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Reciprocity theorems for Bettin—Conrey sums
by

JuaN S. Aurr (Hanover, NH), ABDELMEJID BAYAD (Evry) and
MATTHIAS BECK (San Francisco, CA)

Dedicated to the memory of Tom M. Apostol

1. Introduction and statement of results. Our point of departure is
recent work of Bettin and Conrey [0} 8] on the period functions of Eisenstein
series. Their initial motivation was the derivation of an exact formula for
the second moments of the Riemann zeta function, but their work naturally
gave rise to a family of finite arithmetic sums of the form

k—1
Ca <Z> = k° mzl cot (T)g(—a, 7:) ,

where a € C, h and k are positive coprime integers, and ((a, z) denotes the

Hurwitz zeta function
o

1
C(a7 iL') - RYE
nz:() (n+ax)e
initially defined for #(a) > 1 and meromorphically continued to the a-plane.
We call ¢,(h/k) and its natural generalizations appearing below Bettin—
Conrey sums.

There are two major motivations to study these sums. The first is that
co(h/k) is essentially a Vasyunin sum, which in turn makes a critical ap-
pearance in the Nyman—Beurling—Béez-Duarte approach to the Riemann
hypothesis through the twisted mean-square of the Riemann zeta function
on the critical line (see, e.g., [5, [15]). Bettin—Conrey’s work, for a = 0,
implies that there is a hidden symmetry of this mean-square.
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The second motivation, and the central theme of our paper, is that the
Bettin—Conrey sums satisfy a reciprocity theorem:

() (1) () s

extends from its initiation domain @ to an (explicit) analytic function on
C \ R<p, making ¢, nearly an example of a quantum modular form in the
sense of Zagier [I7]. In fact, Zagier’s “Example 0” is the Dedekind sum

1 mh ™m
s(h,k) = oy Z cot 5 cot - )
m=1

which is, up to a trivial factor, c_1(h/k). Dedekind sums first appeared in
the transformation properties of the Dedekind eta function and satisfy the
reciprocity theorem [10), [14]

1 1/h 1 k
st = (B k)

We now recall the precise form of Bettin—Conrey’s reciprocity theorem.

THEOREM 1.1 (Bettin-Conrey [8]). If h and k are positive coprime in-
tegers then

() (1)) £ - con ()

where

wale) = S cor(G) 4 i 2

Tz ((=a) 2o\ 2 ¢(=a)’
()= -2 % <—1>”£;’;!<<1—2n—a><2m>2“—1

1<n<M

L - areE)L

< (2mz) " ds.
T (=1/2—2M) Sln(ﬂ'T)

Here By denotes the kth Bernoulli number, M is any integer with M
—+min{0, R(a)}, and the integration is over the vertical line R(s)

—-1/2 —-2M.
We note that Bettin and Conrey initially defined ¢,(z) through

1 1
wa<z) = Ea—l—l(z) - ﬁEa—H <_>7

z

v

in other words, v, (2) is the period function of the Eisenstein series of weight
a—+1,
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EaJrl(Z) Z Ua 27rinz7
n>1

where o4(n) = > djn @, and then showed that 14(z) satisfies the properties
of Theorem [L.11

We have several goals. We start by showing that the right-hand side of
Theorem can be simplified by employing an integration technique for
Dedekind-like sums that goes back to Rademacher [14]. This yields our first
main result:

THEOREM 1.2. Let R(a) > 1 and suppose h and k are positive coprime
integers. Then for any 0 < ¢ < min{1/h,1/k},

I—a h I—a k\  alla+1) (hk)'™® ¢ cot(rhz)cot(rkz)
h Ca(k>+k Ca<> = ﬂ(hl{j)a — % (§:) a dz.

h

Theorem implies that the function
cot(mhz) cot(mkz)
F(a)= |

Za
(e)
has a holomorphic continuation to the whole complex plane. In particular,
in this sense Theorem can be extended to all complex a.
Second, we employ Theorem to show that when «a is an odd negative
integer, the right-hand side of the reciprocity theorem can be explicitly given
in terms of Bernoulli numbers.

dz

THEOREM 1.3. Let n > 1 be an odd integer and suppose h and k are
positive coprime integers. Then

h k
hl—n I kl—n ol =

271 n+l s
a (hkf> (n+ 1)! <an+1 + Z ( >BmBn+1—mh k )

Our third main result is a consequence of Theorem [[.3} in conjunction
with Theorem it implies the following explicit formulas for v, (z) and
9a(2) when a is an odd negative integer.

