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Regularity of global attractor for
a 3D magnetohydrodynamic-a model

CunG THE ANH (Hanoi), DANG THANH SON (Nha Trang)
and Vu MANH Tor (Hanoi)

Abstract. We consider a 3D magnetohydrodynamic-a (MHD-« for short) model
with periodic boundary conditions. Under suitable assumptions on the external force, we
prove both Sobolev regularity and Gevrey regularity of the compact global attractor for
the continuous semigroup associated to this model.

1. Introduction. Let 2 = (0,L)3, L > 0, be a periodic box in R3.
We consider the following 3D MHD-a model introduced by Linshiz and
Titi [LT]:

(1.1)  Opw—vAv—ux (Vxv)—(B-V)B

+Vp+3V[BP=f in 2 x (0,00),
(1.2) B —nAB+ (u-V)B—(B-V)u=0 in 2 x (0,00),
(1.3) v=u—a’Au in 2 x (0,00),
(1.4) V-u=V-v=V-B=0 in 2 x(0,00),
subject to the periodic boundary conditions
(1.5) u(0,t) =u(L,t), B(0,t)=B(L,t), t>0,
and the initial conditions
(1.6) u(z,0) = u’(x), B(x,0)=B%%), z¢c.

Here u = u(x,t) is the unknown velocity, B = B(x,t) is the unknown mag-
netic field and p = p(z, t) is the unknown pressure, v > 0 is the kinematic vis-
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cosity coeflicient, n > 0 is the constant magnetic diffusivity and « is a length
scale parameter. When o = 0, we formally recover the 3D classical MHD
equations of [ST]. Notice that here we only filter the velocity field but not
the magnetic field, which contrasts with the so-called Lagrangian-averaged
magnetohydrodynamic-a (LAMHD-«a) model (also called hyperbolic MHD
equations or MHD-Voigt model) of [HJ.

The MHD-a model f involves coupling Maxwell’s equations
governing the magnetic field and the Navier—Stokes-a equations (sometimes
called the viscous Camassa—Holm equations). In recent years, the existence
and long-time behavior of solutions to this MHD-« model has attracted the
attention of many mathematicians. Linshiz and Titi [LT] proved the exis-
tence, uniqueness and regularity of solutions with periodic boundary condi-
tions, while Fan and Ozawa [FO] and Liu [Lj] achieved the same result in
the whole space R? for both cases (v = 1, n = 0) and (v = 0, n = 1). More
recently, Zhou and Fan [ZF1] established regularity criteria to guarantee
the existence of smooth solutions for the higher-dimensional case. For the
long-time behavior of solutions, the existence of a finite-dimensional global
attractor was proved by Catania [C2] in the case of a three-dimensional pe-
riodic box, and the time decay rate in L?(R?) of solutions was proved by
Jiang and Fan [JE]. When B = 0, the above MHD-« model reduces to the
well-known Navier—Stokes-« equations, where the existence and some prop-
erties of a finite-dimensional global attractor were studied for both periodic
and Dirichlet boundary conditions in [FHT) IT) [CPS|, and the decay rate
of solutions on the whole space was proved by Bjorland and Schonbek [BS].
We also refer the interested reader to [C1l [CS, HLT) KYl [LZZl ZF2|] for
results related to other MHD-« models.

In recent years, the Gevrey regularity of solutions and of global attractors
for equations in fluid mechanics have been studied by several authors (see for
instance [AT, [T, HLT), [KLT Kl [KV| LO. Lx, PV, PW, [S, [ZL, YL, YLH]).
The Gevrey class regularity of the attractor reveals that the solutions ly-
ing in the attractor are analytic with values in a Gevrey class of analytic
functions in space. Kalantarov, Levant and Titi [KLT] proved the Gevrey
regularity for the attractor of the 3D Navier—Stokes—Voigt equations. The
method of proof in [KLT] is the splitting of the velocity into higher and lower
Fourier components. Using this method, Zhao and Li [ZL] recently proved
the analyticity of the global attractor for 3D regularized magnetohydrody-
namics equations, which are regularizations in both the velocity and the
magnetic field. Thanks to a nice abstract result of Friz and Robinson [FR],
one can use the real analyticity of solutions on the attractor to show that
elements of the attractor can be distinguished by their values at a finite
number of points in the domain.
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In this paper, we study both the Sobolev regularity and the Gevrey
regularity of the global attractor for the 3D MHD-a model f. The
existence and fractal dimension estimates of the attractor to this model were
investigated before by Catania [C2]. Here the Sobolev regularity is proved by
following the general lines of the approach used in [R] for 2D Navier—Stokes
equations. And the Gevrey regularity is investigated by using some ideas of
[E'T) [R]. Using the results obtained, we show that the attractor of this 3D
MHD-a model can be parametrized for large enough k by k nodal values,
for almost every choice of k£ points in (2.

