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Galois action on Q-isogeny classes
of abelian L-surfaces with quaternionic multiplication

by

SANTIAGO MOLINA (Barcelona)

1. Introduction. Let L be a number field. An abelian variety A/Q is
called an abelian L-variety if for each o € Gal(Q/L) there exists an isogeny
le : 7A — A with the following compatibility condition: ¢ o u, = s 0 %) for
all ¥ € End(A).

In this note, we deal with the two-dimensional situation and the so-
called fake elliptic curves or abelian surfaces with quaternionic multiplica-
tion (QM), that is, pairs (A,2) where A is an abelian surface and 2 is an
embedding of a quaternion order O into the endomorphism ring of A. We
remark that, by setting A = E x E, where F is an elliptic curve, and ¢ the
obvious embedding of @ = M3(Z) into End(E x E), the theory of elliptic
curves can be seen as a special case. In this scenario, we say that (A,1) is
an abelian L-surface with QM if, for any o € Gal(Q/L), there exists an
isogeny pos : YA — A as well, but with the above compatibility condition
only satisfied for the image of the quaternionic multiplication 2.

The moduli problem that classifies abelian surfaces with QM is solved
by the classical Shimura curves Xp. If P € Xp corresponds to an abelian
L-surface with QM (A, 1), we can interpret the Q-isogeny class of (4,7) as a
set [P] of points in X (Q). Directly from the definition, we can deduce that
[P] is stable under the action of Gal(Q/L).

The main aim of this paper is to construct a projective Galois represen-
tation p attached to (A,2) of the form

p: Gal(Q/L) — (0 ® Ap)* /(End(4,1) © Q)
where Ay is the ring of finite adeles and End (A, 1) is the set of endomorphisms
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commuting with every element of the image of 2, and to give a concise de-
scription of the Galois action on [P] through this representation p.

With this in mind, we have to first give a description of the Q-isogeny
class [P]. In §3| we show that there is a bijective correspondence between the
set [P] C X and the double coset space

IO ® Ap)*/(End(A,1) @ Q)*

for some compact open subgroup I'. This provides a purely algebraic de-
scription of the Q-isogeny class of (A 7). Finally, in l we introduce the
main result of this note (Theorem [4.2): The Galois action of Gal(Q/L) o
the Q-isogeny class [P] C X is given by the map

Gal(Q/L) x I'\(0O ® A¢)*/(End(A,1) ® Q)*

= I\(0®Ar)*/(End(4,2) ® Q)*, (0o, [b]) = [bp(o)],
where [b] denotes the class of b € (O ® A¢)* in the double coset space
I\(0 @A™ /(End(A, ) & Q).

The current interest in abelian L-varieties began, for L = @, when K. Ri-
bet observed that non-CM absolutely simple factors of the modular Jaco-
bians J1 (V) are in fact abelian Q-varieties |[Rib|. Actually, by the proof of
Serre’s conjecture on representations of Gal(Q/Q) [Ser, 3.2.4], every so-called
building block (a Q-variety whose endomorphism algebra is a central division
algebra over a totally real number field F' with Schur index t =1 or t = 2
and t[F : Q] = dim A) is an absolutely simple factor up to isogeny of a
modular Jacobian J;(N).

In order to explore the relation of the representation p to modularity, one
realizes that the construction of p given in §2|imitates the classical construc-
tion of the f-adic Galois representation of an elliptic curve defined over L or
the projective f-adic Galois representation attached to an elliptic Q-curve.
In fact, in the trivial case of A = ' x E and F one of such objects, p is
the projectivization of the product over all ¢ of the corresponding classical
(-adic representations. Something analogous happens when (A, 1) is a build-
ing block, namely, a non-CM abelian Q-surface with QM by an order in a
division algebra. We know that A is an absolutely simple factor of an abelian
variety Agr, defined over Q of GLo-type. In §§ we show that p is the pro-
jectivization of the product over all £ of the f-adic Galois representations
attached to the abelian variety Agr,/Q.

Since for L = Q the projective representation p is related to well known
classical f-adic representations, we expect the norm of p to be characterized
by the cyclotomic character. In §6 we introduce the dual of an abelian sur-
face with QM and we describe the Weil pairing attached to it. Our explicit
description of the Weil pairing allows us to compute the norm of p and to
prove that it is indeed provided by the cyclotomic character (Theorem [6.5)).
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Apart from the interesting relations between p and certain abelian vari-
eties of GLo-type in the non-CM case, the CM case is of interest as well. One
can prove that any CM abelian surface with QM (which we know is modu-
lar) is in fact an abelian Q-surface with QM (Proposition . Moreover, the
corresponding points in X classifying the Q-isogeny class of a CM abelian
(Q-)surface with QM are classical Heegner points. This implies, by Shimura’s
reciprocity law, that the Galois action of Gal(Q/Q) on the set [P] C X (Q)
of Heegner points is described via class field theory. Using this fact, we prove
in Proposition (as a direct consequence of Theorem that, in the CM
case, the projective representation p factors through the inverse of the Artin
map. This provides a complete description of p in this case.

Notation. Let Z denote the completion of Z, hence Z = LiLn(Z/NZ). Let

Af denote the ring of finite adeles, Ay = Z® Q. Note that Q/zZ = liﬂZ/NZ,
therefore
End(Q/Z) = Hom(lign.(Z/NZ), Q/z) = h&lHom(Z/NZ,Q/Z)
= lim Hom(Z/NZ, Z/NZ) = im(Z/NZ) = Z.
Write Ag for the ring of adeles of Q.

Let B be an indefinite quaternion algebra over QQ of discriminant D, and
let O be an Eichler order in B. We denote by Tr and Norm the reduced trace
and the reduced norm in B respectively: for any b € B, Tr(b) = b+ b and
Norm(b) = bb, where b stands for the conjugate of the quaternion b.

Let G be the group scheme over Z such that G(R) = (O°PP ® R)* for all
rings R, where O°PP is the opposite algebra to O. Note that the group G(A¢)
does not depend on the Eichler order O chosen since it is maximal locally
for all but finitely many places. We will denote by b — b the conjugate of
any element of G(Ay).

Write O = O®Z; then we have the isomorphism O = @(O/NO). More-
over, hﬂ((l) /NO) = B/O as left O-modules. Applying the above argument,

we have Endp(B/O) = O°PP_ where O°PP acts on B/O via right translation.
Hence we can identify G(Af) = (Endp(B/0O) ® Q)*.

Given an abelian variety A defined over C, we will denote by End(A)
the algebra of endomorphisms of A defined over C. Note that if A admits
a model over Q, then End(A) = Endg(A). Throughout this paper, we will
denote End? := End ® Q.

2. Abelian L-surfaces with quaternionic multiplication. Let F be
a field. An abelian surface with QM by O over F'is a pair (A, 1) where A/F is
an abelian surface and ¢ is an embedding O — Endg(A) optimal in the sense
that +(B) NEndg(A) = 1(O) (here we denote also by ¢ the scalar extension
1: B < End%(A)), and such that for every a € O, the endomorphism 2(c)
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is defined over F. If the order O is clear from the context, we will call (A,1)
just a QM-abelian surface. Let us consider the subring

End(A4,2) = {\ € Endg(A) : A o1(0) =1(0) o A for all 0 € O}.