THEOREM 1.4. Ifn > 1 is an odd integer then for all z € C\ R<y,
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In [8, Theorem 2|, Bettin and Conrey computed the Taylor series of
(

9a(2) and remarked that, if a is a negative integer, Wgam)(l) is a rational
polynomial in 72. Theorem generalizes this remark. We will prove The-
orems in Section 2l We note that both Theorem [[.3] and [[.4] can also
be derived directly from Theorem

Our next goal is to study natural generalizations of ¢, (h/k). Taking a leaf
from Zagier’s generalization of s(h, k) to higher-dimensional Dedekind sums
[16] and its variation involving cotangent derivatives [7], let ko, k1, ..., k, be
positive integers such that (ko,k;) =1 for j = 1,...,n, let mg,m1,...,my
be nonnegative integers, a # —1 a complex number, and define the general-
ized Bettin—Conrey sum

ko—1
ko | k1 - < ) <7Tk l>
’ —k mo) [ _ (M)
A B S O N

my
Here ¢(0)(a,z) denotes the mgth derivative of the Hurwitz zeta function
with respect to z.

This notation mimics that of Dedekind cotangent sums; note that

()= (000)

In Section we will prove reciprocity theorems for generalized Bettin—
Conrey sums, paralleling Theorems [I.2] and [I.3] as well as more special
cases that give, we think, interesting identities.

Our final goal is to relate the particular generalized Bettin—Conrey sum

m
Zcot M) (—a,)
q

with evaluations of the Estermann zeta function Y., <, 0q(n)e*™% /n® at
integers s; see Section [

2. Proofs of main results. In order to prove Theorem we need
two lemmas.

LEMMA 2.1. Let m be a nonnegative integer. Then

{:Fi ifm=0,

lim cot™ (m(x + iy)) = 0 ifm>0
if m > 0.

Yy—00

Furthermore, this convergence is uniform with respect to x in a fized bounded
interval.
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i(eiz+67iz)

elz _e—1z )

2 § 2 2
‘ei(27r$) _ eZﬂ'y‘ - “ei(27r13)| _ |627ry|| - |1 _ 627ry| :

Proof. Since cot z = we may estimate

li + cot(m(x + iy))| =

As the rightmost term vanishes as y — 0o, we see that

lim cot(w(x + iy)) = —1i.
Yy—00
Similarly, the inequality
2 2 2
—i —iy))| = < —
|—i + cot(m(z —iy))| ‘ei(27rm)€27ry -1 ~ ‘|€i(27rx)627ry‘ _ 1’ le2my — 1]

implies that lim,_,« cot(m(x — iy)) = 4. Since

2e™Y 2e™Y 2e™

’eimc _ e—iﬂerﬂ’y’ < ‘|€i7r:r:| _ |6—iﬂ'x627ry|’ - ‘1 _ e2ﬂ—y|7

lesc(m(z + iy))| =

it follows that lim,_,o csc(m(z + 4y)) = 0. Similarly,

. 2e™Y 2e™Y 2e™Y
’CSC<7T(33 - Zy)” - |ei7m:€27ry _ e—iwz| S “eimc€27ry| _ ’efimcH = ’6271'3/ _ 1‘
implies that lim,_,~ csc(m(z —iy)) = 0. We remark that d%(cot z) = —cscz
and
T (ese) t
—(cscz) = —csczceot z
dz ’
so all the derivatives of cot z have a csc z factor, and therefore
i ifm=0
lim cot™ (x(z + iy)) = {g m =0
y—oo 0 ifm>0.

Since the convergence above is independent of x, the limit is uniform with
respect to x in a fixed bounded interval. =

Lemma [2.1| implies that
Fi ifm=0
li t M) (nh(z +iy)) = 1 ™) (ke (z + iy)) = 7
Jim cott™ (wh(x £ iy)) = lm cot™(mk(z £iy)) =y = o 0,
uniformly with respect to = in a fixed bounded interval.
The proof of the following lemma is hinted at by Apostol [3].

LEMMA 2.2. If R(a) > 1 and R > 0, then ((a, z+1iy) vanishes uniformly
with respect to x € [0, R] as y — +o0.

Proof. We begin by showing that ((a,z) vanishes as J(z) — +oo if
R(z) > 0. Since R(a) > 1 and R(z) > 0, we have the integral representation
[13, eq. 25.11.25]

o0

1 ta—le—zt

F(a)(s) 1—et

C(a,z) = dt,
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which may be written as
1 0 ta—le—téR(z)

I'(a) o 1- et

e HSG) gt

(2.1) C(a,2) =

Note that for fixed (z),

o0 a1 e—t%(z)

dt = ¢(a, R(2))I"(a)

1—et
and
o0 ta—le—t%(z) o0 t%(a)—le—té)?(z)
et %= | o 4= C¥a), V(=) (R(a)),
0 0

so the Riemann-Lebesgue lemma (see, for example, [12, Theorem 16]) im-
plies that
©0 tafleft%(z)

1—e~

0
vanishes as $(z) — +oo. By (2.1)), this means that for R(z) fixed, ((a, 2)
vanishes as §(z) — +oo. In other words, ((a,x + iy) — 0 pointwise with
respect to x > 0 as y — *o0.
Moreover, the vanishing of ((a,z + iy) as y — =£oo is uniform with

