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1. Introduction. The problem of computation of discriminants of al-
gebraic number fields, especially of pure number fields, has been of interest
to several mathematicians ([1], [3], [, [6], [8], [11]). In 1897, Landsberg [§]
was the first to give a formula for the discriminant of fields of the form
Q(al/p) having prime degree p over the field Q of rational numbers. In 1927,
Berwick [I] described a (local) Z,)-basis for the integral closure of the local-

ization Z, of Z at each prime p in number fields of the type Q(a'/™) having
square-free degree n over the rationals. However, it seems too complicated
to deduce a formula for the discriminant of Q(a'/™) from these local bases
which are split into several cases.

In this paper, our aim is to give an explicit formula for the discrimi-
nants of such fields, involving only the primes dividing n and prime powers
dividing a.

In what follows, K = Q(#) with € a root of an irreducible polynomial
™ — a belonging to Z[z] of square-free degree n = Hle p;i, where p;’s are
primes and a is an nth-power-free integer, i.e., a is not divisible by the nth
power of a prime number. For 1 < i < k, n; will stand for n/p;, and d;
for the p;th-power-free integer such that a/d; is the p;th power of a natural
number. Corresponding to the prime p;, we shall denote by 7; the integer
n — 2n; or n according as p? divides a”?"~' — 1 or not. For a prime number p
and a non-zero integer b, v,(b) will denote the highest power of p dividing b.
Whenever some p; divides both a and vy, (a), we shall denote vy, (a)/p; by ¢;;
in this situation u; will stand for (p; — 1) ged(n;, ¢;) — ged(n;, ¢;(p; — 1)) or
n; + (pi — 1) ged(ny, ¢;) according as d”~" = 1 (mod p?) or not.
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With the above notation, we prove:

THEOREM 1.1. Let K = Q(0) be an algebraic number field where 0 is a
root of an irreducible polynomial f(x) = x™ — a belonging to Z|x| of square-
free degree n, and a is an nth-power-free integer. Let n = Hle pi and |a| =
Hé‘:1 qj-j be the prime factorizations of n and |a|, and let n;,d;,r;, c;,u; be
as above. Then the discriminant di of K is given by

k l
n—1)(n— n— v; n—ged(n
dic = (—1) D022 ggn (@ 1) (T pr) [L a7,
i=1 j=1

where v; is r; when p;fa, and in case p;|a, v; equals u; or n according as
pi | vp, (a) or not.

If f(z),0,dx are as above, Ak is the ring of algebraic integers of K,
and Nk /g denotes the norm map from K into Q, then it is well known [10,
Propositions 2.9, 2.13] that

(1) d[Ak : Z[0])* = diser(f(x)) = (=1)"" V2N q(£(6))-

Since Ngq(f'(0)) = Nk jg(nd™"~ 1) = n"(—a)""!, d is determined as soon
as the exact power of each of the primes p;, ¢; which divides dg or [Ax : Z[0]]
is known. Besides algebraic number theory and basic valuation theory, in
certain cases we also use a special case of the Theorem of Index of Ore
(stated as Theorem 2.A below) to find these powers.

The following corollaries can be quickly deduced from the above theorem.

COROLLARY 1.2. Leta # +1 be a square-free integer and let n = Hle Di
and r; be as in Theorem[L.1] Let K = Q(6) with 6 a root of 2™ —a. Then the
discriminant d of K is (—1)=D0=2)/2p01 . gtk qn=1 “here v; is either n
or r; according as p; divides a or not.

COROLLARY 1.3. Let n = H _1pi and a = :i:H _lqj be as in The-
orem [I.1} Suppose that a is coprime to n, and the polynomzal " — a s
wrreducible over Q and has a root 0. Then the absolute value of the dis-
criminant of Q() is pi*---p*D, where r;’s are as in Theorem and

n gcdnt)
D= HJ 19

COROLLARY 1.4. Let p1 and ps be distinct prime numbers and a be a
(p1p2) th-power-free integer such that f(x) = xP'P2 — a is irreducible over Q
and has a root 0. Let Hé‘:l q;-j be the factorization of |a| into powers of
distinct primes with t; > 0. For i = 1,2, let d; and n; be as in Theorem
and r; denote the integer pips — 2n; or p1p2 according as p? divides aPi—1 —1
or not. Let u; stand for p; +mn; — 1 when dfiil # 1 (modp?), and in case
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dfi_l = 1 (modp?), let u; stand for p; — n; — 1 or p; — 2 according as n;
divides p; — 1 or not. Then the discriminant dg ofK = Q(0) is given by

2
di = (_1)(p1p2—1)(p1p2—2)/2 Sgn(ap1p2—1)<pri> H p1p2— ged(p1p2,t; ),
1
i=1
where v; is r; when p;fa, and in case p; | a, v; equals w; or p1pe according as
pi | vp, (@) or not.