We can think about the o models as a numerical regularization of the
underlying equation, which makes the nonlinearity milder, and hence the
solutions of the modified equation are smoother. There are some ways of reg-
ularization of the classical MHD equations. In [H], both the velocity field and
the magnetic field are filtered. Filtering the magnetic field B = (1 —a2,;A)B;
is equivalent to introducing hyperdiffusivity for the filtered magnetic field B,
due to the term —na?wAQBS. However, as pointed out in [LT], this seems
to be unnecessary from the numerical analysis/well-posedness point of view.
This is the reason why we choose the MHD-a model ([1.1)(L.4) (the so-called
Navier—Stokes-a-MHD model), where only the velocity field is filtered. By us-
ing similar arguments, we can also study the regularity of the global attractor
for the Modified Leray-a-MHD model, which was obtained by Catania [C2].

The paper is organized as follows. In Section 2, for the convenience of
the reader, we recall the functional setting of the 3D MHD-« equations.
In Section 3, we prove the Sobolev regularity of the global attractor of the
3D MHD-«a equations. The Gevrey regularity of the attractor is proved in
Section 4.

2. Functional setting and preliminaries. Let us denote by V the
set of all vector valued trigonometric polynomials defined in {2 such that
V-u = 0 and {,u(z)dz = 0. Denote by H and V the closures of V in
L?(£2)3 and in H'(£2)3, respectively. Let (-,-) and | - | be the inner product
and the norm in H, and ((+,-)) = (V-,V:) and || -|| = |V -] the inner product
and the norm in V.

Let P be the Helmholtz-Leray orthogonal projection in L?(£2)3 onto H.
Following the notation for the MHD-« equations, we set

B(u,v) = P(u-V)v and B(u,v) := —P(ux (Vxv)), VYu,veV.

Using the identity
3
(b-V)a+> a;Vhj=-bx (Vxa)+V(a-b),
j=1
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one can easily show that

(2.1) (B(u,v), w)yry = (B(u,v), w)yy — (B(w,v),u)v v
For a Banach space X, we write (-,-)x/ x for the pairing between X and its
dual space X'.

We denote by A = —PA the Stokes operator with domain D(A) =
H?(2)3 NV. Notice that for periodic boundary conditions, A = —A| D(A)
is a self-adjoint positive operator with compact inverse. Hence there exists
a complete orthogonal set {w; }Jo';l C H of eigenfunctions such that Aw; =
Ajwj with (27/L)2 =X\ <A < <\~ 23072 <0,

For any s € R, we can define the Hilbert space V, := D(A%/?) with the
inner product and norm

(wv)s = 3 vl ull? = (u,u)s
jezZ?
for all u,v € Vi, where u;,v; are the Fourier coefficients of v and v, respec-

tively. One can see that H = Vy and V = V7.
We have the following Poincaré type inequalities for any m, j € Ny:

(2.2) |ul|> > M|u®>  forallu eV,

(2.3) lul|Z, > M [ul|?,_;, for all u € Vi,

From the definition of B we see that

(2.4) (B(u,v),w)yr v = —(B(u,w),v)yy  for all u,v,w €V,
and in particular

(2.5) (B(u,v),v)yy =0 foraluveV.

Since , we also have

(2.6) <l§(u,v),u>vz,v =0 forallu,veV.

We apply the projection P to (|1.1)—(|1.6)) to obtain the equivalent system
of equations

d ~
(2.7) dit’ + vAv + B(u,v) — B(B, B) = Pf,
(2.8) v =1u+ o?Au,

dB
(2.9) ot nAB + B(u, B) — B(B,u) = 0,
with the initial conditions
(2.10) u(0) =u’,  B(0) = B°.