= 1" then (2.1) implies that

respect to x € [0, R]. Indeed, denote g(t) = 5——=—;
| g(t)dt = I'(a)¢(a, R) and | |g(t)|dt = I'(R(a))¢(R(a), R).
0

The Riemann-Lebesgue lemma shows that limy,_,« § g(t)e "#dt = 0. If
z € (0, R], we may write

o0 to—leg—tz 0 . .
I(a)¢(a,x +iy) = | 1_7;6@“/ dt = | g(t)e=Ev=ile=R) gy,
0

0
Since ¢(t) does not depend on z, the speed at which ((a, x £ iy) vanishes
depends on R and 32 + (z — R)%. However, we know that 0 < |z — R| < R,
so the speed of the vanishing depends only on R.
Finally, note that

[e.9] (e 9]

. 1 1 1 ,
e = n;) (iy+n)* ,;J Lrig+n)e () (o 1+iy) +

1
(iy)*’
so ((a,iy) — 0 asy — +oo, and the speed at which ((s, iy) vanishes depends

on that of {(s,1+1iy). Thus, ((s,x+iy) — 0 uniformly as y — +o0, as long
asx € [0,R]. u



Reciprocity theorems for Bettin—Conrey sums 303

Proof of Theorem [1.2. The idea is to use Cauchy’s residue theorem to
integrate the function
f(2) = cot(mhz) cot(mkz)((a, 2)
along C'(M,e) as M — oo, where C(M,e) denotes the positively oriented

rectangle with vertices 1+e+itM, e+iM,e—iM and 14+ —iM, for M >0
and 0 < ¢ < min{1/h,1/k} (see Figure |1f).

i
il e C(M,e)
V4
V3
A
- 31 31 13 37 1 =1 1 + z -
k h -5 1=
Y
—iMt >

Fig. 1. The closed contour C(M,¢)

Henceforth, a € C is such that R(a) > 1, (h,k) is a pair of coprime
positive intergers, and f(z) and C(M,e) are as above, unless otherwise
stated. Since ((a, z) is analytic inside C(M,¢), the only poles of f(z) are
those of the cotangent factors. Thus, the fact that h and k are coprime
implies that a complete list of the possible poles of f(z) inside C'(M,¢)

is
1 h—11 k—1
E=q— ..., — -, ..., —,1
{h? ) h b k? ) k ) }?
and each of these poles is (at most) simple, with the exception of 1, which
is (at most) double. For m € {1,...,h — 1},

Res,—p,/n f(2) = cot <7rkhm> cos(wm)C(a, 7;3) Res,—p/n = 1

sin(mhz)
1 . wkm m
—ECO <h )C(a,h)
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Of course, an analogous result is true for Res,_,,/; f(2) for all m € {1,...,
k — 1}, and therefore

Z Res,=z, f(2)

z0€FE

h—1 k—1
1 wkm m 1 Thm m
= Res,— +— t| —— — — t ,— |,
ese=1 f(2) mh ICO< h > ( ) k 1(:0( ) (a k)

m=

or equivalently

(22) hl“c—a<Z> + klac_a<’“>

(S e 9) - )

z20€E
We now determine Res,—; f(z). The Laurent series of the cotangent func-
tion about 0 is given by

2
cotz=—-——-2——2"——2"+---,

s0, by the periodicity of cot z, for z # 1 in a small neighborhood of z = 1,

(1 1 k (nk)3 5 2(mk)? 5
cotlmts) = <7ﬂ€)z—1_3(z_1)_ B T g Er T
and similarly

(1 1 h (mh)3 3 2(mh)d 5
cot(mhz) = (7rh>z—1_ 3 (z—1)— 5 (z—1)°— 05 (z—1)°+ .

Since ((a, z) is analytic in a small neighborhood of 1, Taylor’s theorem

implies that
z) = an(z - 1"
n=0

where b, = ¢((q, 1)/n! for n =0,1,2,... (derivatives relative to z). Thus,
the expansion of f(z) about 1 is of the form

bo (1 )° A
m2hk\ 2z —1 w2hk ) z
Since a # 0,1, we know that %{(a, z) = —aC(a+1,z2) [13, eq. 25.11.17],

so by = —al(a+1,1) = —al(a+1). Hence Res,—1 f(2) = —al(a + 1)/(72hk)
and it then follows from (2.2]) that

o () f)

C(a+1
ﬂ-(hk.)a a 1 Z Res.= Zof
z20€FE

(analytic part).
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We now turn to the computation of ) pRes.—, f(2) via Cauchy’s
residue theorem, which together with will provide the reciprocity we
are after. Note that the function f(z) is analytic on any two closed contours
C(Mi,¢e) and C(Ma, ), and since the poles inside these two contours are the
same, we may apply Cauchy’s residue theorem to both contours and deduce
that

S f(z)dz = S f(z)dz.

