2
_ 20163/2/ /°° e_e[(1+r2)(1+72)_47-f]s(87)1/2 {(1 ENE 1 n (1—-7) } ds dr
o Jo

EST T
! 1—17)2 dr
< 1/21 (1 _ )2 (
= 02/0 T [( T+ T [(1472)(1 + 72) — 4r7]3/2
! d
o | i
2 Jo T[T+ 12)(1+ 72) — dr7]1/?

cete /1 dr
= 12 [(L=7)2+ (1 —7)2]1/2

1/0-1) g
= c: — _<a+bllog(l—r), € (0,1).
ate | e gyE Setblosl=nl, re@1). .

It was shown in [4], [31] and [39] that if A € G,(H) then V(A) is power bounded if
both A and A~! generate bounded Cy-semigroups. The question whether one can omit
the assumption on A~! remains still open.

11. Growth of €*4™ " in terms of growth of powers of V' (A). In this section, based

on the paper [36], we show that if A € Gexp(X) then growth bounds for V"(A), yield

similar growth bounds for (e“rl) £20°
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THEOREM 11.1. Let X be a Banach space and assume that for any A € Gexp(X) there
exists M > 0 such that

V" (Al < Mag(n), neN, (11.1)

where g is a strictly positive non-decreasing function on [0,00). Then the semigroup
-1
(etA )t>0 satisfies a similar estimate. More precisely, if there exist M > 1 and w > 0

such that ||et|| < Me=“t, ¢ >0, then
2et
[ MAg( ‘ ) t>0, (11.2)

for some MA > 0.

Proof. By Lemma we may assume without loss of generality that g(n) < ¢o(1+ /n).
It is easy to see that Ay = 2wt A+ I € Gexp(X). Furthermore, V(A4p) = I + wA™!, and

HetwA*1 H _ e—tHetV(Ao)H7 t>0. (11.3)

Since Ag € Gexp(X), V(Ap) satisfies (11.1) for some M4, > 0. From this and Stirling’s
formula [IL §1.4], it follows that

£V (Ao) [V (Ao)ll
||e || < Z — 1 = < My Z

n=0

S () g } o[ s

n>2et n<2et n=1 =

=co+ clg(Zet)e t>1, (11.4)

where we used the estimate g(n) < ¢o(1 + /n), n € N. Combining (11.4)) and - we
obtain (11.2). m

Theorem has several several important corollaries. We start with the one relating

power boundedness of V(A) and boundedness of (4 1) >0

COROLLARY 11.2. Suppose there exist a Banach space X and A € Gexp(X) such that
AV & Gy(X). Then there exists Ao € Gexp(X) such that V(Ay) is not power bounded.

Proof. Assume that for every Ay € Gexp(X) its Cayley transform V(Ay) is power
bounded. Then, Theorem with g(n) =1 in implies that A= € G,,(X), when-
ever A € Gexp(X), a contradiction with e.g. Zwart’s counterexample mentioned in the
introduction. m

If X is finite-dimensional, then the function g in Theorem [I1.1] can always be chosen
to be constant. However, this constant may depend on the dimension of X, see e.g.
(35) in [37]. Theorem shows that on finite-dimensional spaces the best estimates for
SuptZOHe“r1 || and sup,,cy [V (A)|| are asymptotically the same when dim X — oo.

Using Theorem we can provide new proofs for known estimates of [|e!4” ' ||. The
first result follows directly from Theorem and Lemma [9.1] It has been originally
obtained in [64] by a different argument.
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COROLLARY 11.3. Let X be a Banach space. If A € Gexp(X), then there exists My > 0
such that

€47 < 14 Mt4,  t>o0.
If X is a Hilbert space then Theorem implies that one can put g(n) = In(n+1) in

(11.1)). This observation together with Theorem yields the following estimate proved
in [65].

COROLLARY 11.4. Let H be a Hilbert space. If A € Gexp(H) then there exists My > 0
such that

e < MoIn(t+2), ¢>0.

The next result, obtained in [36], Theorem 3.5], can be seen as a converse to Theo-

rem [IT.T1
THEOREM 11.5. Let X be a Banach space. Assume that for every A € Gexp(X) there

exists Ma > 0 and a positive non-decreasing function g (not depending on A) such that
€47 || < Mag(t), t>o.
Then for every A € Gexp(X) and every a > 1 there exists Mq 4 > 0 such that
IV*(A)| < My, ag(an), mneN.