2. Preliminary results. Throughout, Ax denotes the ring of algebraic
integers of an algebraic number field K, and dg its discriminant. For a
non-zero prime ideal p of Ak, v, will stand for the p-adic valuation of K
defined to be the highest power of p dividing the ideal aAx for any non-
zero o € Ag. We shall denote by I, the residue field of v,. The canonical
homomorphism from the valuation ring of v, onto its residue field F,, will

be denoted by & — €.

DEFINITION. Let K and p be as above. Let g(z) = > i, a;z? be a

polynomial over K with aga,, # 0. To each non-zero term a;z!, we associate
the point (n —4,v,(a;)) and form the set

S ={0,vplan—;)) |0 <j <n, ap—; # 0}
As in [12] Chapter 5|, the Newton polygon of g(x) with respect to v, (also
called the p-Newton polygon of g(x)) is the polygonal path formed by the
lower edges along the convex hull of the points of S. The slopes of the edges
are increasing when calculated from left to right.

DEFINITION. Let v, be as above and let 7 be a fixed prime element
of the valuation ring of v,. Let g(x) = 2™ + An_12" 1+ -~ + ag be a
polynomial with coefficients from the valuation ring of v, such that the
p-Newton polygon of g(x) consists of a single side with positive slope A =1 /e,
where ged(l, e) = 1, so that n is divisible by e, say n = et, and vy, (an—;) > @A,
1 < i < n—1. Corresponding to this Newton polygon, we associate with
g(x) a polynomial T'(Y") € F,[Y] not divisible by Y defined by

ey (B

EXAMPLE. Let g(z) = 2% — 18. One can easily check that the Newton
polygon of g(x) with respect to the 3-adic valuation of Q consists of only
one edge with slope A = 1/3, and the polynomial associated to g(x) is
T(Y)=Y?-2€eTF;3Y].

DEFINITION 2.1. Let L = K(f) be an extension of an algebraic number
field K of degree n with 8 an algebraic integer having minimal polynomial
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g(z) over K. Let p be a non-zero prime ideal of A, and S be the integral
closure in L of the valuation ring R, of v,. Then § is a free R,-module. We
define the p-index of g(x), denoted by i,(g), to be the v,-valuation of the de-
terminant of the transition matrix from an Ry,-basis of S to {1, 3,..., 8" '}

REMARK 2.2. It can be easily seen that if L = Q(f) is an algebraic
number field of degree n having an integral basis B, and Z, is the local-
ization of Z at a non-zero prime ideal pZ, then B is also a Z,-basis of the
integral closure of Z,) in L; consequently, if g(z) is the minimal polyno-
mial of 5 € Ap, over Q, then i,7(9) = vp([AL : Z[B]]), because the absolute
value of the determinant of the transition matrix from B to {1,43,...,3" 1}
equals [Af, : Z[B]] in view of a well known result which states that if N is
a subgroup of a finitely generated free abelian group M having the same
rank as M, then [M : N]| equals the absolute value of the determinant of
the transition matrix from a basis of M to a basis of N |2, Chapter 2, §2,
Theorem 2].

The result stated below is a weaker version of the Theorem of Index of
Ore ([, Theorem 1.4|, [9, p. 325]). Its proof is omitted.

THEOREM 2.A. Let L = K(B), g(z) and  be as in Definition 2.1 Sup-
pose that the p-Newton polygon of g(x) consists of a single side with positive
slope A, and the polynomial T(Y") € Fy,[Y] associated with g(x) corresponding
to this Newton polygon has no repeated roots. Then iy(g) equals the number
of points with integral coordinates lying on or below the p-Newton polygon
of g(x) away from the azes as well as from the vertical line passing through
the last vertex of this polygon.

The following simple lemma is already known [4, Problem 435]. We omit
its proof. As usual, for a real number A, [\] stands for the largest integer not
exceeding .