C(Mi,e) C(M2,e)

In particular, this implies that

(2.4) A}gnoo S f(z)dz = 2mi Z Res,—z, f(2).
C(M,e) 20€E

Let 1 be the path along C(M,¢) from 1+ ¢+ iM to € +iM. Similarly,
define v, from ¢ —iM to 1 +&—iM, 3 from e +iM to e —iM, and ~y4 from
14¢e—iM to 1+ e+ iM (see Figure[]). Since R(a) > 1,

o0 o0

1 1 1
1) = - = - = I
Cla,z+1) T;)(n+z+1)a ;(TH—Z)“ ¢(a,2) 2o’
and so the periodicity of cot z implies that
t(mh t(mk
| f)de=—|fz)dz+ | = (w Zijo (Th2) 4.

Y4 73 Y3

Lemmas and [2.2| show that f(z) vanishes uniformly as M — oo (unifor-
mity with respect to R(z) € [e,1 +¢€]), so
lim S f(z)dz=0= lim S f(z)dz.

M—o0 M—o0
ga! V2

This means that
im | f(2) dz:]\/}irrlOO(S f2)dz+ | f(2) dz),

M—o0
C(Me) V3 Y4

and it follows from (2.3]) and (2.4) that

—a h —a k
h! c_a(k>+k1 c_a(h>

_aC(a+1) n (hk)l=a =l cot(mhz) cot(rkz) s
~ 7w(hk)e 2i 2 ’

e+ioco

This completes the proof of Theorem .

To prove Theorem we now turn to the particular case in which
a =n > 1is an odd integer and study Bettin—Conrey sums of the form c_,.
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Let (") (z) denote the (n + 2)th polygamma function (see, for example
[13, Sec. 5.15]). It is well known that for n a positive integer

—1)rtlg(n)
((n+1,z):( ) (2)
n!
whenever R(z) > 0 (see, for instance, [13, eq. 25.11.12]), so for n > 1 we

may write

k
By the reflection formula for the polygamma functions [13], eq. 5.15.6]

(1 = 2) + (=)™ (2) = (=1)"7r cot™ (n2),
we know that if n is odd, then

() = e () ()

(-1 (1 _ M) _g-n (™M) _ (n—1) ( T
v <1 k) v (k>  cot <k>
for each m € {1,...,k — 1}. Therefore,
= wmh m = mmh m
n—1 _ n—1

2mz_:1c:0t(k >!I/( )<k‘) lezjlc:o‘c(k7 )!P( )<k‘>

k—1

+ cot(ﬂ(k — m)h)w(”_l) (1 — m),

= k k

which implies that

k—1

2 Z cot<7rmh>

'%

()

k—1

B (5)0-2)

k
7T’I7’Lh (n—l) mwm
—WZCOt T cot ? .
m=1

This means that for n > 1 odd, c_,, is essentially a Dedekind cotangent sum
Indeed, using the notation in [7], we have

ﬁ — T kzl t mmh t(nfl) mm
\k) T 2k &= )

k
Eolnoo1
- " _ln=1]l0 n-1
2(n—1)!

0 0 0
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Thus Theorem [[.3] is an instance of Theorem [I.2] Its significance is a
reciprocity instance for Bettin—Conrey sums of the form c_, in terms of
Bernoulli numbers. For this reason we give the details of its proof.

Proof of Theorem . We consider the closed contour C (M, ) defined
as the positively oriented rectangle with vertices 1 4+ ¢M, M, —iM and
1 —iM, with indentations (to the right) of radius 0 < ¢ < min{1/h,1/k}
around 0 and 1 (see Figure [2).

A

iM n C(M,e)

—iM

V2

Fig. 2. The closed contour C(M, £)

Since C(M, ) contains the same poles of f(z) = cot(whz) cot(kz)((n, 2)
as the closed contour C'(M,¢) in Figure (1| used to prove Theorem we
may apply Cauchy’s residue theorem, letting M — oo, and we only need to
determine lim ;00 Sé( M,e) f(2)dz in order to deduce a reciprocity law for
the sums c_,,.

As in the case of C'(M, ¢), the integrals along the horizontal paths vanish,
so using the periodicity of the cotangent to add integrals along parallel paths,
as we did when considering C(M,¢), we obtain

ie —iM
(2.5) A}gnoo i S f(z)dz = ]V}linoo(g g(z)dz + S g(2) dz> + S g(z) dz,
C(Mp) iM —ie 3
where 3 denotes the indented path around 0 and
cot(mkz) cot(mhz)

9(2) = :

ZTL
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Given that g(z) is an odd function, the vertical integrals cancel, and we
may apply Cauchy’s residue theorem to integrate g(z) along the positively
oriented circle of radius € and centered at 0 to deduce that
lim S f(z)dz = —miRes,— g(2).
M—oo _
C(M.e)

This is the main reason to use the contour C(M,e) instead of C(M,e).
Indeed, integration along C'(M,e) exploits the parity of the function g(z),
allowing us to cancel the vertical integrals in ([2.5)).

The expansion of the cotangent function is
i (27)"Bm

—

mzcot(mz) = ‘
m!

