ANNALES
POLONICI MATHEMATICI
120.3 (2017)

Constrained Gauss variational problems for a condenser
with intersecting plates

BENT FUGLEDE (Kgbenhavn) and NATALIA ZORII (Kyiv)

Abstract. We study a constrained Gauss variational problem relative to a positive
definite kernel on a locally compact space for vector measures associated with a condenser
A = (A;);er whose oppositely charged plates intersect each other in a set of capacity zero.
Sufficient conditions for the existence of minimizers are established, and their uniqueness
and vague compactness are studied. Note that the classical (unconstrained) Gauss vari-
ational problem would be unsolvable in this formulation. We also analyze continuity of
the minimizers in the vague and strong topologies when the condenser and the constraint
both vary, describe the weighted equilibrium vector potentials, and single out their char-
acteristic properties. Our approach is based on the simultaneous use of the vague topology
and a suitable semimetric structure defined in terms of energy on a set of vector measures
associated with A, and on the establishment of completeness results for proper semimet-
ric spaces. The theory developed is valid in particular for the classical kernels, which is
important for applications. The study is illustrated by several examples.

1. Introduction. A (function) kernel k on a locally compact space X
is a symmetric, lower semicontinuous function on X x X, nonnegative unless
X is compact. In the present study we are concerned with a positive definite
kernel, which means that the energy of any (signed) scalar Radon measure p
on X is nonnegative whenever defined. Our purpose is to investigate mini-
mum energy problems with an external field, also known in the literature as
Gauss variational problems or as weighted minimum energy problems, where
the infimum is taken over classes of vector measures p = (u%);e; associated
with a generalized condenser A = (A;);e;r.

In more detail, a finite ordered collection A of closed sets A; C X, i € I,
termed plates, with the sign s; = +1 prescribed, is said to be a generalized
condenser if oppositely signed plates intersect each other in a set of capacity
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zero, while p = (u');es is associated with A if each pi, i € I, is a positive
scalar Radon measure (charge) supported by A;.

In accordance with an electrostatic interpretation of a condenser we say
that the interaction between the components p, i € I, of p is characterized
by the matrix (s;5;5); jer, so that the weighted energy of p is defined by

Z $iSj S S k(z,y) dp'(x) dp’ (y) + 2 Z S fidu',

h,jel iel
fi + X — [—o0,00| being an external field acting on the charges on the
conductor A;. The difficulties appearing in the course of our investigation
are caused by the fact that a short-circuit between oppositely charged plates
of the condenser may occur, for those plates may have points in common;
see Theorem below providing an example of a condenser for which the
classical (unconstrained) Gauss variational problem has no solution.

It is therefore meaningful to ask what kinds of additional requirements
on the objects under consideration will prevent such a phenomenon, and se-
cure that a minimizer for the corresponding minimum energy problem does
exist. We have succeeded in working out a substantive theory by impos-
ing a proper upper constraint & = (¢');c; on the vector measures in ques-
tion (see Section [5| for a formulation of the constrained Gauss variational
problem).

The theory developed includes sufficient conditions for the existence of
solutions to the constrained Gauss variational problem (see Theorems
and the latter referring to the particular case of the a-Riesz kernel
|z — y|*™ of order @ € (0,n) on R™, n > 3); sufficient conditions obtained
in Theorem [7.T] are shown in Theorem [7.4]to be sharp. Theorems [6.1] and
are illustrated by Examples [6.2] [6.3] and [7.2 The uniqueness of solutions
is analyzed in Lemma [5.4] and Corollary [5.5] We also establish continuity
of the solutions in the vague and strong topologies when the condenser A
and the constraint o both vary (Theorem , describe the weighted vec-
tor potentials of the solutions and single out their characteristic properties
(Theorem [9.2)). This theory is valid, in particular, for the classical kernels
on R™ n > 2 (cf. Remark , which is important for applications.

Our approach is mainly based on the simultaneous use of the vague topol-
ogy and a suitable semimetric structure defined in terms of energy on a set of
vector measures associated with A (see Section for the definition of this
semimetric structure), and on the establishment of completeness theorems
for proper semimetric spaces (Theorems and .

A key observation behind this approach is that, since a (nonzero) positive
scalar measure of finite energy does not charge any set of zero capacity, there
corresponds to every positive vector measure p = (,ui)ie 1 of finite energy as-

sociated with A a scalar (signed) Radon measure Ry = > . ;s;u’ on X,
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and the mapping R preserves the corresponding energy semimetric (Theo-
rem [3.8). This approach extends that from [41]-[44] where the oppositely
charged plates were assumed to be mutually nonintersecting.

2. Preliminaries. Let X be a locally compact (Hausdorff) space, and
let M(X) be the linear space of all real-valued scalar Radon measures p
on X equipped with the vague topology, i.e. the topology of pointwise con-
vergence on the class Cy(X) of all continuous functions on X with compact
support @ The vague topology on (X)) is Hausdorff; hence, a vague limit
of any sequence (net) in M(X) is unique (whenever it exists). These and
other notions and results from the theory of measures and integration on a
locally compact space, to be used below, can be found in [4, [16] (see also [17]
for a short survey).

We denote by p™ and g~ the positive and the negative parts in the
Hahn—Jordan decomposition of a measure p € 9MM(X), respectively, and by
S5 = S(p) its support. A measure 4 is said to be bounded if |p|(X) < oo,
where |u| := pt+p~. Let 9T (X)) stand for the (convex, vaguely closed) cone
of all positive pr € M(X), and let ¥(X) consist of all lower semicontinuous
(Ls.c.) functions @ : X — (—o0, 00, nonnegative unless X is compact. The
following well known fact (see e.g. [I7, Section 1.1]) will often be used.

LEMMA 2.1. For any ¢ € ¥(X) the map p— (¢, p) == (¢ dp is vaguely
Ls.c. on MH(X) @

A kernel k(x,y) on X is defined as a symmetric function from ¥ (X x X).
Given p,p; € M(X), we denote by k(u, p1) and (-, u) the mutual energy
and the potential relative to the kernel x, respectively, i.e.

K, ) = {6, y) dp(e) dpn (y),
Kz, 1) =\ k(x,y) duly), € X.

Observe that x(z,u) is well defined provided that x(x,u™) and x(x,u™)
are not both infinite, and then x(x, u) = k(x,u™) — k(z, u~). In particular,
if p € MT(X) then r(-,u) is defined everywhere and represents a ls.c.
function on X, bounded from below (see Lemmal[2.1]). Also note that x(u, p1)
is well defined and equal to k(u1, ) provided that s(u*, uf) + k(= uy)
or k(put,puy) + w(p=, pf) is finite. For p = py the mutual energy r(u, 1)
becomes the energy k(u, ). Let E.(X) consist of all p € M(X) whose energy

(*) When speaking of a continuous numerical function we understand that the values
are finite real numbers.

(?) Throughout the paper the integrals are understood as upper integrals [4].
(3) When introducing notation of a numerical value, we assume that the corresponding
object on the right is well defined (as a finite number or +00).
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k(u, ) is finite, which by definition means that x(u™, u*), x(u=, ™) and
k(put, u™) are all finite, and let £F(X) := &,(X) N M+ (X).

For a set Q@ C X let MH(Q) consist of all u € M (X) concentrated on
(or carried by) @, which means that Q¢ := X \ @ is locally u-negligible, or
equivalently that @ is p-measurable and p = p|g where p|lg = 1¢ - i is the
trace (restriction) of p on @ [4, Chapter V, Section 5, n°2, Example|. (Here
1 denotes the indicator function of Q.) If @ is closed then 1 is concentrated
on @ if and only if it is supported by @, i.e. S(u) C Q. Also note that if
either X is countable at infinity (i.e. X can be represented as a countable
union of compact sets |2, Chapter I, Section 9, n°9]), or u is bounded, then
the concept of local p-negligibility coincides with that of p-negligibility; and
hence p € MT(Q) if and only if p*(Q°) = 0, u*(-) being the outer measure
of a set. Write £7(Q) = £.(X) N MT(Q), MT(Q,q) = {u € MT(Q) :
w(Q) = q} and £F(Q, q) := E«(X) NIMT(Q, q), where g € (0,00).

Among the variety of potential-theoretic principles investigated for ex-
ample in the comprehensive work by Ohtsuka [33] (see also the references
therein), in the present study we shall only need the following three:

(i) A kernel k is said to satisfy the continuity principle (Evans—Vasiles-
co), or to be reqular (Choquet [8]) if, for any u € M*(X) with compact
support S(u), the potential £(-, i) is continuous throughout X whenever
its restriction to S(u) is continuous.

(ii) A kernel & is said to satisfy Frostman’s mazimum principle if, for any
p € MT(X) with compact support S(u),

sup k(z,pu) = sup k(x, ).
zeX €S (1)

(iii) A kernel x is called positive definite if x(u, ) > 0 for every (signed)
measure p € M(X) for which the energy is defined; and & is said to be
strictly positive definite, or to satisfy the energy principle, if in addition
k(p, ) > 0 except for u = 0.

The above-mentioned principles are not completely independent of one
another. In particular, every kernel satisfying the Frostman maximum princi-
ple is positive definite [29,[9]. And for a kernel which is finite off the diagonal
and continuous in the extended sense on X x X we have (ii)=(i) (see [31],
[32], [33, Eq. 1.3], and independently [§]).

Unless explicitly stated otherwise, in all that follows we assume that the
kernel k is positive definite. Then E,(X) forms a pre-Hilbert space with
the scalar product x(u, 1) and the seminorm ||ul|x := /k(p, 1) (see [17]).
The topology on &.(X) defined by the seminorm || - ||, is termed strong.
Two elements of E(X), pu and pi, are said to be equivalent in E.(X) if
it — p1llx = 0. Note that a (positive definite) kernel satisfies the energy
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principle if and only if the seminorm || - ||, is a norm, or alternatively if and
only if two measures in ;(X) are equal whenever they are equivalent.

In addition to the strong topology on &, (X), it is often useful to consider
the so-called weak topology on &,(X), defined by means of the seminorms
v |k(v, 1), n € E(X) (see [17]). By the Cauchy-Schwarz inequality

k(v )] < Wil - llplls for v, p e Ex(X),

the strong topology on &, (X) is finer than the weak topology.

In contrast to |20, 2I] where capacity has been treated as a functional
acting on positive numerical functions on X, in the present study we use the
(standard) concept of capacity as a set function. Thus the (inner) capacity
of a set Q C X relative to the kernel x, denoted ¢, (Q), is

~1
(2.1) ce(Q)i= | inf n(up)
HEET (Q.1)

(see e.g. [17, B3]). Then 0 < ¢4(Q) < oco. (As usual, the infimum over the
empty set is taken to be +o00. We also set 1/(+00) =0 and 1/0 = +00.)