If A generates a bounded Cy-semigroup on a Hilbert space H, then it is still not
known whether its Cayley transform V(A) is always power bounded (whenever V(A) is
well-defined). However, one can prove that V(A) is a power bounded, if in addition A~}
exists and generate a bounded Cy-semigroup too, i.e., when both A and A~! are in G, (H).
Below we will give a new proof of this result relying on the Lyapunov equations technique
worked out in details in [36]. To this aim, we will need several facts on infinite-dimensional
Lyapunov equations. Their proofs can be found in [I7), Exercise 4.29] or [23] Section IL.6].

LEMMA 11.6. Let Q be a linear bounded operator on a Hilbert space H. If there exists a
positive solution P € L(H) of the Lyapunov equation

QPQ—-P=-I, (11.5)

then > 02 o |Q™z||* < oo for all x € X. Conversely, if Y o |Q"z||? is finite for every
x € X, then there exists a unique solution of (11.5)). Furthermore, this solution is positive,
and

(Pz,z) =) |Q"z|*, x¢cH. (11.6)
n=0

Assume that A and A~! belong to E(H), \,A\"! € p(A4), and X > 1. It will be useful
to consider the following Lyapunov equations:

(A —1)R*(\, A)PL.R(\,A) — P, = —1I, (11.7)
N - DR\ A YRR A - Py =—1. (11.8)

with unknown operators P; and Ps.
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If we assume that 1 € p(A), it will also be convenient to consider the additional
Lyapunov equation

(i\\;i)v*(A)PVV(A) _ Py =1, (11.9)

defined by means of V(A).
Each of the Lyapunov equations above can be rewritten using the inner product (-, -)
in H. For instance, (11.7]) then takes the form:

(A2 = 1)(PiR(\, A)z1, R(\, A)zo) — (Przy, 22) = —(21,22), 21,72 € H.
Choosing z, = R(A, A)xy, € dom(A), k = 1,2, we obtain
(N = 1)(Py21, 22) — (PL(M — A)z1, (M — A)zg) = —((M — A)z1, (M — A)zp),
and, after simple algebraic manipulations,
MPyz1, Azo) + M(P1Azy, 22) — (P1Az1, Azg) — (P121,20) = — (A — A)z1, (A — A)zs).

To simplify the notation, given A € £(H) and P € L(H), define a bilinear form
B)\[Aa P}(a ) on dom(A) by

By[A, P)(z1, 22) := MPAz1, 29) + A\(Pz1, Azp)

(11.10)
—(PAz,Azg) — (Pz1,22), 21,22 € dom(A).
Then can be rewritten as
BA[A, Pi](21,22) = —((AM] — A)z1, (A — A)22), (11.11)
for all 21, 20 € dom(A). Similarly, is equivalent to
B\[A, Po)(z1,22) = —((I = AA)z1, (I — MA)z2), 21,22 € dom(A), (11.12)
and can be recast as
(A+1)

B)\[A7pv](21,22) = —

5 (A=1D)z1,(A—=1I)z9), 21,20 € dom(A). (11.13)

LEMMA 11.7. Let A, A= € E(H) and let X € (1,00) be such that A\, \~! € p(A). More-
over, assume 1 € p(A). Then

1) (L1.7) has a bounded solution Py if and only if (L1.8) has a bounded solution Ps.
Furthermore, the solutions are related by the formula

Py = (I = AA)*R(\, A")Pi (I — NA)R(\, A). (11.14)

2) If (11.7) and (11.8)) have bounded solutions Py and P» respectively, then a bounded

solution Py of (11.9) is given by

1

Py = —

Vo

Proof. To prove 1), let P, € L(H) be a solution of (L1.7)) (or (11.11])) and define a bounded

operator

(Py+ Py + M —1). (11.15)

Py := (I — MA*)R(\, A*)Py (I — MA)R(\, A). (11.16)