If (A,7) is defined over C, then End%(A,7) can be either Q or an imagi-
nary quadratic field K; in this last situation we say that (A,?) has complex
multiplication (CM).

DEFINITION 2.1. Two abelian surfaces (4,12) and (A’,7") with QM by O
defined over F are isogenous or O-isogenous if there exist an isogeny p :
A" — A defined over F satisfying p o2/ (a) = 1(a) o p for all o € O. We will
then call p: (A',7) — (A,2) an O-isogeny.

Assume that (A,1) is defined over C and let T(A) = Hom(Q/Z, Ator)
be its Tate module. Since T(A) is a Z-module of rank 4 with End(7'(A)) =
End(A) ® Z and +(O) = «(B) N End(A), we conclude that T(4) ~ O ® Z
= O and Aoy ~ B /O as O-modules. This implies that, for any O-isogeny
p: (A1) — (A7), we have an isomorphism ker(u) ~ I,,/O as O-modules,
for some left fractional O-ideal I,,. We define deg(u) to be Norm(1,,)~!. With
this definition, the multiplication-by-n O-isogeny has degree deg(n) = n?,
instead of n*. Moreover, we have an inclusion ker(u) C ker(deg(u)) provided
by

ker(p) = 1,/O C Norm(1,,)O/O = ker(deg(p)).

This implies that there exists an O-isogeny fi : (A’,7') — (A,1) such that
po = fiop=deg(n) and deg(p) = deg(ir). We call that isogeny the dual
O-isogeny of .

DEFINITION 2.2. Let L/Q be a number field. An abelian L-surface (A1)
with QM by O is an abelian surface with QM by O over Q such that, for all
o € Gal(Q/L), there exists an isogeny i, : °A — A (defined over Q) such
that pe 0 %(0) = 1(0) o pe for all o € O. Equivalently, (“A,%) and (A,1) are
O-isogenous for all o € Gal(Q/L), where % is defined by (o) := ?(2(0)) for
o€ 0.

Given an abelian L-surface (A,:) with QM we shall construct a map
P(Anp) : Gal(L/L) — G(Af)/End®(A,1)*

that describes the Galois action on the Tate module. In order to do this,
we will fix an O-module isomorphism ¢ : Aoy — B/O. The following result
shows that to choose such an isomorphism ¢ is equivalent to choosing an
O-module isomorphism between T'(4) and O.

LEMMA 2.3. Given an O-module isomorphism ¢ : Ao — B/O, the
morphism

~

Pl T(A) = O, frlimn-o(f(1/n)),
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where n - o(f(1/n)) € O/n0O, is an O-module isomorphism. Conversely,
given an O-module isomorphism ¢! : T(A) — O, the morphism
1 L
: Ayor — B/O, P ————of B/O = B/0O,

where f is any element of T(A) such that f(1/ord(P)) = P, is also an O-
module isomorphism. Moreover, this construction is inverse to the previous
one.

Proof. It is easy to check that one construction is inverse to the other.
The other assertions follow from the fact that Hom(Q/Z, B/O) ~ O by
means of the isomorphism f +— lim n - f(1/n). =

Since (A, 1) is defined over Q, we can fix a number field M and a model of
A over M such that any endomorphism is defined over M. We denote such a
model also by (A,2) by abuse of notation. We fix a set u = {p» : (“A,%) —
(A,2) : 0 € Gal(M/L)} of O-isogenies and assume, after extending M if
necessary, that every O-isogeny in p is also defined over M.

Consider the endomorphism on B/O given by

(P) = (e (7P)).

It commutes with the action of O: indeed, for any o € O,

P (o (W) P))) = (1o (") (OP))) = (@) o (“P)) = asp(pio ("P)).
Hence it corresponds to an element of EndY(B/0O)* since p, has finite
kernel. Once we identify End%(B/O)* with G(A¢) acting on B/O on the
right (provided that O acts on B/O on the left), we deduce that there exists
p’(LA’W)(U) € G(A¢) such that

o(e(°P)) = gp(P)péLA,ZM) (o) forall P € Ay

We have obtained a map
p}(LAﬂ«,%O) 1 Gal(Q/L) — G(Ay),
which may depend on the choice of the set p of O-isogenies. However, we can
consider the quotient G(A¢)/End®(A4, 1), where End®(A,2)* is embedded in
G(A¢) by means of the natural embedding
©* 1 End’(A,2)" < G(A;) = End)(B/O)*,  o*(\) = " =polop L.
The composition with the quotient map gives rise to a map
Pang) : Gal(Q/L) — G(Ar)/End’(A,2)*.

LEMMA 2.4. The map p(a,.) s independent of the choice of the set p
of O-isogenies and of the choice of the model in the Q-isomorphism class of

(A,2).
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Proof. Let p/ = {ul : (PA,%) — (A,2) : 0 € Gal(M/L)} be another
set of O-isogenies. It can be defined over another Galois extension M’ but
we can extend both sets trivially. Then, for each o € Gal(M/L), A\, =
m;ﬂa o iy € End®(A,)*. Hence

/

A(PY (@) = 901, (OP)) = 9o (ko ("P))) = plha("P)N,

= (Pl ()N
Thus p’(LAJ’(p)(U) = p’(‘A,Z’@) (o) A% and

p’(LAJW) (0)End®(A,2)* = p’(lA’ZM)(U)EndO(A, 1),

which proves our first assertion.

Assume that we have another model (A’,7’) over M’. Then we have an
isomorphism 7 : A — A, defined over a bigger extension N O M’'M, such
that o(a) o = npod(a) for all @ € O. Since the isomorphism ¢ is chosen

in the Q-isomorphism class of (A,1), its realization ¢’ on (A’,7') satisfies
¢ = pon. We compute

(1o (P)) = ¢' (0" 0 e 0 (7~ (P)))).
Since we have proved that p s, ) does not depend on the choice of the O-
isogenies, we can choose 777! oy, 0%, obtaining the desired result P(A ) =

PAnp) ®

Note that in the non-CM case, G(A¢)/End®(A,)* is a group. However,
in the CM case, End(4,2)? = K is an imaginary quadratic field, hence K*
is not normal in G(Ay).

Given the embedding End®(A4,2)* < G(A¢) described above, let us de-
note by N4 the normalizer of End(A4,2) in G(A¢). Note that Ny = G(A¢)
in the non-CM case. Moreover, if (A,) has CM by the imaginary quadratic
field K, then the ¢ component of Ny is (Na)e = K, U jK) with 42 € QX
and jk = kj for all k € K/ . In any case, N4 /End®(A,2)* is now a group.

LEMMA 2.5. The map p(a,,,) factors as

_ oy,
Plang : Gal(Q/L) =275 N /End®(A,2)% = G(Ar)/End®(A,0)*.
Moreover, p&z ) 18 a group homomorphism.

