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Approximation properties of
doubly overconvergent power series

NIKOLITSA CHATZIGIANNAKIDOU (Patras)

Abstract. We investigate some approximation properties of doubly universal Taylor
series defined on a simply connected domain (2. In particular, we study the approximation
properties inside {2 and the case of doubly overconvergent power series smooth on the
boundary.

1. Introduction. Let 2 C C be a simply connected domain. We denote
by H({2) the space of all holomorphic functions in 2, endowed with the
topology of uniform convergence on compacta. Without loss of generality
we may assume that 0 € £2. For a function f € H(S2), we denote by

" f(k)
)@= 00 i

k=0
the partial sums of the Taylor expansion of f around 0. We consider zero
as the center of expansion in order to simplify our notation. However, the
results presented in this paper may be generalized to any point ¢ € 2.
For a compact set K C C, we write K° for the interior of K. We consider
the space C(K) of all functions continuous on K and

A(K) ={g € C(K) : g|ko is holomorphic}

endowed with the topology of uniform convergence on K.

Our aim is to investigate whether some well known properties of universal
Taylor series are true in the case of doubly universal Taylor series. Let us
recall the definition of universal Taylor series [19], [18].
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DEFINITION 1.1. A function f € H({2) belongs to the class U(§2,0) if
the set {S,(f) : n € N} is dense in A(K) for every compact set K C C\ {2

with connected complement.

In 1996, V. Nestoridis [19] proved that if {2 C C is a simply connected
domain, then U(£2,0) is a dense G subset of H({2). Note that functions in
U(£2,0) have overconvergent power series outside (2. Actually if f € U(£2,0)
then f has overconvergent power series inside {2 as well. This fact is derived
by an elegant and deep result first presented in [§] for bounded domains (2
(see also [17], [14]).

Our goal is to show that the functions in the class of doubly universal
Taylor series also have overconvergent power series inside {2. The notion of
doubly universal Taylor series was recently introduced by G. Costakis and
N. Tsirivas [7] for {2 being the open unit disk and it is connected with the phe-
nomenon of disjoint universality [2], [3]. In [4], the notion was generalized to
any simply connected domain (2. Let us give the definition that appears in [4].

DEFINITION 1.2. Let (\,,)nen be a strictly increasing sequence of positive
integers. A function f € H({2) belongs to the class U(§2, (An)nen, 0) if the
set {(Sn(f), S, (f)) : n € N} is dense in A(K1) x A(K32) for any compact
sets K1, Ko C C\ {2 with connected complements.

The class U($2, (An)nen, 0) is non-empty if and only if limsup,cy An/n
= oo. If it is non-empty, it is G5 and dense in H(§2) [4], [7].

In Section [2| we will prove that every doubly universal Taylor series re-
alizes approximation inside 2.

In Section [3| we investigate a problem for doubly universal Taylor series
motivated by an article of Ch. Kariofillis, Ch. Konstadilaki and V. Nesto-
ridis [I0] on universal Taylor series. More precisely, universal (and conse-
quently doubly universal) Taylor series cannot be smooth on the boundary
of 2 (see [13]). In an effort to obtain a result towards this direction, we
consider (as in [I0]) functions with universal approximation properties out-
side 2 (in the sense of Luh [11] and Chui and Parnes [5]). Hence, we study
the concept of double universality on the space of holomorphic functions
in {2 whose derivatives extend continuously to the boundary of (2.

2. Double universality in H({2). The main result of this section is
that if f € U(£2, (A)nen,0) then f has overconvergent power series in (2.
Let us give a definition.

DEFINITION 2.1. Let (\,,)nen be a strictly increasing sequence of positive
integers, and {2 be a simply connected domain with 0 € (2. A function
f € H(S2) belongs to the class Uins(£2, (An)nen, 0) if for any compact sets
Ki,Ky C C)\ 2 with connected complements and for every pair (g1, g2) €
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A(K1) x A(K32), there exists a sequence (fy)nen of positive integers such
that

n—oo n—oo

HS n(f) - 91HK1 — 0, HS)\ML (f) - .92HK2 —0,

and for every compact set I' C §2,

1S, (f) = fllr =220, [ISx,,, (f) = fllr === 0.

Clearly Uins(£2, (An)nen,0) € U(£2, (A\n)nen,0). We will show that the
two classes actually coincide. The following result proved by J. Miiller and
A. Yavrian [16] is a crucial part of the proof. For the notion of thinness we
refer to [20].