LEMMA 2.B. Lett and n be positive integers with ged(t,n) = m. Let S;
denote the set of points in the plane with positive integer entries lying inside
or on the triangle with vertices (0,0), (n,0), (n,t) which do not lie on the line
x =mn. Then

n—1

#51=3 m _ %[(n—l)(t—1)+m—1].

i=1
Using the above two results, we prove
LEMMA 2.3. Let K = Q(0) with 6 a root of an irreducible polynomial
"™ — a belonging to Zlx| and let Hé‘:1 q;-j be the prime factorization of |al.
For a fized j, suppose that either qj{n or vy (a) is coprime to q;. Then
vy, ([Ar + Z10])) = 3[(n —1)(t; — 1) + ged(n, t;) - 1].
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Proof. Set mj = ged(n,t;). It is clear that the g;-Newton polygon of
g(x) = 2™ — a consists of only one side having slope t;/n. The polyno-
mial associated with g(z) corresponding to this Newton polygon is T'(Y) =

Y™ — a/q? € Fy,[Y]. Keeping in mind the hypothesis that either g;{n
or vy (a) = tj is coprime to g;, we see that gj{m;. Hence T(Y)) has no
repeated roots. On applying Theorem 2.A and Lemma 2.B, we see that
ig,z(9) = 3[(n — 1)(t; — 1) + my; — 1]. The desired equality now follows as

iq;2(9) = vg,; ([Ax : Z[0]]) in view of Remark n

The following lemma is proved in [I3]; for the reader’s convenience, we
recall the proof.

LEMMA 2.4. Let L = Q(&) be an algebraic number field with & a root
of an irreducible polynomial F(x) = 2P — a € Z[x], where p is a prime not
dividing a. Then:

(i) If p*taP~t — 1, then v,(dL) = p and pAL = @P, p being a prime ideal
Of AL.

(ii) If p?|aP~t — 1, then v,(dL) = p — 2; further in this case, if p is odd or
p = 2 with a = 1 (mod8), then pAp = galgogfl, where 1 and o are
distinct prime ideals of Ay,.

Proof. Set a = £ — a, so that « is a root of F(x 4+ a) = (z + a)P? — a and
Z[a] = Z[€). If p*taP~! — 1, then F(x + a) is an Eisenstein polynomial in
x with respect to p. So p{[AL : Z[a]] and pAr = ©P for some prime ideal
p of Ar in view of [I0, Lemma 2.17, Proposition 4.38]. Further applying
formula to F'(x) = 2P — a having £ as a root and keeping in mind that
vp(a) = vp([Ar : Z[E]]) = 0, we see that v,(dr,) = p.

Now we assume p? | aP~! — 1. In this case, we need to prove (ii) when p
is an odd prime, as the result is well known when p = 2 |10, Theorem 4.39].
We first show that a is a pth power in the ring 7Z, of p-adic integers. By
hypothesis a?~! = 1 4 bp? for some b € Z. Keeping in mind that p > 2, it
can be easily seen that 1+bp? = (1+bp)? (mod p?). So W =1 (mod p?).
Applying Hensel’s lemma [2] Chapter 1, Section 5, Theorem 3|, we see that

aP . . . _p
atopyp 1S @ pth power in Zj,, and hence so is a, say a = c?, ¢ € Z,,.

Then F(z +¢) = (z + ¢)? — & = zg(x), where g(z) = 2P~ + c(})2P~2 +
AB)aP 3 4 ! (pfl). Clearly g(x) is an Eisenstein polynomial with
respect to p. Therefore for any root n of g(z), Q,(n) is a totally ramified
extension of the field @, of p-adic numbers having degree p—1 [10), Theorem
5.27]. Consequently, the factorization F'(z) = (z — ¢)g(z — ¢) over Z, shows
that pA; = plpg_l in view of [10, Proposition 6.1], where p; and o are
distinct prime ideals of Ax with Np,qg(pi) = p. Now [10, Theorem 4.24]
yields vp(dr) =p—2. =
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NOTATION AND BASIC FORMULAS. For a non-zero ideal I of Ag, we let
Ngg(I) = [Ak : I] denote the (absolute) norm of I. For a relative extension
L/K of algebraic number fields, dy, /i will stand for the relative discriminant.
We shall use the following formula |10, Proposition 4.15]:

(2) dr = +dy " Niejo(di i)

Further, if L = K(f) and g(x) is the minimal polynomial of the algebraic
integer 5 over K, and if p is a non-zero prime ideal of Ax and i, (g) is as in
Definition then as is well known,

(3) vp(discr(g)) = Up(dL/K) + 21’@(9)‘
With the above notation, we prove

LEMMA 2.5. Let K = Q(0) where 0 is a root of an irreducible polynomial
"™ — a belonging to Z[x], and let Hle p;t be the prime factorization of n.
Let n; denote the integer n/p;* and K; the field Q(6;) with 0; = 0™i. Suppose
that p;fa for some i. Then vy, (di) = nijvp, (dk, ).