The existence and uniqueness of solutions to problem ((1.1)—(1.6) was
proved in [LT]. Moreover, the following result on the existence of a finite-
dimensional global attractor for this system was proved by Catania [C2].
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THEOREM 2.1. For any (u®, BY) € V. x H and f € H, there is a (unique)
compact global attractor A C'V x H of solutions (u, B) to f. More-
over, we have an upper bound for the Hausdor(f dimension di(A) and the
fractal dimension dp(A) of A: there is a positive constant C' such that

L 3 L 3/5 L 9/5
dH(A)SdF(A)SC'G6/5<> [(a) -|_G6/5<a> +G3/10],

a
where G = L3?|f|/u? with p = min{v, n}.

The purpose of this paper is to study the regularity of the global attrac-
tor A. First, we show that A is bounded in V11 X Vi, for M € N*, when
the force f belongs to V3;_1. Then we prove that if f is real analytic then
the functions in A are all real analytic, in a uniform way.

3. Sobolev regularity of the global attractor. We first prove some
estimates on the nonlinear term B.

LEMMA 3.1. For any integer m > 1, there exist positive constants c;,
i1=1,...,8, such that:
m —(m—1)/2 1/2
(3.1)  |(B(u,v), A™w)| < et AT P a0 |20l e s
Yu € Vi, v € Vg1, w € Vi1
m —(m—1)/2 1/2
(32)  |(B(A™u,v),w)| < esAT ™ P et [0l15 20 | 52 ool
Yu € Vi1, v € Vg1, w € Vip;
m —(m— 1/2 1/2
(33)  |(B(u,v), A™w)| < eaA~" D2 0]l ]| 22 o]
Yu € Vip, v € Vip, w € Vipyo;
m —(m— 1/2 1/2
(34)  |(B(A™u,v),w)| < ca ™2 X2 )22, 0]l 0]l
Yu € Vm+2, v E Vma w e Vm;
m —(m— 1/2
(35)  |(B(u,v), A™w)| < esA™ D2l [0l 4 20122 w]lmro
Vu € Vi1, v € Vipg1, w € Vipyo;
m —(m— 1/2
(3.6)  |(B(A™u,v),w)| < c6A~" D22 |0l %2012 1 w]lm1
Vu € Vingo, v € Vg1, w € Vi1
m —(m—1)/2 1/2
(3.7)  |(B(u,v), A™w)| < erAy "2 a2l 52 0l 0]
Yu € Va1, v € Vi, w € Vi1
m —(m—1)/2 1/2
(38)  |(B(A™u,v),w)| < esAy "2 et ol wl] 2w X2

Vu € Vi1, v € Vi, w € Vi1
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Proof. Toprove (3.1} -, using the Holder inequality, the inequality ||| 130
< c||90||1/2 HVngLQ(Q in dimension three, the embedding H'(£2) C L5(£2)
and the Pomcare inequality (2.3]), we obtain

(B(u,v), A™w) = {(u- V)v- A"wdz = | V" ((u- V)v) - V™" do
$2 Q2

m—1
S Z |Viu| V™| [V | da
2 j=0

m—1
< Z IV ul| Lo (o) IV 0| 3o [V wll 12
7=0

m—1
1 1/2 12
<o > VI ull 2 IV ol o) [V Tl o) 19 ] 2
>
— —-1)/2 1/2
< e A"l [0 12012 el

For (3.2)), as in the above proof, we have

(B(A™u,v),w) = S(Amu -Vv-wdr = S vy v (Ve - w) da

9] 2
m—1
S Z (V| |V | |V | da
2 5=0

m—1
< Z IVl g2 IV 0l s ) |V ™ w0 s )

K)

m—1
m j 1/2 1/2 m—j
S@ZHV a2 [V 1 9720 22 IVl 2
7=0

1/2
10l[22 [0

In a similar way, one can get (3.3)—(3.8). m

THEOREM 3.2. Let M € N*. If f € Vay_1 then the attractor A of solu-
tions (u, B) to (L.1)—(1.6) is bounded in Vyri1 X V.

