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On the Kuramoto—Sivashinsky equation in a disk

by VLADIMIR VARLAMOV (Bogotd)

Abstract. We consider the first initial-boundary value problem for the 2-D Kura-
moto—Sivashinsky equation in a unit disk with homogeneous boundary conditions, peri-
odicity conditions in the angle, and small initial data. Apart from proving the existence
and uniqueness of a global in time solution, we construct it in the form of a series in a small
parameter present in the initial conditions. In the stable case we also obtain the uniform in
space long-time asymptotic expansion of the constructed solution and its asymptotics with
respect to the nonlinearity constant. The method can work for other dissipative parabolic
equations with dispersion.

1. Introduction. In this paper we shall consider the Kuramoto—Siva-
shinsky equation in two space dimensions. It can be written as

(1.1, Ou + vA*u+ Au = B|Vul?,

where v = u(xy,x9,t), A is the Laplace operator in x1,zs, Vu = grad u,
v = const > 0, and § = const € R.

The equation (1.1) arises in the theory of long waves in thin films [4],
[33], of long waves at an interface between two viscous liquids [13], in sys-
tems of the reaction-diffusion type [15], [16], and in the description of the
nonlinear evolution of a linearly unstable flame front [29], [30]. The lin-
ear terms in (1) describe the interaction of long-wavelength pumping and
short-wavelength dissipation, and the nonlinear term characterizes energy
redistribution between various modes.

The Kuramoto—Sivashinsky equation and related model equations have
been studied extensively in the eighties (mostly in the spatially one-dimen-
sional case), both in the context of inertial manifolds and in numerical sim-
ulations of dynamical behavior (see [2], [7], [8], [23], [24], and the references
there). Michelson [18] investigated special solutions u(x,t) = —c*t +v(x) of
the spatially one-dimensional equation (1.1). Setting y = v’(z) he reduced
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it to the ordinary differential equation
(1'2) y/// + y/ — c2 o y2

which he studied numerically. The equation (1.2) was examined analytically
in [26], [34], and in the latter paper from the point of view of singular
perturbations. In [19], [20] Michelson showed that a slight modification of

(1.1),
(1.3) Opu + vA*u + Au+ |Vul? = ¢,

possesses stationary solutions. In the context of combustion theory these
solutions represent Bunsen flames on infinite linear or circular burners. In
[20] Michelson examined the linear stability of the radially symmetric solu-
tions of (1.3) in a disk with the boundary conditions u|sn = Aulsn = 0.
We shall also use these conditions below in our analysis of the long-time
behavior of solutions of the spatially two-dimensional equation (1.1) in a
circular domain.

As regards spatially periodic solutions of the Kuramoto—Sivashinsky
equation and their stability, we must point out that Nicolaenko, Scheurer,
and Temam [24] showed that the existence of a global absorbing ball implied
the existence of a global attractor and gave an upper estimate of its Haus-
dorff dimension. Under the assumption that the initial data is odd, they
proved the existence of a bounded global absorbing set in Ly(0,7) for the
derivative Kuramoto—Sivashinsky equation. Collet, Eckmann, Epstein, and
Stubbe [6] and independently Goodman [12] got rid of this antisymmetry
requirement. Berloff and Howard [3] considered the generalized derivative
Kuramoto—Sivashinsky equation

Oy + Otu + 002u + 02u + 2ud,u = 0

and constructed a periodic wave train solution by means of the singular
manifold method and partial fraction decomposition.

In the two-dimensional case an important problem was to show the ex-
istence of a bounded absorbing set in Ly(f2). Sell and Taboada [28] gave
the first answer to this question by means of proving the existence of a
bounded local absorbing set in HJ ([0, 27] x [0, 27¢]) for ¢ small enough.
They adapted the method used by Raugel and Sell [27] for the Navier—Stokes
equation in a three-dimensional thin domain. In his interesting study [21]
Molinet improved the results of [28] and examined the local stability of the
solutions of the reduced Kuramoto—Sivashinsky equation with spatially peri-
odic boundary conditions in a thin rectangular domain. He gave a sufficient
condition on the width /5 of the domain depending on the length /1, so that
there exists a bounded local absorbing set in Lg e, and estimated this set.
As well as Sell and Taboada, Molinet used the derivative form of (1.1), that
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is, he set Vu = (v1,v2) and reduced (1.1) to the system
Oy + VA%, 4+ Avy + 010,01 + V20,00 = 0,

Oy + VA% vy + Avg + v10yv1 + V20, V2 = 0,
8yvl = 8x7}27

which is convenient for obtaining some estimates.

In our present investigation of the Kuramoto—Sivashinsky equation we
shall not use this reduction and will study (1.1) in its original form. We
shall consider the first initial-boundary value problem for (1.1) in a unit
disk with “small” initial conditions, homogeneous boundary conditions, and
periodicity conditions in the angle. We shall prove the existence of a global
in time strong solution by means of constructing it in the form of a series
in a small parameter present in the initial conditions. The uniqueness will
be proved via showing that the difference of two solutions from the required
function space equals zero. We shall also obtain a uniform in space long-time
asymptotic representation of the solution in question. The method applied
includes the use of eigenfunction expansions and the theory of perturbations.
In order to explain its origins we have to give a bit of history.

One of the powerful methods of studying Cauchy problems for nonlinear
evolution equations is the inverse scattering transform (IST) (see [1]). Nev-
ertheless, solving initial-boundary value problems by this method remained
an open question until the breakthrough made by Fokas [9] and Fokas and
Its [10], [11]. However, IST does not work for a wide class of dissipative
equations which are not completely integrable. Another approach was used
by Naumkin and Shishmarév [22] who considered nonlocal dissipative equa-
tions of the first order in time. Having applied the Fourier transform and
the theory of perturbations, they solved a number of Cauchy problems with
small initial data and calculated the major terms of the long-time asymptotic
expansions of their solutions. In [35]—[39] this method was further developed
and adapted for solving Cauchy problems, spatially periodic problems, and
spatially 1-D initial-boundary value problems for nonlinear dissipative equa-
tions of the second and third order in time. A radially symmetric mixed
problem in a circle was considered in [40].

In the present paper we shall show how this approach can be applied for
solving a spatially two-dimensional initial-boundary value problem in a disk
via the use of eigenfunction expansions. As a result of examining a general
spatially 2-D case, we shall not observe the effect of the “loss of smoothness”,
as in [40]. The increase of the regularity of the initial data via imposing more
periodicity conditions can still influence the smoothness of the solution in
question. After constructing the solution, we shall obtain its uniform in space
long-time asymptotic expansion in the stable case v > 1/A\3;, where \g; is
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the first positive zero of the Bessel function Jy(2), and examine its growth
in time for 0 < v < 1/N%;.

