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Continuous solutions of a polynomial-like iterative
equation with variable coefficients

by WEINIAN ZHANG (Chengdu) and JOHN A. BAKER (Waterloo, ON)

Abstract. Using the fixed point theorems of Banach and Schauder we discuss the
existence, uniqueness and stability of continuous solutions of a polynomial-like iterative
equation with variable coefficients.

I. Introduction. Let I = [a,b] be a given closed bounded interval.
Given a continuous F': I — I such that F'(a) = a and F(b) = b, and given
continuous functions A1, ..., A, : I — [0,1] such that > ;| A;(z) =1 for all
x € I, we wish to find continuous functions f : I — I such that

(1) M@)f(@) + Xa(2)f2(z) + ... + Mp(2) f"(2) = F(x) forallz e I

Here f? denotes the ith iterate of f (i.e., fO(z) = x and fi™!(z) = f(f'(2))
forall x € I and all i = 0,1,...). We suppose that n > 2.

The case in which the \;’s are constant was considered in [4]-[7] and
[9]-[11] for special choices of F' and/or n. Similar equations are discussed on
pages 237-240 of [5]. Such problems are related both to problems concerning
iterative roots (see [1], [3] and [8]), e.g. finding a function f such that

f'(x) = F(x), Veel,

and to the theory of invariant curves for mappings (see Chapter XI of [5]).

Note that we may assume without loss of generality that a = 0 and
b = 1. Indeed, if [a,b] # [0,1] and (1) holds, define

h(t)y=a+tlb—a) for0<t<1
and let
g=htofoh, G=h‘toFoh, pu=MNoh forl<i<n
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where o denotes composition. Since h and h~! are affine and > ;| A\;(z) =1
for all x € I, it follows that

n

(2) > wi(t)g'(t) =G(t) forallt e [0,1].
i=1
Conversely, if (2) holds so does (1). Thus assume that I = [0, 1].
For economy of exposition we adopt the following notation. Let C(I)
denote the real Banach algebra consisting of all continuous maps of I into R

with respect to the uniform norm; for f € C(I), || f|| = max{|f(¢)| : t € I}.
Let

X={feCI):0=f0)<f(t)<f(l)=1foralltel}.

Note that X is closed under composition and hence under iteration.
For0<m <1< M let

X(m,M)={feX :m(y—x) < f(y)— f(z) <My — =)
whenever 0 < z <y < 1}.

II. Some lemmas

LEMMA 1. Suppose 0< m< 1< M. Then X (m, M) is a compact convex
subset of C(I). Moreover, if f,g € X(m, M) then

v—1
1f* = g"| SZMij—gH forallv=1,2,...

=0

Proof. It is clear that X (m, M) is a closed, bounded and convex subset
of C(I). It is also clear that X (m, M) is uniformly equicontinuous. Thus,
by the Ascoli-Arzela lemma, X (m, M) is a compact convex subset of C'(I).

If v = 1 then the inequality is trivial. Suppose it holds when 1 <v < k
for some k > 1. Then, for all z € I,

[fE (@) = g ()| = I (FM(2)) = 9(d" (2))]
< (@) = Fa" (@) + £ (9" (@) — 9(g"(2))]
< M|\f* = g* |+ 11— gl

k—1

<M( Y M)If =gl +1f gl

=0

= @Mj)nf—gu.

Thus, by induction, the inequality is true for all v > 1. =
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LEMMA 2. Suppose 0 <m <1< M and f,g € X(m,M). Then
(i) f~te X(M~t,m™),
(i) [If —gll < M| f~" = g7, and
(i) [f~" =g~ <mHIf =gl
Proof. Since m > 0, f is a strictly increasing homeomorphism of I onto
itself and, for 0 <z <y <1,

. y/ _ g
ST @)
where ¢/ = f~!(y) and 2’ = f~!(z). Thus (i) holds.
To prove (ii) note that for all = € I,
(@) = g(x)| = |f(z) = F(f T og)(@))] < M|z — f~(9(2))]
= Mg~ (g(2)) — fH(g(2)] < Mlg~" = f7H.

It follows that | f —gl| < M|lg~" = f~'|| = M| f~" = g7}
Property (iii) follows easily from (i) and (ii). =

<m™!