Proof. For the first statement, for all ¢ € Gal(Q/L) and A € End(4,7)

we have

pfA,z,ga)(U))\*PfLA,W) (0)~! € End(A4,2)°.
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Indeed,
(deg 16 )P (P)p('x 1.0y (ON P4, 0y (0) 71 = (deg 1) (N1 (TP))) a1 ()
= o7 (oMo (P)))) = (7 (oMo (P)) = 9(P)(° (o))",

where clearly ° '(fioAtte) € End°(A, 1). Therefore p’(‘A , (p)(o*) € Ny.
For the second statement, one checks that

P/(LAJ’@) (o7) 71P‘(LA7Z’@) (U)P?A’%@) (1)
acts on TA® Q := (H; TpA) ® Q in the same way as does
cu(o,7) = (1/deg(por)) o birfior € (End(A,2) @7 Q)" = EndO(A72)X-

In particular, the quotient p(4, ) (o) is a group homomorphism. =

REMARK 2.6. Assume that the discriminant D equals 1, thus the quater-
nion algebra B is M3(Q). An abelian surface with QM by O = My(Z) is the
product A = E x E, where E is an elliptic curve. When E is defined over L
(so clearly A = E x E is an abelian L-surface with QM), the representation
P(Aap) 18 just the quotient modulo End®(A,2)* = End°(E)* of the classical
action on the Tate module

pe : Gal(Q/L) — GLy(Z H GLy(Z¢) = GLa(Af).

3. Shimura curves and isogeny classes. Assume that Oy is a max-
imal order in B, and let I" be an open subgroup of OF = G(Z) We say
that Op-module isomorphisms , ¢ : Agor 5B / Qg are I'-equivalent if there
exists v € I" such that ¢/ = ¢~v. The Shimura curve X is the compactifica-
tion of the coarse moduli space of triples (4,1, ®), where (A,1) is an abelian
surface with QM by Oy and @ is the I'-equivalence class of an Op-module
isomorphism ¢ : Agor 5B /Op. Such coarse moduli space is already compact
unless D = 1. The curve X is defined over some number field L. If &k is
a field of characteristic zero, given a point P € X r(k) corresponding to the
isomorphism class of a triple (A, 1, @)/k, its Galois conjugate °P € Xp(k),
for any o € Gal(k/k), corresponds to the isomorphism class of (°A,%,%p),
where

% “Agor = B/Oy,  p(Q) = p(Q).
Thus, a k-rational point P in X corresponds to the isomorphism class of a
triple (A, 1, ®)/k which is isomorphic to all its Gal(k/k)-conjugates.
The complex points of the Shimura curve are in correspondence with the
double coset space

Xr(©) = (I D\GW)/G@ U o), 1= { () e cLam
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where cusps only appear in case D = 1. The triple (4,14, p4) over C
corresponding to ¢ = (g, 9r) € G(A) is Ay := (B ® R)y_ /1,4, where
I, = Opgs N B and (B ® R)g.. = Ma(R) with complex structure

1
hg.. : C — Ma(R), ng;;( . )goo;

the embedding 24 : Op — End(A4,) is given by 14(a)(b® 2) = ab® z; and @q4
is the I'-equivalence class of ¢g : (Ag)tor = B/Iy — B/Op, p4(b) = bg; '
We compute that

End"(4,,24)*
={ycAutp(BOR) : vl ® Q =1, ® Q and yhy_ = hg. 7}
={y€GR):vB =B and vhy v ' =hy }
= {7 €G(Q) : Yhgv ' = hg} = {7 € G(Q) : go9s € T}

REMARK 3.1. In most of the literature, objects classified by the Shimura
curve X are triples (A,7,v), where (A,1) is an abelian surface with QM
by Oy as above and v is the I'-equivalence class of an Og-module isomor-
phism ¢ : T(A) = Hom(Q/Z, Ar) = Op. By Lemma it is clear that

this interpretation is equivalent to ours.

REMARK 3.2. If I' = I'y = ker(G(Z) — G(Z/NZ)), to give the I-
equivalence class of an isomorphism ¢ : Aior — B/Qp is equivalent to giving
an isomorphism ¢y : A[N] — Og/NQOy, that is, a level-N-structure. This is
the classical Shimura curve situation.

Let k be an algebraically closed field of characteristic 0. We say that
triples (A,1,¢) and (A',7', @) over k are isogenous if (A,1) and (A’,7') are
isogenous.

Let P € Xr(C) be a point corresponding to (A4,1, ). Denote by [P] the
C-isogeny class of (4,2,¢)/C in Xp, that is, the set of points @ € Xp(C)
parametrizing triples (A’,7, ¢")/C where (A’,7') is isogenous to (A,1).

PROPOSITION 3.3. Let P = [g] = [goo,1l] € (IcI'\G(A))/G(Q) C
Xr(C). Then we have the following bijection:

Py F\G(Af)/Emdo(Ag,zg)>< 5 [P], gt = [goos 9]

Proof. The non-CM case is described in [G-M| Lemma 1|; here we give
a proof that works in any case. Recall that (Ay_, 4., P4, ) is the triple
corresponding to P = [goo, 1]. For any gr € G(A¢), there exists n € Z such
that I,.n C Op. Therefore we have the isogeny

Agoogf = (B ® R)goo/lgf — (B ® R)goo/OO = Agooa b = nb7
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which is clearly an Op-isogeny with respect to 7, and 7244 since the in-
clusion Iyn € Op is a monomorphism of Op-modules. This implies that
900, g¢] € [P] for all gr € G(Ay).

Conversely, any Op-isogeny (Agr_g;; 297 g) = (Aga» 10 ) induces an equal-
ity of complex structures (B ® R), = (B ® R)y_. This implies that
9t € I'ogoo. Therefore the corresponding point [g¢) ,gf] has a represen-
tantive of the form [g, gf] in the double coset space (I'sI'\G(A))/G(Q).

We conclude that the map

I\G(Ar) = [P], gt = [9oo, 91,

is surjective. Finally, the result follows from the fact that [goo, 9] = [go0, 9F]
in (IuI"\G(A))/G(Q) if and only if there exists § € G(Q) such that I'g =
I'giB and goofS € I'ogoo, hence f € End®(Ay 2, )% =

REMARK 3.4. The above proposition asserts that the isogeny class [P]
corresponds to the fiber containing P of the natural map

X 2 (II\G(A))/G(Q) = I \G(R)/G(Q),  [goos 98] > [9o0]-

4. Galois action on isogeny classes. Assume now that (A,1) is an
abelian L-surface with QM by Op, and let (A, 1, ) be a triple corresponding

to the point P € X (Q). First we show that any (A’,7') isogenous to (A4,1)
is an abelian L-surface with QM.

LEMMA 4.1. Let (A,2) be an abelian L-surface with QM and assume that
(A7) over Q is isogenous to (A,1). Then (A’',7) is an abelian L-surface
with QM.

