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Abstract. For an analytic functional S on C
n, we study the homogeneous convolution

equation S ∗ f = 0 with the holomorphic function f defined on an open set in C
n. We

determine the directions in which every solution can be continued analytically, by using
the characteristic set.

1. Introduction. In [Ki], C. O. Kiselman studied the analytic con-
tinuation of solutions of homogeneous linear partial differential equations
with constant coefficients. He proved that all solutions can be continued
simultaneously in the directions determined by the characteristic set of the
equation. M. Zerner [Z] studied the domain of holomorphy of a solution
to a holomorphic linear partial differential equation. Under an additional
hypothesis, Sébbar [Sé] extended the results of [Ki] to the case of local dif-
ferential operators of infinite order with constant coefficients. Motivated by
[Sé], Aoki [A] proved a local continuation theorem for a general differential
operator of infinite order with variable coefficients, using his theory of ex-
ponential calculus for pseudo-differential operators. In the preceding article
[I-O1], by using the method developed in [Ki] and [Sé], we studied convo-
lution equations with hyperfunction kernel of compact support, defined in
tube domains invariant under any real translation, and we proved that the
directions in which not all solutions can be continued at once are contained
in the characteristic set of the operator (see also [I-O2]). For the same type
of problem, we also refer for example to [V].

In this paper, we consider homogeneous convolution equations S ∗ f = 0
with S an analytic functional on C

n and investigate the analytic continua-

2000 Mathematics Subject Classification: 32A15, 32D99, 45E10, 46F15.
Key words and phrases: analytic continuation, characteristic set, convolution equation.

[105]



106 R. Ishimura et al.

tion of the solution f . We first define the characteristic set Char∞(S∗) of
the equation S ∗ f = 0 as a natural generalization of the case of differential
equations and then by the method developed in [I-O1], we evaluate the di-
rections in which all holomorphic solutions can be simultaneously continued
analytically by using the characteristic set.

2. The condition (S) and the characteristic set. For any open
set D ⊂ C

n, we denote by O(D) the space of holomorphic functions defined
on D equipped with the usual compact convergence topology. Let S be an
analytic functional on C

n and suppose that S is carried by a compact convex
set M . We denote by Ŝ(ζ) the Fourier–Borel transform

Ŝ(ζ) := 〈S, e〈z,ζ〉〉z ,

which is an entire function of exponential type satisfying the following esti-
mate: for every ε > 0, there is a constant Cε > 0 such that

(2.1) |Ŝ(ζ)| ≤ Cε exp(HM (ζ) + ε|ζ|)

where HM (ζ) := supz∈M Re〈z, ζ〉 is the supporting function of M . Let ω be
an open set in C

n. In this paper, defining the convolution by S ∗ f(z) :=
〈S, f(z − w)〉w, we consider the homogeneous convolution equation

(2.2) S ∗ f = 0

with f ∈ O(ω + (−M)). We define the sphere at infinity S2n−1
∞ to be

(Cn \ {0})/R+ and we consider the compactification by directions D
2n :=

C
n ⊔ S2n−1

∞ of C
n ≃ R

2n. For ζ ∈ C
n \ {0}, we denote by ζ∞ ∈ S2n−1

∞ the
class defined by ζ, that is,

ζ∞ := (R+ · ζ in D
2n) ∩ S2n−1

∞ .

Let σ(ζ) be an entire function of exponential type. (In what follows, we will

take σ :=
ˇ̂
S, where for a function g(ζ) we set ǧ(ζ) := g(−ζ)). Following

Lelong and Gruman [Ll-G], we define the growth indicator hσ(ζ) and the
regularized growth indicator h∗σ(ζ) of σ(ζ) by

hσ(ζ) := lim sup
r→∞

log |σ(rζ)|

r
,(2.3)

h∗σ(ζ) := lim sup
ζ′→ζ

hσ(ζ ′).(2.4)

As in [I-O1], and generalizing to the present case, we define the characteristic
set of S∗:
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Definition 2.1. We set

Char∞(S∗) := ∁{̺∞ ∈ S2n−1
∞ : for every ε > 0, there exist N > 0 and

δ > 0 such that for any r > N and ζ ∈ C
n

satisfying |ζ − ̺/|̺| | < δ, we have

|Ŝ(rζ)| ≥ e(h
∗

Ŝ
(ζ)−ε)r},

and call it the characteristic set of the operator S∗.