)
m=0

with the convention that B must be redefined to be zero. Thus,

2 (20)(27ik) " Bt
cot(mkz) = Z ( )((m—i—)l)‘ o,

m=—1
and of course an analogous result holds for h. Hence,
n n+1

mipn+l—-m
(2.6)  Res.—gg(z) = thn+ 'Z< >BmBn+1mh k ,

and given that ((n+1) = —%Bnﬂ 13l eq. 25.6.2], the Cauchy residue
theorem and ([2.3)) yield

omi 1 il
2.7 _— B, B,.B,, _mhmkn+1_m
I T (i S G L )

h k
_ pl-n i 1-n v
=h c_"<k>+k c_n<h>.

Finally, note that the convention Bj := 0 is irrelevant in ({2.7)), since By
in this sum is always multiplied by a Bernoulli number with odd index larger
than 1. m

Note that Theorem is essentially the same as the reciprocity deduced
by Apostol for Dedekind-Apostol sums [2]. This is a consequence of the
fact that for n > 1 an odd integer, c¢_,(h/k) is a multiple of the Dedekind—
Apostol sum s, (h, k). Indeed, for such n [3, Theorem 1],

sn(h, k) = in!(2mi) "c_p(h/k).

It is worth mentioning that although the Dedekind—Apostol sum s, (h, k) is
trivial for n even [2, eq. (4.13)], in the sense that s, (h,k) is independent
of h, the Bettin—Conrey sum c_,(h/k) is not.

The following is an immediate consequence of Theorems and
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COROLLARY 2.3. Let n > 1 be an odd integer and suppose h and k are
positive coprime integers. Then for any 0 < & < min{l/h, 1/k},

£—100 n+1

cot(mhz) cot(mkz) 2(2mi)" _
E+Sioo 2" dz= hk n+ 1 | Z BmBn+1—mh k .

Proof of Theorem |1.4). Since c_p(—k/h) = —c_p(k/h), it follows from
Theorems [[.1] and [L.3] that

h @rin R R\™ !
o eafd) -l 32 o of2)

The function

. n+1
6-0(2) = st T P <n; 1>B7"B"“‘mzm_l
is analytic on C \ R<qg and, by [8, Theorem 1], so is 1_,. Let

Sn ={z € C\Reo | -n(2) = ¢—n(2)}.
Since all positive rationals can be written in reduced form, it follows from
that Qs¢ € S,. Thus, S, is not a discrete set and, as both ¥_,, and

¢_p, are analytic on the connected open set C\ R<, [11, Theorem 1.2(ii),
p. 90] implies that ¢_,, = ¢_,, on C\ R<q. That is,

27” n+1
¢_n(z) n—l— 1 ) (n+ 1) Z < )BmBn+1—mzm_1
for all z € C\ R<p. Now
1 _ .
Yon(z) = St iz" ! cot <7rn> +iZ (2)

Tz ((n) 2 (n)
and since n is odd, cot(—mn/2) = 0 and ((n + 1) = —%Bnﬂ [13,
eq. 25.6.2], so

i(2mi)"Busa (1)

onl) = T (1) iyl
. n+1
—i(2mi)" n+1
- (n4+1)! Z( m >B Bu+1-m2

—i(omiy 1
= ﬂ <n+ >Bm+an_mzm' -
= m+1

Clearly, Theorem is a particular case of Bettin—Conrey’s [8, Theo-
rem 3]. However, the proofs are independent, so Theorem is stronger (in
the particular case a = —n, with n > 1 an odd integer), because it completely
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determines g_, and shows that g_,, is a polynomial. In particular, it becomes
obvious that if a € Z<; is odd and (a,m) # (0,0), then wg(gm)(l) is a rational

polynomial in 72.

3. Generalizations of Bettin—Conrey sums. Now we study the gen-
eralized Bettin—Conrey sum

ko—1 n
ko | kv -+ K Z l N[ Tkl
Cq n = ka (mo) <_a’ > Cot(mj) <'7> .
(mo > " =1 ‘ ko 31;[1 ko

ml o .. mn
Henceforth, B, denotes the nth Bernoulli number with the convention
Bl = 0.
The following reciprocity theorem generalizes Theorem

THEOREM 3.1. Let d > 2 and suppose that k1, ..., kq is a list of pairwise
coprime positive integers and mg, mi, ..., mg are nonnegative integers. If
R(a) > 1 and 0 < e < minj<j<q{1/k;} then

d . d
(_1)1’)’),] m] k lt ka—l -
- Z l l/\ l H(ﬂ_ t) j C—ll(j)
j=1 l0++i;++ld:mj 05 v bjs-v-std i;;
10sees05 el g >0
mi+--+mg+d—1 d
SR S S i O
lo=0 it +lg=—lo—1j=0
(—1)mog(mo) e-ioo H?Zl cot(mi) (k;z)
+ 27 . FARRL a2
e+1i00
where £ = [ (x 4 1) is the rising factorial,
o) = kj ky ]Zj ky
—al\J) = C—q —_ )
mo+lo|mi+0L -+ my+l - mgtlg

and for 7 =0,1,...,d we define
ay. =

J
(—1)motlog(motlo)¢(q + myg + lo)

if j=0 and lp >0,

lo!
20) Mt By ()l (1 4 1))
B B VDT a0
J J :
—1)™m;!
m if §#0 and lj=—(m; + 1),
J

0 otherwise.
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Proof. The argument is analogous to that for Theorem [[.2] Again,