An assertion U(x) involving a variable point € X is said to hold ¢,-n.e.
on @ if ¢, (N) = 0 where N consists of all x € @ for which U(x) fails to hold.
We shall use the short form ‘n.e.” (nearly everywhere) instead of ‘c.-n.e.” if
this does not cause any misunderstanding.

Following [I7, [19], we call a (positive definite) kernel s consistent if it
satisfies either of the following two equivalent properties:

(C1) Every strong Cauchy net in EF(X) converges strongly to any of its
vague cluster points.

(Cq) Every strongly bounded and vaguely convergent net in £ (X) converges
weakly to its vague limit.

A kernel k is perfect if it is consistent and strictly positive definite [17].

REMARK 2.2. On X = R", n > 3, the a-Riesz kernel k,(z,y) =
|z — y|*™™, a € (0,n), is strictly positive definite and consistent, hence
perfect [0, [IT]; thus so is the Newtonian kernel ra(z,y) = |z — y[>~™ [6].
Recently it has been shown by the present authors that if X = D where D
is an arbitrary open set in R”, n > 3, and G, a € (0, 2], is the a-Green
kernel on D [27, Chapter IV, Section 5|, then £ = G¢ is likewise perfect
[22] Theorems 4.9, 4.11]. Furthermore, the Green kernel on a planar Gree-
nian set is strictly positive definite by [12, Chapter XIII, Section 7| and it
is consistent by [15], hence perfect. The logarithmic kernel —log |z — y| on
a closed disc in R? of radius < 1 is strictly positive definite, as shown in
[36, Section 47|, [27, Theorem 1.16]. It is therefore perfect [31], because it
satisfies Frostman’s maximum principle by [27, Theorem 1.6], and hence is
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regular by [33, Eq. 1.3]. For analogous results concerning the logarithmic
kernel on closed balls of arbitrary finite dimension, see [I§].

THEOREM 2.3 (see [I7]). If a kernel k on a locally compact space X is
perfect, then the cone EF(X) is strongly complete and the strong topology on
ET(X) is finer than the (induced) vague topology on EF (X).

REMARK 2.4. When speaking of vague convergence, one has to consider
nets or filters in M(X) instead of sequences since the vague topology in
general does not satisfy the first axiom of countability. We follow Moore and
Smith’s theory of convergence, based on the concept of nets (see [28]; see
also [16, Chapter 0] and [26, Chapter 2|). However, if X is metrizable and
countable at infinity, then 9T (X) satisfies the first axiom of countability,
and the use of nets may be avoided. Indeed, if o(-,-) denotes a metric on
such a space X, then a countable base (V,,),en of vague neighborhoods of a
measure p9 € M (X) can be obtained for example as follows after choosing
a countable dense sequence {zy,}nen of points of X:

Vy = {u €M (X) : | (1 = no(wn, @)t dlu — pol(x) < 1/n}.

The existence of such {x, },en for the space X in question is ensured by [3]
Chapter IX, Section 2, n° 8, Proposition 12, and n°®9, Corollary to Proposi-
tion 16].

REMARK 2.5. In contrast to Theorem [2.3] for a perfect kernel k the
whole pre-Hilbert space &,(X) is in general strongly incomplete, and this is
the case even for the a-Riesz kernel of order a € (1,n) on R™, n > 3 (see [0]
and [27, Theorem 1.19]). Compare with |39, Theorem 1] where the strong
completeness has been established for the metric subspace of all (signed)
v € &, (R"), a € (0,n), such that v* and v~ are supported by closed
nonintersecting sets in R, n > 3 (cf. also Theorem below). This result
from [39] has been proved with the aid of Deny’s theorem [10] stating that
Erko (R™) can be completed by making use of tempered distributions on R"
with finite a-Riesz energy (compare with Remark [2.6 below).

REMARK 2.6. The concept of consistent kernel is an efficient tool in min-
imum energy problems over classes of positive scalar Radon measures with
finite energy. Indeed, if @ is closed, ¢, (Q) € (0,00), and & is consistent, then
the minimum energy problem in has a solution A [I7, Theorem 4.1]|;
we shall call such a A an (inner) k-capacitary measure on @ @ Later the
concept of consistency has been shown to be efficient also in minimum en-
ergy problems over classes of vector measures associated with a standard
condenser [41]-[44] (see also Remarks [4.5[ and [5.3| below for a short survey).

(*) Such a ) is uniquely determined whenever the kernel & is strictly positive definite.
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In contrast to [39, Theorem 1|, the approach developed in [41]-[44] substan-
tially used the assumption of the boundedness of the kernel on the product
of the oppositely charged plates of a condenser, which made it possible to
extend Cartan’s proof [6] of the strong completeness of the cone £ (R") of
all positive measures on R” with finite Newtonian energy to an arbitrary
consistent kernel x on a locally compact space X and suitable classes of
(signed) measures p € E.(X).

In the present paper the assumption of the boundedness of the kernel on
the product of the oppositely charged plates of a condenser is shown to be
essential not only for the proofs in [41]-[44], but also for the validity of the
approach developed therein (see Theorem below). Nevertheless, we have
succeeded in working out a substantive theory by imposing instead a proper
upper constraint on the measures under consideration.

3. Generalized condensers. Fix a finite set I of indices ¢ € N and an
ordered collection A := (A;);es of nonempty closed sets A; C X, X being a
locally compact space, where each A;, i € I, has the sign s; :=sign A; = +1
prescribed. Let I consist of all i € I such that s; = +1, and let I~ := I\ IT.
The sets A;, i € I, and Aj, j € I, are said to be the positive and negative
plates of A. Write

At =] A, A =[] 4, A=AT0A", sa:=ATNA.
el t jeIr—
DEFINITION 3.1. (A;)er is said to be a standard condenser in X if
da = 0.

Fix a (positive definite) kernel x on X. By relaxing the requirement
da = (0, we slightly generalize the notion of standard condenser as follows.

DEFINITION 3.2. (A;)icr is said to be a generalized condenser if
cx(6a) = 0[]

A (generalized) condenser A = (A;);er is said to be compact if all the A;,
1 € I, are compact, and noncompact if at least one of the A; is noncompact.
A standard condenser can certainly be thought of as a particular case of a
generalized condenser. Note that any two equally signed plates of a (gener-
alized) condenser may intersect each other (or even coincide).

In Examples and below, X = R"™ with n > 3. Let B(x,r), resp.
B(x,r), denote the open, resp. closed, n-dimensional ball of radius r centered
at x € R™. We shall also write S(x,r) := OrnB(z, 7).

(%) Gonchar and Rakhmanov [24] seem to be the first to consider such a generalization
for the kernel — log |z — y| on RZ.
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EXAMPLE 3.3. Let I := {1} and I~ := {2,3,4}. Define Ay := B(&, 1),
Ay := B(&, 1), A3 := B(£3,2) and Ay := B(&4,1) where & = (0,0,...,0),
& = (2,0,...,0), & = (3,0,...,0) and & = (—2,0,...,0). Since do con-
sists of the points &5 = (—1,0,...,0) and & = (1,0,...,0), the collection
A = (A;);er forms a generalized condenser in R™ for any (positive definite)
kernel x on R™ with the property that k(z,y) = oo for all z = y.

EXAMPLE 3.4. Let n =3, I'T := {1}, I~ := {2}, and let
Aji={z e R®: 1<z < o0, 23+ 23 = 07 (1) with g;(z1) = exp(—27)}
where 1 < 71 < ry < co. Then (A1, Ay) forms a standard condenser with

dist(Aj, Az) := a:eAlll,l;f;‘eAg |z —y|=0.

3.1. Vector measures. Vague topology. In the rest of the paper, we
fix a generalized condenser A = (A;);er in X, and let 9T (A) stand for
the Cartesian product [],.; 9T (4;). Then p € MT(A) is a positive vector
measure (u');e; with the components u* € 9T (A;); such a p is said to be
associated with A. Write |I| := Card I.

DEFINITION 3.5. The vague topology on 9T (A) is the topology of the
product space [[,c; MT(A;), where each of the factors MT(4;), i € I,
is endowed with the vague topology induced from 9t(X). Namely, a net
(g)ses € MT(A) is said to converge to p wvaguely if, for every i € I,
pi — pt vaguely in 9(X) when s increases along S.

Since all the A;, i € I, are closed in X, 9MT(A) is vaguely closed in
M+ (X )|I |. Moreover, since every 9+ (A;) is Hausdorff in the vague topology,
so is MH(A) [2, Chapter I, Section 8, Proposition 7]. Hence, a vague limit
of any net in M*(A) belongs to M (A) and is unique (whenever it exists).

If p € MF(A) and a vector-valued function u = (u;);e; With p’-measur-
able components u; : X — [—00, 00] are given, then we write

(3.) () = Y i) = 3
iel iel

Let £F(A) consist of all u € MT(A) such that s(u?, u') < oo for all
i € I; or, in other words, & (A) := [[;c; EF(A). By [I7, Lemma 2.3.1],
for any p € £ (A) we have p'(da) = 0 for all i € I. Hence, each of the
components pf, i € I, of p € EF(A) is carried by A9, where
(3.2) A? = A; \ da,
though S(u?) may coincide with the whole A;. Thus we actually have

EX(A) =[] &),

i€l
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Write Af := AT\ s and Ay := A~ \ §a. For any p € EF(A) define
Ry = Z st
i€l
the “resultant” of p. Since A; NAy =0, Ru is a (signed) scalar Radon

measure on X whose positive and negative parts, carried by A;’ and Ay
respectively, are defined by

(3.3) (Rpw)* =)y’ and (Rp)” =) 4.
el t jer—

If pw = py where p,puy € EF(A), then Ry = Rpuy, but not the other way
around. We call u,pu, € EF(A) R-equivalent if Ry = Rpy. For the map
p— Ru, p € EF(A), to be injective it is necessary and sufficient that
the A?, i € I, be mutually nonintersecting.

3.2. A semimetric structure on sets of vector measures. To avoid

trivialities, for a given (generalized) condenser A = (A;);c; and a given
(positive definite) kernel k on X we shall always require that
(3.4) cw(A;) >0 foralliel.

In accordance with an electrostatic interpretation of a condenser we say that
the interaction between the components u’, i € I, of p € EF(A) is charac-
terized by the matrix (s;s;); jer, where s; := sign A;. Given p, pu; € EF(A),
we define the mutual energy
(3.5) R ) =Y sisjr(p’, i)
iyl
and the vector potential , = (k,)ic; where
(3.6) K,L() = Zsisjn(-,uj), iel.
jel

LEMMA 3.6. For any p,p, € EF(A) we have
(3.7) (B, ) = K(Rp, Rpy) € (—00, 00).