Proof. Since [K : K;] = n;, using (2) we have dx = d} N, /q(dx /K, )-
So the lemma is proved once we show that p;{ Nk, o(dk/k,). Note that the
minimal polynomial of 6 over K; is g(x) = 2™ — 6;. By a basic result [10],
Theorem 416], dK/KZ divides the ideal NK/Kz (g/(9>)AK1 So NKZ/Q(dK/KZ)
divides N q(g'(#)) = £nfa"~!, which proves the desired assertion in view
of the fact that p;fn;a. m

With n; as in Theorem[I.1] the following corollary can be quickly deduced
from the above lemma and Lemma applied to the field L = Q(6™) of
degree p; over Q.

COROLLARY 2.6. Let f(z) = 2™ —a, K = Q(0) and r; be as in Theo-
rem[L1] Suppose that p;ta for some i. Then vy, (dg) = 7;.

We now prove

LEMMA 2.7. Let K = Q(0), a, p;, d;i, ¢; and u; be as in Theorem .
Suppose that p; divides both a and vy, (a) for some fized i. Then vy, (dx) =
u; +n — p; ged(ni, ¢;).

Proof. In view of the hypothesis, we can write a as p!"“b"d;, where the
integers b; and d; are not divisible by p;. As a is nth-power-free, we have
1 < ¢ < ni— 1. Since (0™)P = a = p{"“bl"d;, there exists a root a; of
xPi — d; such that 0™ = pib;a;. Set Ky = Q(cy). Note that the minimal
polynomial of § over Ky is g(z) = 2™ — p;'b;c;. Hence

o N (9'(0)) = Fn (0 bii)™ .

The proof is split into three cases.
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CASE 1: dfi_l # 1 (mod p?). Applying Lemma (i), we see that p; Ag,
= ! with N, /0(9i) = pi, where g; is a prime ideal of Af,. One can easily
check that the p;-Newton polygon of g(x) consists of one side having slope
¢ipi/n;. Since n; is coprime to p;, we see that ged(c;p;, n;) = k; (say) is not
divisible by p;. So the polynomial associated to g(z) is T(Y) = Y — §; €
F,, Y] = Fp,[Y] and has no repeated roots, where 8; = bja;ps* /7", 7; being
a prime element of the valuation ring of v,,,. By Theorem 2.A, iy, (g) equals
the number of points with positive integral entries which lie on or below
the p;-Newton polygon of g(z). This number equals £[(n; — 1)(¢;p; — 1) +
ged(ng, ¢ipi) — 1] by Lemma 2.B. Consequently, using , and the fact
that p;Ax, = p!", we see that

U@i(dK/Ko) = Vg, (NK/KO (g/(e))) - 2i@i (9)
= cipi(ni — 1) — (cipi — 1)(n; — 1) — ged(ng, eipi) + 1
= n; — ged(ng, ¢ip;) = n; — ged(ny, ¢;).

As ; is the only prime ideal of Ky lying over p; and N, /@(gol) = p,
we conclude from the last dlsplayed equation that v, (N, /Q(dK/KO)) =

—ged(ng, ). By Lemma- , Up, (dK,) = pi. Therefore applying (2)), we
have

vp, () = nivp, (drcy) + vp, (Nky 0K i,)) = mipi + 1y — ged(ni, ¢;)
=n+n; — ged(ng, ¢;).

CASE 2: Either p; is odd with &' = 1 (modp?) or p; = 2 with
d; = 1 (mod8). Applying Lemma (ii), we see that p;Ar, = p?iilp;
with N, o(pi) = pi = Nk, /0(9;), where p; and g are distinct prime ide-
als of Ag,. In this case the p;-Newton polygon of g(z) contains exactly one
side with slope (p; — 1)¢;/n;. Note that the polynomial T'(Y) € F,,.[Y] =
F,,[Y] associated to g(z) (with respect to this Newton polygon) has de-
gree ged(ni, ¢i(p; — 1)) = k. (say), which is not divisible by the prime p;.
So T(Y) = Y* — 7; has no repeated roots, where ~; = biaipfi/ﬂgpifl)ci,
m; being a prime element of the valuation ring of v,,,. Applying Theorem 2.A
and Lemma 2.B, we have

(B)  ip(9) = %[(nz — D(cilpi = 1) = 1) + ged(ni, ci(pi — 1)) — 1;

consequently, using . together with the fact that v, (p;Ak,) = pi — 1,
a simple calculation shows that

(6) Ve, (dK /1) = ni — ged(ni, ¢i(pi — 1)).