2. Statement of the problem, notations, and technical lemmas.
We consider the first initial-boundary value problem for the Kuramoto—
Sivashinsky equation in the unit disk with small initial data and homoge-
neous boundary conditions. Using polar coordinates (r, ) we can write it as
follows:

ou + vA*u + Au= B|Vul?, (r,0) € 2,t>0,

u(r,0,0) = e%p(r,0),  (r,0) € 2,

ulon = Aulsn =0,

|u(0,6,t)] < +oo,

periodicity conditions in 6 with period 27 for u

and its derivatives included in the equation,

where A = 10,(r9,) + 503, 2 = {(r,0) : |r| < 1,0 € [-m,7]|}; e, v =
const > 0, = const € R, and ¢(r, 0) is a given real-valued function.

Our main tool in examining (2.1) will be the expansions in the series
of the eigenfunctions of the Laplace operator in the disk. For a function
f(r,0) € Lo, (£2) (L2(£2) with a weight r) the corresponding expansion is
(see [31])

(22) f(ra 9) = Z Z fAmnan(ra 9) = Z fAmnan(ra 9)7

n=1m=—oo

where X, (r,0) are the eigenfunctions of the Laplace operator in the disk,
i.e., nontrivial solutions of the problem

Ay =—-Ax, (r,0) € 0,
Xloe =0, x(r,0) = x(r,6 +27),  [x(0,0)] < oo.
These eigenfunctions and the corresponding eigenvalues are given by the
formulas
Xmn(1,0) = Jn A )e™0 ) Ay = A2, meZ, neN,

where J,,(z) are the Bessel functions of index m, A, are its positive zeros
numbered in increasing order, and n = 1,2, ... is the number of the zero.

The system of functions { X, (7, ) }mez, nen is orthogonal and complete
in the space Lo ,(£2) (see [31]). Denoting the scalar product in Ly ,.(£2) by
(+,-)r,0 and the corresponding norm by || - ||,.0 we can write

(an7 Xkl)r,(] = 5mk‘5nl ||anH%,[]7

where d;; is the Kronecker symbol.
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We also have the Parseval identity in Lo ,-(£2),
Hsz,[] = Z |fmn|2||anH§,0
m,n

The coefficients of the expansion (2.2) are expressed by the formulas

N _ (f? an)r,O _ 1 : t —mé
Fon = 0= VT Q) dr \ f(r,0)e™™7 do.
HXm'rLHr,O ”anHr,O 0 —r

It will be convenient to use iterated integrals in what follows and to expand
first in 6 and then in r (the absolute convergence of the integrals will permit
us to do that).

We shall need the weighted space Lo ,(0,1) (L2(0,1) with a weight r)
and shall denote the corresponding scalar product by (-,-), and the norm
by || - ||. Then

HanHv%,o = 2| T ) [17-

For a fixed integer m the system of functions {J,, (Amn7)}52; is orthogonal
and complete in Ly ,(0,1) (see [31], [41]). Expansions of the type

(f? JWL()\mnT))T'
[ Amn )12

called Fourier—Bessel series are often used for solving radially symmetric
problems in a disk (see [32]). However, if m is not fixed, the system
{Jm (AmnT) }mez, nen is not orthogonal in Lo ,-(0,1).

Note that [32, p. 219]

f(T) = Z fAm,nJm()\mnT)a ﬁn,n =
n=1

1
||Jm(/\mnr)||72« = STJ’I?IL()\mnT) dr = J§L+1()‘mn)/2
0
and for sufficiently large positive A,

(2.3) C1/A < [[Jm(Ar)|I7 < Co/A.

We shall also need some properties of the zeros of the Bessel functions
JIm(z), m > 0. For bounded m large positive zeros of J,,(z) have the follow-
ing uniform asymptotics (called McMahon’s expansion; see [14, p. 153], [25,
p. 247]):

1 1
/\mn:l‘+0< >7 ,umn:<m+2n__>zy n — o0.
Hmn 2)2

For large m and n the major term of this formula still holds [41, p. 514]:

(2.4) A ~ (M + Zn)g.

In what follows we shall need the weighted Sobolev spaces H?(£2), s € R,
which differ from the usual Sobolev spaces H*({2) in that instead of Ly(2)
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we use the weighted space Lo ,-(£2). We introduce the norm in HF({2) by the
formula (see [17])

11175 =D Al Frunl? Xomn [,0-
m,n

Here A, > 0 for all m € Z and n € N. Evidently, H?(2) = Lo ,.(£2).
Our elementary space operator in (2.1) is A, and thanks to the orthog-
onality of the functions X, (r,0) in the space Ly ,.(£2) we have

JAFIZ0 = (AL, Ao = (D (Na) Frumomns > (~N2) Frax) )

T
m,n k,l ’

= > A Al Fnl - 1l Otmns Xa0)r0 = Ml Forn* [ Xomn [7.0-

m,n,k,l m,n

We need to introduce the Banach space C*([0, 00), H?(£2)) equipped with

the norm
k

lullcr = sup [10u(t)ls,r-

=0 t€[0,00)

Now we prove two lemmas that will enable us to estimate the magnitude
of the coefficients f,, in the eigenfunction expansion (2.2). The first lemma
is the extension of the proposition given in [41, p. 595] to the case when
the integrand depends on a parameter, that is, f = f(z,a) = fo(z), x €
[0,1], @ € [a,b], —o0 < a,b < co. We denote by Vi (fa(z)) the total varia-
tion of the function f,(z) in z € [0,1].

Consider the integral

1
I,(\ o) = Sxf(x,a)Jm()\a:) de, m >0, A>0, a€ [a,b].
0

LEMMA 1. If for each fixred oo € [a,b] the function /xf(z,a) has a
bounded total variation in x on [0,1], Vit (VT fa(x)) = Va;lime o VT f (2, )
= F,, and V4, F, € Ly(a,b), then form >0, A > 0, « € [a, b],

(A @)] < Ca /X2,
where Cy, is independent of m and \ and C, € Li(a,b).

Proof. From the asymptotic formula as x+ — oo for the Bessel functions
we see that for any z € (0, 00),

‘i\/i]m(x)d:n <c¢ < oo,
0

where c is independent of m and z.
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Set /x fo(x) = 1o (x). We can represent 1, (z) as
Vo (@) = Ya,1(x) = Ya,2(2),

where ¥q,1(2) = V(Yo (x)) is the variation of ¥, (x) in [0, z], z € [0,1], and
Ya,2(x) = Vi (Ya(z)) — o (x). The functions 1, 1(x) and 14 2(z) are non-
decreasing in « for each fixed « € [a, b]. Then

¢a,1(0) =0, 1[)0‘71(1) = V()1 (Ya(x)) = Vo € L1(a,b),
Ya,2(0) = —©a(0) = —Fo € Li(a,b),
Va2(1) = Vol(wa(x)) —Ya(l) = Vo — 9a(1).