Proof. This is obtained directly from . and .

LEMMA 3.7. For any p € EF(A) all the ki, i € I, are well defined and
finite n.e. on X.

Proof. Since pt € EX(X) for every i € I, k(-, 1) is finite n.e. on X
[17, p. 164]. Furthermore, the set of all x € X with x(z,u’) = oo is uni-
versally measurable, for x(-, u*) is l.s.c. on X. Combined with the fact that
the inner capacity c.(-) is subadditive on universally measurable sets [17,
Lemma 2.3.5|, this proves the lemma. m
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For p = py € £F(A), the mutual energy r(u, 1) becomes the energy
k(p, p) of p. It follows from Lemma [3.6)that r(p, p) > 0 for all p € EF(A),
and also that the assertions k(w, ) = 0 and p = 0 are equivalent if and
only if the kernel « is strictly positive definite.

In order to introduce a (semi)metric structure on £F(A), we define

(3.8) ||IL—H1||5:(A) = [|Rp — Ryt |-
Based on (3.7)), we see by straightforward calculation that, in fact,
A o q1/2
(39 =l = | sl = ol — )]
i,5€l

Hence £F(A) forms a semimetric space with the semimetric ||p — pq ”Si(A)
defined by either of (equivalent) relations or (3.9). Similar to the ter-
minology for the pre-Hilbert space £;(X), we therefore call the topology of
the semimetric space £F(A) strong.

We call p, g € EF(A) equivalent in EF(A) if || — pllgr(a) = 0, or
alternatively if Ry and Ry, are equivalent in £ (X) (see (3.8))).

We are thus led to the following conclusion.

THEOREM 3.8. £T(A) is a semimetric space with the semimetric defined
by either of the (equivalent) relations or , and this space is iso-
metric to its R-image in E.(X). This semimetric is a metric whenever the
kernel is strictly positive definite and the Af, 1 € I, are mutually disjoint.

Theorem 1 and Corollary 1 from [39], mentioned briefly in Remark
above, can now be rewritten as follows @

THEOREM 3.9. If A = (A1, As) is a standard condenser in R, n > 3,
with s1s9 = —1 and if ko is the a-Riesz kernel of an arbitrary order o €
(0,n), then the metric space EF (A) is strongly complete, and the strong
topology on this space is finer than the vague topology.

4. Unconstrained f-weighted minimum energy problems. For a
(positive definite) kernel x on X and a (generalized) condenser A = (A;);er,
we shall consider minimum energy problems with an external field over sub-
classes of £ (A), to be defined below. Since the admissible measures in those
problems are of finite energy, there is no loss of generality in assuming that
each A; coincides with its k-reduced kernel |27, p. 164], which is the set of all
x € A; such that for every neighborhood U, of x we have ¢,(4; NU,) > 0.

(°) Note that under the assumptions of Theorem Ko may be unbounded on

At x A~ (compare with Remarks and .
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Fix a vector-valued function f = (f;);cr, where each f; : X — [—o0,00] is
p-measurable for every u € MM (X) and f; is treated as an external field act-
ing on the charges (measures) from &£ (4;). The f-weighted vector potential
and the f-weighted energy of pu € EF(A) are defined by

(4.1) W=k, +f,
(4.2) Gm,f(U) = K(p, p) + 2(F, 1),
respectively Let S,If(A) consist of all pu € £ (A) with finite Gy ¢(p).

In order to ensure that G, ¢(u) is well defined for any p € EF(A) we
shall henceforth tacitly assume that either Case I or Case II holds, where

I. For every i €1, f; € ¥(X).
II. For every i € I, fi = s;r(-,() where a (signed) measure ¢ € E.(X) is

glven.
If Case II takes place then, by (3.3)), (3.7) and (4.2),
(4.3) Grg(p) = |Rpl? +2  sik(C, 1)

i€l
= | Rull% + 26(¢, Rp) = [|Rpe + CJ1% — ICIIR,
and consequently

(44)  —oo< —|[CI2 < Guelp) <00 forall e EF(A).

Fix a numerical vector a = (a;);c; € Rl with a; > 0,4 € I, and a vector-
valued function g = (g¢;)ic;r where all the ¢g; : X — (0,00) are continuous
and such that

(4.5) Giinf 1= ;g)f( gi(z) > 0.

Write
M (A,a,g):={u €M (A): (g,u") =a; for all i € I},
EX(A,a,g) =& (A)NIMT (A, a,g).

Because of ,

(4.6) p'(A;) < aig;i}lf <oo forallue M (A a,g).

Since a l.s.c. function is bounded from below on a compact space, we conclude
in Case I from (4.6) that there is a positive constant M such that

(4.7) Gre(p) > —M > —0c0 forall pe&f(A ag).

(") Gr.£(-) is also known as the Gauss functional (see e.g. [33]). Also note that, when
defining G ¢(-), we have used the notation (3.1)).
(8) Then Wk, is likewise well defined cy-n.e. on X for any p € EF(A) (see

Lemma .
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Also denote
E::f(Av a, g) = E,If(A) N m+ (Av a, g)a
Gﬁ,f(Av a, g) = inf G/{,f(u)'
uGS;f(A,a,g)
By (4.4) and (4.7)), in either Case I or Case II we thus have
(4.8) Gre(A a,g) > —oo.
If the class 6’: ¢(A,a, g) is nonempty, or equivalently if
(49) Gﬁ,f(Aa a, g) < 00,

then the following (unconstrained) f-weighted minimum energy problem, also
known as the Gauss variational problem |23, 33|, makes sense.

PROBLEM 4.1. Does there exist Ax € E1 (A, a,g) with
Grf(Aa) =Grr(A,a,8)7

IfI=It={1},91=1,a; =1and f; =0, then Problemreduces to
the problem ({2.1)) solved by [17, Theorem 4.1] (see Remark above).

REMARK 4.2. An analysis similar to that for a standard condenser [43]
Lemma 6.2] shows that requirement (4.9) is fulfilled if and only if ¢, (A%) > 0
for every i € I, where

(4.10) AS:={z e A% : |filz)| < oo},

Ag being defined by (3.2). In view of (3.4), this implies that (4.9) holds
automatically whenever Case II takes place, for the potential of ( € £, (X)

is finite n.e. on X [I7, p. 164].

REMARK 4.3. If A is a compact standard condenser, the kernel « is
continuous on AT x A~ and if Case I holds, then the solvability of Prob-
lem can be established by exploiting the vague topology only, since then
M+ (A, a,g) is vaguely compact, while G, ¢(-) is vaguely ls.c. on Szf(A)
[33, Theorem 2.30] @ However, these arguments break down if any of
the A;, 4 € I, is noncompact in X, for then 9M* (A, a,g) is no longer vaguely
compact.

The purpose of the example below is to give an explicit formula for a
solution to Problem 1] with particular meanings of X, s, A, a, g, and f.
Write S, := S(0,7).

(%) If x is (finitely) continuous on X x X, this result by Ohtsuka can be extended
to a compact generalized condenser. Such a generalization is established with the aid of
Theorem in a way similar to that in the proof of Theorem ii) below.
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EXAMPLE 4.4. Let xa(z,y) = |z —y|>~™ be the Newtonian kernel on R"
withn >3, It = {1}, I- ={2},g=1,a=1,f =0, Ay = S,,, and
Ay = Sy, where 0 < 1 < r2 < 0o. Then a solution to Problem exists
(see Remark [4.3)). Let A,, 0 < r < oo, denote the (unique) rp-capacitary
measure on S, (see Remark ; then by symmetry A, is the uniformly dis-
tributed unit mass over S,. Based on well known properties of the Newtonian
potential of A, [27, Chapter II, Section 3, n° 13|, we have

(411) Cro (Sr) = Tn727
k2(-, Ar) = 27" on B(0,7) and ka(-, \;) = R>~™ on Sg, where R > r. Thus

2—n 2—n
ri =1, on Sy,

4.12 SAr — A =
( ) "W(’ 1 T2) {O on S’r‘g'

Application of [40, Proposition 1(iv)], providing characteristic properties of
solutions to Problem [4.1]for a standard condenser, shows that X := (Ar, Ap,)
solves Problem with X, k, A, a, g, and f as indicated above. Hence the
corresponding minimum value G ¢(A, a,g) equals k2(A, A) and

(4.13) Ko A) = Ay = AngllZ, = 187" = 137"

REMARK 4.5. Let A still be a standard condenser, though now, in con-
trast to Remark [£.3] its plates might be noncompact in X. Under the as-
sumption

(4.14) sup  k(z,y) < oo,

€At ye A-
in [43, 44] an approach has been worked out based on both the vague and
the strong topologies on &£ (A) which made it possible to provide a fairly
complete analysis of Problem [I.1] In more detail, it has been shown that if
the kernel x is consistent and if all the g;|4,, ¢ € I, are bounded, then in
either Case I or Case II the requirement

(4.15) ck(A) < 00

is sufficient for Problem to be solvable for every vector a (see [43, The-
orem 8.1]). However, if (4.15) does not hold then in general there exists a
vector a’ such that the problem admits no solution [43] [TT)] Therefore, it

(*%) A, gives in fact the solution to the problem for Sy, relative to the classical
Green kernel G on B(0,72), while cg(Sr,) = [r~™ — r3 "]~*. This follows from
and by [22, Lemmas 4.4 and 4.5].

(*') In the case of the a-Riesz kernels of order 1 < a < 2 on R®, some of the (the-
oretical) results on the solvability or unsolvability of Problem mentioned in [43] have
been illustrated in [25] [30] by means of numerical experiments.
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was interesting to give a description of the set of all vectors a for which Prob-
lem A.]is nevertheless solvable. Such a characterization has been established
in [44]. See also footnote [13| below.

Unless explicitly stated otherwise, in all that follows, is not as-
sumed to hold. Then the results obtained in [43] [44] and the approach devel-
oped are no longer valid. In particular, assumption does not guarantee
anymore that G ¢(A,a, g) is attained among p € Eﬁjf(A, a, g). This can be
illustrated by the following assertion.

THEOREM 4.6. Let X = R™ with n >3, IT = {1}, I~ = {2}, g =1,
a=1,f=0,

Ay = S@r,rin), Az = S(@e.ran),
E>2 k>2
where z, = (k,0,...,0), T%Zn = k? and T%Z" = k? + k=9 with q € (0,00),

and let kK = Ky be the Newtonian kernel. Then G, ¢(A,a,g) equals 0 and
hence cannot be an actual minimum.