THEOREM 2.2 (Miiller—Yavrian). Let I" be a compact and connected sub-
set of C, but not a singleton. Let E C C be a closed set that is non-thin
at 0o. Also suppose (Py)nen is a sequence of polynomials with deg(P,) < dy,
for some increasing sequence (dn)nen of positive integers and with the fol-
lowing properties:

(a) there exists a function f: I — C with
limsup [|f — Pl /"™ < 1,

n—oo

(b) forall z € E,
limsup | P, (z)[Y/% < 1.

n—oo

Then:

(i) if the sequence (dp+1/dn)nen is bounded, then f extends to an entire
function and for every compact set K C C we have
limsup || f — P, ||/ < 1,

n—oo
(ii) if f is analytic on I, then f extends to a holomorphic function having
a simply connected domain of existence Gy C C (G denotes the unique
largest domain to which f extends as a holomorphic function; observe
that Gy exists in this case) and for every compact set K C Gy we have
limsup || f — P/ < 1.

n—oo

THEOREM 2.3. The classes U(£2, (An)nen, 0) and Uns(£2, (An)nen, 0) co-
incide.

Proof. If limsup,,cy An/n < 00, then U(£2, (Ap)nen,0) = 0 (see [4]) and
since Uins(£2, (An)nen, 0) C U (82, (An)nen, 0), there is nothing to prove.

So assume that limsup,,cy An/n = 00. Let f € U($2, (An)nen, 0). It suf-
fices to prove that f € Uins(£2, (An)nen, 0). Let K1, Ko C £2¢ be compact sets
with connected complements and (g1, g2) € A(K1) x A(K3). Choose R > 0
such that KUKy C D(0, R). Let w be the union of the bounded components
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(if any) of (2 U D(0, R))®. It follows easily that 2 := 2 U D(0,R) Uw is a
simply connected domain. Applying [21, Lemma 2.2] to {2 (see also [7]), we
can fix an increasing sequence (Ej)ren of compact sets with the following
properties: F; C 0, Ej}, is connected for every k € N and E = | J oy Ep is
closed and non-thin at oo.

For every k € N, the sets K1UFE, and KoUFE}, are compact with connected
complements. Since f € U(£2, (An)nen, 0), there exists a strictly increasing
sequence (ny)ren of positive integers such that

190, (f) = g1ll, <1/k, S, () — g2llk, < 1/K,

Let z € E. Then there exists kg € N such that z € E}, for all k > kq. For

k2 ko, [Sn, (F)(2)] < 150, (P2, <1 and [Sy, (F)(2)] < 9., (Hlle, < 1.
Consequently,

(1a) limsup\S’nk(f)(z)\l/mC <1,
k—o00

(2a) hmsup\S)\n (f )(Z)|1/)‘”k < 1.
k—o0

Now let p be the radius of convergence of the Taylor series of f around 0.
Let A= D(0,r) for 0 < r < p. Then

(1b) limsup || S,y (f) — FI™ <
k—oo

(2b) limsup [|Sh,, () — fu”*"k
k—oo

From inequalities (1a) and (1b), we see that conditions (a) and (b) of
the Miiller—Yavrian Theorem 2.2 are fulfilled. Therefore for every compact
set I' C 2, we have

limsup 1Sy, () — f11™ <
k—oo
The same holds for (2a) and (2b). Hence for every compact set I' C 2,
Vg _

limsup ||Sy,, (f) = flly
k—o00
As a result, the sequence (ng)ren satisfies
190, (f) = g1llc, = 0, (IS, (f) = g2ll; = O,
and for every compact set I' C (2,
150, (f) = fllp =0, 15K, (f) = fllr = 0.
Therefore f € Uins(£2, (An)nen,0). n

Next, we will prove that the class U(§2, (An)nen, 0) is densely lineable,
i.e. it contains a dense vector subspace with zero removed. Arguing as in [I]
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(see also [15]), we start by defining the following auxiliary class of func-
tions.

DEFINITION 2.4. Let (Ap)nen and (ap)nen be strictly increasing se-
quences of positive integers, and {2 be a simply connected domain with
0 € 2. A function f € H({2) belongs to the class W (2, (An)nen, (an)nen, 0)
if for any compact sets Ki, Ko C C\ 2 with connected complements and
for every pair (g1,92) € A(K1) x A(K2), there exists a strictly increasing
subsequence (fip)nen Of (ap)nen such that

150, (f) = g1llky = 0, [[Sh,, (f) — g2llk, — 0.

Following the method used in [4, Theorems 2.2 and 3.2] we obtain the
following proposition.