Now we recall the condition (S), originally due to T. Kawai ([Ka]) and
generalized in [I-Oj].

Definition 2.2. An entire function σ ∈ O(Cn) of exponential type is
said to satisfy the condition (S) in direction ζ0 ∈ C

n (ζ0 6= 0) if it satisfies
the following:

(2.5) For every ε > 0, there exists N > 0 such that for any r > N , we
have ζ ∈ C

n satisfying

|ζ − ζ0| < ε, |σ(rζ)| ≥ e(h
∗

σ(ζ0)−ε)r.

Remark 1. Ishimura and Okada [I-Oj] showed that (S) is nothing but
the condition of regular growth, a classical notion in the theory of entire
functions. In the case n = 1, Ishimura [I2] constructed an example of a
convolution operator which satisfies (S) in a direction ζ but not in any
(small) conic neighborhood of ζ and ζ 6∈ Char∞(S∗) (see also [I-O3]). We
also remark that outside the characteristic set, the entire function Ŝ(ζ)
satisfies (S). If we make the further assumption that h∗

Ŝ
(ζ) is continuous in

an open set, then the set of directions in which Ŝ(ζ) satisfies (S) is closed
in this open set (see Theorem 4.5 of [Ll-G]). For example, assume n = 1. In
this case, h∗

Ŝ
(ζ) is always continuous (see [Lv]) and so the set of directions in

which (S) is satisfied is a closed set in C. But as the above example shows,
(S) is not always satisfied even if we assume the continuity of h∗

Ŝ
(ζ).

Remark 2. By (2.1) and (2.4), we have in general h∗
Ŝ
(ζ) ≤ HM (ζ). In

what follows, we assume h∗
Ŝ
(ζ) = HM (ζ). For open convex domains, this last

condition together with the condition (S) is, in a sense, necessary and suffi-
cient for the solvability of the inhomogeneous convolution equation S∗f = g.
See Krivosheev [Kr] for a more precise statement (see also Theorem 9.35 of
[Ll-G]).

3. Division lemma. In this section, we prepare some auxiliary results.
For any open set ω ⊂ C

n, writing D := ω + (−M), we set

N (D) := {f ∈ O(D) : S ∗ f = 0}

and equip it with the topology induced from O(D).
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Lemma 3.1. Let σ, ϕ and ψ be entire functions satisfying σϕ = ψ, and

M and K be two compact convex sets in C
n. Suppose that for any ε > 0,

there exist constants Aε > 0 and Bε > 0 such that

log |σ(ζ)| ≤ Aε +HM (ζ) + ε|ζ|,(3.1)

log |ψ(ζ)| ≤ Bε +HK(ζ) + ε|ζ|.(3.2)

Moreover , assume that σ satisfies the condition (S) in every direction ζ0 ∈
C

n \ {0} and h∗σ(ζ) = HM (ζ) for any ζ ∈ C
n. Then for any ε > 0, there

exists a constant Cε > 0 such that

(3.3) log |ϕ(ζ)| ≤ Cε +HK(ζ) −HM (ζ) + ε|ζ|.

Remark 3. We will apply the lemma in the next proposition with σ = Ŝ

and not with σ =
ˇ̂
S.

P r o o f. We may prove the estimate (3.3) in each conic neighborhood of
every direction |ζ0| = 1. Set

Γε := {ζ ∈ C
n : there exists r > 0 such that |ζ − rζ0| < εr}.

We recall a lemma due to Harnack, Malgrange and Hörmander:

Lemma 3.2. Let F (ζ),H(ζ) and G(ζ) = H(ζ)/F (ζ) be three holomorphic

functions in the open ball B(0;R). If |F (ζ)| < A and |H(ζ)| < B on

B(0;R), then

(3.4) |G(ζ)| ≤ BA2|ζ|/(R−|ζ|)|F (0)|−(R+|ζ|)/(R−|ζ|) for all ζ ∈ B(0;R).