< ey TVl o2

Proof. Step 1. We first prove that when (u°, B®) € V411 x V,, and
f € Vi1 for any m > 0, then the corresponding solution (u, B) belongs
to L>®(0,T; Vipt1) X L°(0,T;V,,) for all T > 0. Moreover, there exists a
positive constant p,, depending on || f||m_1, |u°|lms1 and || B°||,, such that
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for all ¢t € [0, 7],

(3:9)  [lu®l7 + P llu) |7 + IB@)5,
t
+ ) () 71 + @) 7z + 1 B(5)[r) ds <
m+1 m—+2 m+1 > Pme-
0
We will prove (3.9) by induction on m € N.
For m = 0, multiplying (2.7)) by v and (2.9) by B, then integrating over
2 and using (2.4)—(2.6)), we obtain
1d
2 dt
By the Cauchy inequality, we have

(Jul® + o®lul® + [B*) + v(|lull* + o[ Aul*) + 0| B|* = (f,u).

1 v
A—1/2 2 - 2

1
2ua?2

(fyu)l <

AL+ Y
Therefore,
%(\UF +a?ul® +[B?) + v(l|ul]? + o[ Auf®) + 0| BII* < K1,
where
Koy =min{ SR o IR )
Hence, from the Poincaré type inequalities 7, we deduce that
(3.10) %(IUI2 +a?|[ul® +[B) + phi (Jul? + o?[lu)|* + |B?) < K-,

where ¢ = min{v, n}. Integrating (3.10]) from 0 to ¢, we get (3.9) with m = 0.
Now, assume that (3.9)) holds for some m > 0. Taking the inner product
of [2.7) by A™* 1w, (2.9) by A™*!B, and then integrating over {2, we obtain

1d

-z 2,
2 dt

(|1 + @Pllull?s) + v([|ull?sn + o2llull2is)
= —(B(u,v), A" ) + (B(B, B), A ) + (f, A" )

and

|

1BI2e + 1l Blss = —(Blu, B), A" B) + (B(B,w) A" +'B).

N
QU

t
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Summing up these two equalities gives

1d
: 5 2 (lullhgs + @2 [lullz + [ Bl741)
(38.11) 5 < (lulfm +a
+v(|[ullngz + @ [lulli3) + 0l 7
= —(B(u,v), A" + (B(B, B), A1)

— (B(u, B), A" B) + (B(B,u)A™ 1 B) + (f, A™+ ).

We first use the Cauchy inequality to get

(f, A™H )| < {Hf\lmHUI!mw, Wl
Ul b=t llullmts — 2IIme_ H 2
I/O[2 m+3*
So
v
(3.12) (f, A" )| < §(||u||m+2 +?lullis) + Km,
where

Ko — min {2Hme72\fH 3

vo?

Now, by using (2.1)) with v = u + o?Au and by (2.5 we get

(3.13) (B(u,v), A" ) = (B(u,u), A" ) + o (B(u, Au), A7)
— a?*(B(A™ ", Au), u).

From (3.1) and the Young inequality, we deduce that

m m/2 3/2 3/2
(3.14) (B(u, w), A" ) < er AL ™ |[ul 22 lull 22,
54cf

2
= WHUHWH—I +3 HU||m+2-
Using (3.3)), (3.4) and the Young inequality, we have

(3.15)  o?(B(u, Au), A" ) — o*(B(A™ M, Au), u)

— 2 1/2 3/2
< (e3+ ) AT s ]2, |u||rl+3

54(c3 + c4)*a®

<
— v3 A%m

it lelZ + - HUHm+3.
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Combining (3.13)—(3.15)), we get

(3.16)  (B(u,v), A™ 1)

_ 54(ci + (s + e)?)
- V3)\2m

(lullmss + 0 [lullp o lllFs2)

(HUII2 12+ a?|ullhs).

Now, (3.5)) and the Cauchy inequality yield

m —-m/2 1/2 1/2
(3.17)  |(B(B,B), A" u)| < esA, ™ HBnmnBun{Hr|B||n{+2||u||m+3
4
Cy

- ny2a4>\%m
Using (3.1) and (3.4)) and the Young inequality, we have

(3.18)  —(B(u, B), A" B) + (B(B, u), Am“B)

2
|BIIBIZ o+ ||B|!m+2+ 1 il

1/2 3/2
< (er e\ ™ |\u||m+1\|B||T){+1||B"W{+2
27(c1 + c4)*
—WII ullpy 1 IBllZgy + HBIImH

Substituting (3.12) and (3.16[)—(3.18|) into (3.11)), we deduce that

(3.19)
d

%(IIUH%M + Pl o+ 1Bl71) + pllull o + &Pllullz 5+ 1Bl7 )

!/
< W <”UHm+1 + 042||U|| +1||U” 12+ HUH +1HB”m+1
1

+ LB B ) + Ko

where

0=54(ct + (c3+ ca)* + &3 + (c1 + ca)'/8).