Then, in view of
[(T = AA")RN, AY)]" = (I = AA)R(N, A),
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and
(I = AA)R(N, A)Az = AR(NA)(I — NA)z, z€ D(A),
we infer that
By[A, Q](z1, 22) = BalA, PA{(R(A\, A)Y(I — AA)z1, R(A\, A)(I — AA)z)
(M = AR, A)I — AA)z1, (h — AR, AL — AA)zo)
—{((I —AA)z1, (I — NA)z),
for all z1, 2o € dom(A). So, P, is a solution of and (11.12).
To show 2), define Q € L(H) as
Q=P +P+ (-1,
where P; and P, be solutions of and , respectively. Then
Bi[A, Q)(z1, 22) = BA[A, P1](21, 22) + BA[A, Po](21, 22) + (A — 1) BA[A, I](21, 22)
= (M — A)z1, M — A)za) — (I = MNA)z1, (I — X\A)zo)
+ (A= 1) [M(Az1, 22) + A(z1, Aza) — (Az1, Aza) — (21, 22)]
=AA+1) [(Azl, z9) + (21, Azo) — (Az1, Azo) — (21, 22”
= - AA+1)((A- 1)z, (A= T)2z),
for all 21, 2o € dom(A). Hence, by choosing Py = (2))'Q, it follows that
(A+1)
2

By[A, Py](z1,22) = — ((A—1)z1, (A —I)zq),

for all z1, zo € dom(A), so that Py satisfies (11.13)), and thus also (11.9). =

Now we will show the Lyapunov equations technique in action. The proof of the first
item can found in [3I, Theorem 2|. However, we present a new proof below. (Note that

there is a typo in the formulation of that result in [31].)

THEOREM 11.8. Let A € E(H) be such that o(A) C {\ € C: Re(\) < 0}. Suppose that

the (algebraic) inverse A=! of A exists and A= € €.
1) If, forz € H and A > 1,

() AQZ IR, A)al|? + | R (A, A D], (11.17)
then setting A\ = (1 +72)/(1 —r ), re (0 1), we have
Gata ) + O a2 = Z VAl e (118)

2) If A, A=t € G,(H), then V(A) is power bounded and
1
v < 55+ 0 o). (1119

where M = sup, ||| and My = sup,-||e™ A7 IE
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Proof. Starting with the proof of 1), we note that G 4(x; \) is finite for any = € H, since
for A > 0 the spectra of AR(\, A) and AR(\, A~1) are located outside the closed unit
disk. Thus by Lemma there exists a unique solution P; of the Lyapunov equation
(11.7). Furthermore, this solution satisfies
(Piaya) = S (A = 1) R\, A)a?, (11.20)
n=0

for all x € H. Similarly, there exists a unique solution P, € £L(H) of (11.§ -, satisfying

(Py,) = S (A = 1) R (A, A~ Y)a|2, (11.21)

n=0

for all x € H. By Lemma the operator Py defined by (11.15) is a unique solution
of (11.9)). Since the operators P; and P, are positive, and since A > 1, we conclude that
Py is positive as well, and so by Lemma [11.6

o A+1

<va,gc>:z(A >||V”( )z||?, =z e H. (11.22)

By rewriting (11.15]) in the inner product form:
(P + Py + M — Ix,z) = 2X\(Pyz, ),

and substituting (11.20)—(11.22) we find that

D =R, Al + Z )"IR™ (A, A7 x|
n=0 n=0

S~ A—1\"
_ 2 _ nA 2 H
F = Dlle] 2A;<H1) Vi Aal®, we

dividing by A\? and substituting A = (1 +72)/(1 — r?) into the right-hand side, we arrive
t (T1.18).
Let us now prove 2). Since A, A~! € G,(H), from it follows that there exist
M > 1 and M; > 1 such that

[R*(\, A < MA™™, ||R"(N\A™H[ < MiA™, A>0, neN. (11.23)
Substituting this in (11.17]), we deduce that for any x € H,
M? + M? "
Gala ) < Z[ el = a2+ a2y (11.24)
Next, using an elementary calculus, we observe that
1472
r€(01)<:>/\—17r2€(1,oo), r >0,
and
A=1) 1 1+7r
<-, A>1 >1 1).
)\2 _47 > 9 1+7"2_ Y TG(O,)
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Hence, by employing ((11.18]) and (11.24)), it follows that

M?+ M} +1/4
2

(oo}
(1=r) > IV (A)z)*r* < z)?, re(0,1), z € H.
n=0
Since (11.23)) also holds for A substituted by A* and A~! substituted by (A~1)*, we
obtain as above
M? + M +1/4

2 H:E”Q: T e (071), x € H.

(1—7) DIV (A )al*r® <

n=0

In view of V(A*) = V*(A), Corollary |10.2] yields (11.19)). m

In the previous theorem we have shown that if A and A~! are both the generators
of bounded Cy-semigroups on a Hilbert space, then the Cayley transform of A is power
bounded. Next we observe that this result is invariant with respect to “shifts” of A~!
along the imaginary axis, see [36].