Proof. Note that A = (Aj, Ag) forms a standard condenser in R™ such
that (4.14) fails to hold. Let Ag,, 0 < r < oo, denote the rko-capacitary

measure on S(zg,r) (see Remark [2.6). The measures Mg = (Akry 4 Ak g )y
k € N, are admissible for Problem and therefore, by (3.7)),

0 < Grot(A,a,8) < Ko Xy Ak) = [ Moy — Mmoo
According to (4.13)), the right hand side equals
r%;" — r%;" =k9,
and hence it tends to 0 as k& — oo. This implies that G, ¢(A,a,g) = 0.
By the strict positive definiteness of ko, G, ¢(A,a,g) cannot therefore be
an actual minimum, though c2(A) < oo, which is clear from (4.11) by the

countable subadditivity of inner capacity on universally measurable sets [17,
Lemma 2.3.5. =

Using the electrostatic interpretation, which is possible for the Coulomb
kernel |z —y|~! on R3, we say that a short-circuit occurs between the oppo-
sitely charged plates A; and As from Theorem [£.6] which touch each other
at the point at infinity. This certainly may also happen for a generalized
condenser (see Definition . Therefore, it is meaningful to ask what kinds
of additional requirements on the vector measures under consideration will
prevent this phenomenon, and secure that a solution to the corresponding
f-weighted minimum energy problem does exist. The idea below is to find an
upper constraint on the measures from 9M* (A, a,g) which would disallow
the blow-up effect.
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5. Constrained f-weighted minimum energy problems

5.1. Statement of the problem. Let k, A, a, g, and f be as indicated
at the beginning of the preceding section, and let ¢(A) consist of all vector
measures o = (0');c; € MT(A) with the properties (g;, 0") > a; and @

(5.1) S(o"y=A; foralliclI;

these o will serve as constraints for p € M (A a,g). Given o € €(A),
write

M (A) :={p e M (A): p’ <o foralliell,
where p* < o means that o — p € MM+ (X), and also
M7 (A, a,g) =M (A)NMT(A,a,g),
Ep(Aa,g) = EZf(A) NM7(A,a,g).
Note that 97 (A) along with 9T (A) is vaguely closed, for so is MT(X).
Since £7¢(A, a,g) C EZf(A,a, g), from we get

(52) —o00<Grr(A a,g) <GY¢(Aa,g) = inf Grt(p) < .
P'Eg,g:f(A@vg)

Unless explicitly stated otherwise, in all that follows we assume that the
class ng(A, a, g) is nonempty, or equivalently that

(53) G74(Aa,g) < oo,

Then the following constrained f-weighted minimum energy problem, also
known as the constrained Gauss variational problem, makes sense.

PROBLEM 5.1. Given o € €(A), does there exist A € E7¢(A, a, g) with
Gri(AQ) = Gl e(A a,8)?

LEMMA 5.2. For requirement (5.3) to hold, it is sufficient that, for every
i€, (gi, o'l j5) > ai, where A? is defined by (4.10)), and also that

k(0| i, 0'|k) < oo for any compact K C AS.

Proof. For every ¢ € I there exists a compact set K; C Af such that
(gi,0'|K,) > a; and |f;| < M; < oo on K; for some constant M;. Then
p € EZ(A a,g) where p' := a,0'|k,/(9i,0"|K,;), i€ 1. =

REMARK 5.3. Assume for the moment that (4.14) holds. It has been

shown in [42, Theorem 6.2| that if, in addition, the kernel k is consistent,
all the g;|a,, i € I, are bounded, and if condition (4.15]) is satisfied, then in

(*?) Assumption lb causes in fact no restriction on the objects in question since,
if it does not hold, then Problem reduces to the same problem for the generalized

condenser (SS’;)iEz in place of (A;)ier.
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both Cases I and II Problem [5.1] is solvable for any o € €(A) @ But this
is no longer valid if requirement (4.14]) is dropped.

5.2. On the uniqueness of a solution to Problem Let
G7:(A,a,g) (possibly empty) consist of all solutions to Problem

LEMMA 5.4. For any A, X € 67 (A, a,g) we have ||X — )‘HE;"(A) =0.

Proof. Since &7 ¢(A,a,g) is convex, 1j and 1} imply
A+ A - -
A4GT¢(A,a,g) < 4G ¢ <‘;> = [|RX + RA|2 + 4(F, A+ A).

On theAz other hand, applying the parallelogram i(ientity in £(X) to RA
and RA and then adding and subtracting 4(f, A + A) we get
IRA — RX|2 = —||RA + BX[2 — 4(£, A + X) 4+ 2G,.£(A) + 2G,.¢(N).
When combined with the preceding relation, this yields
0 < [RX - RX|? < —4GZ,(A,a,8) +2G, ¢ (A) +2G ¢ (A) = 0,
which establishes the lemma because of . "

COROLLARY 5.5. Let & be strictly positive definite. Then all the measures
in 67¢(A,a,g) (provided that it is nonempty) are R-equivalent to one an-

other. Hence 87 ;(A, a,g) reduces to a single element if, in addition, the A?,
i € I, are mutually disjoint, A? being defined by (3.2).

5.3. Auxiliary results. Based on the definition of the vague topology
on MH(A), we call a set §F C MT(A) vaguely bounded if for every i € I,

sup |p'(p)] < oo for all ¢ € Co(X).
HET

LEMMA 5.6. If § C MT(A) is vaguely bounded, then it is vaguely rela-

tively compact.

Proof. 1t is clear from the above definition that for every i € I the set
Fi={u e MT(A) : = (1)jer €T}
is vaguely bounded in 9" (X); hence, by [4, Chapter III, Section 2, Propo-
sition 9], it is vaguely relatively compact in 9+ (X). Since § C [[,c; &', the

lemma follows from Tychonoff’s theorem on the product of compact spaces
[2, Chapter I, Section 9, Theorem 3|. m

(**) Actually, the results described in Remarks and have been obtained in
[42]-[44] even for infinite dimensional vector measures.
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THEOREM 5.7. M7 (A,a,g) is vaguely compact for any o € €(A)
with@
(5.4) (gi,0') < oo forallicl.

Proof. Tt is seen from (4.6)) that 97 (A, a, g) is vaguely bounded. Hence,
by Lemma for any net (py)ses C M7 (A,a,g) there exists a vague
cluster point g, which is in 97 (A), for 97 (A) is vaguely closed. Passing to

a subnet and changing notation assume that p is the vague limit of (p,)ses.
As g; is positive and continuous, from Lemma [2.1] with ¢ = g; we get

(gi, 11ty < lirsrggnf (gi, i) < a; forallicl.

Thus we only need to show that, under requirement , (gi, 1ty = a;
for every i € I. Consider an exhaustion of A; by an upper directed family
of compact sets K C A;. Since the indicator function 1x of K is upper
semicontinuous, Lemma with ¢ = —g¢;1x and [I7, Lemma 1.2.2] yield

a; > (gi, 1*) (gilic, p') > }i&}_limsup (gilic, 1)

= lim
KTAZ i seS

= a; — lim lminf {g:l4,\x, ).
Hence, the lemma will follow once we show that

(5.5) lim liminf (gilAi\K, u;) =0.

KTA; s€S
Since by ((5.4)),
00 > (gi,0") = Il(iTHA}ng‘lK,Ui),

we have
li 14 h=0.
KITIIILXIZ <gz AN T >
When combined with
<gi1Ai\K7Ni> < <gi1A,-\Kan> for every s € S,
this implies (5.5 as desired. m

LEMMA 5.8. The mapping p — Gre(p) is vaguely l.s.c. on E:f(A)
provided that Case 1 holds, and it is strongly continuous otherwise.

Proof. The former statement follows from Lemma 2.1 while the latter is
obtained directly from (4.3)). =

(*) For a compact A relation 1| holds automatically.
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DEFINITION 5.9. A net (p,)ses C E7¢(A, a,g) is said to be minimizing
in Problem [B.1] if

(56) lim Glee(st,) = GFr(A, 2, 8).
Let M7 (A, a,g) consist of all those (p,)ses; it is nonempty because of 1)
LEMMA 5.10. For any (pg)ses and (Vi¢)ier in M‘,;f(A,a, g) we have

57) o s = villes a) =0

where S x T 1is the upper directed product @ of the upper directed sets S
and T.

Proof. In the same manner as in the proof of Lemma [5.4] we get
0 < [[Rpy — Rully < —4GT (A, a,8) +2G,s(ps) + 2G g (vy),
which gives (5.7)) when combined with (3.8)), (5.2), (5.3) and (5.6|). =

COROLLARY 5.11. Buvery (p,)ses € MZ¢(A,a,g) is strong Cauchy
in EX(A).

6. On the solvability of Problem Theorem below estab-
lishes sufficient conditions for the existence of solutions to Problem [5.] for
a (positive definite) kernel x on a locally compact space X and a (general-
ized) condenser A. It is inspired partly, in cases (i) and (ii), by [42] and [1],
respectively.

THEOREM 6.1. Given k, A, g, and o, let any of the following cases
hold:

(i) K is consistent and both (4.14) and (5.4) are fulfilled;

(ii) k s regular, the (generalized) condenser A is compact, and each of the
k(-,0"), i € 1, is (finitely) continuous on the (compact) set A;.

Then in either Case 1 or Case 11, Problem is solvable for any wvec-
tor a, and the class GE’f(A,a, g) of all its solutions is vaguely compact.
Furthermore, every minimizing net (ps)ses € M7 ¢(A,a,g) converges to any
A € 67¢(A,a,g) strongly in ET(A); and hence also vaguely provided that

K 1s strictly positive definite and the A?, i € I, are mutually disjoint|(1%)|
The proof of Theorem is given in Section below. It is based on

Theorem on the completeness of the semimetric space £7(A,a,g) =
EF(A)NMT (A, a,g), which is the subject of Section [6.1]

(**) See e.g. |26, Chapter 2, Section 3].
(*®) Then a solution A to Problem is unique by Corollary
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EXAMPLE 6.2. Let A = (A4;);cs be as in Example[3.3] and let ko(z,y) =
|z — y|*~™ be the a-Riesz kernel of order a € (0,2) on R"”, n > 3, which
is regular by [27, Theorem 1.7|. Also assume that g = 1 and that either
Case IT holds or f;(x) < 00 ko-n.e. on A4;, i = 1,2. Let \; denote the (unique)
Kq-capacitary measure on A; (see Remark [2.6)); then ro(-, A;) is continuous
on R™ and Sﬂ’gz = A; [27, Chapter II, Section 3, n° 13|. For any a = (a;)iers
define 0" := ¢;\;, i € I, where a; < ¢; < 00. As 0 = (0");¢s clearly has finite
a-Riesz energy, relation holds by Lemma and since A is compact,
Problem admits a solution according to Theorem (ii). Thus, no short-
circuit occurs between the oppositely charged plates of the condenser A,
though they intersect each other over the set 0o = {&5,&} with co(da) =0

(see Example [3.3)).