We also have [t/ (1) — 14(0)] < Vi (¥a(z)), which implies that

[Ya ()] < [¥a(0)] + Vol(q/’a(x)) = [Fal + Va.
Applying the second mean value theorem for integrals we obtain

( [ a1 (2)VaTn(Aa) dx‘
0
3 1
< (0,1 (0) | VBT (A0) d2 + 01 (1) | VBT (V) da| < eVad =72,
0 €
1
| (2 0) VT () |
0
n 1

¢a,2(0) S \/EJm()\x) dx + 1/104,2(1) S \/E'Jm()\x) dx‘

<

0
< C2|F,| + VA2,
Hence follows the necessary estimate which completes the proof. m
The next statement gives a tool for increasing the decay of I,,(\, ) in A.

LEMMA 2. If f(x,«) has partial derivatives in x in [0,1] through the
third order and f(0,a) = 8, f(0,a) = 82f(0,a) = 0 (in case m = 0 only
9:f(0,0) = 0), f(L,a) = 0, f(1,0) = 02 f(1,a) = 0, limy o1 203 f (2, )
= F, € Li(a,b), and for each fized o the function \/z03f(x,a) has a
bounded total variation in x in [0,1] which is absolutely integrable in « €

(a,b), i.e. V(T3 fo(x)) = Vo € Li(a,b), then for m >0, A > 0,
LA )] < Ca(m+ 1) /A2,
where Cy, is independent of m and X and C,, € Li(a,b).
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Proof. By the well known formula (see [32, p. 205]), we have

d
dx '
Below we shall use the notation f,(z) = f(z,a), and a prime will denote the

derivative in . Changing the variable of integration £ = Az and integrating
by parts we deduce that

T (@) = 2™ (), m > 0.

(3, 0) = 35 §EFal&/N T (€ dE = 5 FalE/N) T2 (O]
0

—ix LN = (e €

)\ @ 5 «@ m—+1 .

Here the first term on the right is zero because of the condition f,(1) = 0.
Integrating two more times by parts and using the boundary conditions
fl(1) = f(1) = 0 we obtain

A
e = = g H{e e ~Fnatem + Sgraiem
~ e TN + [ FEN + A€ = S/

— 1) S TUEN + Fhale/N) - e (g/A)} }
m——|—3
£

~ )| AN ~ Eale/N)] P msate) e
s

X

{e|setutemn + tatern - A%f;@/»]

o W) = 30m + 012) — | 160) -
0
(m+1)(m+ 3)

£20) = 2 1ol0)| Pnsaio)

Now we have to justify the formal calculations. Since Vi (v/zf! (z)) =
Vi € Li(a,b),lim, oy Zf"(x) = F, € Lyi(a,b), there exists a constant
M, € Li(a,b) such that |\/zf)l'(z)| < M, for x € [0,1]. Therefore f!'(x)
is absolutely integrable in x in (0,1). Expanding f,(z), f.(z), and f/(x)
around zy = 0 in the integrand and using the boundary conditions f,(0) =
fL(0) = f7(0) = 0 we can write that for z € (0,1],
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fo (01z) 5

fa(x):Tx , 0< ¥ <1,
11
fol@) = %ﬁmx% 0<ds <1,

fl(z) = fll'(Vs2), 0< V5 < 1.

e} e}

Substituting these expansions into the integrand we get

) = = 35 Jo £22) ~30m + D17 05

. [f;"wm ) fg'wm]

2! 3!

+ (m+1)(m +3) [f,;"(?%w) - mfg’(ﬁlx)] }Jm+3()\a:) dz.

2! 3!

All the transformations performed above are valid for m > 0, but in
the special case m = 0 it is possible to reduce the number of the boundary
conditions at g = 0. Indeed, we have

1

I\ ) = —% | {g;fg’(x) + 3[M
0

X

- fg(a;)} }Jg()\x) da.

By Taylor’s theorem and the condition f/,(0) = 0 we have for z € (0, 1],

-t = [ - e 0ot

Therefore, applying Lemma 1 we obtain the required estimate of Ip(\, ). m

We shall need eigenfunction expansions of type (2.2) for the nonlinearity
of the equation in (2.1). The coefficients F},,,(|Vu|?) of these equations will
be represented by the quadruple series

Z Amnpqls Upg (t)U1s(t)  and Z bimnpqtstpg (t)t1s ()-
D,q,l,s D,q,l,s

The following lemma permits us to estimate the coefficients of these series.
Let m, n, p, q, I, s be nonnegative integers, n,q,s > 1, and

1
A )\ls
Umnpgls = HJ(I;:]—T)”Q ST‘Jm()\mnr)JI’,()\pqr)Jl'(/\lsr) dr, m,p,1>0,
m\\mn T
(2.5) ; '
_ 1 >
bmnpqls HJm()\mnT‘)H% (S] rJm()‘mnr)Jp()\pqr)Jl()\lsT) d?”‘, m,p,l_l,

where A\i;, k = 0,1,... and j = 1,2,..., are positive zeros of the Bessel
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function Ji(z) arranged in increasing order, and the prime denotes differen-
tiation with respect to the argument.

LEMMA 3. The following estimates are valid:
(2.6) |@mnpqis| < C(/\mn)‘pq/\IS)l/Q, brmnpgls| < C(/\mn/\pq)‘lS)l/z-
Proof. Representing the derivatives of the Bessel functions in the first
integral by the formulas (see [32, p. 207])
Ji(2) = 5l Th-1(2) = Jea ()], k=1, Ji(2) = —Ji(2),
and using (2.3) and the inequality

(2.7) | Tk (2)| < ¢/vVz, 2>0,
we deduce the first estimate in (2.6).
Making use of the formula [32, p. 207]
Ji(z) 1
z 2k
we have for k> 1, j > 1,

M = %[kal()\kjr) + Jk+1()‘k3T)]

Then applying (2.7) we obtain the second estimate in (2.6). m

[kal(z) + Jk+1(2’)], k>1,

3. The main results. In this section we present several theorems con-
cerning the existence, uniqueness, construction of the global in time solution
of the problem (2.1), and its uniform in space long-time asymptotic expan-
sion.

Let 25 = {(r,0) : r € [4,1], 0 € [—7, 7]}, where § > 0 is small.