THEOREM 11.9. Let H be a Hilbert space and let A € E_(H). If one of the following
conditions holds:

1) There exists s € R such that is € p(A) and (A —is)~ € G,(H).
2) There exists a non-zero s € R such that (A—isI)~! and (A+is~1I)~! are in Gy(H),

then V(A) 1is power bounded.

Remark that condition 2) of Theorem is, in general, weaker than condition 1),
since in 1) it is assumed that (A — isI)~! is a bounded operator, whereas in 2) this
operator is supposed to be merely the generator of a Cy-semigroup.

Now we show that shifts of A~! along the positive real axis do not perturb power
boundedness of V(A) too. The following theorem extends the second statement of The-

orem [IT.8]

THEOREM 11.10. Let H be a Hilbert space and let A € Gy(H). Assume that there exists
the (algebraic) inverse of A. Then the following statements are equivalent:

1) For each e > 0 one has —R(e, A) € G,(H), and

sup sup He_tR(E’A)H < 00.
>0 t>0

2) Al e Gy (H).
3) For each § > 0 the Cayley transform V(6A) is power bounded and

supsup [|[V"*(0A)|| < oco. (11.25)
6>0n>0

Proof. The implication 1) = 2) follows from Trotter—-Kato’s approximation theorem, see
[25, Theorem I11.4.9].

To prove 2) = 3), observe that if A generates a bounded Cy-semigroup, then so does
0 A for each § > 0. Furthermore,

sup ||et5AH = sup ||etA|| = M.
t>0 >0
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Similarly, we have

supHet(‘Mr1 H = supHet“r1 H = M;.
t>0 t>0

By 2) of Theorem V(§A) is power bounded, with a bound for its powers independent
of 4.
Passing to the proof of 3) = 1) and using (11.25), note that

etV < Cet,  t >0, (11.26)

for every § > 0. Moreover, for each € > 0,

—1 —1 —1
ef2etR(e,A) :62t(6 A-I) 7tetV(e A).

=€

Choosing § = £~ ! and combining this with (11.26]), we conclude that [|e~*%(¢4)| < C,
t >0, and 1) follows. m

The above result shows that if A € G,(H) then A=! € G,(H) if and only if
(A—el)™t € Gy, for all ¢ > 0 and (e_tR(E’A))tZO is bounded by a constant indepen-
dent of ¢ and e.

Now we would like to further extend this result by replacing R(e, A) with R(X, A),
Re A > 0. For the proof of this generalization, we invoke relating the semigroups
generated by A € Gexp(H) and by A™' € L(H). The next auxiliary lemma will also be
crucial.

LEMMA 11.11. Let H is a Hilbert space and let f : [0,00) — H be a continuous function
decaying exponentially at infinity such that f(0) = 0. If

A < J1(2V/ Tt
f(r) = \ﬁ/ N(2vrt) f@t)dt, 7>0, (11.27)
0 Vi
then the following Plancherel type theorem holds:
s dr & dt
[ieors = iR (11.28)
0 T 0 t

Proof. For scalar f, the statement follows easily from the identity ([I8], §7.3])

A!Hmvﬂrm:A O,

for the (first order) classical Hankel transformation given by

HW&%AWU@LUUM £ € La((0, 00); £ di)

combined with the relation
F@) = Vr(H(fo)(V7),
1

where fo(t) = 1 f (t2/4). A passage to the vector-valued setting can be justified as for

Plancherel’s theorem for Fourier transforms, see e.g. [2, Chapter 1]. m

By a standard procedure, we can extend the transform defined in (|11.27)) to all func-
tions f for which the right-hand side of (11.28]) is finite.
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THEOREM 11.12. Let H be a Hilbert space, and let A and A~ belong to G, (H). Let also