PROPOSITION 2.5. The class W (82, (Ap)nen, (n)nen, 0) is dense and G
in H($2) if and only if Umsup,cy Aa,, /on = 00.

THEOREM 2.6. Let {2 be a simply connected domain with 0 € (2. Let
(An)nen be a strictly increasing sequence of positive integers such that
limsup,,ey An/n = o00. Then U(82,(\,),0) U {0} contains a dense vector
subspace.

Proof. The result follows easily if we combine the previous proposition
with the theory presented in [I]. =

3. Double universality in X°({2). Let {2 be a simply connected do-
main such that 0 € £2 and the complement of 2 in the extended complex
plane Cy is connected. Consider an exhausting sequence (Ij)xen of com-
pact subsets of {2 with C\ I, connected for every k € N. We denote by
A (12) the space of all holomorphic functions in {2 whose derivatives extend
continuously to {2, endowed with the topology defined by the seminorms
SUp,er, |£©O(2)| for all k,¢ € N. We also denote by X°°(£2) the closure of
the polynomials in A% (£2). Both A% ({2) and X°°({2) are Fréchet spaces,
and therefore Baire’s Theorem is at our disposal. The results of this section
concern the following class of functions.

DEFINITION 3.1. Let (An)nen be a strictly increasing sequence of pos-
itive integers and {2 be a simply connected domain with 0 € 2. A func-
tion f € A% (§2) belongs to the class Usm (2, (An)nen, 0) if for any compact
sets K1, Ko C C\ 2 with connected complements and for any polynomials
g1, g2, there exists a sequence (uy,)nen of positive integers such that

n—oo n—oo

15, (f) = g1llk, —— 0, IS\, (f) — g2llky —— 0,
ISEF) — rOlr 2220, |15 () - 1Ol == 0,

for every compact set I' C {2 and ¢ € N.
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Let us state a theorem presented in [4] (see also [7]), which will be used
in this section. It is a modification of the Bernstein—Walsh Theorem [20].

THEOREM 3.2 (Bernstein—Walsh type theorem). Let (7,)nen and (o) nen
be strictly increasing sequences of positive integers such that 1 < 7, /oy, — 0.
Let K and N be disjoint compact subsets of C with connected complements
and with 0 € N°. If f is a function holomorphic in an open neighborhood
of K, then there exist 0 € (0,1) and a sequence (Py)nen of polynomials
such that, for every n € N, P, € span{z°~,2z°»%1 2™} and

1f = Pullx <0™ and ||Py||ny < 6™

COROLLARY 3.3. Let (Tn)nen and (op)nen be as before. Let h: U — C
be a holomorphic function on a simply connected, open set U C C. If
0 € U, then assume that h = 0 on the connected component of U that
contains zero. Then there exist a subsequence (Tn,0n)neN Of (Tn,On)nen
and a sequence (Pp)nen of polynomials such that, for every n € N, P, €
span{z°n, 2ot 2T and

P, 22 p locally uniformly on U.

Proof. By using Theorem for suitable exhausting sequences of com-

pact sets, the result follows easily. =

REMARK 3.4. Note that since U is open, the approximation is valid for
all derivatives.

THEOREM 3.5. Let §2 be a simply connected domain such that Cs \ 2
is connected and 0 € §2. Also, let (Ap)nen be a strictly increasing sequence
of positive integers with Hmsup,cy An/n = 00. Then Uy (£2, (An)nen, 0) is
non-void.

Proof. We will prove that Usy (£2, (An)nen, 0) N X*°(£2) is G5 and dense
in X°°(£2), and therefore Ugsy (2, (An)nen,0) is non-void. The plan is to
use Baire’s Category Theorem, as in various papers concerning universal
functions.

Let (A\n)nen be a strictly increasing sequence of positive integers such
that lim sup,,cy An/n = 00, and let (f;)jen be an enumeration of all polyno-
mials having coefficients in Q 4+ iQ. Let (K,,)men be a sequence of compact
sets with connected complements and with K, N £2 = () such that every
non-empty compact set K C C\ 2 with connected complement is contained
in some K,,. For the existence of such a sequence we refer to [12, p. 198]
and [9, Chapter 2.2]. Also, consider the sequence (I')gen of compact sub-
sets of 2 described at the beginning of this subsection (for example take
(D(0, k) N 2)ken, where D(0,k) denotes the open disk of center 0 and ra-
dius k).