Proof. Let o € Gal(L/L). Since (A,1) is an abelian L-surface with QM,
there exists an Op-isogeny (74, %) £ (A,2). Fix an Op-isogeny (A',7) 2
(A,1) defined over Q (such an isogeny exists since (A,2) and (A’,7') are
isogenous and both are defined over Q). Thus by conjugating ¢ by o and
composing with gZ; 0 iy, Oone obtains

(A7) = (PA7) £ () B (A0).
Hence (A’;7')/Q is an abelian L-surface with QM. =

Note that since P and so (A,1) are defined over Q, the C-isogeny class
coincides with the Q-isogeny class [P]. Moreover, the above lemma implies
that Gal(Q/L) acts on [P]. Indeed, if Q € [P] corresponds to (A,7',¢')
and ¢ € Gal(Q/L), then °Q parametrizes (°A’,%' °¢'). Since (A’,') is
an L-abelian surface with QM by the lemma, there exists an Op-isogeny
pl o (PA %) — (A’)4)). This implies (PA’,%') is isogenous to (A,1), hence
°Q) € [P]. The main theorem of this section relates this action to the map
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P(Aap) introduced in §2| by means of the characterization of [P] given in
Proposition [3-3]

THEOREM 4.2. Assume that P = [geo, 1] € X corresponds to a triple
(A1, @), where (A,2)/Q is an abelian L-surface with QM , and ¢ is the
I'-equivalence class of the natural isomorphism

2 Ator — ((B & R)goo/OO)tor — B/Oo
Then the map pea, ) : Gal(Q/L) — G(Ag)/End®(A,2)* constructed by
means of ¢ satisfies

g0 ([98]) = Ygoe ([989(4,,9) (0)]) € [P]
for all g¢ € G(A¢) and o € Gal(Q/L), where [-] denotes the class in the
double coset space I'\G(A¢)/End®(A,2)*.

REMARK 4.3. Note that, by Lemma the image p(4,,,)(0) lies in the
commutator of End®(A4,1) in G(A¢). Thus the product GtP(A ) (0) is well
defined in I'\G(A¢)/End®(A, ).

Proof of Theorem 4.2. Recall that the abelian surface corresponding to
Vg ([g¢]) is given by the complex torus A; = (B ® R)y_ /Iy, where I, =

~

BN Opgr and g = (goo, ). Moreover, if we consider a representative of [gy]
such that gf_1 € Oy, the Op-isogeny between (A,2) and (Ag, 1) is given by

¢g: A=(BOR)g,./O0 = (BOR)g, /Iy = Ag, br>b.
Also recall that a representative of @, is given by
@g: (Agltor = (BOR) g /Mg )tor = B/Ig; = B/Op, b bggl'
Thus one checks that
(4.1) gpgogbg:(p-g;l:Ator—)B/Oo.
For any o € Gal(Q/L), the point %, _([g¢]) corresponds to the triple
(PA4, %1g,%94). We have the following Op-isogenies:
("Ags i) 2 (PA,%) 225 (A4,0) 2 (Ag,1,),
thus (“Ag, %g) and (A,1) are linked by the Op-isogeny “¢, o fi,. This implies
that, as in the case of (4.1), we have a representative “gr € G(A¢) of the
double coset ¥, ! (g, ([9¢])) € I'\G(Af)/End®(A, 1) satisfying %p,0(%b,0/is)
=p- “g;l. Hence, for all P € Agor,
P(P)p(a0) (0)(“91) ™' = (1o (7P)) (%e) " = deg(1ia) %y (“by ("P))
= deg(to) “pg("(34(P))) = deg(to)pg(dg(P)) = deg(u)p(P)g; -
We conclude that [gep(a,.,)(0)] = [79t] = ¢, L (g, ([g6])). =

—_
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5. Change of moduli interpretation. In §2| we defined an abelian
L-surface (A,:) with QM by any Eichler order O and defined the corre-
sponding representation p(4, ) attached to a fixed O-module isomorphism
¢ : Ator — B/O. However, we used a maximal order Oy to define the
Shimura curve X and to describe its moduli interpretation as the space
classifying triples (Ao, 20, o), where (Ao, 29) has QM by Op. In this section
we shall change this moduli interpretation for some of these Shimura curves
X in order to classify abelian surfaces with QM by O.

Thus from now on, O will be an Eichler order in B of level N, and Qg
a maximal order such that O C Oy. Fix the embedding A : O < Oy. Let I’
be now an open subgroup of 0% = (O® Z)X Since O is an open subset
of G(Z) = @OX by means of A, the subgroup I" is also an open subgroup of
G(Z). Thus we can consider the Shimura curve X .

PROPOSITION 5.1. We have an equivalence of moduli interpretations for
the Shimura curve Xp. It classifies either

(i) theisomorphism classes of triples (Ag, 1, @o), where (Ag, 1) is an abelian
surface with QM by Og and @ is the I'-equivalence class of an Og-module
isomorphism g : (Ag)tor = B/Op, or

(ii) the isomorphism classes of triples (A,1, @), where (A 1) is an abelian
surface with QM by O and @ is the I'-equivalence class of an O-module
isomorphism ¢ : Ayor — B/O.

In order to prove this proposition we will need the following lemma.
Note that the embedding A : O < Oy gives rise to a morphism A : B/O

LEMMA 5.2. There exists a one-to-one correspondence between triples
(A, 1, ), where (A,2) is an abelian surface with QM by O and ¢ : Agor —
B/O is an O-module isomorphism, and triples (Ao, 0, v0), where (Ao, 1) is
an abelian surface with QM by Oy and @ : (Ag)tor — B/Op is an Op-module
isomorphism. A triple (A,1, @) corresponds to (Ao, 1, p0) if there exists an
isogeny ¢ : A — Agy such that pgo ¢ = Ao and ¢ o(a) = 19(A()) o ¢ for
all a € O.

Proof. Given (A,1,¢), consider the subgroup C := ¢~ !(ker(B/O A
B/Oy)) C Aior. We can construct the abelian surface A9 = A/C and
the corresponding isogeny ¢ : A — Ap. Since O C Oy, for all « € O we
have a(ker \) C ker A, hence 1(a)C C C and the embedding ¢ gives rise
to an embedding 12y : O — End(Ap). The O-module isomorphism ¢ gives
rise to an O-module isomorphism ¢ that fits into the commutative dia-
gram
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Aior L B/O

‘| i,\
(Ao)tor = Ator/C —2= B/Oq

Hence @go ¢ = Ao . Moreover, the fact that (Ag)ior =~ B/Op as O-modules
implies that 19 can be extended to an embedding 2y : Oy < End(Ap). Thus
(Ag,20) has QM by Oy. We have constructed the triple (Ag, 20, o) corre-
sponding to (4,1, p). )

Finally, given (Ao, 2, ©o), consider C' := ¢y (ker(B/Oo A B/0O)), where
X : B/Oy — B/O is the well defined morphism )x(b +Op) =[00: O]b+ O.
We define A := Ag/C. Notice that 1(0)(C) C C for all 0 € O € Oy. Hence
10 gives rise to an embedding 2 : O < End(A) and ¢¢ provides an O-module
isomorphism ¢ : Ay — B/O. It is easy to check that this construction is
inverse to the previous one, thus the result follows. =

Having the previous lemma, we can easily prove the above proposition:

Proof of Proposition [5.1. We know that the Shimura curve Xp classi-
fies the isomorphism classes of triples (Ao, 9, @o) as in (i). By the above
lemma, given a representative g of the I'-equivalence class g, there exists
a triple (A4,1,¢), where ¢ is an O-module isomorphism. It is clear that the
I'-equivalence class @ corresponds to the I'-equivalence class p. =

DEFINITION 5.3. A triple with QM by O is a triple (A, 1, ¢), where (A1)
is an abelian surface with QM by O and ¢ is an O-module isomorphism
¢ Ator — B/O. An L-triple with QM by O is a triple (A, 1, ) with QM by
O such that (A,?) is an abelian L-surface with QM.

We denote the one-to-one correspondence of Lemma by
Ago : {Triples with QM by O}/~ — {Triples with QM by Oy} /=~.