THEOREM 1. Suppose that v > 1/\2,, where Aoy is the first positive zero
Of JU(’Z)7

(10(747 _ﬂ—) = (,D(T, 7T)7 a@%’(ﬁ _7T) = 89(10(747 7T)7 83(10(T7 _ﬂ—) = 83(10(T7 7T)7
o(r,0) satisfies the hypotheses of Lemma 2 with m = 0, i.e.,
87’(10(07 0) = (10(179) = 87”(10(17 0) = 87%(10(17 0) =0,
h%lJr Vrddp(r,0) = &y € Ly (—7,7),
Vo (Vrdlo(r,0)) = Vo € Ly (—m, ),
and Ogp(r,0) satisfies the hypotheses of Lemma 2 in the general case, i.e.
95(0,0) = 0,05¢(0,0) = 079;(0,0) = (1, 6)
= 0,95¢(1,0) = 0705(1,0) =0,
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lim rO05¢(r,0) = P € Ly (~m,7),
rTr—

‘/01(\/;6?6390(7'7 9)) = ‘79 € Ll(_ﬂ-vﬂ-)'

Then there is €9 such that for 0 < € < gqg there exists a unique solution of the
problem (2.1) from the class C*(]0,00), H 177 (£2)) N C°([0,0), H3=7(£2))
with Au € C°([0,00), H7(02)) and A%u € C°([0,00), H, 177(£2)) for any
v > 0.

Moreover, u and Vu are continuous and bounded in 2 x [0,00) and Au
is continuous and bounded in 25 x [0, 00).

This solution can be represented as

(3.1) u(r,0,t) = Z VLM (1,0, 1),

N=0
where the functions uN) will be defined in the proof (see (4.8) and (4.12)).
The series (3.1) converges absolutely and uniformly with respect to (r,0) €
2, t€[0,00), € € [0,e0] together with Vu which can be calculated termuwise.

In the next statement (and only there) we denote the solution of the
nonlinear problem (2.1) by ug(r,6,t) and the solution of the corresponding
linear problem (with 8 = 0) by wug(r,0,t). The existence and uniqueness of
the latter is evident.

COROLLARY. Under the assumptions of Theorem 1, the following esti-
mate holds:

sup fug(r,0,t) —uo(r,0,1)] <C|f,  BER,
2x[0,00)

where the constant C is independent of r, 0, t, and &.

REMARK 1. The parameter € € (0,e0] which controls the initial data
guarantees the absolute and uniform convergence of the series (3.1). The
latter is a series of regular perturbations and can be used as an asymptotic
series with respect to €. The estimate of €9 will be made clear in the proof.

REMARK 2. The solution presented above is a strong solution. The equa-
tion in (2.1) is satisfied in the distributional sense, i.e., in H-1=7(£2), v > 0,
for each fixed ¢ > 0. In the same sense the periodicity conditions are satisfied
for O;u and A%u. The boundary conditions u|go = Aulse = 0, the initial
condition, and the periodicity conditions for v and Vu are satisfied in the
classical sense. For Au the periodicity conditions are satisfied in H}~7(£2)
(and in {25 they are satisfied in the classical sense).

REMARK 3. It is not difficult to construct a function ¢(r,8) satisfy-
ing the hypothesis of Theorem 1 by separation of variables, i.e., ¢(r,0) =
R(r)O(0), where R¥)(0) = R¥)(1), k = 0,1,2; lim, o4 TR"(r) = 1 <
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00, Vi (\/TR"(r)) = ¢ < oo, O (—m) = OW(7), k = 0,1,2; O ¢
Li(—m,m). The fact that © € Li(—m, ) follows from the absolute inte-
grability of " in (—m,7) and the existence of O) (—7), k = 0,1, 2.

THEOREM 2. Under the hypotheses of Theorem 1, the solution of (2.1)
has the following asymptotic representation as t — oo:

(3.2) u(r,0,t) = exp(—ko1t)[AcJo(Ao17) + O(exp(—ro1t))],

where ko1 = A3 (vA3, — 1) > 0, and the coefficient A. will be defined in the
proof (see (7.1) and (7.3)). The estimate of the residual term is uniform
with respect to (r,0) € 2 and € € [0,£].

Consider the problem (2.1) on a bounded time interval [0,7], T < oo,
and denote it by (2.1%).

THEOREM 3. If 0 < v < 1/A\3; and the remaining assumptions of
Theorem 1 hold, then for any T > 0 there is eo(T) > 0 such that for
0 < e < go(T) there exists a unique solution of the problem (2.1%) from
the class stated in Theorem 1 with [0,00) replaced by [0,T]. This solution is
represented in the form (3.1), where eq(T) — 0 as T — oo. For any fized
e there exists T < oo such that the solution of (2.1%) cannot be extended
beyond this point.

The rest of the paper is organized as follows. In Section 4 we construct
a solution of the problem (2.1) and verify that it belongs to the required
function space. Section 5 is devoted to the proof of uniqueness. This com-
pletes the proof of Theorem 1. The Corollary is proved in Section 6. The
long-time asymptotic expansion of the solution for v > 1/A3, which forms
the content of Theorem 2 is obtained in Section 7. Theorem 3 deals with
the case 0 < v < 1/A2; and is proved in Section 8. Some final remarks are
given in Section 9.

4. Existence and construction of solutions: proof of Theorem 1.
In order to satisfy the boundary and periodicity conditions in (2.1) we seek
a solution of this problem in the form (2.2), namely:

(4.1) w(r,0,8) =3 )" Tnn ()Xmn(1,0),
n=1m=—oo
where ( )
~ Uy Xmn)r,0
Upmn () = ——5—
HanHvQ«,O
Since J_,,(2) = (—=1)™J(2) for integer m > 0, the zeros of J,,(z) and
J_m(z) coincide (A n = Apan, m > 0, n > 1), and (4.1) can be rewritten
in the form of a double series with m > 0. Using the fact that u(r,6,t) is a

, meZ,neN.
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real-valued function we can write

1 g
1 .
Uppn (1) = 7——5— Ser()\mnr) dr S e ™0 (r,0,t) df,
Han”r,O 0 -7
1 1 ™ ‘
a—77’L,n(t) =T 2z STJ—m()\—m,nr) dr S elmOU(T‘, 9, t) do
HanHr,O 0 -
(=)™ ¢ [
= 5 Ser()\mnr) dr S e’meu(r, 0,t)dd, m >0, n>1.
Han”r,O 0 -7
Therefore,

Gn(t) = (=)™ T—mn(@), m>0, n>1,

where the bar denotes complex conjugation (this notation should not be
confused with (2, where the bar denotes closure).

We can rewrite the expression (4.1) as

Here and below the double sum with an asterisk includes the “usual” double
sum Zﬁ,n:l and 3707, .