We apply this lemma to the ball B(ζ ′; 3εr). By (3.2), we have

sup
ζ′′∈B(ζ′;3εr)

log |ψ(ζ ′′)| ≤ Bε + sup
|ζ′′−ζ′|≤3εr

(HK(ζ ′′) + ε|ζ ′′|).

Because |ζ ′′ − rζ0| ≤ |ζ ′′ − ζ ′| + |ζ ′ − rζ0| ≤ 4εr, if we set k := supz∈K |z|,
then the right hand side is estimated by

≤ Bε + (4k + 2)εr + rHK(ζ0).

In the same way, by setting m := supz∈M |z| and using (3.1) we have

sup
ζ′′∈B(ζ′;3εr)

log |σ(ζ ′′)| ≤ Aε + (4m+ 1)εr + rHM (ζ0).

Noting that ζ ∈ B(ζ ′; 2εr) ⊂ B(ζ ′; 3εr), by Lemma 3.2, we have

log |ϕ(ζ)| ≤ Bε + (4k + 1)εr + rHK(ζ0)

+
4εr

3εr − 2εr
(Aε + (4m+ 1)εr + rHM(ζ0))

+
3εr + 2εr

3εr − 2εr
(ε− h∗σ(ζ0))r
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= Bε + 4Aε + r(HK(ζ0) + 4HM (ζ0))

+ ((16m+ 4k + 10)ε − 5h∗σ(ζ0))r

= Bε + 4Aε + r(HK(ζ0) −HM (ζ0))

+ (16m+ 4k + 10)εr

for sufficiently large r. Therefore for any ε > 0, we can find constants C ′
ε > 0

and N > 0 such that

log |ϕ(ζ)| ≤ C ′
ε +HK(ζ) −HM (ζ) + ε|ζ|

for ζ ∈ Γε ∪ {|ζ| > N}.

Proposition 3.3. Let ω and Ω be two open sets in C
n with ω ⊂ Ω.

Assume that S satisfies the condition (S) in every direction in C
n and

h∗
Ŝ
(ζ) ≡ HM (ζ). Then the restriction map N (Ω+ (−M)) → N (ω+ (−M))

has the dense image.

P r o o f. Let E be the set of exponential-polynomial solutions of the
equation S ∗ f = 0. We denote by E◦ the polar set of E in the topological
dual space O(Cn)′ of O(Cn). It is sufficient to prove that E is dense in
N (ω+(−M)), and for this, we will prove the following: any T ∈ E◦∩O(ω+
(−M))′ is contained in the orthogonal set N (ω+(−M))◦ in O(ω+(−M))′.
By a lemma of Malgrange (see e.g. [I-O1]), there is an entire function of
exponential type r(ζ) such that T̂ (ζ) = r(ζ)Ŝ(−ζ). By the preceding lemma,
we may find an analytic functional R carried by ω so that R̂(ζ) = r(ζ). Then
for any g ∈ N (ω + (−M)), we have

〈T, g〉 = 〈
ˇ̂
S ∗R, g〉 = 〈R,S ∗ g〉 = 0,

where Š is defined as the inverse Fourier–Borel image of
ˇ̂
S.

4. Continuation of solutions of homogeneous equations. For
Char∞(S∗) and an open convex set ω ⊂ C

n, we now set

(4.1) Ω := the interior of
⋂

ζ∞∈Char∞(S∗)a

{z ∈ C
n : Re〈z, ζ〉 ≤ Hω(ζ)},

where a means the antipodal : Aa := −A. By definition of Ω, we know that
for any compact convex set L ⊂ Ω, there exists a compact convex set K ⊂ ω
such that

(4.2) HL(ζ) ≤ HK(ζ) (for any ζ∞ ∈ Char∞(S∗)a),

and so

HL+(−M)(ζ) ≤ HK+(−M)(ζ) (for any ζ∞ ∈ Char∞(S∗)a).

Lemma 4.1. Assume h∗
Ŝ
(ζ) ≡ HM (ζ). Let K and L be two compact

subsets of C
n satisfying (4.2) and p(ζ) an entire function satisfying the
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estimate

log |p(ζ)| ≤ HL(ζ).