R(a) > 1, ki,...,kq is a list of pairwise coprime positive integers and
0 < & <minj<j<q{1/k;}. In addition, mg, my,. .., mq is a list of nonnegative
integers,

d
f(z) = ¢™)a, 2) [ cot "™ (wk;2)
j=1
and, as before, C'(M,¢) denotes the positively oriented rectangle with ver-
tices 1 + e+ iM, e +iM, ¢ —iM and 1 + ¢ — iM, where M > 0 (see

Figure .
For each j, we know that cot(mk;z) is analytic on and inside C(M,e),
with the exception of the poles 1/k;,...,(kj —1)/k;. This means that ex-

cept for these poles, cot(™ )(7rk‘ iz) is analytlc on and inside C (M, ¢€), so the
analyticity of ¢(™0)(a, z) on and inside C'(M, ¢) implies that a complete list
of (possible) poles of f is

1 — —
o2 . S S ] S
k1 k1 kd kd
Let j € {1,...,d} and ¢ € {1,...,k; — 1}. Then the Laurent series of
c;t(wk:jz) about ¢/k; is of the form (%)ﬁ + (analytic part), so near
q k]?

—1)™Mim,.! (m;+1)
cot(mj)(wka) = ED™my! (z — q) + (analytic part).
ki k;

Since (kj, ki) = 1 for t # j, it follows from Taylor’s theorem that for ¢ # j
the expansion

0 lt lt
cot ™) (rkyz) = Z (Wkt') cot (M) (Fktq) <z — q)
I/ k; k;

lz:0

is valid near g/k;. Taylor’s theorem also yields

(o) B 00 C(mO—HO)(a,Q/kj)( q>lo
C (CL, Z) - Z lO' z kj

lo=0

near q/k;. Hence, we may write Res.—, /i, f(2) as

. d
(_l)mjmj! Z C(moJrlo (a, q/k H Trkt ¢ (matle) (Wktq>.
7k K lo! g ! kj
lo++lj+-+lg=m; t£j
105el5e,1g >0

Therefore Z ’1 Resz a/k; f(2) is given by
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S >N TR G20

- eyl ool
l0+"'+lj+'”+ld:mj » Y] s td Ii:l
105 eljoeelg>0 77

ki—1 d
1 < m m k
X E § g‘( o+lo) <a7 ]j]) | |C0t( t+lt)< k;]t >
q=1

t=1
]

(_l)m] m; d It a—1 .
T AZ love- Dol (H(m> ')kﬂ‘ ¢=alj)-
ZO+"'+lj+"'+ld:mj ’ LRV R ’ t=1
~ t#j
105eslg 5ol >0

As this holds for all j, we conclude that

(3.1) Z Res,—., f(z)

20€E\{1}

:jzd;(_;)mj > <10,...,n1j.--,ld)(

R lj,
lo+"'+lj+"'+ld:mj
10yesljyeesla>0

E&

(ko) ) K~ e—a()-

1
J

uyl

t
t

We now compute Res,—; f(z). For each j € {1,...,d}, we know that
cot(mk;z) has an expansion about 1 of the form

1 = (20)" I By (k)" .
ij(z—1)+z( (n—|—+11)(! Ly

cot(mkjz) =

so the Laurent expansion of COt(mj)(’/Tij) about 1 is given by

(=1)™im;!

(m;) ) —
00 (2i)lj+mj+1Blj+mj+l(,Zrkj)lj“rmj (lj T 1)(mj) (Z - 1)lj
=0 (lj—i—mj—i—l)!
=
= Z a; (2 — 14,
lj=—00
where
(Qi)lj+mj+lBlj+mj+1(ij)lj—i—mj (lj + 1)(mj) 1. >0
1 1 s
(lj + m; + 1)' )=
ap, = —1)™Mim;!
J

0 otherwise.
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Now, Taylor’s theorem implies that the expansion of ((™0)(a, z) about 1 is
of the form

¢mo)(a, z) = Zaloz—l
lp=0
where
¢motlo) (g, 1) B (—1)mothog(motlo) ¢ (g + mg + Io)

lo! lo!