“,

M :=sup|le M, = SupHe”rl -
>0 >0

Then for any A = € + it with € > 0, one has —R(A,e +it) € G,(H). Moreover, for all
t>0,
, 1\2 2
[|e tEEFT| < 2 [62 <M2 + M7P + 4) + M?In (1 + 42>] (11.29)

Proof. From Theorem [11.10| it follows that —R(A,¢) € G,(H) for each € > 0, and more-
over

1
|e tEEA| < - (M2 + M7 + ) t>0. (11.30)
Next, by (3.15)), for any x € H we have
eftR(E,A)x tR(€+2'r A \[ J1(2\/>) [ l]efssesAm ds, t>0,
o Vs

and thus by Lemma |[11.11

00 ) dt 11— Tt |2
/ ||67tR(e,A)x - eftR(eJrzfr,A)IHQ ? _ / % 6—2et||6tA1,H2 dt. (11.31)
0 0

In view of
/00 7” —emP e 2t dt = 4/00 LDQ(TIS/Q) e tdt=In(1+ i )
o t 0 t 4e?
we conclude by (11.31)) that

o . dt °
/ et e A 5 — omtR(etinAY, HQ < M2In ( + 472>|x||2, (11.32)
0 €

for any z € H.
Therefore, for ¢ > 0 and x € H,

I ,
Z/ ||€_SR(E+”’A)JJ||QCZS
0
2 ¢ A i A 2 2 t R(e. A 2
< E/ o8 RE A — msRletina) | ds+¥/ e~ sBEA ]| ds
0 0

t
<2 [ [lemsed) oMt AP Sy o] sup e
0 S t>0

2 2 1\?
< 2M? 111(1 + 42> l2ll” + = (M2 + M7 + 4) I]1%,

where we have used (11.32) and (11.30). Hence,

} tHest(EwLi-r,A)xH? ds < i M2+M2+} 2+2M21n 1+i ||1‘||2
t Jo 12 Ly 4e2 ’
for all z € H and ¢t > 0. Clearly, a similar estimate holds for the adjoint semigroup

(e*tR(E*”VA*))tZO. So, using a counterpart of Proposition for Cy-semigroups (see
e.g. [11l Proposition 3.1]), we obtain (11.29)). m
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Note that the above theorem holds if we assume that there exists A € C with
Re(A) >0, A # 0, such that A and (A — X)~! are in G,(H). The proof follows the
same lines as above.

So far we have been concentrating mainly on the implication

A € Gy(H) = sup |[V"(A)]| < oo,

and showed that it is true under extra assumption A~! € G,(H). The following theorem
shows that for exponentially stable semigroups the assumption is in fact necessary.

THEOREM 11.13. Let A generate an exponentially stable Cy-semigroup on a Hilbert
space H and V (A) be power bounded. Then A~1 generates a bounded Cy-semigroup on H.

Proof. Setting A1 = A — I, we note that
V(A =(A+T)(A-D)"t=T+247"

Then
—1
[ 4 || = el M| < My, Ma i=sup [V (A)]|

hence Al_1 generates a bounded semigroup. Since A generates an exponentially stable
Co-semigroup,

° dt e dt
/ ||etAx—etA1z||2— :/ (1 — e H?lez)> — < 0.
0 t 0 t

Combining this with (3.15)) and Lemma [11.11} we conclude that for every z € H,
e - - dt
/Hw“wwwwwf<m
0 t

Since A1_1 generates a bounded semigroup on H, arguing as in the proof of Theorem
11.12| we infer that A~! generates a bounded semigroup as well. m

For the discrete analogues of the two preceding theorems we refer to [§].

Finally, using Theorems [T1.8] and [[I.13] we obtain the following corollary on power
boundedness of scaled Cayley transforms.

COROLLARY 11.14. Let H be a Hilbert space. If A € Gexp(H) and V (A) is power bounded,
then V(aA) is power bounded for all o > 0.

Proof. Let o > 0 be fixed. Theorem [11.13| implies that A~! generates a bounded
Co-semigroup. Therefore, (aA)~! generates a bounded Cp-semigroup as well. Since a4
generates a bounded Cp-semigroup too, we infer by Theorem that V(aA) is power
bounded. m
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