EXAMPLE 6.3. Let X = R3, It = {1}, I~ = {2}, and let ra(x,y) =

|z — y|~! be the Coulomb kernel. Define

Ay ={z cR®:1< 2 < o0, 23+ 2% = exp(—211)},

Ay :={z e R®: —00 < 1 < —1, 22 + 2% = exp(2z1)}.
Also assume that g = 1 and that either Case II holds or fi(z) < oo ko-
n.e. on A;, i = 1,2. For any a = (a;);es define o' := ¢;mal|4,, i € I, where
a; < ¢; < oo and meg is the 2-dimensional Lebesgue measure. Then ([5.3)) holds
by Lemma and Problem has a solution according to Theorem (1)
Note that under the stated assumptions the solvability of Problem [5.1]cannot

be obtained from [42, Theorem 6.2 (see also Remark above), because
c2(A;) = oo for i = 1,2 by [43, Example 8.2].

6.1. On the strong completeness of £7(A,a,g). The first of the
following two lemmas is partly inspired by [34) [14].

LEMMA 6.4. Assume that the hypotheses of case (ii) of Theorem hold.
Then for every pu € M (A) all the k(-, 1), i € I, are continuous on X.

Proof. As k(-,0%) is continuous on the (compact) set A;, it follows from
the regularity of the kernel x that x(-,0") is continuous on all of X. Since
k(- pt) is Ls.c. and since (-, u*) = k(-, o) —k(-, 0 —p?) with (-, %) continu-
ous and k(-, 0" —pu*) Ls.c., it follows that (-, u) is also upper semicontinuous,
hence continuous. m

LEMMA 6.5. Suppose that (4.14)) holds. If a net (py)ses C EF(A,a,g)

is strongly bounded, then each of its vague cluster points p has finite energy.

Proof. Tt is clear from (3.7) that the net (Rug)ses C Ex(X) of scalar
measures is strongly bounded. We proceed by showing that

(6.1) sup | Rl < oc.
seS
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Indeed, by we have Ruf(X) < M < oo for all s € S. Together
with , this implies that x(Ru), Ruy ) remains bounded as s ranges
through S, and follows.

If now (p;)ier is a subnet of (p,)ses that converges vaguely to p, then
(R )ier and (Rp; )ier converge vaguely to Ru™ and Ru~, respectively.
Using the fact that the map (v1,v2) — 11 ® 1o from MH(X) x M (X) into
M (X x X) is vaguely continuous [4, Chapter 3, Section 5, Exercise 5] and
applying Lemmato X x X and 9 = &, we conclude from that Ru™
and Ru~ are both of finite energy. Hence pu € E7(A). u

THEOREM 6.6. Assume that the hypotheses of either of cases (i) or (ii)
of Theorem hold. Then for any given a the semimetric space EZ (A, a, g)
is strongly complete. In more detail, any strong Cauchy net (pg)ses C
EZ(A,a,g) converges strongly to any of its vague cluster points (such points
exist). If, moreover, the kernel k is strictly positive definite and the A?, 1€l

are mutually disjoint, then the strong topology on the space EZ(A,a,g) is
finer than the induced vague topology.

Proof. Fix a strong Cauchy net (p,)scs C E7(A, a,g). By Theorem [5.7]
any of its vague cluster points g (such points exist) belongs to 9 (A, a, g).
Choose a subnet (p;)ier of (p4)ses such that

(6.2) p, — p vaguely (as t increases along T).

Application of and then shows that the net of scalar measures Ry,
t € T, is strong Cauchy in the pre-Hilbert space £,(X), and therefore it is
strongly bounded.

Assume first that the hypotheses of case (i) of Theorem hold. By
Lemma then p € £F(A) and hence p € £7(A,a,g). We proceed by
proving that

(6.3) 1161‘,? [y — /»LHg;;(A) =0.

The nets (Ru; )ier and (R )ier converge vaguely to Rut and Ry~ re-
spectively. Since by (6.1]) these nets are strongly bounded in £ (X), prop-
erty (Cq) (see Section [2]) shows that they approach Ru™ and Ru~, respec-
tively, also in the weak topology, and so Ru, — Ru weakly. Thus

e = lls 4y = |1 Bov = Bualli = lim w(Rp, — Ry, Rpsy = Rpy),
and hence, by the Cauchy—Schwarz inequality,
e = alls ay < e = el Himinf iz — pro llgs )

which leads to (6.3) by letting ¢ increase along T', because [p; — py || £5(A)
becomes arbitrarily small when ¢,¢ € T are sufficiently large.
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Since a strong Cauchy net converges strongly to any of its strong cluster
points (even in the present case of a semimetric space), it follows from the
above that p, — p strongly in £7 (A, a,g). Thus, (u,)ses converges strongly
to any of its vague cluster points. Assume now that k is strictly positive
definite and the A?, i € I, are mutually disjoint. Then the vague cluster
set of (pg)ses has to reduce to a single measure p. As 9" (A) is Hausdorff
in the vague topology, pu, — p also vaguely [2, Chapter I, Section 9, n°1,
Corollary|. This proves the theorem in case (i).

Assume next that the hypotheses of case (ii) of Theorem hold. Since
by Lemma each of k(- put) and k(-,u?), t € T, i € I, is continuous and
hence bounded on the (compact) set A;, j € I, relation yields

o P 0N — T 1 L I 1 AT
lim i (i, 57,) = limm Yo § s, ) dpef, = Tin { (¢, ) s

= Pr{%x/ﬁ(-,/ﬁ) du = k(W u') < oo foralli,j € I.
€

Hence, p € £Z(A,a,g) and moreover p, — p strongly. To complete the

proof of the theorem, it remains to apply the arguments of the preceding

paragraph. =

REMARK 6.7. As the semimetric space £7 (A, a, g) is isometric to its R-
image, Theorem [6.6] has singled out strongly complete topological subspaces
of the pre-Hilbert space &.(X), whose elements are (signed) measures. See
also Theorem below, pertaining to the case of the a-Riesz kernel with
a € (0,n) on R™ n > 3. This is of independent interest since, by Cartan,
the whole pre-Hilbert space £;(X) is in general strongly incomplete.

6.2. Proof of Theorem Fix any net (py)ses € M7 ¢(A,a,g); it
exists by assumption ([5.3), and it is strong Cauchy in the semimetric space

EZ(A,a,g) by Corollary By Theorem there is a subnet (p;)ier
of (py)ses converging vaguely to some p in 97 (A, a, g), while according to

Theorem we actually have p € £7(A,a, g) and
(6.4) tn 1, — 1l (a) = 0
Also note that, by (5.3), (5.6) and Lemma ,

—00 < Gn,f(”‘) < thn% Gn,f(”‘t) - Ggf(Aa a, g) < o0,
_> b

the first inequality following from and . Thus p € E,: ¢(A a,g)
and therefore G ¢(p) > Gg’f(A,a,g . All this combined shows that pu €
G7¢(Aa,g).

To verify that Ggf(A,a, g) is vaguely compact, fix a net (As)seg of its
elements. By Lemma [5.4] it is strong Cauchy in £7(A, a,g), and the same
arguments as above show that the (nonempty) vague cluster set of (As)ses
is contained in &7 ¢(A, a, g).
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If X is any element of &7 .(A,a,g), then by Lemma A and p are
equivalent in £F(A), which in view of (6.4) implies that p, — X strongly
in £ (A). Assuming now that the kernel « is strictly positive definite and

the A?, 1 € I, are mutually disjoint, we see from the last assertion of Theo-
rem [6.6] that g, — A also vaguely. O

7. On the solvability of Problem for Riesz kernels. Through-
out this section consider the a-Riesz kernel kq(z,y) = |z — y|*™™ of an
arbitrary order a € (0,n) on R™, n > 3. We shall write simply « instead
of kg if ko serves as an index. The a-Riesz kernel is strictly positive definite
and moreover perfect (see |10} [11]); hence, the metric space £ (R™) is com-
plete in the induced strong topology. However, by Cartan [6] (see also [27]
Theorem 1.19]), the whole pre-Hilbert space &, (R") for a € (1,n) is strongly
incomplete; compare with Theorems [3.9] [6.6] and Remark [6.7] above, as well
as with Theorem [7.3] below.

Let @ be the closure of @ C R” in R := R™ U {wgn}, the one-point
compactification of R™. The following theorem provides sufficient conditions
for the solvability of Problem [5.1|for a noncompact (generalized) condenser A

(compare with Theorem (1)

THEOREM 7.1. Suppose that At N A~ consists of at most one point, i.e.
(7.1) either ATN A= =0, or AYNA- ={xg} where 29 € R",

and let g and o € €(A) satisfy . Then in either Case 1 or Case 11
Problem 1s solvable for any given a, and the class of all its solutions is
vaguely compact. Furthermore, every minimizing sequence converges to every
A € 67 ¢(A,a,g) strongly in EX(A); and hence also vaguely provided that
the A; \ {zo}, ¢ € I, are mutually disjoint.

Theorem [7.1]is sharp in the sense that it is no longer valid if assumption
(5.4]) is omitted from its hypotheses (see Theorem below).
We omit the proof of Theorem [7.]since it resembles that of Theorem

the only difference being in referring to Theorem [7.3] on strong completeness
(see below) instead of Theorem

EXAMPLE 7.2. Let A = (4;);cr be as in Example [3.4]and let o = 2; then
c2(4;) < o0, i = 1,2 [43] Example 8.2|, and hence there exists a (unique)
ko-capacitary measure \; on A;. Let g = 1, and suppose that either Case II
holds or f;i(x) < oo cp-n.e. on A;, i = 1,2. For any a = (aj,az2) define

(*") In a particular case of a condenser with two oppositely charged plates some of
the results obtained in this section have been presented earlier in [45].
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ol = ¢\, i = 1,2, where a; < ¢ < 00 @ Then o%(4;) = ¢ < 0o,
hence is fulfilled. As o = (0!, 0%) has finite Newtonian energy, relation
(5.3) holds by Lemma and Problem has a solution according to
Theorem which is unique by Lemma [5.4] Thus, no short-circuit occurs
between A; and As, though these oppositely charged conductors touch each
other at wgs. Note that although c2(A) < oo, Theorem 6.2 from [42] on the
solvability of Problem [5.1] for a standard condenser cannot be applied, due
to the unboundedness of the Coulomb kernel ko on A7 x As.

7.1. A strong completeness theorem for a semimetric subspace
of £ (A). Theorem [7.3|below provides a strong completeness result for the
semimetric space £ (A, a, g) in the case where the (generalized) condenser A
is not necessarily compact (compare with Theorem [6.6[(ii)). In turn, its proof
substantially uses Theorem on the strong completeness of £ (A) for a
standard condenser.