To calculate Up;(dK/KO), note that the p)-Newton polygon of g(z) has
exactly one side having slope ¢;/n;. As ged(n;,¢;) is not divisible by p;,
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the polynomial associated to g(z) corresponding to this Newton polygon
is T(Y) = Ye&edic) — 4/ ¢ F,[Y] and has no repeated roots for ~; =
biap;' /m;*, m; being prime element of the valuation ring of vg. By Theo-
rem 2.A and Lemma 2.B, we have i, (g) = $l(ni—1)(e; — 1) +ged(ny, ¢;) — 1].
Therefore using , and the fact that v/ (piArk,) = 1, we see that

(7) Vg, (dr/K,) = ni — ged(ng, ;).

Keeping in mind that p; Ax, = pfflpg with NKO/@(pZ-) =p;= NKO/@(p;),
we immediately deduce from @ and that

vy (Nioj0(di ko)) = 2ni — ged(ng, ci(pi — 1)) — ged(ng, ¢;).

Since vy, (dx,) = pi — 2 by Lemma [2.4{ii), it now follows from the above
equation and that

vp, (dic) = ni(pi — 2) + 2n; — ged(ny, ¢i(p; — 1)) — ged(ng, ¢;).
=n —ged(ng, ¢i(pi — 1)) — ged(ni, ).

CASE 3: p; =2 and d; = 5 (mod8). As is well known, 24k, = p; with
Nk, o(pi) = 2%, where g; is a prime ideal of Ag, [10, Theorem 4.39]. The
pi-Newton polygon of g(z) consists of one side with slope ¢;/n;, and one can
see that the polynomial associated to g(x) is T(Y) = Y&d(i:¢s) _ bo; with
coefficients in [F,,, which has no repeated roots. Applying Theorem 2.A and
Lemma 2.B, we obtain i, (g) = 3[(n; — 1)(c; — 1) + ged(ns, ¢;) — 1]. Arguing
as in the previous cases, one can check that vy, (dg/k,) = ni — ged(ny, ¢;);
consequently, using the fact that va(dg,) = 0, we conclude that va(dyx) =
2n; — 2ged(ng, ¢;) = n — 2ged(ng, ;).

This completes the proof of Lemma .

3. Proof of Theorem Set m; = ged(n, t;). By , we have
(8) drclAse s 2O = (1) D02 21,

Recall that by Lemma whenever either g;{n or vy, (a) = t; is coprime
to g;, we have

vg, ([Ax = ZI9]) = 5l(n — ) (t; — 1) +m; — 1];

consequently, it follows from (8) and the above equation that vy, (dr) =
n—m; or 2n —m; according as ¢; & {p1,...,pr} or ¢; € {p1,...,px} With ¢;
coprime to gj. The proof of the theorem is now complete as v,(dx) is given
by Corollary [2.6] and Lemma [2.7] for the other primes p dividing the right
hand side of .

The following examples are quick applications of Corollary
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ExXAMPLE 1. Let a # 41 be a cube-free integer divisible by 15. Then

the polynomial f(z) = z'® — a is irreducible over Q in view of the Dumas
irreducibility criterion @ Let K = Q(6) with 6 a root of f(z). Then dx =
—151 Hq|a q'* where ¢ runs over all primes dividing a.

EXaAMPLE 2. Let a be a sixth-power-free even integer not divisible

by 4 and such that a = £1 (mod9). Let K = Q(f) with # a root of
2% — a and let ngl q;j be the prime factorization of |a|. Then dx =

l 6—gcd(6,t;
sgn(a)2632 Hj:l qj ged( ]).

EXAMPLE 3. Let p > 3 be any prime and @ be a root of 2% — 12. Then
the discriminant of K = Q(#) is 23P~132P=1p2—4 or 23P=132P=12P according
as 12P~1 = 1 (mod p?) or not.
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