Note that, given an L-triple (A,1, ) with QM by O, one can construct
the projective representation

P(Anp) : Gal(L/L) — G(Ag) /End®(A4,2)*.

The following result relates the representations attached to triples associated
by the correspondence Ago.

LEMMA 5.4. Let (A,1,¢) be an L-triple with QM by O and assume that
AgO(A,z,go) = (Ao, 10, %0). Then (Ag,10,p0) is an L-triple with QM by Oq
and

p(A,’L,Lp) = p(A07'LO7SDO)’
when we identify G(A;) = End)(B/0)* = End%o (B/Op)* by means of \.
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Proof. We know that there exists an isogeny ¢ : A — Ag such that
woop =Aog and ¢ola) = 19(A(a)) o ¢ for all & € O. Since (A4,1) is an
abelian L-surface with QM, there exists a set pu = {ps : (94,%) — (A4,12) :
o € Gal(Q/L)} of O-isogenies. The composition

L PR N RN
satisfies
42 0% (A(0)) = $ 0 0% 0 %0(M0)) = $ 0 s 04(0) 0T
= ¢ 01(0) 0 1y 0% = 19(A\(0)) 0 0 for all 0 € O.
This implies that (Ag,10) is an abelian L-surface with QM.
Moreover, for all o € Gal(Q/L) and P € (Ag)tor, we have
2o(12(7P)) = 90(6 0 0 0 “D(°P)) = Aol *(H(P)))))

= M@(S(P))P 4, 0 (0) = deg(d)eo(P)ply, ) (0);
since A(bg) = A(b)g for all b € B/O and g € O°P° = Endp(B/O) C
Endp,(B/Op). This implies that p(A’MD)(U) = p(AO’ZO’%)(U). n
REMARK 5.5. As a consequence of this lemma, Theorem [£.2] also applies

if we replace the maximal order Oy by a not necessarily maximal Eichler
order O, considering the moduli interpretation (ii) of Proposition

6. Duality. In this section we describe the dual of an abelian surface
with quaternionic multiplication and its associated Weil pairing.

Let (A,1)/C be an abelian surface with QM by O. Denote by AV /C its
dual abelian surface. Denote by (,) the Weil pairing

() Ayor X AL, — {Cn i n € N},

where {(, : n € N} is the group of roots of unity. This group is isomorphic
to Q/Z by means of the isomorphism

Vi {CineNy 5 Q/Z, ¥ s m/n.
Given O, we have the two-sided ideal
O# ={be B: Tr(bO) C Z},
where Tr denotes the reduced trace. Given any left O-ideal I, we denote by
Norm([) its reduced norm.

Given an isogeny p : A — B between abelian surfaces, we will denote by
/i BY — AV the induced isogeny between their dual abelian surfaces.

PROPOSITION 6.1. The dual abelian surface AV admits a quaternionic
multiplication 1" such that (AY,1") is isogenous to (A,1) by means of an O-
isogeny € : (A,2) = (AY,1") of degree Norm(O#)~1. The isogeny " satisfies
eV = —¢ and the quaternionic multiplication 1" satisfies 1¥(a) = 1(@)¥ for
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all a € O. Moreover, for any O-module isomorphism ¢ : Agor — B/O, there
exists u € Z* such that the Weil pairing satisfies

Y((P.e(Q))) = uTr(p(P)p(Q))  for any P,Q € Ator.

Proof. We have seen that, as a complex torus, A = (B®R); /I for some
left O-ideal I and some complex structure h : C — B ® R. Its dual complex
torus corresponds to (B ® R))\ /IV, where

(BoR)Y :={f: B®R — C: R-linear, f(h(i)v) = —if(v)},
Ve {feBoR)Y mf(I) C 7},
and the complex structure ¥ : C* — Autg((B ® R)") is given by h"(z)f
= zf. The non-degenerate pairing B x B — Q, (b1, b2) — Tr(bzby), provides
the isomorphism
(BoR), = (BRR))\, b f(b') =iTr(bb) + Tr(bb'h(i)) € C,
since Tr(h(i)bab1h(i)) = Tr(bgby). Hence

AV~ (B®R)) /I~ (BoR),/I*, I ={be B:Tr(bl)C7Z}.
Since I# is a left O-ideal, we deduce that AV admits a quaternionic multi-
plication 2V, and (AY,2") is in the O- isogeny class of (A,1). An O-isogeny
e: A— AV is given by the inclusion WI C I#. Tts kernel corresponds
to the quotient I /(m ) = O% /O, hence deg(e) = Norm(O#)~!. The
isogeny ¢ is provided by the pairing

1 _
IxI—Z i1,19) — —— Tr(igiq).
;o (11,42) Norm(7) r(ig71)
Since the pairing is symmetric, we obtain ¥ = —e. Moreover, it follows

directly from the above description that 2V () = 2(a)V.

Note that composing € with any element o € O with trace zero we obtain
a symmetric isogeny: indeed, (€ o 1(a))Y = —1¥(@&) o€ = € o 1(a). This sym-
metric isogeny is given by a line bundle. Applying [Muml Theorem 1, §IV.24|
to such line bundles, we deduce that ¥ ({P,£(Q))) = — Norm(I)~! Tr(bb') for
any P, Q € Aior corresponding to b, b € B/I respectively. Any isomorphism
¢ : Ayor — B/O is given by an element g¢ € G(A¢) such that Ogs N B = I,
and the composition

¢: Awor ~ B/T = BJ/O, b+ bg;

We compute

B((P.eQ)) = —— ! Q)

Norm(@) Tr(bb') = Norm(7) (P (P)aigie(Q))

= uTr(p(P)p(Q)),
where © = — Norm(g¢)/Norm(I) € Z*.
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REMARK 6.2. We have seen in the above proof that, given an element
w € O with trace zero, the composition € o 2(u) is a symmetric isogeny. The
corresponding anti-symmetric pairing on the lattices is given by the natural
pairing
1
~ Norm([I)

The isogeny ¢ o +(u) is a polarization if and only if the pairing E,, defines a
Riemann form. A simple computation shows that this is equivalent to the
condition p? < 0.

E’u I xI— Z, (’il,ig) TI'(ZQ[L%l)

REMARK 6.3. If p : (Ap,t0) = (A, 1) is an O-isogeny, then
plo(a) = por(a)’ = (a)op)” = (pow(@))” = (@) on” = iy (a)ou”,

hence p¥ : (AY, 1Y) = (AY,¢)) is an O-isogeny.

6.1. Weil pairing on abelian L-surfaces with QM. Let (A,:) be an
abelian L-surface with QM. Fix a model (A,1) over some number field M,
aset p = {ps : (4,%) — (A1)} of O-isogenies defined over M, and

an O-isomorphism ¢ : Ayy — B/O. In §2| we constructed the endomor-

phisms p’(lA’W)(J) € G(A¢), where 0 € Gal(Q/L), satisfying o(u,(°P)) =
go(P)pi‘AMp) (o) for all P € Agor.

Since (AY,1") is O-isogenous to (A,1), we know that (AY,7") is also
an abelian L-surface with QM. Moreover, by the functorial description of
the dual abelian surface, (AY,7") admits a model defined over M satisfying
(PA)Y = 9(AY) and (°P,°Q) = %(P,Q) for all P € A, Q € A, and
o € Gal(Q/Q).

