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Weak solutions of equations
of complex Monge—Ampere type

by SEAWOMIR KOLODZIEJ (Bielsko-Biata and Krakéw)

Abstract. We prove some existence results for equations of complex Monge-Ampere
type in strictly pseudoconvex domains and on K&hler manifolds.

0. Introduction. In this paper we extend the results on the existence of
bounded (resp. continuous) solutions of the complex Monge-Ampeére equa-
tion
(0.1) (dd“u)™ = du

(with a given positive measure du, a plurisubharmonic solution u, and the
wedge product on the left defined as in [BT1]) to the case of more general
equations of Monge-Ampere type

(0.2) (dd“u)"™ = F(u,-)dp.

We shall assume throughout that F'(t,z) > 0 is nondecreasing, continuous
in the first variable and measurable in the second one.

One can study the Dirichlet problem for the equation (0.1) in a strictly
pseudoconvex domain in C" imposing a boundary condition

lim u(z) = p(z) for xz € 012,

with given ¢ € C(912) (see [BT1], [Ce], [CKNS], [K1]-[K3]). By [K1] this
problem has a unique bounded solution, provided a bounded subsolution ex-
ists. We shall prove (Theorem 1.1 below) that the same conclusion holds for
(0.2) when F is bounded. Thus we generalize the results of Bedford—Taylor
[BT2] and Cegrell [Ce]. We refer to [CKNS] for the study of the classical
solutions of the equation. Furthermore, let the measure du be represented
as fd\ with d\ denoting the Lebesgue measure and f > 0 belonging to the
Orlicz space
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LX(Q) = {g €L (2): 920, | x(g)dr < oo}.
2

If

(0.3) x(t) = [t|(log (1 + [t]))" h(log(1 + [¢])),
where h : R, — (1,00) is an increasing function satisfying

| (™ (y)) " dy < o0,

1
then the Dirichlet problem for (0.1) has a unique continuous solution (see
[K2], [K3]). Corollary 1.2 says that this is still true for (0.2) with du = dA
and F(t,z) < f(z) € LX(£2).

In the next section we study the complex Monge-Ampere equation on a

compact Kéhler manifold M with the fundamental form w:

(0.2") (w+ dd°u)"™ = F(u,-)w".
By the Stokes theorem, if u satisfies (0.2") then

S F(u, )w" = S w'.

M M
For F positive and smooth, satisfying the normalizing condition (2.1), the
equation has been solved by Aubin [A1], [A2] and Yau [Y]. It is particularly
interesting for F'(t,z) = exp(at + f(z)) when the solution serves to produce
Kéhler—Einstein metrics (see [A1]-[A3], [S], [Y]). Using a result from [K3],
where the case of F' not depending on t was treated, we show in Theorem
2.1 that for F' only nonnegative and F' € LX(M), x as above, one can find
a continuous solution of (0.2"). This result, applied to M = P", leads to
solving (0.2) in the family of entire plurisubharmonic functions of minimal
growth.

1. Equations of Monge—Ampeére type in a strictly pseudoconvex
domain

THEOREM 1.1. Let 2 be a strictly pseudoconvex domain and ¢ € C(052).
Suppose there erxists v € PSHNL>®(2) such that (ddv)" = du and
lim,_, v(z) = ¢(x) for v € 052. Furthermore assume that F: R x 2 — R
s a bounded nonnegative function which is nondecreasing and continuous in
the first variable and du-measurable in the second one. Then there exists a
unique bounded plurisubharmonic solution of the Dirichlet problem

u € PSHNL™(12),
(1.1) (dd°u)™ = F(u,-)du,
lim u(z) = ¢(x) for x € 052.
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Proof. Without loss of generality we assume F' < 1. As in [Ce] we shall
use Schauder’s fixed point theorem. Consider L?(§2,d)\) equipped with the
weak topology. Let h be the maximal plurisubharmonic function in {2 with
the boundary data equal to . Then the set

A={uePSH(2):v<u<h}
is convex and bounded (thereby compact) in L?(£2,d\). We define the map-
ping F : A — A taking for F(u) the solution of
(1.2) weA (dd°w)" = F(u,-)dp.

This solution exists by [K1]. We need to show that F is continuous. Let
uj — win A. Set w = F(u) and w; = F(u;). By Hartogs’ lemma, u =
(limsupu;)*. Consider the auxiliary functions wuj = (sup;s,u;)* and
wy = F(ug). Since (ddwy)™ is decreasing it follows from the comparison
principle [BT3] that the sequence wy is increasing to some w € A. We also
have
(ddcwk)n = F(uk, )d,u S F(ﬂk, )d,u = (ddcﬁ)k)n

Hence, using the comparison principle, wy < wg.