Using the inductive assumption that (3.9) holds for m, we have

llg, i + o llullmg ulla g + lllmya Bl + o HBH;lrLHBHm+1

< Nullpir (ullfegs + o [ullfy2) + EHB”m”BHm-H

2p;
< =P (i + @2 lulie + 1Blhg)-
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Hence (3.19) becomes
d 2 2
Z(ullfy + o2 llullfe + 1Bll) + plllelre + o®llullzs + 1Bl52)
20p?
< e + 02l + 1Bl) + Ko
1

Integrating this inequality from 0 to ¢, we get (3.9) with m replaced by
m 4+ 1.

Step 2. We now suppose as an inductive hypothesis that for any (u’, B?)
in A,
(3:20) 17 + @ u® |y + 1 BON7 <
1

(3.21) V()1 + @Pllul®)7g + 1B()
0

l2i1) dt < R

Since the attractor is bounded in V5 x V7, holds for m = 1. More-
over, using with m = 1, we deduce for m = 1.

We now show that while m < M, (3.20]) and (3.21)) hold with m replaced
by m + 1.

For any (u, B) € A, since A is invariant we have (u, B) = S(1)(u’, B%)
for some (u’, BY) € A, where {S(t)}:>0 is the semigroup associated to the

system (1.1)—(1.4). It follows from (3.21]) that there exists tg € [0, 1] such
that

(3.22) luto) i1 + @®[[ulto) 72 + [1B(to) i1 < R

We now consider the solution starting at (u”, B®) and note that (u, B) =
S(1—to)(u®, B) =: (u(1 —to), B(1 —tp)). As in (3.19), we have

(3.23)

d
(Il + 2 l[ullse + 1Bllms) + sllullzre + o ulliss + 1Bllm2)

L
- V2M>\%m

(uu||m+1+a2Huu il
B + 1L, \BH%LH) T Ko
Since (u°, BY) € Viuy1 X Vi and f € Vi1, from (3.9) we have

,02

lullpiy < =7 and || Bl < o
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So

leallinr + ol llullFage + el 1 Bl5 + 4HBH 1BI7 41

IN

el r (leellZags + ol + 1Bl170) + EHB”#”BH?M&

2pm
i

| /\

[ulFgs + @ [[ullpo + 1B74)-

Thus, (3.23]) becomes

d
(3.24) - (lullf oy + a7z + Bl )
+ pllullf o + o llullfs + 1Bl o)

20p?
< 704%2/32’” (lull i + @Pllullfore + 1Bl7i1) + K-
1
Hence
d 2 2 2
dt(HuHm—H + a7 |[ullrpe + [1Bllms1)
20p?
< 7Q4U2M”;2m(\\UHm+1 + &Pllullpge + I1Bl2g1) + K.
1

So, using the Gronwall inequality, we get

(3:25)  llullpyr + @?[lulfsa + 1 Bl7ss
= [lu(L — to)l[mg1 + @®[lu(l = to)|[7sn + [1B(L — to) [ 7ss

<HU(to)llm+1 +a?[luto) 72 + 1B (t0) 7041

4,2, \2m 2
at U] 20p7,
—K —— |1 — 2ty ).
+ 2£1072n m) exp<a41/2,u)\%m’ 0|

Using (3.22)) we infer from (3.25)) that

(3.26) [l + @Pllulles + 1Bl < Tt
with Lo )
B v pAT™ 20pz,
fmt1 = (Rm+1 +2epgnKm> eXp(o/lu?M)\%m |

Returning to (3.24) using (3.26]), we obtain

d
2 (Il + e ullier + 1Bl + pllullis + o ulliez + 1Bll7)

2€pm

>~ 044112,[1,)\%7” Ierl + Km
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Integrating this inequality from 0 to 1, starting at u(0) = u, B(0) = B, we
deduce that

lu() 1741 + @2 a2 + 1BO) 741
1

e § (a2 + 0P ()75 + 1 BO)712) di

< 2o\ Ko =:
> 1+W m+1 + m—-Rm+2-.