PROPOSITION 6.4. The map € : (A1) — (AV,1") is defined over M, and
plogou, =deg(us)(%) for all o € Gal(M/L).

Proof. First we consider a Galois extension M'/M big enough such that
e is defined over M’, and we extend the set of O-isogenies in the natural
way: for o € Gal(M'/L), we define piy := fir(y), where m : Gal(M'/L) —
Gal(M/L) is the natural projection. We consider the Weil restriction of
scalars X = Resp(A). It is an abelian variety defined over L and isomorphic
over Q to X ~g [secaimrn) “A- For any 7 € Gal(M'/L), the isogeny fir
gives rise to an endomorphism A\, € End(X) defined by

Ar HUA — HUA, (Ps)o = (“ir(Por))o

By Remark 6.2 any p € O satistying 1®> € Q< provides the polarization
eop:=(%Eo%p): X =][A—]]A=x".
o a
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Hence the Rosati involution of A\; with respect to € o u is given by
MN(Py)g =cop™ oX oconu(Py)y =cop™" o X (%("(n)(Fs)))o

= o™ (1 (e (1) (Pr)))or) = (7€) T 1y (e(Pr)))or

= (e o py 0 &)(Ps))or,
since the action of @ commutes with u, and . Thus A o )\i acts as the
diagonal matrix with entries °(, o ™' o Y o €) € End(A?,47). Due to the
fact that the Rosati involution is positive, we have i, o e~ to uY o e € Q0.
Since deg(e~! o puY o¢) = deg(u,), we conclude that et o uY o = fir,

hence pY o€ o p, = deg(ps)(%). Since this equality is also true for any
o € Gal(M'/M) where pu, = 1d, we deduce that ¢ is defined over M. =

Let x : Gal(Q/Q) — 7 be the cyclotomic character that provides the

Galois action on {(, : n € N} ~ Q/Z, namely ¥(¢,) = x(0)¥((,) for any
root of unity ¢, and o € Gal(Q/Q).

THEOREM 6.5. We have
Norm(p’(‘Avw)(o)) = deg(uo)x(c)  for all o € Gal(Q/L).

Proof. We have seen that there exists u € A; such that ((P,e(Q))) =
uTr(e(P)p(Q)). Thus we compute, for all P,Q € Ator,

deg(po)x ()Y ((P,€(Q))) = deg(uo)b(*(P,e(Q))) = Y ({"P, deg(us)’(°Q)))
= Y(("P, g 0 € 0 416 (Q))) = P ({tio ("P), (1o ("Q))))

= uTr(p(1o("P)) (1o (°Q)))
= uTr(P(Q)P(a,1,0) (004, (@) P(P)))

= Norm(pl',,  (0))uTr(p(P)e(Q)) = Norm(pl!, ,  (0))((P.=(Q))).

and the result follows. =

COROLLARY 6.6. The composition
Gal(Q/L) G(Ar)/End®(4,2)* T2 AX/Q*0 ~ A% /Q R

factors through Gal(Q® /(L N Q%)) and it is given by the restriction of the
inverse of the Artin map.

P(A,0)

7. Complex multiplication abelian K-surfaces with QM. In this
section we shall deal with the complex multiplication (CM) case. Hence,
only for this section, we assume that the abelian surface (A4,2) with QM
by O also has CM by K, which means that End’(4,7) = K is an imaginary
quadratic field. The following result describes the projective representation
p&ﬂw (and therefore p(4, ) in the CM case:
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PROPOSITION 7.1. Assume that End®(A,2) = K is an imaginary quad-
ratic field, and let Ak ¢ be the ring of finite adeles of K. Then:
(i) Any abelian surface (A’,7") with QM by O and CM by K is isogenous
o (A2).

(il) We can choose a representative of the isomorphism class of (A,1) de-
fined over Q. Moreover, (A,1) is an abelian Q-surface with QM.

(iii) Given any isomorphism ¢ : Ay — B/O, the restriction to Gal(Q/K)
of the corresponding projective representation p&vw) factors through the
inverse of the Artin map Art : Ap /K> — Gal(K?/K). That is, we
have the commutative diagram

Gal(Q/Q) Pl Na/K*

J

Gal(Q/K) —s Gal(K®/K) A A;“ /K~

(iv) The representation p¥ (A Jactors through Gal(K*/K) x Gal(K/Q)
sending the complex conjugatzon o. = [1,00], where (0g) = Gal(K/Q),

to the class jK*, where j € NAN B is any element satisfying j2 e QX
and jk = kj for all k € Aj,

Proof. Consider first the open subgroup I' = O*. We showed in §5| that
the isomorphism classes of abelian surfaces with QM by O over C are clas-
sified by the non-cuspidal points of X 5, . Assume that (4,2) with CM by K
corresponds t0 [goo, gf] € (Ine@*\G(A))/G(Q) C X 5x (C). The natural
composition

K* = End’(4,2)* = {7 € G(Q) : g9 € I'o} = G(Q) = B*

provides an embedding ¢4, : K < B. Given another (A4’,2") with CM
by K corresponding to [gL., gf], we obtain an analogous embedding Yary
K — B. By Skolem-Noether, there exists g € G(Q) such that 14,y =
9 '(a,g. This implies that g/, = goog, hence [g., gf] = [9o0, 9t9 1] We
conclude that (A’, ') is isogenous to (4, ¢) by Proposition[3.3] thus (i) follows.
Note that the class of goo in ['5\GL2(R) >~ C\ R corresponds to one of
the two elements in C\R fixed by (4 ,)(K). This implies, by Shimura’s Reci-
procity Law [Shi], that all points in [P] are defined over K?P. In particular
(A,2) is defined over Q. Since (°A, %) has CM by K for any o € Gal(Q/Q) we
apply (i) to deduce that (A, 1) and (?A, %) are O-isogenous, which proves (ii).
Additionally, Shimura’s Reciprocity Law describes the Galois action on
the isogeny class of (A4,12). More precisely, for any open subgroup I, let [P']
be the isogeny class of P’ = [goo, 1] € X (K?P) corresponding to (4,2, @) for
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some ['-equivalence class ¢. Then Shimura’s Reciprocity Law asserts that
Ve ([96]) = Vg ([geArt ™ (0)]) for all o € Gal(K*/K). We apply Theorem
to infer that p(4,,)(0) = Art1(o|K?P) modulo I' N Ak for any open
subset I". Thus (iii) follows.