Furthermore, wy | u, and from the convergence theorem [BT3| one infers

(dd“w)"™ = kh_}ngo F(uy, )dp = F(u,-)du.
Since the solution to the Dirichlet problem (1.2) is unique we thus get
w=w = limT w;, < liminf wy,.
It remains to prove that
lim sup wg < w.
For this consider the sequence @y, of functions in A solving
(dd°@y)" = F (@, )dp,

where 4, = infy<;u;. Then, by the comparison principle, w, < @ and
wy decreases to w € A. Since up | u we obtain, applying the convergence
theorem,

(dd“w)"™ = lim7(dd“wy)"™ = F(u,-)dp.
This implies w = w = lim| wy > limsupwg. Thus we have proved the
continuity of the mapping F. The Schauder theorem now says that F has
a fixed point, which gives the existence part of the statement. Uniqueness
follows in a routine manner from the comparison principle and the fact that

F(-, z) is nondecreasing. Suppose u and v solve our equation and {u < v+h}
is nonempty for some negative strictly plurisubharmonic function h. Then
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by the comparison principle [BT3],
| (ddv)" + (ddn) < | (ddu)"

{u<v+h} {u<v+h}
= S F(u7 ) d:u < S F(Uv ) d:u = S (ddcv)n7
{u<v+h} {u<v+h} {u<v+h}

which is impossible since the set over which we integrate has positive Le-
besgue measure.

REMARK. The above theorem remains true for hyperconvex domains
provided there exists a maximal plurisubharmonic function with boundary
data equal to .

REMARK. The existence part of the theorem still holds when we drop
the hypothesis that F(-,z) be nondecreasing, but uniqueness is then lost

(see [Ce]).
COROLLARY 1.2. Let £2,¢ and F be as in the above theorem except that
instead of assuming that F' is bounded we mow suppose
F(t,) <4y e LX),

with x given by (0.3). Then there exists a continuous solution to

u € PSH(2)NC(£2),
(dd°u)"™ = F(u,-)dA,
zhi% u(z) =p(z) forx €012,

where dA denotes the Lebesgue measure.

Proof. For the subsolution required in Theorem 1.1 we take v € PSH({2)

N C(£2) solving

(ddv)"™ = dA,
with given boundary data. The existence of such a v and continuity of u has
been proved in [K2] and [K3].

2. Equations of Monge—Ampeére type on Kihler manifolds. Our
next result is concerned with the equation (0.2').

THEOREM 2.1. Let (M,w) be a compact Kdhler manifold with fundamen-
tal form w. Assume F: R x M — R, 0 < F(t,z) < ¢(z) € LX(M) (with x
as in (0.3)), is a function such that F(-,z) is continuous and nondecreasing,
F(t,-) is measurable and
(2.1) lim S F(t, z)w™ < S w" < lim S F(t, z)w".

t——o0 T t—oo
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Then the equation
Mu = (ddu + w)" = F(u, - )w"
has a continuous solution.
We shall need the following lemma.

LEMMA 2.2. Let (M,w) and F be as in Theorem 2.1 except that we
replace the condition (2.1) by a slightly stronger one:

(2.1) . lim S F(t, z)w" < S w" < 1tlim S F(t, z)w".

— — 00 M M — 00 M
Then there exists a sequence Fy, € C°°(R x M) with the following properties:
Fi. >0,

0
—Fi(t,z) >0, sup S X(Fr)w" < ¢ < o0,
ot ko

(2.1") is fulfilled with Fy in place of F, and for any bounded function u in M,
klim Fr(u(2),z) = F(u(z), 2)

almost everywhere in M.

Proof. Using (2.1") we fix R > 0 such that
(2.2) | F(-R2)w"+ R < [ w" < | F(R,2)w" = R7".
M M M

For any positive integer k > R we construct F(t, z) as follows. First, note
that the assumptions on F'(-, z) allow us to find for given z € M a positive
integer N such that

(23) F(tj+1, Z) - F(tj, Z) <ok
where

tj=—k+j527N  j=0,1,... 2V
We fix N such that (2.3) holds true for all z ¢ E with
(2.4) for <27k2,

E

In the next step we apply Luzin’s theorem to choose g; € C(M), g; > 0,
§ur X(g5)w™ < c satistying
(2.5) Vwr <2773 B = {g; # Flt;,)}.