aj, =

Therefore,

mi1+--+mg+d—1

d
Res,—1 f(z) = Z Z H ay-

lo=0 li++lg=—1lo—175=0

Since 5 9 ¢(a,z) = —al(a+1,z), we have

¢m)(a,z +1) = (—=1)™¢(a + mo, z + 1)al™)

o0

mo . (m 1
= (_1) Oa( 2 ZO (n +z+ 1)a+m0

m m 1
= (—1) 0(1( 0) <C(a+m0,2’) — W))
(-1 am

_ (mo) _
= (m)(a,2) - L
This means that
14+e+iM e—iM e—iM Hd Cot(mj)(ﬂ'k"z)
m m =1 J
S f(2)dz+ S f(z)dz = (-1) 0 (mo) S J s dz.
14e—iM e+iM etiM

As in the proof of Theorem it follows from Lemmas [2.1] and [2.2] that the
integrals along the horizontal segments of C(M,¢) vanish, so the Cauchy
residue theorem implies that

( 1)mog(mo) &7 100 H] L cot(™) (ke 2)
Z Res,—,, f(z s S oo dz.
20€EE e+i00

The result then follows from (3.1)) and the computation of Res,—; f(2). =
An analogue of Theorem [I.3]is valid for generalized Bettin—Conrey sums.

THEOREM 3.2. Let d > 2 and suppose that k1, . .., kq is a list of pairwise
coprime positive integers and mqg,mq, ..., mq are nonnegative integers. If
n > 1 is an integer and mg +n + d + Z?:l m; is odd, then
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d j -
O I [ SO
j=1 lototltotla=m; i)

105l 5,1g>0

mi+-+mg+d—1 d
=- 2 > I«
lo=0 li4-+lg=—1lp—1j=0
(_1)m0+1n(m0)

d
L SD DR | L7

l1+-~-+ld:n+mofl j=1

where
o) = con kj ky /k:j\ kg
mo+lo|mi+1; - mj—i-lj e omg+ g
and
aj; =
—1)mo+loy(mo+lo)
(=)™ on Z‘C(”er“l‘)) ifj =0 andlo >0,
0-
20) it By o (k) (1 4 1))
( ) ljz_l.i:;i,i)ly (J ) ifj#O andljZO,
J J :
(—1)mjmj! .
— " if 7740 and lj=—(m; + 1),
j
0 otherwise.

Proof. As in the proof of Theorem the contour C'(M, ¢) is defined as
the positively oriented rectangle with vertices 1+:M, :M, —iM and 1—iM,
with indentations (to the right) of radius 0 < ¢ < min;<j<q{1/k;} around
0 and 1 (see Figure . Since this closed contour contains the same poles
of f as C(M,e), we may apply Cauchy’s residue theorem, letting M — oo,
and we only need to determine limp;_, o0 85( Me) f(2)dz in order to deduce
a reciprocity law for the generalized Bettin—Conrey sums of the form c_,,.

Since mo +n +d + E?:l m; is odd, the function

(—1)mop(mo) H?Zl cot(M) (k;z)
9(z) = nmo

is odd:
(— 1)mo+d+23 17 4y (mo)
g(—2) = (1) H cot(™ ﬂ'k iZ)

_ d+2?:1 m;
= ((121),%7”09(2) =—g(2).
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Let v(M, ) be the indentation around zero along C(M, ¢). Then

€l —iM
]V}iinoo i S f(z)dz = ]\/}gnoo<s g(z)dz + S g(2) dz) + S g(z)dz
C(M.e) iM —e1 v(Me)
= S g(z) dz.
V(Me)

Since g is odd, the Cauchy residue theorem implies that
S g9(2)dz = —miRes,—0 g(2).

v(Me)
Consequently,
1
Z Res,—s, f(2) = ) Res.—0 g(2).
20€EE
For each j € {1,...,d} we have an expansion of the form
cot(" 7rk 2) Z ai; P
lj=—00
where
(20)54m5 4 By (k)54 (1 + 1)) H1 >0
(I +m; +1)] 25
a;;, =< (=1)™im;! )
S i1, = —(m; + 1),
0 otherwise.

Thus Res,— g(z) is given by

d
(=1)mop(mo) > 11«

li+-+Hg=n+mo—17=1
Therefore,

( 1)m0+1n(m0)

d
Z Res,—,, f(2) = % Z Halj‘ "

20€FE l1+-+lg=n+mo—175=1
From Theorems [3.1] and [3.2) -, we deduce a computation of the integral
EIO T4, cot ™) (ki 2)
S dz
Znero
e+41i00

in terms of the sequences B(m;);,, whenever n € Z>; and mo +n +d +
Z;l:1 m; is odd, which generalizes Corollary
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COROLLARY 3.3. Let d > 2 and suppose that ki, ..., kq is a list of pair-
wise coprime positive integers and mg, m1, ..., Mg are nonnegative integers.
Ifn > 1 .is an integer and mo +n + d + 2?21 m; 1s odd, then for all
O<e< mlnlgjgd{l/kj},

e-ico H?:l cot(Mi) (rk;z) . d
S o dz = —mi Z H ai;,

e+io0 li4-+lg=n+mo—1j=1
where the sequences {alj} are as in Theorem forj=1,...,d.