Finally, note that j K is an element in N4 /K* of order 2, and N4/ K* =
AgdKX x (JK*). Let 0. € Aut(C) denote the complex conjugation au-
tomorphism. Recall that A = (B ® R),. /O, where the complex struc-
ture on (B ® R),__ is given by hy_ : C < Ma(R). It is easy to see that
hg,, is the R-extension of scalars of ¢4, : K < B. Complex conju-
gation is the unique automorphism v on B ® R such that v(hy (2)) =
hg.(%¢z) for all z € C*. Therefore v corresponds to conjugation by j
since j_lzb(A’z)(k‘)j = P(a,(7°k) for all k € K*. This implies that 74 =
(B®R)y.;/0, and rescaling j in such a way that j € O if necessary, we
have the isogeny

po. : A= (B®R)y j/O = (BaR), /O=A, bRz~ jbxe.
Hence, we have the diagram

Hoc

Ator Pl UCAtor Ator
g ) |
B/O—" _plo—"" | po

Thus, ¢(pte.(7P)) = p(P)j, which implies p(4 (o) = jK*. Since pé\;lw)

maps surjectively Gal(Q/K) to A;ﬂf/KX by (iii) and Gal(Q/Q)/Gal(Q/K)
~ Gal(K/Q) is generated by the image of o, part (iv) follows. =

8. Abelian Q-surfaces as factors of abelian varieties of GLo-type.
In this section we will deal with abelian Q-surfaces without complex multi-
plication. Thus, let (A,2) be an abelian Q-surface with QM by O such that
End®(A4,1) = Q. We fix a set = {ig : (°A,%) — (A,1) : 0 € Gal(Q/Q)} of
O-isogenies. Given u, we can define the map

¢, : Gal(Q/Q) x Gal(Q/Q) — End"(4,2)* = Q*,

1 o -
deg(pon) o Hrftor-

PROPOSITION 8.1. The map ¢, is a 2-cocycle in Z*(Gal(Q/Q), Q*). Its
class in H*(Gal(Q/Q), Q*) does not depend on the choice of p or the choice
of (A7) in a fized O-isogeny class. The class of ¢, in H*(Gal(Q/Q), Q%)
coincides with the class of B in Br(Q), once we identify Br(Q) =~
H?*(Gal(Q/Q), Q).

culo, ) =
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Proof. Note that, for all 01,09, 03 € Gal(Q/Q), the element cu(o2,03)
€ Q* commutes with gy, . This implies that

1
ag _ o o ~
1Cu(02a03)cu(01a0203) ~d Hoy 10#(02703) ' Posos oy oaos
eg(loyoy03)
o g10 o1 [ o o
Moy T ey T P e T loaos Tt Hogos oy ogos

deg(ftos0s) deg(Hoyoaos)
_ P! Bos floroa by 7 Pog Loy oaos
deg(toror05) deg(fioy o)
= CM(Ul, UQ)CM(UIO'Q, (73).

Thus, ¢, is a 2-cocycle indeed.
If we choose (A’,7) in the O-isogeny class of (A,1) with a set u/ = {us, :
(A7) — (A7) 1 0 € Gal(Q/Q)} of O-isogenies, we obtain ¢, = ¢ 0()N),

where

A Gal(@/@) — QX = EndO(Av Z)Xa )‘(U) MUO%O[L;—O@

~ deg(14),) deg(¢)

for any O-isogeny ¢ : (A,1) — (A’,7'). Finally, the last assertion follows from
[Pyle, Theorem 2.1|. m

Denote by @* the group Q* with the trivial Galois action. By a theorem
due to Tate [Rib, Theorem 6.3], the cohomology group H?(Gal(Q/Q), @)
is trivial. This implies that ¢, = 9(«) for some a : Gal(Q/Q) — Q*. Let E,
be the number field generated by the image of a.

By means of the set u = {u, : 0 € Gal(Q/Q)} of O-isogenies and a
l-cocycle a : Gal(Q/Q) — Q* such that ¢, = 9(«), we shall construct an
abelian variety Agr, of GLo-type having A as a factor or contained in A.

REMARK 8.2. If B = M2(Q) and A ~ E x E’, where E is an elliptic
curve defined over Q, then either Agr, = E, or A is a factor of Agy,.

Choose a model over a Galois extension M/Q such that the O-isogenies
to : (FA,%) — (A,2), with o € Gal(M/Q), are also defined over M. We
consider the Weil restriction of scalars X = Resg(A). It is an abelian variety
defined over Q isomorphic over Q to [1sccaiar/q) “A- For any T € Gal(M/Q)

and o € O, the isogeny p, gives rise to an endomorphism o), € End(X)
defined by

oA [[A=]T]A (Po)o = (((0)ur)(Por))o
g g
The Galois action on the points of X is given by

[ Al T1 “4 (P (Po)eiyos
ceGal(M/Q) o€Gal(M/Q)



388 S. Molina

where 7 : Gal(Q/Q) — Gal(M/Q) is the natural projection. We compute
that, for 7 € Gal(M/Q), v € Gal(Q/Q) and o € O,

oA ("(Py)o) = oA (("Ps )71'(7) )=(" ’Y)U(Z(O) 7)( PO"T'))TI'(’Y)U
="("((0)r)(Por))o = "(0A+((F5)s))-

Hence o\, € Endg(X).
LEMMA 8.3. We have End(X) = [T cqaar/g) B

Proof. The abelian variety X represents Weil’s restriction of scalars func-
tor Resg(A), defined as the functor that maps a Q-scheme S to A(Sy),
where Sy = S ®g M is the M-scheme obtained from S through extension
of scalars. For § = X we obtain

X(X)®Q=End(X) =Hom}, (Xy,A)= J[ Hom}, ("4, A).
c€CGal(M/Q)

Hence the result follows from the fact that Hom9,(?A, A) = «(B)u,, which
clearly maps to B\, under the above isomorphism. m

REMARK 8.4. Note that (oA;)(0'A\r) = cu(7,7")(00'A\rrr) for any 7,7’ €
Gal(M/Q) and 0,0 € O. Indeed,

(0AR) (A ) (Po)a) = 0Ar(((1(0") 1z ) (Por1))o)
= ("((o)pr) ("0 (0) N (Pore)))o = (“(1(0) © pr 071(0") © "z ) (Porr))a
= cu(7, 7) (00 ) pire ) (Porrr)) g = cu(T,7') (00" Arr ) ((Po)o ).

Since A; A1 € Q*, we deduce that A\, € Autg(X) for all 7 € Gal(M/Q).
 Let T(X) = Hom(Q/Z, Xior) be the Tate module of X, and let Y/(X) =
T(X)® Q. Since Xior = [[, “Ator, we conclude that T'(X) = [[, T(°A) =
[1, Hom(Q/Z, "Aor).

LEMMA 8.5. The morphism

Pl V(X) = Endd(X) ®0 O, (fo)o = YAt @ Limo(ue(fo(1/n))),

s an isomorphism of End&(X)-modules.

Proof. By Lemma both V(X)) and End%(X) ®0 O are isomorphic to

(@ ® Q)M Moreover, ¢! is an isomorphism of @-modules by Lemma
In order to prove the result, we have only to show that o\, = A ¢! for all
7 € Gal(M/Q). Indeed,
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‘PT)‘T(fO)U = QPT (“rfor)o = Z /\;1 ® m (o (“pr(for(1/n))))
= Z )\;lcu(a, T)® m P(por(for(1/n)))

= Z )\7—)\;; ® @@(NUT(fUT(l/n))) = )‘TSDT(fU)U’

by the above remark. Hence the result follows.

Given the 2-cocycle ¢, associated to the set u = {p, : 0 € Gal(M/Q)}
of O-isogenies and the fixed 1-cocycle o : Gal(M/Q) — E such that
¢, = 0(av), we claim that there is a ring homomorphism

¢ : EndQ(X) = B®g Ea, bA; = b®a(o).
Indeed, for all o, 7 € Gal(M/Q) and b, € B,
(DA (V'Ar)) = Y(cu(o, 7) (0" Agr)) = bV @ cp(0, T) (o)
= (0@ ()t @ a(r)) = p(bA)Y (' A7),

by Remark
Clearly the map 1) is surjective by definition. Consider the abelian subva-

riety Xo/Q defined by X D Xy :={P € X : A(P) =0 for all A € N}, where
N = ker(¢) N Endg(X). By construction, End?QA(XO) = End&(X)/l::er(w) =
B ®qg E4. By the previous lemma, we have V(Xy) = E, ®z O, where
V(Xo) = T(Xo) ® Q and T(Xy) = Hom(Q/Z, (Xo)ter) is its Tate module.