Doubly overconvergent power series 203

For every mi,ms, j1, jo, k,s,n € N, we define

E(my,ma, ji, ja, 5,n) = {f € A%(2) : [Su(f) = fisll i, < 1/5 and
[0 (F) = Frell s, < 1/5},
E(k,s,n) = {f € A=(2) : [|SP()) = [, < 1/s and

l
1S5 () = FOllr, < 1/s, €=0,1,... 5},
In view of Mergelyan’s Theorem,
USm(‘Q7 (An>n€N70) - m U(E(m17m27j17j27S7n)m5(kasan))7
m17m27j1’j27k786N neN
and for every mi,mo, j1,j2,k,s € N,
U (E(mla m2aj11j27 S, 7’L) N E(kv S, TL))
neN
is open in A (2) (see [10]).
The next step is to prove that for every mi,mo, j1, j2, k, s € N, the set
U (E(m1,ma, j1,j2,8,n) N Z(k, s,n)) N X>(£2)
neN

is dense in X*°(§2). Then using Baire’s Category Theorem we find that
Usin (2, (An)nen, 0)NX°(£2) is dense in X *°(§2), which completes the proof.
Fix my,ma, j1, 2, k,s € N. Let € > 0, I' C {2 compact and g € X*®(£2).
Without loss of generality, we may assume that ¢ is a polynomial and
{0yu I} Cre.
We will find f € H(f2) and n € N such that for every £ =0,1,...,s,

sup [Sn(f)(2) = [ (2)| <1/s,  sup [Sx, (f)(2) = fin(2)] <1/s,

2€Km, 2€Km,
sup 1SO(f)(z) = fO@) < 1/s,  sup [SO(f)(z) — FO)] < 1/s,
ZEFk ZEFk

sup| £ (2) — g (2)| < e.

zel

Consider simply connected open sets Uy, U; such that I' C Uy, K,,, C Uy
and Uy NU; = 0 (see [6] and [9]). Also let

H(Z):{?Z(%) o
1\%), 2 1-

In view of Runge’s Theorem, H can be approximated by polynomials, uni-
formly on compact subsets of Uy U U;. Applying the Weierstral Theorem,
we may find a polynomial p such that for every £ =0,1,...,s,

sup[p©(2) — g (2)| < e/2 and  sup [p“(2) — f1)(2)] < 1/s.
zell ZEK'ml
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Since limsup,,cy An/n = 00, there exists a strictly increasing sequence
(ftn)nen of positive integers such that A, /1, — 0o. Thus, A, /(pn +1) = 0.

Without loss of generality, we may consider a simply connected, open
set U such that K,,, C Ug and Uy N Uy = O (otherwise, we choose a new
simply connected open set Uo, disjoint from Uy, Uy, with I' C Uo)

Applying Corollary [3.3] for
(On)nen = (fn + 1nen, (Tn)neN = ()\un)nel\b

h(z) = 4 122 —p(2), 2 €Uy,
0, z € Uy,

we may fix a polynomial P € span{ztmot! ... ,z’\""O} such that
fing = deg(p),
sup |PY)(z) — f;f)(z) +p9(2)| <1/s for £=0,1,...,s,

ZEKm2

sup |PY(2)| < min{1/s,e/2} for £=0,1,...,s
zell

We set f(2) = P(2) + p(z). Then S, (f)(2) = p(z) and Sung (F)(2) =
P(z) + p(z) = f(2). Consequently, for £ =0,1,...,s, we have

sup  [Sy,,,, (£)(2) = fi(2)l = sup |p(2) = f,(2)] < 1/s,

2€Km, 2€Km,
sup Sy, (/)(z) = f(2)| = sup |f(2) — fj,(2)|
2€Km, 2€Km,
= sup |P(z) +p(z) — fi(2)] <1/s,
2€Kmy
sup [S5) (f)(2) = F9(2)] = sup [p)(2) — (PY(2) +p1(2))]
z€Ily, z€Ily,
<sup [PO(2)] < 1/s,
zell
sup ) (£)(2) = (=) = 0 < 1/s,
zely, HO

sup £ (2) — g(2)| < sup [P (2)] +sup [p (2) — g (2)] < e.
zel’ zel’ zel

As f satisfies all the requirements, the set |J, cn(E(m1,ma,j1,752,5,n) U
Z(k,s,n)) N X°(£2) is dense in X*°(§2), which gives the result. m

To complete the picture we will prove that Usy (£2, (An)nen, 0) is empty
if lim sup,,cyy An/n < 0o0. We use some ideas of [4] and [7].