Expanding |Vu|? in the series of type (2.2) and denoting its coefficients
by Fpnn(|Vul|?)(t), m € Z, n € N, we substitute this expansion and (4.1)

into (2.1) and obtain the following Cauchy problem for @y, (¢):
(4.3) Upy () + FnnTima (t) = ﬁan(|Vu|2)(t), t>0,
' Umn(0) = 2B, meZ, neN,

where

(|vu|2(t)7 an)r,(]

Rmn = )‘im(’/)‘%m —1) >0, an(|Vu|2)(t) = X ||2
mn|lr,0

9

and @,,, are the coefficients of the type (2.2) expansion of ¢(r,#), that is,

~ PN (107 X ,0
90(7"9) = Z @mn(t)xmn(r’e)a Pmn = ( mngr :
e ”anHr,O
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We now prove the following estimates:

(4.4) Bon| < /A2 m >0, n>1.

mn?

For m = 0 we can write
1 T
STJO AonT) d S o(r,0)do
0 —T
1

1
=———— \ dO\rJo(Agnr)p(r,0)dr.
~ 20 Jo(onr) 12 Sﬂ (S) o(Aon7)ep (7, 0)

Pon = o170 Con) 12 AW 2

Since ¢(r, 0) satisfies the hypothesis of Lemma 2 with m = 0 we have

1
9/2
‘ Srgp(r,@)Jg()\gnr) dr‘ < Cg/)\oq/1 ,
0
where Cy € Li(—m,w). Taking into account (2.3) we obtain the required
estimate.
It remains to justify the change of the order of integration performed
above. We observe that the conditions

Vol(\/FZ?,?fcp(r, 9)) = V9 € Ll(_ﬂaﬂ)a hI(IJlJr \/7_483(10(7470) = (159 € Ll(_ﬂ.ﬂr)
imply that there exists Ny € Li(—m, ) such that

02¢(r,0)| < No/v/r, re(0,1).

Therefore, using the boundary conditions ¢(1,60) = 9,¢(1,0) = 92¢(1,0)
= 0 we deduce that

T1

T 73
lo(r,0)] < Hdrl S dro S 02¢(r3,0)| drs| < cNg
11 1

uniformly with respect to r € [0,1]. The change of the order of integration
is justified.
Assume now that m > 1. Defining

we can write

N —_—
Pmn =

1
m S TJNL()\mnT)(an(T) d?”.

Integrating three times by parts in the integral defining ¢,,(r) and using the
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periodicity conditions in 0 for ¢(r, ), dp¢(r,0),and d3p(r,0) we get

o i T —imb q3
Om(r) = Sy S e dpp(r,0)dd, m > 1.

—T

Changing the order of integration in the integral representation of @,,, we
obtain

. - 1

®. ! —im6 3
mn — do m )‘mn 70 dr.
2 270m3 || T (A7) |12 _Sﬂe (S)rJ (AmnT)0p (1, 0) dr

Since J3¢p(r,0) satisfies the hypothesis of Lemma 2 in r, for m > 1 we have

1
1 3
Hrjm()\mnr)agcp(r, 0) dr‘ < 709(7;/—2 ) ,
0 mn

where Cy € Ly(—m, 7). The last inequality and the estimate (2.3) imply
(4.4) with m > 1.

In order to show that the change of the order of integration is valid we
observe that there exists Py € Lq(—m, ) such that

0203 0(r,0)| < Pa//r, 1€ (0,1).

Therefore, using the boundary conditions 95¢(0,0) = 9,934(0,0) =
02020(0,0) = 0 we deduce that

1050(r,0)] <\ dry | dra | drs |03030(r5,0)| < cPy
0 0 0

uniformly with respect to r € [0,1]. The estimates (4.4) are established for
all integer m > 0, n > 1.
Integrating the Cauchy problem (4.3) in time we obtain

(4.5) U (1) = €@y €xp(—Fmnt)
t

+ B expl—Fmn (t — 7)] Fyn (| Vul?)(7) dr,
0

where m > 0, n > 1, and d?mﬁ = €Qmn. It is convenient to keep one small
parameter in the coefficients @,,,, in order to simplify some estimates.

In order to calculate F,,(|Vu|?) we set

(4.6) an(|Vu|2) = an[(aru)Q] + an[(aeu)z/rz],

where
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1 s
an[(aru)Q] — % STJm()\mnT) dr S do efime
HanHrO 0 i
{Z {qu )Jo(XogT) + Z Ip(ApgT) [Upq (t )eipe + —apq(t)e—ipe]}]
g=1 p=1
{Z {U(Js )Jos(XosT) +ZJ1 AisT) [uls(t)e“@ +m6ﬂw]}}
s=1 =1

!
= Z Amnpqls Upq (1) Uis (1),

D,q,l,8

where

/
Z AmnpqlsUpq (1) Urs (t) = Z Amnpqls Upq (t)U1s(t)

D,q,l,8 p,l>0; q,52>1
p+l=m

+ Z Amnpgls Upg (£)Uis (1)

P,q,l,5>1
l—p=m

+ Y GmnpgisTipg (£)T1s (1),

P,q,l,5>1
p—l=m

and the coefficients a,,npqs are defined by (2.5). Here we have used the
relations

7§ ei(*m+p+l)9 do = { 2m, p+l=m,

0, p+l#m,
T z( m—p+1)0 _ l_p:ma
Ve = { -p#m,
7§r i(—m+p— l)d 777 p—1l=m,
= 7 p—- l 7é m,
7§ efi(m+p+l)9 777 m=p=1=0,
- 0, m=>0,p=>1,1>1
Next, we have
1 1 T
Frun[(0gu)?/r?] = = JIm (Amnr)dr e imo

[[Xmn 1 (S) r _SW

q,p=1
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x Z Ji(Nsr)il[Tys (t)e™ — s (t)e ) do

s,l=1

7
Z bmnpqlsapq (t)als (t),

D,q,l,s
where

" - - - A
Z Dimnpats Upg (8)t1s(t) = — Z DimnpatsUpg (t)Urs (t)

P,q,l,s p,l>0;5¢q,5>1
ptHl=m2>1

+ Z bmnpqlsﬂpq(t)als (t)

p,q,l,s>1
Zo=m

+ Z bmnpqlsapq(t)als(t)v
p,q,l,s>1
p—l=m
and the coefficients by,npqs are defined by (2.5).

The three sums with the additional conditions p+1=m, [ —p = m, and
p—1 = m are of the convolution type. Note that in the sum Z;)/ ol the ana-
log of the term Z;?szl @0n040sUog (t)Uos(t) corresponding to p+1=m =0
and representing the “purely radial part” is absent as a result of differenti-
ating with respect to 6.