THEOREM 7.3. Suppose that for A, g and o € €(A) assumptions (5.4))
and both hold. Then the semimetric space ES (A, a,g) is strongly com-
plete. In more detail, any strong Cauchy sequence {pytren C EZ(A,a,g)
converges strongly to any of its vague cluster points p (which exist). If,
moreover, the A; \ {zo}, i € I, are mutually disjoint, then the strong topol-
ogy on EZ(A,a,g) is finer than the induced vague topology.

Proof. Fix a strong Cauchy sequence {p}ren C EZ (A, a,g). According
to Theorem any of its vague cluster points p (which exist) belongs to
M (A,a,g). As M7 (A, a,g) is sequentially vaguely closed by Remark
one can choose a (strong Cauchy) subsequence {gty, }men of {py}ren con-
verging vaguely to the measure p, i.e.

(7.2) u}%m — u' vaguely in M(X), i€ 1.
We proceed by showing that k. (u, p) is finite, hence
(7.3) pe&l(Aag),

and moreover that p, — p strongly as m — oo, i.e.

(7.4) i gz, — il a) = 0.

Assume first that AT N A~ either is empty or coincides with {wg»}. Then
A forms a standard condenser in R"™, and hence, by , Ry, ~—— Rp
(as m — o0) in the vague topology of 9M(R"). Noting that {Rp }men
is a strong Cauchy sequence in &,(R"™), we conclude from [39, Theorem 1

(*®) Under the assumptions of Example requirement 1! holds since for the given
Ai,i=1,2, and Kk = k2 we have S’H;‘g = A;, which can be seen from the construction of
the ka-capacitary measure described in |27, Theorem 5.1].
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and Corollary 1] (see also Theorem above) that there exists a unique
n € E(R™) such that

Rpy, —n  strongly and vaguely as m — oo.

As the vague topology is Hausdorff, we thus have n = R, which in view of

(3.7, (3.8) and the last display results in (7.3)) and ([7.4]).

We next proceed by analyzing the case
(7.5) AT N A~ ={z9} where zg € R".

Consider the inversion I, with respect to S(z, 1); namely, each point x # xg
is mapped to the point z* on the ray through = which issues from zg, uniquely
determined by

|x — x| - |[2* — xo| = 1.

This is a self-homeomorphism of R™ \ {z¢}; furthermore,
[z —
|z — ol - [y — 20

(7.6) 2% —y'| =

Extend it to a self-homeomorphism of R™ by setting I, (z9) = wgs and
ImO(OJ]Rn) = X.

To each (signed scalar) measure v € M(R™) with v({zo}) = 0, in particu-
lar to every v € £, (R™), there corresponds the Kelvin transform v* € O(R™)
by means of the formula

dv*(z*) = |z — xo|* " dv(z), z¥eR"
(see [35] or |27, Chapter IV, Section 5, n°19]). In consequence of ([7.6)),
Rao(x*, V") = |z — xo|" “Ralz,v), x"€R",
and therefore
(77) ﬁa(y*7yf):Ha(V,y1)

for every v1 € M(R™) that does not have an atomic mass at zg. It is clear
that the Kelvin transformation is additive and that it is an involution, i.e.

(7.8) (v+u) =v"+1],
(7.9) )" =

Write AY := I, (A;) "NR™ and sign AY := sign A; = s; for every i € I; then
A* = (A?)ier forms a standard condenser in R™, which is seen from in
view of the properties of I, .

Applying the Kelvin transformation to each of the components v, i € I,
of any given v = (V)i € EF(A) we get v* := (V)i € MT(A*). Based
on Lemma identity and relations and , we also see that

the a-Riesz energy of v* is finite, and furthermore

(7.10) v — VEHSJ(A*) = |lv1 — I/QH‘S;‘»(A) for all vy,ve € EF(A).
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Summarizing the above, because of we arrive at the following observa-
tion: the Kelvin transformation is an injective isometric mapping of £ (A)
onto EFX(A*).

Let py, , m € N, and p be the measures chosen at the beginning of the
proof. In view of (4 . and . for each i € I one can apply [27, Lemma 4.3]
to py, . m € N, and p', and consequently

(7.11) pr  — p* vaguely as m — oo.

But {uk }men is a strong Cauchy sequence in £F(A*), which is clear from

. This together with (7.11)) implies with the aid of Theorem |3 - 9| that
p e 5+(A*) and also that

Another application of the above observation then leads to and ,
as was to be proved.

In turn, implies that pu;, — p strongly in £F(A) as k — oo, for
{ps }ren is strong Cauchy and hence converges strongly to any of its strong
cluster points. It has thus been established that {p; }ren converges strongly
to any of its vague cluster points, which is the first assertion of the theo-
rem. Assume now that all the A; \ {zo}, ¢ € I, are mutually disjoint. Then
161 —&allg+ (a) defines a metric on ET(A), and hence p has to be the unique
vague cluster pomt of {py, }ren. Since the vague topology is Hausdorff, p is
actually the vague limit of {p, }ren |2, Chapter I, Section 9, n°1|. =

7.2. On the sharpness of Theorem Our next aim is to show
that Theorem is no longer valid if is omitted from its hypotheses.

Assume for simplicity that g = 1, a = 1 and f = 0. Furthermore, let
0 <a<2 I"={1}, I~ = {2}, and let Ay C R" be a closed set with
ca(A2) = oo, but a-thin at wrn @ Assume moreover that the (open) set
D := AS§ is connected and A; is a compact subset of D with c,(A;) > 0;
then A := (Aj, Ay) forms a standard condenser in R™. For any constraint
o€ C(A), let EZ(A, 1) stand for the class of vector measures admissible in
Problem [5.1] with these data.

(**) By definition, which goes back to Brelot [5, Theorem VII.13|, a closed set F' C R™
is a-thin at wrn if either F' is compact, or the inverse of F relative to S(0,1) has x = 0
as an a-irregular boundary point [27, Theorem 5.10]. The existence of a closed set @ with
ca(Q) = oo, but a-thin at wgrr has been proved by Landkof |27, Corollary, p. 283, and
Lemma 5.5] (see also [7| pp. 276-277]). In the case n = 3 and a = 2, an example of such
a @ can be given as follows [43] Example 8.2]:

Q:={zeR’:0< z; < oo, 25 + x5 < exp(—2z]), where 0 < r < 1};

note that @ thus defined would have finite c2(+) if r in its definition were > 1.
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THEOREM 7.4. Under these requirements, there exists o € €(A) with
1 < ol(A1) < 0o and 0?(Ag) = oo such that, for every v € EZ(A, 1),
,v) >  inf ) = wl (A, 1).
Fa(V,V) by | rali ) wy (A, 1)
Proof. Denote by G' = G, the a-Green kernel on the locally compact
space D, defined by

Gp(z,y) == Kalz,gy) — ma(x,sfc), z,y € D,

€y being the unit Dirac measure at y and 65 © € MT(D®) the a-Riesz balayage
of €, onto D€ |22, [27]. Since ¢, (A1) is (strictly) positive, so is e¢q (A1) by [13,
Lemma 2.6|, and hence, by the compactness of A;, there exists a measure
A€ EL (A, 1) with

G\ ) = ca(A) ! < o0

In fact, such a A is unique, for the a-Green kernel is strictly positive definite
by [22, Theorem 4.9]. As S7 is compact, it is seen from [22, Lemma 4.4] that
both A and AP° have finite a-Riesz energy and moreover

IMe = IA = A7 la.

Finally, since D¢ = As is a-thin at wgrn, from [22, Theorem 3.21] (see also
the earlier papers [37, Theorem B] and [38, Theorem 4]) we get

(7.12) q:= MA;) — AP (4) > 0.

Consider an exhaustion of Ay by an increasing sequence of compact sets
Ky, ¢ € N. Since ¢, (Ag) = o0, it follows from the strict positive definiteness
of the a-Riesz kernel and from the subadditivity of ¢,(-) on universally mea-
surable sets that ¢, (A2 \ K;) = oo for all £ € N. Hence, for every ¢ one can
choose a measure 7, € £ (As \ Ky, q) with compact support so that

lim ||7¢||o = 0.
{—r00

Certainly, there is no loss of generality in assuming K, U Szt C Kpyq.
Choose a constraint

ol = \+41, 02::)\Dc+52+27’g,
£eN

where §;, ¢ = 1,2, is a positive nonzero bounded Radon measure whose
support coincides with A; @ We assert that the problem of minimizing
Ka(p, ) over the class EJ(A, 1) with the constraint o thus defined is un-
solvable.

(?°) In particular, such a §; can be constructed as follows. Consider a sequence of
points x; of A; which is dense in A; and define §; = ) 27 7¢e,..

jEN J
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It follows from the above that the sequence {g}reny With puj = A and
,u% = AP 47y, £ € N, belongs to £7(A, 1), so that

(7.13) Kooy, py) > wd(A,1) forall £ € N,
and moreover

(7.14) i Ka(pg, pg) = lim [|X = X7 = 7|2 = [|]A = AP = [IA]J2
{— o0 {— o0

On the other hand, for any § € £ (R") the a-Riesz balayage 6°° is in fact
the orthogonal projection of § onto the convex cone £ (D), i.e.
10 = 0P Nlo < |10 —v|la forall v e EF(DS), v # 6P°

(|21, Theorem 4.12] or |22, Theorem 3.1|). For an arbitrary p € £7(A,1) we
therefore obtain

(7.15)  Ralp, ) = lpt = @2l2 > et = ()71 = 1G> I
which yields wZ(A,1) > ||A||%. Since the converse inequality holds in con-

sequence of ([7.13)) and (7.14]), we actually have
(7.16) wg (A, 1) = A2

To complete the proof, assume on the contrary that the extremal problem
under consideration is solvable, i.e. there is p € EJ(A, 1) with ko (p, p) =
wZ (A, 1). Substituting (7.16)) into (7.15]), we see that then all the inequalities
in have to be equalities. But this is possible only provided that both
A = pland AP°(D€) = 1 = A(4;) hold, which contradicts (7.12). m

8. Continuity of the minimizers A4 with respect to (A,o). We
now return again to the case of an arbitrary positive definite kernel x on a
locally compact space X. Given a (generalized) condenser A = (A;);er, fix a
net of (generalized) condensers A; := (A);cy, t € T, with sign A! = sign A;
such that, for each 7 € I, A? C Aﬁl whenever to > t1, and also

A=) AL
teT
Furthermore, fix constraints o = (0');cr € €(A) and oy = (0})ier € €(A¢)
such that oy > 03, > o' for all to > t1 and 7 € I, and also
(8.1) o: — o vaguely as t increases along T
Then the following statement on continuity holds.