4. Gevrey regularity of the global attractor. We will use the fol-
lowing Gevrey class:

Gl = D(AT/QeTAm) = {u €H ’ \Ar/zeTA1/2u| = Z |uj 2|52 < oo}.
jer?
The space G’ has the inner product
(u, U)r,r _ (Ar/2e7-A1/2u,Ar/2eTA1/2U> _ Z uj - Uj’j’2r627-|j|7
JeZ?
and the associated norm

ullr,r = (uvu)%,/Tzv

for u,v € G%. As noticed in [LO], the space C*({2) of real analytic functions
has the following representation:
= U Gr

>0
for any r > 0. N
We have the following estimates for the nonlinear terms B and B.

LemMA 4.1 ([ET, YLH]). For any T > 0, we have

(A1) [(Bu,),w0)1] < mallully Py
vueai,ueGi,weGE,
and
s 2 1/2
(4.2)  |(Blu,v),0)1,0] < mollullyZllully 2 ol 1w,

2 1 2
Vue G7,ve Gy, we G,
for some positive constants k1, ks.

THEOREM 4.2. Suppose that f € Ggo for some 19 > 0. Then there exist
o >0 and a constant Rg that depends only on || fllo,-, such that

lull? o + a®|lull3 ; + Bl < Rg,  ¥(u, B) € A,
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Proof. We argue in two steps.

Step 1 We first shOW that if f € GO for some 19 > 0, then the solution

(1), B(t)) of [@7) @210) satisfies (u(f), B(t)) € G2, x Gl for all 0 <
< (IlflloTo, 12, HBOII) where ¢(t) = min{t, 70}, and moreover

(4.3)  u()F 50 + 2 Nu®I3 400 + 1B 400
< 1+ 2([|u)? + P[5 + [|1BO)1?).

To do this, taking the inner product in G st Of (2.7) with v and of ([2.9)
with B, we get

1d
(44) 5 2 lullf gy + P llull3 g) +(ull3 g + 0 ullf o)

= (At (A2 A1/26¢(t)A1/2u) + ¢2a2(A3/2e¢(t)A1/2u, Ae¢(t)A1/2u)
+ (e oAl f, Ae¢(t)Al/2u)
- (g(uv U+ a2Au), u)l,qb(t) + (B(Bv B)a u)l,d)(t)

(u
t

and

HBHl bt T 77HB||%,¢(t) = p(AePDAZ B A1/2,6(0A By
— (B(u, B), B)1 (1) + (B(B,u), B)1 (1),

N |
Q“Q‘

(4.5)

where gf) = d¢/dt. Here we have used the following results:

< AL/20ma1/2 40 A1/2e¢><t)A1/2u>
dt’

dt
— ¢(Ae¢(t)A1/2 (u+ oz2Au), A1/2e¢(t)’41/2u)

1 d . 1/2 1/2
D) %(Hu %,zzﬁ(t) + azHqu,gb(t)) - ¢(A€¢(t)A u, AM2e?04 )

— da( AT+2)/26(MAV2, Ae¢(t)A1/2u)

< d (A1/2 o)A (u+ ozZAu)),Alﬂe‘z’(t)Al/zu)

and

( V20041288 iy o412 B)
dt’

dt

; jt”B 12 o) — D(APOA B AL2e00A By

_ <d (AV200A2 By 4172004V 23) _ H(AeHOAE 4120041
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Using the fact that |q§] < 1 and the Cauchy inequality, we get

(4.6) (]5(Ae¢(t)A1/2u,A1/26¢(t)A1/2u)
+ 950‘2(A(T+2)/26¢(t)‘41/2u, Ae¢>(t)A1/2u)

A

< ullo,ge lull1e@) + ullsee llullew

v 2 2 2 2 2 2 2
< (Nl gy + @2l o)) + S ulld ) + 0l o)

and
. 1/2 1/2
(4.7) P(Ae?OA B, AV2SOATBY < || Blly. s | Bl
n 2 1 2
SzHB , )+Z”BH1,¢(t)

By the Cauchy inequality,
(4.8) (ePDA? § AP0

IN

)HU”2,¢(t)