To solve the nonlinear integral equation (4.5) we use perturbation theory.

Representing u,,(t) as a formal series in €,
(4.7) T (1) Z eNHIGIN) (¢

we substitute it into (4.5) and compare the coefficients of equal powers of
€. As a result, we obtain the following representations for N > 0, m > 0,
n>1,t>0:

Aq(v%( t) = Prun Xp(—Kmnt),

t

U9 500 = B expl-rmnlt - DIQN W) r, N2 1,
0

where

Qi (0 Z amnpqzszv] Dtyo ()

p,q,l,s

+ 3y mnpqlszw Do),

p,q,l,s
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Now we have to prove that the formally constructed function (4.2), (4.7),
(4.8) is really a solution of the problem (2.1) in the required function space.
To this end we study the convergence of the series

(4.9) u(r,8,t) =" [ZsNH M )] T M) ™.

m,n

First, we establish the following estimates for N >0, m >0, n>1,t > 0:
(4.10) PSAGIES chV(N +1)72\ T2 exp(—kort),

where cg = ¢|f|, f € R. We use induction on N. For N = 0 and sufficiently
small € we have, from (4.4) and (4.8),

(B3 (0)] = [eBrmn| exp(—Rmat) < ALT/? exp(—kort).
Assuming that (4.10) is valid for ]177(7121( t)| with 0 < s < N — 1 we prove it
for s = N. For 1 < j < N we have
JEAN+L=) <22 (N+ D[ 2+ (N+1—-5)77

By means of Lemma 3 we can estimate a typical term on the right-hand
side of (4.8). Indeed,

t

~ ~(N—j
S <elBl Yexpl—rmn(t=7)] > \amnmzs\Z!v“ D)l ()] dr

0 p,0>0;q,s>1
p+l=m
N
C A * 1 * 1 i—1 N—jr.— N —
S NS> 5D o e T (=),
pg P4 ls TS j=1

where

~

Spn (t) = exp(—Kmnt) Sexp(LmnT) dr,
0

U2

mn

1) — 202, (vA3, — 1).
The convergence of the double series in p, ¢ and in [, s in the last inequality
follows from the asymptotics (2.4) and the fact that the series

. 1
Z (m+ 2n)°

m,n=—o0

m,n#0

2
Lmn = Rmn — 2"4/01 A?nn(

converges for o > 2 and diverges for 0 < 2 (see [5]). Now we have to consider
three cases.

(1) Ifm= 0, n = 1, then L01 = —Kko1, and
1 — exp(—ko1t) < exp(—kKo1t)
Ko1 - )‘31(’/ - 1//\31)'

So1(t) = exp(—ro1?)
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(ii) If m = 0, n > 2, then for the positive zeros of Jy(z) we have (see
[14]) A3, > A2, > 2)2,, and therefore,
Then
exp(Lont) — 1

LOn
< exp(—2ko1t)
N V)‘gn()‘%n - )‘gl) + (V)‘gl - 1)()‘gn - 2)‘81)
exp(—2ko1t) < )eXp(—/{glt)

(iii) If m > 1, n > 1, then A2, — 203, > \3; — 2)2; > 0 (see [14]), and

consequently,

Lmn = V)‘grm()‘grm - /\%1) + (V/\%l - 1)(/\127m - 2)‘%1)

> vAT (AT = A1) + (VA — (AT, — 2A8,) > 0.

SOn (t) = eXp(_HOnt)

Therefore,
exp(Lynt) — 1
Smn(t) = exp(_ﬁmnt)(i?#)
mn
exp(—2ko1t) () exp(—ko1t)
The estimates (4.10) are proved. Moreover, in items (ii) and (iii) we have
established that for t >0, N >0, m=0,n>2andm >1,n > 1,

(4.11) Bon ) ()] < Y (N 4+ 1)720,7% exp(—201t),

n

where cg = ||, € R (in these two cases the estimate for 20, (t) can also

be rewritten with exp(—2kg1t) since Ky, > 2k01). The inequalities (4.11)
will be used later for calculating the long-time asymptotics of the solution.

In order to obtain the representation (3.1) we interchange the order of
summation in the series (4.9) to get

(4.12) u(r,0,t) = Z VLM (1,0, 1),
N=0
where i}
u™M(r,0,t) = " B0 (#) o (Apnr)e™™?
l,s

and D4, (t) are defined by (4.8). This interchange is possible due to the
absolute and uniform (in (r,6) € 2, t > 0, € € [0,g9]) convergence of the

series in question, which in turn follows from (4.8) with 0 < e < ¢ < cgl.
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Differentiating (4.8) with respect to ¢ we find that
8{\(0) ( ) = ggmn exp(—Kmnt),
t
N (1) = [ w Y expl s (t=T)]QIN) (B()) dr + QN ()|, N =1,
0

where Q' (v(t)) is defined by (4.8).
Taking into account the expression for K, (see (4.3)) and (4.7) we
deduce that for m >0, n>1,t>0, k=0,1,
(4.13) |0y T ()| < eAE=T/2 oxp(—ko1t).
Recalling the asymptotics (2.4) and using (4.13) with £ = 0 we conclude

that the series

Z)‘%fnmmn(t)PHJm()‘mnT)”i
with s = 3 — v, v > 0, converges uniformly with respect to ¢ > 0. There-
fore, u € C°([0,00), H3~7(42)). Moreover, thanks to (4.13) the series (4.2)
converges absolutely and uniformly with respect to (r,6) € §2, t > 0, and
e € [0,&¢]. Therefore, u(r,0,t) is continuous and bounded in this domain.

Calculating Vu by means of (4.2) we can see that for m > 0, n > 1,
t>0,
c
| Enn (V) (8)] < )\%3 exp(—ko1t)

and, therefore, the series

Z Frn(Vu) g (Amnr)e imé

converges absolutely and uniformly in (r,0) € £2, ¢t > 0.
As regards Au, for s =1 — v, v > 0, the series

’AUH Z)\m Frn (Au) () ? | T o) |2

converges uniformly in ¢ >0, and this implies that Aue C°([0, ), H1=7(£2)).

However, the convergence of the series of type (4.2) representing Au in
the pointed region {25 is better than in the domain (2. Indeed, for (r,0) € (25,
t > 0 we have

(4.14) Au =" Frun(A0) () T M) ™,
where
C C
‘an(Au)(t)’ S )\3/2 exp( 501t)7 ’Jm()\mnr)’ S Y .
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To analyze the convergence of (4.14) we take the series

Z Z Frn(Auw) gy (Anr)e imo

n=Am=B

with sufficiently large positive A and B and compare it with the integral

[ = OSOanSOdm ei:w

Using the asymptotics (2.4) we integrate by parts in m to obtain

™% dm| dn,

71 °§° ietB? "S" 3m + 2n
g B(B + 2n)? B m?(m + 2n)3
which implies that

dn < c
(B+2n)2 — B(B+2A)

~ ¢
I < =
H_B

B e— 8

Therefore, the series (4.14) converges uniformly in {25 and the boundary
condition Aulg, = 0 is satisfied in the classical sense.