Then for any ε > 0, there exist a constant Cε > 0 and entire functions q(ζ)
and r(ζ) which satisfy

p(ζ) =
ˇ̂
S(ζ)q(ζ) + r(ζ),

log |q(ζ)| ≤ HL∪K(ζ) −H−M (ζ) + ε|ζ| +Cε,

log |r(ζ)| ≤ HK(ζ) + ε|ζ| + Cε

for any ζ ∈ C
n.

P r o o f. We may assume 0 < ε < 1/2. We set σ(ζ) :=
ˇ̂
S. For any δ > 0,

we put

Ξ1 := {ζ∞ ∈ S2n−1 : HL(ζ) < HK(ζ) + δ|ζ|},

Ξ2 := {ζ∞ ∈ S2n−1 : HL(ζ) > HK(ζ)}.

Then Ξ1 is a neighborhood of Char∞(S∗)a in S2n−1
∞ and Ξ2 does not meet

Char∞(S∗)a. For large N > 0, we set

Z1 = {ζ ∈ C
n : ζ∞ ∈ Ξ1, |ζ| > N},

Z2 = {ζ ∈ C
n : ζ∞ ∈ Ξ2, |ζ| > N},

Z3 = {ζ ∈ C
n : |ζ| ≤ N}.

For α > 0 small enough, take ψα ∈ C∞
0 (Cn) such that

T
ψα dζ dζ = 1,

suppψα = B(0;α) and ψα ≥ 0. Recalling the assumption h∗σ ≡ H−M ,
we set h∗σ,α(ζ) := ψα ∗ h∗σ(ζ), a C∞ function on C

n. Then since H−M is
subadditive, we have |h∗σ,α(ζ)−h∗σ(ζ)| ≤ mα with m := supζ∈M |ζ|. Now we
construct q(ζ) and r(ζ) as follows:

q(ζ) :=
p(ζ)

σ(ζ)
(1 − ϕ(eλ(|ζ|)−h∗

σ,α(ζ)σ(ζ))) + v(ζ),

r(ζ) := p(ζ)ϕ(eλ(|ζ|)−h∗

σ,α(ζ)σ(ζ)) − σ(ζ)v(ζ),

by choosing a suitable C∞ function v(ζ) on C
n (to be chosen later), with

fixed real-valued functions ϕ(τ) ∈ C∞(C) and λ(t) ∈ C∞([0,∞[) so that
0 ≤ ϕ(τ) ≤ 1, 0 ≤ λ(t) ≤ δt, 0 ≤ λ′(t) ≤ 1 for small δ > 0 and that

ϕ(τ) =

{

1 (|τ | ≤ 1/2),
0 (|τ | ≥ 1),

λ(t) =

{

0 (t ≤ 1/2),
δt (t ≥ 1).

We first note that q(ζ) and r(ζ) are well defined: in fact, if eδ|ζ|−h∗

σ(ζ)|σ(ζ)| >
1/2 − ε, then q(ζ) is well defined since σ(ζ) 6= 0, and if eδ|ζ|−h∗

σ(ζ)|σ(ζ)| ≤
1/2− ε, then q(ζ) is well defined because ϕ(eλ(|ζ|)−h∗

σ,α(ζ)σ(ζ)) is equal to 1.
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The condition for q and r to be holomorphic is the equality

∂v =
p(ζ)

σ(ζ)
eλ(|ζ|)−h∗

σ,α(ζ)(4.3)

×

[{

∂ϕ

∂τ
σ(ζ)+

∂ϕ

∂τ
σ(ζ)

}{

λ′(|ζ|)

2|ζ|
ζ · dζ−∂h∗σ,α(ζ)

}

+
∂ϕ

∂τ
∂σ

]

.

We denote the right hand side by w; it satisfies ∂w = 0. We now estimate w.
In ∁{1/2 < eλ(|ζ|)−h∗

σ,α(ζ)|σ(ζ)| < 1}, we have w = 0 as ϕ(eλ(|ζ|)−h∗

σ,α(ζ)σ(ζ))
is constant there. In particular, taking N > 0 large enough, in Z2, we have
|ζ| > N , |σ(ζ)|eδ|ζ|−h∗

σ(ζ) > 1 and so λ(|ζ|) = δ|ζ|, ϕ(eδ|ζ|−h∗

σ,α(ζ)σ(ζ)) = 0.