THEOREM 8.1. Assume in addition that for a certain tq € T all the
hypotheses of either Theorem [6.1] or Theorem [T.1] hold for Ay, and oy, in
place of A and o. Then in either Case 1 or Case 11 we have

(82) Gg,f(A7aag) = PEI% G,c;tf(At?aag)‘
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Fiz A} € 67¢(A,a,g), and for every t > to fix AL € Ggff(At,a, g);
such solutions to Problem [5.1] with the corresponding data exist. Then the
(nonempty) vague cluster set of (XY )i>t, is contained in &7 ¢(A,a,g). Fur-
thermore, A" — AR strongly in EF(Ay,), i.e.

%g{pl”)‘z - Z"S,j(AtO) =0,

and hence also vaguely provided that the kernel k is strictly positive definite
and the A?, i € I, are mutually disjoint.

Proof. From the monotonicity of A; and o; we get
(8.3) 7e(A,a,8) CE ¢ (Ar,a,8) CE ¢ (A, a,g)
whenever ty > t1 > tg, and therefore

(84) —oo<G (A, a,8) < lim G (Ar,a,8) < GTe(A a,g) < oo,

where the first inequality is valid by with Ay, and o, in place of A
and o, respectively, while the last one holds by the (standing) assump-
tion ((5.3)).

According to Theorems|6.1]and under the stated hypotheses for every
t > to there exists a minimizer A; := AY’ € 6:}(At,a, g). In consequence

of (8.4)), limycr G £(A¢) exists and
(8.5) —00 < ?GHT} Grt(At) < GTg(A,a,g) < oo

For an arbitrary fixed ¢ € T such that ¢ > t(, we also see from ({8.3)) that
A € EZ§(Ag,a, g) forallt>/.
We next proceed by showing that
(8:6) X = AullZs(a,) < Grt(Aey) = Grg(Ar)  whenever £ <ty < t.
For any 7 € (0,1] we have g := (1 — 7)A, + Ty, € & ¢ (A4, a,g), hence
Grs(p) > Gig(Ay). Evaluating G ¢(p) and then letting 7 — 0, we get
_K(Aﬁ?Atl) + K’()\tUAh) - <f7 )‘t1> + (f, >‘t2> >0,

and follows. Noting that, by (8.5)), the net G ¢(A¢), t > ¢, is Cauchy
in R, we see from that (A¢)¢>¢ is strong Cauchy in £7¢(Ay, a, g).
In accordance with Theorem [5.7] under the stated assumptions the set

M¢(Ay,a,g) is vaguely compact. Hence there is a (strong Cauchy) subnet
(As)ses of (A¢)¢>e such that

(8.7) As =& A vaguely as s increases along S,
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where A is some element of M7¢(Ay, a,g). Since the vague limit is unique,
A" is carried by Af for every ¢ > tg, and hence by A; = ﬂ£>t0 Af . Since the
vague limit of the (positive) measures o — A\ is likewise the positive measure
ot — X\ (see (8.1) and (8.7))), we thus altogether get
(8.8) AeEMI(Aag).

Assume first that X, , g, Ay, and oy, satisfy the assumptions of Theo-

rem[6.1] Since (A)¢> is strong Cauchy in £7¢(Ay, a, g) and since (8.7)) holds,
Theorem [6.6] shows that x(X, A) < oo, hence

(8.9) NeET(Aag)
(see (8.8), and moreover
(8.10) At — X strongly in £ (Ay) as t increases along T

Applying Lemmawith Ay in place of A, from relations (8.4), (8.5)), (8.7)

and (8.10)) we get

—00 < G,{7f(A) < heng Gn,f(AS) = lim Gn,f()\t)
—hmG (A a,8) <GTe(A ag) < oo,

the first 1nequahty being valid by i and 1 . Thus X € S‘Tf(A a,g)
(see ), and therefore G, ¢(\) Comblned with the last

display, this proves ({8.2)) and also
(8.11) Ae€B¢(Aag).

Assume next that X, k, g, Ay, and oy, satisfy the assumptions of The-
orem Based on and , we then arrive at both and ,
now with the aid of Theorem and hence again at and by
arguments similar to those applied just above.

It has thus been shown that, under the hypotheses of Theorem [8.1] rela-
tion (8.2) holds and (A" )i>t,, being strong Cauchy in &7 (Ay,), converges
strongly in £F(Ay,) to any of its vague cluster points A, and also this A
solves Problem [5.1] for the condenser A and the constraint o. If the kernel
K is strictly positive definite and the Af, 1 € I, are mutually disjoint, such a
solution is uniquely determined by Corollary so that the vague cluster
set of (AR’ )i>t, reduces to the given A. Hence AT’ — X also vaguely [2]
Chapter I, Section 9, n° 1, Corollary|. =

9. The f-weighted vector potentials of the solutions. Theorem[9.2]
below establishes a description of the f-weighted vector potentials ng =

(W;‘ fl )ier (see 1} of the solutions to Problem (provided they exist),
and it also singles out their characteristic properties.
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LEMMA 9.1. For X € £7:(A,a,g) to solve Problem it is mecessary
and sufficient that

(9.1) Z(Wé}i,ui—)\i> >0 foralve&le(A ag).
el

Proof. By direct calculation, for any p,v € Sg’f(A,a, g) and any h €
(0, 1] we obtain
G+ (1= 1) = ) = 20 SOV =) 4 00 =

1€

If g = X solves Problem then the left (and hence the right) side of this
display is > 0, for the class £7¢(A, a,g) is convex, which leads to |) by
letting h — 0. Conversely, if (9.1) holds, then the preceding formula with
p = X and h = 1 implies that G, ¢(v) > Gy g(A) for all v € E7¢(A, a, g),
hence A € GZf(A,a, g). =

THEOREM 9.2. Given a generalized condenser A and a constraint o €
€(A), assume that for every i € I, k(-,0%) is upper semicontinuous (hence
continuous) on X and upper bounded on A; \ K for a sufficiently large com-
pact set K C X. Suppose that each g;, i € I, is upper bounded on A; \ K
with K as indicated just above, and

(92) <g7,,O'Z|A;s> > ay,

Af being defined by ll If, moreover, each f;, i € I, is lower bounded
on A; then, for any given X € sz(A,a, g), the following two assertions are

equivalent @'

(i) A€ 67¢(Aa,g).

(ii) There exists (wh)ier € RU| such that for all i € 1,
(
(

9.3) W:‘fz >whgi (0" — \)-a.e.,
9.4) W:‘fz < wg\gi A-a.e.
Proof. We first observe that since the potential (-, %) is bounded on

A;, so is k(- pt), where (1);e is any measure from 9 (A). Furthermore,

since k(-,0?) is continuous on X, so is (-, u?) (see the proof of Lemma |6.4)).
Moreover, obviously

(9.5) o'lx € EF(K)  for any compact K C A;.
(*) In Case I the requirement of the lower boundedness of f;, i € I, is fulfilled auto-

matically. Furthermore, in Case I relation (9.4) is equivalent to the following apparently
stronger assertion: W:‘ ; < whgi everywhere on .5'3\(1.



Condensers with intersecting plates 257

We proceed with the proof that assertions (i) and (ii) are equivalent.
Suppose first that (i) holds, i.e. A € £7¢(A,a,g) solves Problem . To

verify (i), fix any i € I. For every p = (u*)er € E7¢(A,a,g) write p; :=
(11f)eer where pf := pf for all £ # i and pf = 0; then p; € E(A). Also
define f; := f; + /ii)\i; then by substituting 1} we obtain

(9.6) filz) = file) + 50 > sen(z,N), zeX.

0€1, 040

Since f; is lower bounded on A;, we conclude from the properties of #(-, A?),
f € I, established above that the function

(9.7) e OO R

R,

is likewise lower bounded on A;. Also observe that W*', is finite everywhere
on A%, which is clear from ([@.10). e

Furthermore, by and , for any pu € Sg’f(A, a, g) with the addi-
tional property that pu; = A; (in particular, for p = X) we get

Grt(p1) = Grr(Ns) + Gy 7 (1),
Combined with Gy ¢(p) > Gy g(A), this yields G fi(ﬂi) > G, J;i(/\i); hence

A’ minimizes G, f.(’/) where v ranges over 8:}' (A;, a;,g;). This enables us
to show that there exists wy: € R such that

(9.8) Wg}i >wyigi (08 — M)-ace,
(9.9) W’;\lﬁ <wyigi  N-ae.

Indeed, holds with
wyi = L; :=sup{t e R: ij} > tg; (o' — \)-a.e.}.
In turn, with wy: = L; implies that L; < oo, because

. WA (z)
AL . Kfi
ni ) gy <

for all 2 € A? (see ), hence (0/ — A)-a.e. on A9, while (o — X)(A9) > 0
by 1} Also, L; > —oo since, by the upper boundedness of g; on A;, va;jlf)
is lower bounded on A;.

We next establish with wy: = L;. To this end, for any w € R write

Af(w) = {z € A; : Wli‘}l(x) > wg;(z)},
A7 (w) :={z € A;: W,i‘lfl(m) < wgi(z)}.

(2
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Assume, on the contrary, that with wy: = L; does not hold, i.e.
N(AF(L;)) > 0. Since Wé\} is A-measurable, one can choose w; € (L;,o0)
so that A{(Af (w;)) > 0. At the same time, as w; > L;, relation (9.8) with

wy: = L; yields (0! — A")(A; (w;)) > 0. Therefore, there exist compact sets
Ky C Af(w;) and Ky C A; (w;) such that

(9.10) 0 < {gi N'lr1) < (g0 (0" = X))
Write 70 := (0 — \¥)|,; then x(7%, 7) < 0o by . Since <W’;\L
(w;g;, ™) < 00, we get <ﬁ,7i> < oo in view of (9.7). Define
0° = XN — X|g, + i’ where ¢ = (gi, N k) /{gi, 7).

Noting that ¢; € (0,1) by (9.10), we see by straightforward verification that
gi,0") = a; and 6" < ¢°, hence 0° € £7°. (A;, a;, g;). On the other hand,
K, fi

<Wn,fi’ 0" —\') = <Ww;i — w;gi, 0" — \")

= _<ijff~z — W;G;, )\i|K1> + CZ<W2’}1 — W;G;, Ti> <0,
which is impossible in view of the scalar version of Lemma [9.1] The contra-
diction obtained establishes .

Substituting into (9.7) and then comparing the result obtained with
(3.6) and (4.1)), we see that

A Al
(9.11) Wn,fi = W&f.

Combined with 1@) and 7 this proves 1} and |D with wg = Wy,
i € I. This completes the proof that (i) implies (ii).