For u; and A%u the corresponding norms in HZ({2) are

[Jue (t) Z/\mn|an )| T A7) |17,

||A2u(t r,s = Z/\mn|an(A2u)(t)|2HJm(Amnr)||%a

where
P (1) (8)] < A2 exp(—ko1t), | Frn(A2u)(D)] < L2 exp(—rion).
Hence, these series converge uniformly with respect to ¢ > 0 for s = —1 — 1,

v > 0, and this implies that u; and A?u belong to CY([0,00), H, 177 (£2)).
This completes the proof of the existence of a global in time solution of (2.1).

5. Uniqueness of solutions: proof of Theorem 1 (continuation).
Assume that there exist two solutions u") and u(® in the class stated in
the theorem. Setting w = u") — u(® and expanding w into the series (4.2)
we have

w(r,0,8) =" @ (t) T M) ™,

m,n

where the estimates (4.13) with & = 0 are valid for @, (t). Since the linear
part in the expression (4.5) equals zero the coefficients Wy, (t) satisfy the
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integral equation

t

Wi (1) ﬂﬂexp ~mn (t = T)][Fonn ((VaV?) (1) = Fon (VU 2) (7)) dr,

where F,,,(|]Vu|?) are defined by (4.6). We can represent a typical term in
the integrand in the last formula as follows:

A(l) ~(2)
E : Amnpqls . pq )y, ( E : AmnpqlsU. pq (t)uy,” (t)

D,q;l,s p:q;ls
= N a8 @D (0) - a2 (0] + a2 (@S (1) — a2 (1))
P,q,l,s
/
= 3 s [0 (1 (8) + L2 (1) (1)].
P,q,l,s

Note that w(r,0,t) € H3~7(£2) for all t > 0 and any v > 0 since u(*) and
1) belong to the same space.

In order to estimate the integrand we shall use the Cauchy—Schwarz
inequality and the relations

[[w(t) r1 = Z)‘mn’w?ﬂn )P 1T A7) |2 < 00,

Hu(k)( )Hr,l < o0, k=12

Since the inequalities (2.6) are valid for the coefficients a,,npqs We can write

PyE—HOLINC]

D,q,l,s

eV Amn Z V qu!ﬁfglq) (O Ais|wys(t)

p,q,l,s=1
m"( Z )qu|ﬂ(1) > (Z Ars| 15 () >1/2
pg=1 l,s=1
o /
< eV (2 RO uarl2)
p,q=1

(30 P Iaen)

l,s=1

eV Amnl[w(®) | 1[[w(E)]]r.1-
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Analogous estimates hold for Y7 bmnpqlsﬁgf,) (t)wis(t), k = 1,2. There-

p,q,l,s
fore,
t

(@ (D)] < v/ N \ XD =R (= 7)][|00() 1 -

0

Squaring both sides, multiplying the result by A2 || (Amnr)]|?, and sum-
ming in m and n we deduce that for some 77 > 0 and t € [0,71],

)10 < ¢ 32 Al mnr>u2(§exp[—mmn<t—T>]||w<f>||md7)2

— exp(—Kmnt) 2
SC( sup ||w Hrl Z/\mn .

te[0,T1] Rmn

This implies that

( sup Jw(®)]lr1)? < e(Tr)(sup [w(t)|lr1)?,
t€[0,71] [0,71]

where the constant ¢(77) can be made less than one by the appropriate
choice of T . This contradiction allows to us complete the proof of uniqueness
for t € [0,73]. Continuing this process for the integrals [T1,T5], [T2 T3], . ..

[ Tny Tta), - . with T,, — oo we obtain the same result for all ¢ > 0.
This completes the proof of Theorem 1. m

6. Asymptotics with respect to 3: proof of the Corollary. First,
we construct the solution of the linear problem corresponding to (2.1) with
B = 0. Putting § = 0 in (4.3) we obtain the following expression for the
eigenfunction expansion coefficients:

amn (t) = E2@mn eXP(—"imnt)7
where K., = A2, (VA2 —1) and the estimates (4.4) are valid for @,,,,. The
solution of the linear problem is

uo(r,0,t) = Z* 'dmn(t)Jm()\mnr)eime,

where Z;n is defined by (4.2). The uniqueness of the solution in the cor-
responding function space is evident.
Note that, according to (4.7) and (4.8)

Here we have shown the dependence on ﬁ in the notation of the coefficients.
The estimates (4.10) are valid for oo (B,t), N > 1, that is,

[ (B, 1)] < N [BIN (N + 1) 7ML 12 exp(—ront).
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Therefore, we have for €y < (c|3])~! (this condition guarantees the absolute
and uniform convergence of the series)

(Ui (B,1) = T (1)] < | B| A/ exp(—rort), BER, t>0,

where the constant ¢ is independent of 5. This inequality yields the required
estimate. m

7. Long-time asymptotics: proof of Theorem 2. Our idea of cal-
culating the long-time asymptotics of the constructed solution consists in
obtaining a subtle asymptotic estimate of % (t) which will contribute to
the major term of the asymptotics, and then estimating the remaining se-
ries (see (4.2))

Ro(r,t) =Y Tion (t)Jo(Aont)
n=2
and

(r,0,t) Z T Q™) [T (£) €™ 4 T (£) e =101,
In accordance with (4.7) and (4.8),
dor(t) = D N5 (1)

where ’17(()11\/)(15) can be represented as

A(O)( t) = A exp(—roit),
oo (1) = exp(—rort)[ANY) + RM (1)), N >1,

(71) Ago) = 5501 = E(/ﬁ()l, AgN) = ﬂ S eXp(/ing)E(T) dT,
0

RM(t) = 4 | exp(rom)Z(7) dr,
t
where

[I]

Z A01pqls ZU(] 1) A(N ])()

P,q;l,s
~(N—
+ Z bOqulszv(] 1) Ul(s ])( )7
D,q,l,s

and the functions 177(7121( t),s = 0,1,...,N — 1, are defined by (4.8). Here
we have added and subtracted the integrals from ¢ to oo in the integral

representations (4.8) for @%\Q( t),N > 1.
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Next, we have to prove that for N > 1, ¢t > 0,
(7.2) IRM (1) < cjﬁv exp(—ro1t).
Using the estimates (2.6), (4.10), and (4.11) we get for ¢ > 0,

oo [ee} 1
‘R(N)(t)’ S CﬁFN\/ )\01 S exp(/i()lT) [exp(—2/£017') Z

+ exp(—4K017) Z ﬁ] dr
pugls=1 \Pas
< cg exp(—ko1t),
where -
Z 2(N+1—4)72

Jj=1

2+ (N+1—-5)"? < o0.