In {1/2 < eλ(|ζ|)−h∗

σ,α(ζ)|σ(ζ)| < 1}, recalling h∗σ ≡ H−M , we first remark
that for any j,

∣

∣

∣

∣

∂

∂ζj
h∗σ,α(ζ)

∣

∣

∣

∣

≤ sup
|ζ′|≤α

|h∗σ,α(ζ − ζ ′)| ·

∣

∣

∣

∣

\
|ζ′|≤α

∂ψα

∂ζj

(ζ ′) dζ ′ dζ
′
∣

∣

∣

∣

≤ C1(|h
∗
σ(ζ)| + 2mα)

where

C1 := max

(

max
j

(
∣

∣

∣

∣

\
|ζ′|≤α

∂ψα

∂ζj

(ζ ′) dζ ′ dζ
′
∣

∣

∣

∣

)

, 1

)

.

For a (p, q)-form g =
∑

gI,Jdζ
I∧dζ

J
, we denote its norm by |g| := sup |gI,J |.

Then we have

|w| ≤ |p|eλ(|ζ|)−h∗

σ,α(ζ)

×

[(

max
|τ |≤1+ε

∣

∣

∣

∣

∂ϕ

∂τ

∣

∣

∣

∣

+ max
|τ |≤1+ε

∣

∣

∣

∣

∂ϕ

∂τ

∣

∣

∣

∣

)(

1

2
+ C1(2mα+ |h∗σ(ζ)|)

)

× max
|τ |≤1+ε

∣

∣

∣

∣

∂ϕ

∂τ

∣

∣

∣

∣

∣

∣

∣

∣

∂σ

σ

∣

∣

∣

∣

]

≤ eHL(ζ)+λ(|ζ|)−h∗

σ,α(ζ) max
|τ |≤1+ε

(
∣

∣

∣

∣

∂ϕ

∂τ

∣

∣

∣

∣

,

∣

∣

∣

∣

∂ϕ

∂τ

∣

∣

∣

∣

)

× [1 + 2C1(2mα+ |h∗σ(ζ)|) + 2eλ(|ζ|)−h∗

σ,α(ζ)|∂σ|].

As |∂σ| exp(−H−M (ζ)−δ|ζ|) is bounded, there exists a constant C > 0 such
that for |ζ| ≫ 1,

log |w| ≤ HL(ζ) +H−M (ζ) + 3δ|ζ| − 2h∗σ(ζ) + log |ζ| + C

≤ HL(ζ) −H−M (ζ) + 4δ|ζ| + C.

In Z1, from the estimate HL(ζ) < HK(ζ) + δ|ζ|, we get

log |w| ≤ HK(ζ) −H−M (ζ) + 5δ|ζ| + C.
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In Z3, there exists some constant C2 > 0 such that

log |w| ≤ C2.

Therefore we can take another constant C ′ > 0 such that the estimate

log |w| ≤ HK(ζ) −H−M (ζ) + 5δ|ζ| + C ′

holds in the whole C
n. By the same argument as in Sébbar [Sé], we obtain

the estimate

(4.4) log |v| ≤ HK(ζ) −H−M (ζ) + 6δ|ζ| + C3,

for some constant C3 > 0 (see [I-O1]).

We have

|q − v| =

∣

∣

∣

∣

(1 − ϕ)p

σ

∣

∣

∣

∣

=

{

0 (if eλ(|ζ|)−h∗

σ,α(ζ)|σ(ζ)| ≤ 1/2),

2eHL(ζ)+λ(|ζ|)−h∗

σ,α(ζ) (if eλ(|ζ|)−h∗

σ,α(ζ)|σ(ζ)| > 1/2),

and so with a constant C4 > 0, we have

|q| ≤ 2max(|q − v|, |v|) ≤ exp(HK∪L(ζ) −H−M (ζ) + 6δ|ζ| + C4).