These lemmas are essentially Lemmas 2.2 and 2.5 of [11]. Also note
that, by (iii), the inversion map Z : X (m, M) — X(M 1, m~1!) (defined by
If=f"!for f € X(m,M)) is a Lipschitz mapping.

LEMMA 3. If f € X(m,M) and g € X(s,S) with 0 <m <1< M and
0<s<1<S, then foge X(ms,MS) and

ffe X(mP,M*)  forall k=0,1,...
Proof. It suffices to note that, for 0 <z <y <1,
fl9(y)) — flg(x)) < M(g(y)) — g(x)) < MS(y — )

and, similarly,

fl9(y) — flg(x)) = ms(y —x). =

III. Existence. Our main result is the following
THEOREM 1. Suppose that A\i(x) > ¢ for all x € I and
Ak(y) — Ae(2)]

y—x
where ¢ and (B are real constants such that

0<e<l and 0<ng<1.
Also suppose that F € X (6, M) with
nf<i<1< M.

Then (1) has a solution f in X (0,(M +np)/c).

Lip)\k::sup{ :0§$<y§1}§/8 for k=1,2,...
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Proof. Let L = (M +nf3)/c and note that L > 1 since 0 < c <1 < M.
For z € I and f € X(0,L) define f, : I — R by

Zx\ VFTNE)  fort e I

Our task is to prove that, for some f € X(0,L),
(1) fo(f(z)) = F(z) forallzel.

The idea behind our proof is based on the observation that if every f, were
a bijection of I then (1)’ would be equivalent to

(1)” flx)=(fo) ' (F(z)) forallzel;
i.e. recasting the problem as a fixed point problem.

Suppose fe€ X(0,L) and x €. Then f,(0) =0, fz(1) =1, f,(t)€! for
allt € I and f, is continuous. Moreover, if 0 <t < u < 1 then, by Lemma 3,

Folw) = fo(t) = Y Xi(@)(f 77 (w) = f7H1)

i=1
< Y )L u —t) g(ZLl 1)u—t
and -
Jao(u) = fa(t) = M(z)(u— 1) > c(u—1).
Thus
(3) fo € X(¢,C) forxzeland feX(0,L)

where C' = Y"1 | L~
If fe X(0,L),0<z<y<1landtel then

() — fult |—\Z DN < nBly - ).

Thus
(4) Ify = fell <nBly— x| for f€(0,L)and z,y € 1.
Now suppose that f€ X(0,L),0 <z <y <1andte l. By (3)and (4),
0=t—t=f,(f; () = fo(fz (1))
= fy(f71(0) = fu (£ ) + fu (o) = fu(f5H(D))
> c(f, () = f2 (1) —nBy — )

and, similarly,

0<C(f, (1) = £ 1 (1) +nbly — x)
so that

(5) —nBC™ < (f7H (1) = (1) /(y —x) <nPe”?
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Thus, for f € X(0,L),
(6) ”fy_l—fz_lH <nBcly—x| foralla,yel

since0<c<l<L<C.
Now for f € X(0,L) define Tf : I — R by

Tf(z) = f;'(F(x)) forz el

notice that Tf(0) =0, Tf(1) =1 and T'f(z) € I for all z € I.
Suppose that f € X(0,L) and 0 <z <y < 1. By (5) and (i) of Lemma 2,

Tf(y)—Tf(x)=f, ' (Fy) - f; ' (F(x))

=1, (FW) = £, 1 (F) + £ H(F(y) = £ (F(x))
<nfeHy — ) ¢ H(F(y) - F(x))
< (nB+ M)e Ny —x) = L(y — x).

~—_

Similarly,

Tf(y) = Tf(x) = f;7 (F(y) = [z (F) + £ (F(y) = fz 1 (F(@))
( nBC~ )y —x) + C™H(F(y) - F())
> (-nB+0)C 7 y—x) =0

since n3 < § < 1. Thus Tf € X(0,L). We conclude that T" maps X (0, L)
into itself.