Mz

SAN+1) 2yt

<.
Il
—

Therefore, we have the following asymptotic expansion as t — oo:

(7.3) Uo1 (t) = exp(—ko1t)[Ae + O(exp(—ko1t)],
where o0
_ Z €N+1A£N)
N=0

251

and AYY) are defined by (7.1). This series converges absolutely and uniformly
in € € [0,g0]. The estimate of the remainder is uniform with respect to

(r,0) € 2, €0,e0], €0 < cgl.
Now we can represent the solution as

’LL(?", 9, t) = ﬂm(t),]o(/\mr) + Ro(?", t) + Ry (’f’, 9, t),
) = Z Jo(AonT) Z NG (1)

Ri(r,6,t) = ZJ AmnT)

n,m=1

eimo N+1A(N) —im0 N+1A(N)
€ mn € Um n

(7.4)

By means of the estimates (4.11) we deduce that for (r, 9) €,t>0,

(7.5) |Ro(r,t)] < cexp(—2ko1t), |Ri(r,0,t)] < cexp(—2ko1t).
Combining (7.3)—(7.5) we obtain (3.2). m
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8. Growth of solutions in time in the case 0 < v < 1/)\%;: proof of
Theorem 3. (i) Let v = 1/A2;. Then the problem (4.3) for the coefficient
U1 (t) takes the form

(8.1) Upy (t) = BFn (|[Vul?)(t), t€(0,T], Uoi(0) =e*For,

(
where Fyi (|Vul*)(t) is defined by (4.6). For all Ty, (
have (4.3) with K,,, > 0. Therefore, integrating (8.1
Up1(t) into the series (4.7) we deduce that

t), m>1,n>1, we
) in ¢ and expandlng

a1 (t) = Poy = const, 05, () = B\ [aoi010100 (T)Tg1 (1) + ... dr,
0
t

o5 (1) = ﬁx 20010101002 (T)05 (7) + .. ] dr, ...
0

Here we have shown only the terms that give the main contribution for
large t. The dots in the integrand denote other terms that decrease expo-
nentially with time. We can see that v( )( t) will exhibit polynomial growth
with respect to t. Consequently, instead of (4.10) we shall obtain for m > 0,
n>1,N>0,t>0,

(8.2) [T ()] < [es (DY (N + 1) 72N

mn

with ¢(T") — oo as T' — oo. In order to guarantee the absolute and uniform
convergence of the series (3.1) we have to satisfy the condition ecg(T") < 1, or
0 < e <eo(T) with eo(T) < [cg(T)] 1. Naturally, eo(T) — 0as T — oo. The
estimates (8.2) allow us to prove that the solution belongs to the required
function space.

If ¢ is fixed, then there exists 7' > 0 such that for t = T the necessary
condition for the convergence of the series (3.1) is violated, and u(z,t) — oo
as t — T. The derivatives of (3.1) do not exist either, and this function
ceases to be a solution.

By analogous arguments we obtain the same result for all values v =
1/X2,, m > 1, n > 1. The only difference is that in this case we have
exponentially growing terms in the integral representations of ’171(7%) (t) since
in some problems of type (4.3) we have K, < 0.

(i) Let 1/A3; < v < 1/A},. Then for the coefficient g, (t) we have the
following problem with K, = —|Kmn| < 0:

U (1) = [Kmnltor (t) = BFa(|Vul?) (), ¢ € (0,T],
U1 (0) = £°Por.
All the coefficients U, (t), m > 1, n > 1, satisfy (4.3) with Kp,, > 0.

(8.3)
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Therefore, after integrating (8.3) with respect to ¢ and using (4.7), we get
~(0 =
By (t) = Por,

1/)\(()11)@):5 eXp(‘K}Ol’(t—T))[CL0101011)(()1)( ) (0)( ) ] dT, vy

352t = B\ exp(|ro1[(t — 7)) 2a010101 09y (7)85;) () + .. ] dr, ...

O ey O ey

These relations again lead to the estimates (8.2) with ¢(7") — oo as T' — oo.
Other cases, like 1/03; < v < 1/A%,, can be considered in an analogous way.

The uniqueness of the solution on the interval [0,7] can be proved by
means of the same arguments as in Section 6. =

9. Discussion. Having used the eigenfunction expansions and perturba-
tion theory, we succeeded in constructing the strong solution of the problem
(2.1) in the form of a series of regular perturbations with respect to the
initial conditions (series in € € (0,&p]). The solution in question is “small”,
and, according to (4.9), it can be represented as

1
’LL(?", 97 t) = €2U(7", 97 t)7 |U(T7 07 t)| < CeXp(_K/Olt) Z N7/2 < Cexp(_’iﬂlt)

m,n mn

for ggc|3| < 1. Therefore, g9 < c|8]~!,and the smaller is the nonlinearity
constant (3, the bigger the interval (0,e¢] can be, for which (3.1) is valid.

In our studies of the radially symmetric problem for the damped Boussi-
nesq equation (see [40]) we have encountered the effect of “the loss of
smoothness”, i.e., the increase of smoothness of the initial data does not
lead to improving the regularity of the solution in question. In the general
spatially 2-D case examined above this is no longer true. The “purely radial
part”

oo
t) = Z aOanOs/qu(t)als(t)

q,5=1

which forms the Fourier-Bessel coefficient of |[Vu|? in the corresponding
radially symmetric case and is responsible for the “loss of smoothness” is
also present in the series expansion coefficient Fy, (|Vul?)(t) (see (4.6)),
namely:

Fﬂn(lvu‘ )( Z aOnlqlsulq Uls Z bOnlqlsulq Uls(t)

p,q,l,s p,q,l,s
p+1#£0
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However, the convergence of the series expansion (4.2) is mainly determined
by the decay properties of F,,,,(|Vu|?)(t) for large m and n. Since in the
representation of these coefficients we have convolutions with respect to the
“angular indices” p and [, the decay in m can be improved by imposing
more periodicity conditions on the initial data. The decay in n cannot
be improved in an analogous way because we do not have convolutions with
respect to the “radial indices” ¢ and s. Therefore, we can say that a “partial
loss of smoothness” still takes place in the problem in question.

In conclusion, we emphasize that the method employed can work for
other parabolic dissipative equations with dispersion.
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