For r, we remark that

|pϕ|

{

≤ eHL(ζ) ≤ eHK(ζ)+δ|ζ| in Z1,

= 0 in Z2,

and with a constant C5 > 0,

|σv| ≤ C5e
HK(ζ)+7δ|ζ|

and thus we have

|r| ≤ exp(HK(ζ) + 7δ|ζ| + C5).

Thus taking δ > 0 so small that 7δ < ε, we have the conclusion.

Now we can state our main theorem:

Theorem 4.2. Let M ⊂ C
n be a compact convex set and S an analytic

functional carried by M . Assume that S satisfies the condition (S) in every

direction in C
n and h∗

Ŝ
(ζ) ≡ HM (ζ). For an open convex set ω ⊂ C

n, let Ω

be the open set defined by (4.1). Then any holomorphic solution f(z) of the

homogeneous convolution equation S ∗ f = 0 defined in ω+(−M) continues

analytically to Ω + (−M).

P r o o f. We will prove that the restriction map

̺ : N (Ω + (−M)) → N (ω + (−M))
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is an isomorphism. For the space N (ω+(−M)), we denote by N (ω+(−M))′

the dual space. By Proposition 3.3, ̺ has dense image, so the transposed map
t̺ : N (ω+(−M))′→N (Ω+(−M))′ is injective. It is sufficient to prove that
t̺ is also surjective: By the Hahn–Banach theorem, every T ∈N (Ω+(−M))′

has an extension T1 ∈O(Ω + (−M))′. Then there exist a compact convex
set L ⊂ Ω and a constant C > 0 such that |T̂1(ζ)| ≤ CeHL+(−M)(ζ) for
any ζ ∈ C

n. We can take a compact convex set K ⊂ ω satisfying (4.2). By
applying Lemma 3.4 to p := T̂1, L + (−M) and K + (−M), for any small
ε > 0, there exist entire functions q(ζ), r(ζ) and a constant Cε > 0 such
that

p(ζ) =
ˇ̂
S(ζ)q(ζ) + r(ζ),

log |q(ζ)| ≤ HL∪K+(−M)(ζ)−H−M (ζ) + ε|ζ| + Cε = HL∪K(ζ) + ε|ζ| + Cε,

log |r(ζ)| ≤ HK+(−M)(ζ) + ε|ζ| + Cε.

Thus if ε > 0 is taken small enough, we find analytic functionals Q ∈
O(Ω + (−M))′ and R ∈ O(ω + (−M))′ corresponding to q(ζ) and r(ζ) (i.e.

Q̂ = q and R̂ = r) such that T̂1 =
ˇ̂
SQ̂+ R̂. Then for any g ∈ N (Ω+(−M)),

we have

〈T, g〉 = 〈T1, g〉 = 〈Q,S ∗ g〉 + 〈R, g〉 = 〈R, g〉,

and this means T = t̺(R|N (ω+(−M))).

5. Application to differential-difference operators in the com-
plex domain. Let Λ := {λ1, . . . , λl} be a finite set in C

n, M its convex hull
and pj(ζ) an entire function of minimal type for 1 ≤ j ≤ l . We denote by S

the analytic functional whose Fourier–Borel transform is
∑l

j=1 pj(ζ)e
〈ζ,λj〉.

Then S is carried by M . Furthermore by Theorem 6.1.1 of Ronkin [R] and
by [I-Oj], we know h∗

Ŝ
(ζ) ≡ HM (ζ) and that Ŝ(ζ) satisfies the condition

(S) in every direction in C
n. Thus S satisfies all the hypotheses of Theo-

rem 4.2.

In particular, in the case where pj ’s are elliptic (i.e. their characteristic
set is empty), we can prove that the characteristic set Char∞(S∗) coincides
with

{ζ∞ ∈ S2n−1
∞ : #{j : Re〈ζ, λj〉 = HM (ζ)} ≥ 2}.

(See [I-O3] for more general results.) The figures below describe the case
where n = 1 and j=1, M=the convex hull of Λ. We also remark that in this
case, Char∞(S∗)= the exterior normal directions {n1∞, n2∞, n3∞, n4∞}.

In Figure 2, every solution of S∗f=0 holomorphic in ω+(−M) continues
analytically to each of the four corners.
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