LEMMA 3.6. Let 2 C C be a domain such that C\ 2 is unbounded.
There exists an increasing sequence (Ep)nen of compact subsets of C\ {2
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with connected complements such that E := |, .y En is closed and non-thin

at oo.

neN

Proof. First, we will treat the case of {2 unbounded. Let U be an un-
bounded, connected component of C\ 2. Then U is path-connected. Now
fix a sequence (zp)nen of distinct points in U with |z,| — oo.

Let 41 be a path joining z; to 22 in U, and set Fy = {y1(t) : t € [0,1]}.
Then F} is a compact subset of C \ 2. If U; is the unbounded component
of Ff, then set E; = U{. Note that F; is a compact subset of C \ 2 with
connected complement. (Also the bounded components of F¢ lie in C \ 2
because 2 is connected and unbounded.)

Now, let 72 be a path from 2z to z3 in U and Fy» = E1U{~»(t) : t € [0,1]}.
Again, if Us is the unbounded component of Fy, then set £y = US. As before,
Es is a compact subset of C\ 2 with connected complement and E; C Es.

Proceeding inductively, for every n € N, let v,, be a path from z, to z,41
inU and F,, = E,_1U{v,(t) : t € [0,1]}. Moreover, let U,, be the unbounded
component of F¢ and set E, = US. It is easy to see that (Ep)pen is an
increasing sequence of compact subsets of C\ {2 with connected complements.

Since E = UnEN FE,, is the union of an increasing sequence of compact
sets, it is easy to see that F is a closed, connected and unbounded set. From
[20, Theorem 3.8.3], a connected set containing more than one point is non-
thin at every point of its closure. So F is non-thin at oo, which completes
the proof.

Now, if {2 is bounded, then C \ {2 contains a half-line and the lemma
follows immediately using the arguments presented above. »

THEOREM 3.7. Let £2 be a simply connected domain such that C\ §2 is
unbounded and 0 € 2, and let f € H(L2). If for a sequence (Ep)nen as in
Lemma and for sequences (an)nen and (by)nen of positive integers with
an > by for all n € N, we have

Sa, () =221 and Sy, (f) =220, locally uniformly on E,
then the sequence (ay /by)nen is unbounded.

Proof. Assume that there exists €' > 0 such that an /b, < C for all
neN. Fix¢e By CC\ (2.

Now consider the following sequence of polynomials:

ghn
Pu(2) = 23 (S0, (£)(2) = 5, (f)(2)),

with deg(P,) = a,, — b, < Cb,, — b, < Cby,.

Since FE' is closed and non-thin at oo, the set E := EN D(0,|¢| + 1)¢ is
also closed and non-thin at co (as thinness is a local property).
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From our assumptions on f, for every z € E, we have
1/C
S, (F)(2) = Sy (H)(2)] /O < 1.

z

(3.1)  lim |Py(2)|Y/“"" = lim

n—oo n—oo

Fix I' ¢ E connected, compact, and containing more than one point.

Then ||Sq, (f) — Sb, (f)|lr < A for all n € N, for some A > 0. Thus,

'5 I/CA1/cz;n < < €] >1/C <1
Zr €] +1

By applying the Miiller—Yavrian Theorem for d,, = Cb,, the inequal-
ities , show that the conditions of the theorem are fulfilled. There-
fore, P, — 0 uniformly on compact subsets of C. In particular, P,(§) — 0
as n — oo.

However, since & € Eq, we have P,,(§) = Sq,, (f)(&) — Sb,(f)(§) — 1 as
n — oo, which is a contradiction. As a result, the sequence (a, /by )nen is
unbounded. =

;/ Cbn < lim sup

n—o0

(3.2)  limsup|| P,
n—oo

REMARK 3.8. In the proof of the previous theorem, pointwise conver-
gence of (Sq,, (f))nen and (Sp, (f))nen on E would have been enough if the
sequence of polynomials (Sg, (f) — S, (f))nen was supposed to be uniformly
bounded on a suitable compact set I'.

COROLLARY 3.9. Let 2 C C be a simply connected domain such that
Coo \ 2 is connected and 0 € Q. If (An)nen i a strictly increasing sequence of
positive integers such that lim sup,,cy Ap/n < 00, then Usy (12, (An)nen, 0) = 0.

Proof. Let E be as in Lemma If f € Usm(£2,(An)nen,0), then there
exists a sequence (p,)nen of positive integers such that

Sx,, (f) 2701 and S, (f) =250,  locally uniformly on E.

In view of the previous theorem, (A, /n)nen is unbounded, which is a con-

tradiction. So Ugn (2, (An)nen,0) = 0. =
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