IN

v 2
gHUHS,qs(t) + ;ang,(b(t)
Using (4.2)) and the Young inequality, we have

(4.9)  —(B(u,u+ aAu), u)1 4

< [(B(u, w), w)1 o] + 2[(B(u, Au), u)1 g(4)]
3/2 3/2 1/2 3/2

< sl 2+ o all 2 2 Tl )
042

<m(||u||3/2 e ||3/2 bl o Hi/jt))
1

v 54K
< Z(ul oy + ?lulld o) + 2(11 wavuuuw )

Here we have used the Poincaré type inequahty

lulli 2 < —7allullye < <y,
1/4 2,6(t) = 1/2

Using (4.1) and the Cauchy 1nequahty, we obtaln

(4.10)  [(B(B,B),w)1 4| < m| Bl ||B||;{5(t>

[|u 2,6(t)

8
*’"1 o

LATIID)
+ §||U”2,¢(t)7

(4.11)  [(B(u, B), >¢(t>\<m||u||1¢ lully 5|

l1Bll2,e()

1 2 2 Vo2
< 77TV||7~L||1,¢(,5) + §||BH2,¢(t) + §||UH2,¢(t),
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and

(4.12) [(B(B,u), B)1,g)| < mllBllw(t IIBH t)”“”l,d)(t)

54
AL

< Lo IBIE o) + gHBH%@(t)

Summing up (4.4)—(4.12), we deduce that

d
(4.13) f(||u|y%,¢(t + a®ull3 gy + IBIF o0))

+ 2 2l ) + S NBIB oo
_§<Huul¢ +a2uu|12,¢ )+ 2151 g
+fufua¢t ”fﬂumuw(t el )
Ol g VBT )+ 2ol B

Set
y(t) =1+ |Jullf 4 +

4 12 6 108x%  108k%*  16xk* 48k}  324k%
— 7| -~ 4 2 2 1 1 1.
v v3 viat\? o2 Py n3
Then from (4.13]) we have
dy 3
<M
ar =Y
Thus,
1
y(t) < — :
y(0)=2 — 2Mt

and so y(t) < 2y(0) for t < 3/(8y(0)2M). Since ¢(0) = 0, we have
y(0) = 1+ [[u’l* + ?[[u”[3 + 1| B°|1*.
Hence
lu(®)11F o) + o u®)]3 Ol gy < 1+ 201" + 2[5+ [ B°])
for all 0 < ¢ < T(||flloro. [[w°ll, 1u®[l2, [|B°])-

Step 2. By the embedding GQO — H, the conclusion of Theorem
holds. Take (u, B) € A. Then (u, B) = S(T)(u°, BY) for some (u°, B®) € A
and some T > 0. Since (u’, B®) € A, from Theorem we get

)1 + o®[u®13 + 1B < Ri.
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Hence, T(1 o, 101, 16002, 1BOl) < T(I loms B1)- So if we take T =
T(|| fllo,r, R1) from Step 1, we get from (4.3))
lull? gy + @llull3 gz + I1BIT 1)
= (D) pery + llw(D3 50y + 1B gy < 1+ 2R1 = Ra

uniformly over A. u

As a particular case of Theorem if the external force f is real an-
alytic, then so is the global attractor A. Thanks to the result of Friz and
Robinson [FR], we can use this regularity to parametrize the attractor by
using a finite number of nodal values.

Let us recall the result of [FR] (see also [FKR] [KR]).

THEOREM 4.3 ([ER]). Let §2 be a periodic domain in R™. Suppose that
A is a compact connected subset of L2(2) = (L*(2))™ which has finite
fractal dimension dp(A) and is uniformly bounded in G, for some r > 0
and o > 0. Then, provided that k > 16dp(A) + 1, the map from A into R™F
given by

Exlu] s u— (u(z1),. .. ,u(zg))
s 1-1 between A and its image for almost every choice x of k nodes x1, ...,z
in §2 (with respect to nk-dimensional Lebesque measure).
In particular, the values (u(x1),...,u(xy)) provide a parametrization of

A which is continuous from R™ into 1.2(£2).

We now show that if the external force f is real analytic then all as-
sumptions of Theorem hold for the global attractor A of the 3D MHD-«
model —.

Indeed, by Theorem the attractor A is a compact connected subset
of V' x H with finite fractal dimension dr(A). Moreover, Theorem [4.2| shows
that A is bounded in G2 x G for some o > 0. Hence A can be parametrized
by k nodes in {2 with k > 16dr(A) + 1.
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