Aiming to prove that T' is continuous, suppose that f,g € X(0,L). By
the lemmas, for any x € I we have

ITf(z) = Tg(x)| = |fr " (F(z) — g, " (F@)| < |If; " — g '
< fe—gell <7t rggfzgki(w)\f“(t) — g (@)

*ZA =t =g
< Zuas)(fv‘) 1 =gl
*(ZLJ)(nAZ NS =gl

(ZLJ) (L=M@)f -9l
<cl1- C)(ZLi)Ilf ~ gll;
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recall that 0 < ¢ < 1 and ¢ < Ay(z) for all x € I. We have proved that
(7) ITf =Tgll <Af =gl forall f,g € X(0,L)

where
n—2 4
(8) ’y:c_l(l—c)ZLJ.
§=0

Thus T is continuous. By Schauder’s fixed point theorem 7" has a fixed point,
i.e., (1)"” holds for some f € X(0,L). m

IV. Uniqueness and stability. If v < 1 then T is a contraction, in
which case Banach’s fixed point theorem implies that our problem has a
unique solution.

THEOREM 2. If, in addition to the assumptions of Theorem 1, c is so
close to 1 that

n—1

(1-0)) (M+npy~'/d <1

j=1
then (1) has a unique solution f in X(0,(M +nf)/c).
Proof. It suffices to note (7) and (8) and recall that L = (M +ng)/c. m

Under the assumptions of Theorem 2, the solution to our problem de-
pends continuously upon the given data in the sense of

THEOREM 3. In addition to the assumptions of Theorem 2, suppose that
[y pin 2 I — T are continuous, > o pi(x) =1 for all x € I, py(x) > ¢
forall x € 1,

ke (y) — pe(2)| < Bly — x| forz,y€l and 1 <k<n
and G € X(6,M). Let g be that member of X(0,L) satisfying

9) Zpk(az)gk(az) =G(x) forallzel
k=1
(whose existence and uniqueness is guaranteed by Theorem 2). Then

10 gl <=7 (XTI mll + IF - ).

Proof. To indicate the dependence of the relevant operators on the
given data, let us write A\, instead of ¢, for ¢ € X (0,L) and write T’
instead of T'. For ¢ € X (0, L) and = € I define puy(t) = > i wi(z)p 1 (t)
fort € I. For ¢ € X(0,L) let

Tup(x) = (ap) 1 (G(x))  forzel.
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Suppose then that f,g € X(0,L), (1) and (9) hold and = € I. Then
(@) = g(@)| = |(A )" H(E(2)) = (129) " (G ()]
< | f)THE(@)) = (ag) ™ (F ()]
+ |(Mx9) HE(2) = (pe9) ' (G(2))]
< [ f) ™! = (kag) M + ¢ F(2) = G(2)]
< HIAef = pagll + IF = GII}

by Lemma 2 since A, f, g € X(c,C). By using Lemma 1 several times we
find that, for all ¢t € I,

e ()= g ()] = | > M) - i)y (1)
< ZIA It |+Zuz ) —g o)
SZH)‘ _H2|’+Zﬂz HfZ b iilH

i—

§2\|A—Mz||+2m (X E)Ir =l
gZHA—MHZm )( Lf)rrf gl

Jj=

l\’)

||
3 <.
Il
[\') (e}

1A = pll + (1 = pa(2))e(1 = ) [l f = gl

I
M= I

1

.
Il

1A = pall + (1 = e)ye(X = ) 7HIf = gl

M=

S

<.

I
>—o—;’—‘

by the definition (8) of «y. It follows that

1f - gll < cfl{z i = il + el f = gl + 1F - G},
=1
i.e., (10) holds. m

V. Remarks and questions. The normalization assumption that
>oi i Ai(z) = 1is not severe. Instead one could suppose that A; : I — [0, c0)
is continuous for 1<i<n and Y, A;(z) > 0 for all z€I. Then the equa-
tion can be normalized by dividing by Y., A;(z); of course, the assumptions
on F' would have to be altered appropriately.
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We conclude the paper with some questions for possible future discussion.

1. How can (1) be treated without the assumption that A;(z) > ¢ > 0
all x € I?

2. What more can be said in case the given functions Aq,..., A, and F

are smooth?

3. What can be said in case F'(0) =1 and F(1) = 07
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