LEMMA 8.6. We have B ®g E, ~ Ma(E,).

Proof. By Proposition the 2-cocycle ¢, represents the class of B in
the Brauer group Br(Q). Since ¢, is a coboundary when extended to E, it
represents the trivial element of the Brauer group Br(E,). The fact that the

cocycle representing B is trivial when extended to E, implies the assertion
(see |[Pylel §2]). =

The above lemma implies that X is isogenous over ) to an abelian
surface of the form AQGLQ, where End(%(AGLQ) = E,. Clearly, dim(AqL,) =
dim(Xo)/2 = [Eq : Q], thus Agr, is an abelian surface of GLa-type. More
precisely, fix an isomorphism End?Q(XO) ~ My (E,), and let

0
7 € Endg(Xo) N {(3 0) € B®g Eq = End(Xo) 1z € Eg}
Then Agr, := 7m(Xo) C Xo and we have the isogeny

A%}LQ - 7T(*XVO)Q — X07 (P, Q) = P + (? ;) Q7



390 S. Molina

and its dual
Xo = m(Xo)” = AGr,, P |7P7 L0 P.

Since Agr, C Xo € X = Resg(A4), we find that A is a factor of Agr,
(or Agr, is a factor of A, see Remark . In particular, End’(Agr,) =
Mg/2(B), where d = [E, : Q] (we write formally M, /5(M2(Q)) = Q in case
E, =Q and B = M2(Q)).

8.1. Galois representations attached to abelian varieties of GLo-
type. Let Agr,/Q be an abelian variety of dimension d of GLa-type such
that End%(AGLz) = Mg/2(B). By definition End%(AGLQ) = F, a field exten-
sion of Q of degree d.

First we recall the classical construction of the Galois representation
attached to Agr,: For any prime ¢, the Tate module

Ty(Acr,) = Hom(Q¢/Ze, (AcL, )tor)
is a free Zy-module of rank 2d. Its extension of scalars, Vy(Agr,) := Ty(AcL,)
® Q, has a natural action of End?Q(AGLZ) = FE, which provides it with the
structure of a rank 2 (E ® Qy)-module. Given a basis @1, p2 € Vi(AgL,) as
an (E ® Qg)-module, we obtain a representation

peL, : Gal(Q/Q) = GLa(E © Q)P

defined by (1(7P), 02("P)) = (¢1(P), p2(P))pGy, (o) for all P € (AL, )ior
and o € Gal(Q/Q).

Note that we can consider the product of the subgroups EXG(Af) in-
side [, GLa(En ® Q¢)°PP, where E, is embedded in [[, GL2(Eq ® Qg)°PP
diagonally and G(Af) through the monomorphism

G(Af) = (0P @ Q)% — H B @ Eo)* ~ HGL2 (Ea ® Qg)°PP.

The following result relates this representation pGL2 to the representation

p’(L A introduced in

THEOREM 8.7. Let (A,1) be an abelian Q-surface with QM by O. As-
sume that the abelian variety Agr,/Q of GLa-type has been constructed
by means of (A1), p = {ps : (°A,%) — (A7) : 0 € Gal(Q/Q)} and
a : Gal(Q/Q) — EX. Then there exist (E, ® Qg)-bases of the Tate mod-
ules of Agr, at every prime { such that the product [], péLQ =: pgL, of
L-adic representations factors through

a~1ph
pr, : Gal(Q/Q) — 249 pxa(ay) ¢ I GLa2(Ea @ Qp)orP.
l
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That is, pGr, (o) = O‘(U)_lp?A,up
all o € Gal(Q/Q).

Proof. Fix a model (A,:) over some Galois extension M as above. In
order to construct Agr,,, we consider the restriction of scalars X = Resg(A).
Recall the isomorphism ¢f : V(X) — End?Q (X)®00 of Lemmaﬁ Let res :
Gal(Q/Q) — Gal(M/Q) be the natural quotient morphism. We compute,
for all v € Gal(Q/Q),

‘pT (W(fU)U) - (( fU res(v)a Z )\res ® I&H @(Mres(v)o(vfa(l/n)))

)(U) € E;G(Ar) C T, GLa(E0 ®@Qp)°PP for

= Z )\res CN res ) 0')71 ® yin@(Mres('y)(’y(ua(fa(l/n)))))
= Z A A @ i o (Fo (/)0 ()

= SOT(fa)g()\r_eS(,y) ® P(AMD) (1),

where the action of )\r_eim ® p?A,z,@ () on End&(X) ®o O is given by left
translation.

Given « and the corresponding subvariety XO C X, we have seen that o
provides an isomorphism ¢}, : V(Xo) = E,®O. Since ¥(A res(y)) = a(7), the
above calculation shows that the action of v € Gal(Q/Q) on V(Xo) ~ E,0
is given by right multiplication by a(y)_lp?A 0) (7).

Finally, we know that Agr, = 7(Xo) C Xo, where 7 € E,®O. Since right
multiplication by E G(A¢) commutes with left multiplication by F,® 0O, we
conclude that the action of v € Gal(Q/Q) on V(AgL,) ~ (O ® E,) is also
given by right multiplication by a(’y)_lp’{ M) (7). The fixed isomorphism
Eo ® Op ~ My(E, ® Q) provides a basis of the Tate module V(Agr,) ~
m(Or ® Ey) as arank 2 (E, ® Qg)-module. It is clear that the Galois action
on Vy(AgL,) is given by right multiplication by the f-adic component of
ailpfAﬂ’w), once we have identified EXG(Qy) inside GL2(Q, ® E,)°PP. Thus
the result follows. m

The following result, which is a direct consequence of the above theorem,
is well known to experts.

COROLLARY 8.8. Let par, = [], F‘éLQ be the Galois representation at-
tached to the abelian variety of GLa-type constructed by means of (A,1), p
and . Then its determinant is given by

det(pgr,) (o) = x(0)

where x is the cyclotomic character.

deg(po)
a?(o) ’
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Proof. Since the determinant does not depend on the choice of the basis
for the Tate module, we choose the basis of Theorem [8.7 Then the result
follows from Theorems [R8.7 and [6.5] w

REMARK 8.9. By the proof of Serre’s conjecture on representations of
Gal(Q/Q) [Ser), 3.2.4], péLQ is the f-adic Galois representation associated
with a modular newform in S; (N, ¢) with N € N and e(0) = deg(u,)/a?(0)
for all 0 € Gal(Q/Q).

Recall that the representation pi4,.) : Gal(Q/Q) — G(A¢)/Q* intro-
duced in is the projectivization of p? Ano) modulo Q*. Applying Theorem
7, we deduce the following corollary:

COROLLARY 8.10. The representation p(a,. , is the projectivization of
the classical representation pgr, : Gal(Q/Q) — EXG(A¢) attached to the
abelian variety Agr, of GLa-type modulo End?Q(AGLQ)X =E;.
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