The consideration of the case mg = m; = --- = m,, = 0 leads to the
definition of higher-dimensional Bettin—Conrey sums,

[
0 --- 0

a ol m\ 14 wkym
= kg Z ¢| —a, %o Hcot B
m=1

=1 0

k
calkoi ki, kn) = cq ( 00

for a # —1 complex and kg, k1,...,k, a list of positive numbers such that
(ko, k;) =1 for each j # 0.

Of course, higher-dimensional Bettin—Conrey sums satisfy Theorems [3.1
and In particular, if 0 < € < minj<j<4{1/k}, R(a) > 1 and ki, ..., kq
is a list of pairwise coprime positive integers, then

d
> kT e a(kjika, kg K)
j=1
d—1 e—ico TTd
1 [15_; cot(mk;z)
:—FZ Z aloall"‘ald‘f‘ﬂ S J lza J dz,
lo=0 l1++lg=—1p—1 e+i00
where
((—1)loglo)
1)t l
(=1) “l ‘C(“J“ ) if =0 and Iy > 0,
0-
(20)57 By 41 (k)
if 0 and ; > 0,
a, = U +1)! ifj #0and lj =
1 e
777/{]- if j #0and [; = -1,
0 otherwise.

4. Derivative cotangent sums and critical values of Estermann
zeta. As usual, for a,z € C, let 04(n) = 3 4, d* and e(z) = e?™@  For a
given rational number x, the Estermann zeta function is defined through
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the Dirichlet series:
(4.1) (s,z,a) Zaa n-°,
n>1

initially defined for R(s) > max{1,R(a) + 1} and analytically continued to
the whole s-plane with possible poles at s = 1, a + 1. For z = p/q with
(p,q) =1and ¢ > 1,

E(s,2,a) — ¢""*7%(¢(s — a)((s)
is an entire function of s. By use of the Hurwitz zeta function we observe

that
q

(4.2) E(s,x,a) = ¢ Z e(mnz)((s —a,m/q)((s,n/q).

m,n=1
We consider the sums
q—1
(43> C(a7 S, :1:) = qa Z e(mm)@(—s, 17 6(771117))((—&, m/Q)a
m=1

where (s, 2,\) = Zn>0 A" /(z+n)® is Lerch’s transcendent function, de-
fined for z # 0,—1,-2,... if [A\| < 1, and R(s) > 1 if |A\| = 1, and analyti-
cally continued in )\

The purpose of this section is to establish relationships between C'(a, s, )
and values of the Estermann zeta function at integers s. We start with some
preliminary results.

LEMMA 4.1. Let k be a nonnegative integer. Then

(4.4) AP(s,z+ 1,\) =D(s,2,\) — 2z %,
Bz )
(45) é(_ka 2 )‘) - k +1 )

1 1
% cot(mz) — 3 ifk=1,

4.6 Bi(0;e(x)) =
0 0l cot®V(xz) ifk>1.

(24)*
Proof. Equation (4.4)) follows from the special case m = 1 in [13] eq.

25.14.4]. Equation (4.5) can be found in [4, p. 164]. Equation (4.6]) follows
from [I, Lemma 2.1] and [6, Theorem 4]. =

Lemma implies that for a positive integer s = k, the sum C(a, k, x)
defined in (4.3)) is, up to a constant factor, the kth-derivative cotangent sum

Ca,k,z) = k+1 q® Zcot mmx)((—a,m/q).
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LEMMA 4.2. Let p,q be coprime positive integers and x = p/q. For any
n € Z and z € C with R(z) > 0

q—1
(4.7) S elmna)((s, 2+ m/q) = ¢°B(s, gz, e(nz)).
m=0
Proof. Writing m = kq+ j with j =0,1,...,¢ — 1, we have
nmz ! > 1
*P(s,qz,e(nx)) = = e(njx  T—
¢°P(s.qz, qzm+qz j:o(]);o(kJFZ*j/Q)s.

PROPOSITION 4.3. Let p,q be coprime positive integers and x = p/q.
Then

Q
|
—

E(-s,z,a—s)=q"

(]

e(mx)((—a,m/q)®(=s, 1, e(mz)) + ¢*¢(=s)¢(~a),

1

23
Ll

E(=s,z,a—5)=¢" ) e(nz)((=sn/q)P(=a,1,e(nz)) +¢°¢((=a)((-s).

n=1

THEOREM 4.4. Let a,k be nonnegative integers. Then
E(-k,z,a—k)=C(a,k,z) + ¢“C(—k)((—a) ifk>1,
E(—k,z,a—k) = C(k,a,z) + ¢"¢C(—=k){(—a) ifa>1,

and
E(0,2,a) = C(a,0,z) — 5¢(—a),
E(0,z,a) = C(0,a,z) — 1((—a)  with a > 1.
COROLLARY 4.5. Let a, k be nonnegative integers. For any rational num-
ber x # 0,
ifk=0o0ra=0,
C 7k7 -C k? ) = .
(@ k,2) (k,0,2) { (q* — ¢*)¢(—k)((—a) otherwise.
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