Conversely, suppose (ii) holds. On account of (9.11)), for every i € I
relations (9.8) and (9.9) are then fulfilled with wy := w} and f; defined by
. This yields

N(AF(wyi)) =0 and (o' — \') (A7 (wy:)) = 0.
For any v € Ezf(A, a,g) we therefore get
<Wn,fl’ V=) = <W,ifi —wxigi, V' — A")
= <I/V>\Z~ — W)ilGi, Vi|Ai+(w>\i)> + <W)\

K;’fi K,
Summing up these inequalities over all ¢ € I, we conclude from Lemma [9.1
that X is a solution to Problem 5.1l =

Zfi — Wi Gis (Vi N Ui)’A;(wAi)> 2 0.

Acknowledgements. The second named author expresses her sincere
gratitude to the Department of Mathematical Sciences of the University of
Copenhagen for providing a favourable research atmosphere during her stay
when part of this manuscript was written.



(1]
2]
3]
[4]
5]
16]
(7]
18]
191

[10]
[11]

[12]

[13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
21]
[22]

[23]

24]

[25]

Condensers with intersecting plates 259

References

B. Beckermann and A. Gryson, Ezxtremal rational functions on symmetric discrete sets
and superlinear convergence of the ADI method, Constr. Approx. 32 (2010), 393-428.
N. Bourbaki, General Topology. Chapters 1—4, Springer, Berlin, 1989.

N. Bourbaki, General Topology. Chapters 5—10, Springer, Berlin, 1989.

N. Bourbaki, Integration. Chapters 1-6, Springer, Berlin, 2004.

M. Brelot, On Topologies and Boundaries in Potential Theory, Lecture Notes in Math.
175, Springer, Berlin, 1971.

H. Cartan, Théorie du potentiel Newtonien: énergie, capacité, suites de potentiels,
Bull. Soc. Math. France 73 (1945), 74-106.

H. Cartan, Théorie générale du balayage en potentiel newtonien, Ann. Univ. Grenoble
22 (1946), 221-280.

G. Choquet, Les noyauz réguliers en théorie du potentiel, C. R. Acad. Sci. Paris 43
(1956), 635-638.

G. Choquet, L’intégrale d’énergie en théorie du potentiel, Sém. Théorie du Potentiel,
Paris, 1958/59, no. 3.

J. Deny, Les potentiels d’énergie finie, Acta Math. 82 (1950), 107-183.

J. Deny, Sur la définition de l’énergie en théorie du potentiel, Ann. Inst. Fourier
(Grenoble) 2 (1950), 83-99.

J. L. Doob, Classical Potential Theory and Its Probabilistic Counterpart, Springer,
Berlin (1984).

P. D. Dragnev, B. Fuglede, D. P. Hardin, E. B. Saff and N. Zorii, Minimum Riesz
energy problems for a condenser with touching plates, Potential Anal. 44 (2016),
543-577.

P. D. Dragnev and E. B. Saff, Constrained energy problems with applications to or-
thogonal polynomials of a discrete variable, J. Anal. Math. 72 (1997), 223-259.

R. Edwards, Cartan’s balayage theory for hyperbolic Riemann surfaces, Ann. Inst.
Fourier (Grenoble) 8 (1958), 263-272.

R. Edwards, Functional Analysis. Theory and Applications, Holt, Rinehart and Win-
ston, New York, 1965.

B. Fuglede, On the theory of potentials in locally compact spaces, Acta Math. 103
(1960), 139-215.

B. Fuglede, The logarithmic potential in higher dimensions, Mat.-Fys. Medd. Danske
Vid. Selsk. 33 (1960), no. 1, 14 pp.

B. Fuglede, Caractérisation des noyauz consistants en théorie du potentiel, C. R.
Acad. Sci. Paris 255 (1962), 241-243.

B. Fuglede, Capacity as a sublinear functional generalizing an integral, Mat.-Fys.
Medd. Danske Vid. Selsk. 38 (1971), no. 7, 44 pp.

B. Fuglede, Symmetric function kernels and sweeping of measures, Analysis Math. 42
(2016), 225-259.

B. Fuglede and N. Zorii, Green kernels associated with Riesz kernels, arXiv:1610.00268
(2016); Ann. Acad. Sci. Fenn. Math. (2018), to appear.

C. F. Gauss, Allgemeine Lehrsdtze in Beziehung auf die im verkehrten Verhdltnisse
des Quadrats der Entfernung wirkenden Anziehungs- und Abstoffungs-Krifte, 1839,
Werke 5 (1867), 197-244.

A. A. Gonchar and E. A. Rakhmanov, On the equilibrium problem for vector poten-
tials, Russian Math. Surveys 40 (1985), no. 4, 183-184.

H. Harbrecht, W. L. Wendland and N. Zorii, Riesz minimal energy problems on
C*=Y*_manifolds, Math. Nachr. 287 (2014), 48-69.


http://dx.doi.org/10.1007/s00365-010-9087-6
http://dx.doi.org/10.1007/BFb0060353
http://dx.doi.org/10.24033/bsmf.1368
http://dx.doi.org/10.1007/BF02398276
http://dx.doi.org/10.5802/aif.22
http://dx.doi.org/10.1007/978-1-4612-5208-5
http://dx.doi.org/10.1007/s11118-015-9519-9
http://dx.doi.org/10.1007/BF02843160
http://dx.doi.org/10.5802/aif.79
http://dx.doi.org/10.1007/BF02546356
http://dx.doi.org/10.1007/s10476-016-0303-x
http://arxiv.org/abs/1610.00268
http://dx.doi.org/10.1070/RM1985v040n04ABEH003638
http://dx.doi.org/10.1002/mana.201200053

260

126]
[27]
28]
[29]
[30]
31]
[32]
133]
[34]
135]
136]
137]
38]
[39]
[40]
1]
[42]
[43]
[ad]

[45]

B. Fuglede and N. Zorii

J. L. Kelley, General Topology, Van Nostrand, Toronto, 1955.

N. S. Landkof, Foundations of Modern Potential Theory, Springer, Berlin, 1972.

E. H. Moore and H. L. Smith, A general theory of limits, Amer. J. Math. 44 (1922),
102-121.

N. Ninomiya, Etude sur la théorie du potentiel pris par rapport & un noyau symétrique,
J. Inst. Polytech. Osaka City Univ. Ser. A. Math. 8 (1957), 147-179.

G. Of, W. L. Wendland and N. Zorii, On the numerical solution of minimal energy
problems, Complex Var. Elliptic Equations 55 (2010), 991-1012.

M. Ohtsuka, Sur un espace complet de mesures positives dans la théorie du potentiel,
Proc. Japan Acad. 32 (1956), 311-313.

M. Ohtsuka, Les relations entre certains principes en théorie du potentiel, Proc. Japan
Acad. 33 (1957), 37-40.

M. Ohtsuka, On potentials in locally compact spaces, J. Sci. Hiroshima Univ. Ser. A-1
25 (1961), 135-352.

E. A. Rakhmanov, Equilibrium measure and the distribution of zeros of extremal
polynomials of a discrete variable, Sb. Math. 187 (1996), 1213-1228.

M. Riesz, Intégrales de Riemann—Liouville et potentiels, Acta Sci. Math. (Szeged) 9
(1938), 1-42.

Ch.-J. de la Vallée-Poussin, Le Potentiel Logarithmique, Balayage et Répresentation
Conforme, Paris—Louvain, 1949.

N. Zorii, An extremal problem of the minimum of energy for space condensers, Ukrain.
Math. J. 38 (1986), 365-369.

N. Zorii, A problem of minimum energy for space condensers and Riesz kernels,
Ukrain. Math. J. 41 (1989), 29-36.

N. Zorii, A noncompact variational problem in Riesz potential theory. I, II, Ukrain.
Math. J. 47 (1995), 1541-1553; 48 (1996), 671-682.

N. Zorii, Equilibrium potentials with external fields, Ukrain. Math. J. 55 (2003), 1423~
1444.

N. Zorii, Interior capacities of condensers in locally compact spaces, Potential Anal.
35 (2011), 103-143.

N. Zorii, Constrained energy problems with external fields for vector measures, Math.
Nachr. 285 (2012), 1144-1165.

N. Zorii, Equilibrium problems for infinite dimensional vector potentials with external
fields, Potential Anal. 38 (2013), 397-432.

N. Zorii, Necessary and sufficient conditions for the solvability of the Gauss variational
problem for infinite dimensional vector measures, Potential Anal. 41 (2014), 81-115.
N. Zorii, Constrained Gauss variational problem for condensers with touching plates,
Bull. Soc. Sci. Lettres L6dz Sér. Rech. Déform. 65 (2015), 85-99.

Bent Fuglede Natalia Zorii
Department of Mathematical Sciences Institute of Mathematics
University of Copenhagen National Academy of Sciences of Ukraine
2100 Kgbenhavn, Denmark Tereshchenkivska 3
E-mail: fuglede@math.ku.dk 01601 Kyiv, Ukraine

E-mail: natalia.zorii@gmail.com


http://dx.doi.org/10.1007/978-3-642-65183-0
http://dx.doi.org/10.2307/2370388
http://dx.doi.org/10.1080/17476930903394986
http://dx.doi.org/10.3792/pja/1195525371
http://dx.doi.org/10.3792/pja/1195525185
http://dx.doi.org/10.1070/SM1996v187n08ABEH000153
http://dx.doi.org/10.1007/BF01060643
http://dx.doi.org/10.1007/BF01060154
http://dx.doi.org/10.1023/B:UKMA.0000018005.67743.86
http://dx.doi.org/10.1007/s11118-010-9204-y
http://dx.doi.org/10.1002/mana.201000148
http://dx.doi.org/10.1007/s11118-012-9279-8
http://dx.doi.org/10.1007/s11118-013-9364-7

	1 Introduction
	2 Preliminaries
	3 Generalized condensers
	3.1 Vector measures. Vague topology
	3.2 A semimetric structure on sets of vector measures

	4 Unconstrained f-weighted minimum energy problems
	5 Constrained f-weighted minimum energy problems
	5.1 Statement of the problem
	5.2 On the uniqueness of a solution to Problem 5.1
	5.3 Auxiliary results

	6 On the solvability of Problem 5.1
	6.1 On the strong completeness of Ebold0mu mumu (A,a,g)
	6.2 Proof of Theorem 6.1

	7 On the solvability of Problem 5.1 for Riesz kernels
	7.1 A strong completeness theorem for a semimetric subspace of E+(A)
	7.2 On the sharpness of Theorem 7.1

	8 Continuity of the minimizers bold0mu mumu bold0mu mumu A with respect to (A,bold0mu mumu )
	9 The f-weighted vector potentials of the solutions
	References