E

J
Set h; = ming>; gs. Then {h; # F(t;,-)} C E' = UiV:o E!. Since h; <
hj+1 one can approximate h; by smooth positive f; such that f; < f;11,
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SM x(fj)w™ < ¢ and
(2.6) {Ifi = Ft;,-)| >27F P} C B,
Fix ; smooth in a neighbourhood of the interval [t;_i,t;] with 0 < 1);
<1, ¥; =1 close to t; and 1; = 0 close to t;_1. Set

Fi(t,z) = () fi+1(2) + (L= 9;(1)) f3(2),  t€[tj—1,t5].
By our choice of v; those functions are smooth and the choice of f; guar-
antees that F} is nondecreasing in ¢, satisfies the inequalities
(2.2") S Fp(—R,z)w™ < S wh < S Fi(R, z)w"™,

M M M

and the condition

sup S X(Fj)w™ < ¢ < o0.
kom
Note that for z ¢ E' and t € [t;_1,t;] we have (see (2.6))

(2.7) Fi(t,z) > fi(2) > F(tj,2z) — 2772 > F(t,2) — 27",
If moreover z ¢ E then (see (2.3) and (2.6))
(2.8) F(t,z) > F(tj_1,2) > F(tj41,2) — 2753
> fir1(2) = 27872 > F(t,z) — 2772
By (2.4) and (2.5) we have
S W < 27F L
EUE/

and writing F = E(k) and E’ = E’(k) to indicate the dependence of those
sets on k we get

Z S w" < 277,

k=j E(k)UE’ (k)
Since, by (2.7) and (2.8), for any 2 € J; ., [E(k) U £’ (k)] and any t we have
limy,_ 00 Fi(t,2) = F(t, 2) the last part of the statement follows.

Proof of Theorem 2.1. First we prove the statement under the extra
hypothesis (2.1"). We fix a sequence Fj, as in the above lemma. Yau’s theorem
[Y, Theorem 4] provides a smooth uy, satisfying

./\/luk = Fk(uk, )
Let us define some auxiliary functions:

. « . «
wjrp = max u;, v; = (lim uj)*,  w= (limsupug)*.
I<I<k k—o0
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One can apply [K3, Section 2.3] to conclude that

(2.9) sup uy — inf ug, < co,
M M

with ¢y depending only on ¢ from the assumptions. By Stokes’ theorem,
S F(ug, )w" = S w™.
M M

So, in view of (2.2") we obtain

supug < R, infur >—-R, k> R.
M M

Those inequalities and (2.9) imply that the sequence wy is uniformly
bounded. Passing to a subsequence we assume uy — u a.e. Applying [BT1,
Proposition 2.8] one gets

Muir > min Fi(uy, ).
]k_jglgk 1 (g, )

Now, for fixed € > 0 we find an integer jy and a set E with
’LLj(Z)ZU(Z)—e, ijO) z¢E7
and SE w™ < e. Then for j, z as above,
; > inf F — .
Mujp(z) > j%lllgk 1(u(z) —¢,2)

Letting k to oo and using the convergence theorem [BT3| we obtain
MU]‘(Z) > iIéf;F‘l(u(Z)—c?,Z), z QE
i<

Since v; decreases to u one can apply the convergence theorem and Lem-
ma 2.2 to get
Mu(z) > F(u(z) —e,z) ae in M\ E.
This is true for any € > 0 and F\(-, z) is continuous, so
(2.10) Mu(z) > F(u(z),z) a.e.

Since by the lemma and the argument above F(uy(z),z) — F(u(z),z)
almost everywhere and, on the other hand,

S Fr(ug, - )w" = S w"

M M
for any k, we conclude that the integrals over M of both sides of inequality
(2.10) are equal. So the functions are equal. To get the general case, note
that if we had equalities in (2.1") then F' would be independent of ¢ and
the equation would reduce to the one solved in [K3]. If we have one strict
inequality we can find a monotone sequence c¢; — 0 such that for any j,

1t_l}r_noo S (F(t,z) + cj)w™ < S w" < tlg& S (F(t, 2) 4+ cj)w".
M M M
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Then by the preceding part of the proof, there exist u; satisfying
Mu; = F(u;(2),2) + ¢;.
The function v = (limsupuy)* is the desired solution as can be seen by

repeating the above reasoning.

Theorem 2.1, when applied to M = P" equipped with the Fubini—Study
metric, allows us to solve the Monge—-Ampere type equation in the class
of entire plurisubharmonic functions of minimal growth, usually denoted
by Ly:

L, ={uePSH(C") : |u(z) — log(1 + |2]?)| < const}.
The function
vo(2) = $log(1+ |#f2) € £+
is a potential of the Fubini-Study metric in P™ restricted to C™ (which is
embedded in the standard way). We have
n!
(L4 [z2)+t

Let F:RxC" — R, 0 < F(t, z), be continuous and nondecreasing in ¢,

measurable in z and such that for some g,

| Flto,2)dX = (2m)".
(Cn

(ddvp)" =w" = dX = (2m)".

Suppose also that
F(t,2) < f2)L+ ]2,
with f € LX(w™).
COROLLARY 2.3. For F introduced above the equation
ue Ly, (ddu)" = F(u—wvo,-)dA
has a solution.

The uniqueness of those solutions has been shown in [BT4] in the case
when F' is independent either of ¢ or z.
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