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Around Widder’s characterization
of the Laplace transform of an element of L>°(R™)

by JAN KisyNski (Lublin)

Bogdan Ziemian in memoriam

Abstract. Let 3 be a positive, continuous, submultiplicative function on R such
that lims—,c0 e~ %5(t) = a for some w € R, a € R* and a € RT. For every A € (w, o)
let ¢x(t) = e M for t € RT. Let LL(R") be the space of functions Lebesgue integrable
on R with weight s, and let E be a Banach space. Consider the map ¢, : (w,00) 53X —
o\ € L}{(RJF). Theorem 5.1 of the present paper characterizes the range of the linear
map T — T'¢, defined on L(L}{(RJF); E), generalizing a result established by B. Hennig
and F. Neubrander for »(t) = e“t. If x = 1 and E =R then Theorem 5.1 reduces to
D. V. Widder’s characterization of the Laplace transform of a function in L™ (R™"). Some
applications of Theorem 5.1 to the theory of one-parameter semigroups of operators are
discussed. In particular a version of the Hille—~Yosida generation theorem is deduced for
C semigroups (S,g)te]Rf+ such that Sup, mF (e(t)) 7Yt < oc.

0. Introduction. Inversion formulas for the Laplace transform play
an important role in the theory of one-parameter semigroups of operators.
E. Hille’s original proof of the Hille-Yosida generation theorem is related
to the Post—Widder real formula for the inverse Laplace transform. This
formula is close to

(a) Widder’s “general representation theorem”, [W;I], p. 303,
and to

(b) Widder’s characterization of the Laplace transform of an element of
L>(RY), [WI], pp. 315-316.
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The generalization of (b) to functions with values in a Banach space, due
to W. Arendt [A], is important for the theory of integrated and regularized
semigroups of operators. Arendt’s proof of his generalization of (b) consists
in a reduction to the classical Widder version of (b) by means of linear func-
tionals. B. Hennig and F. Neubrander [H-N] and A. Bobrowski [B] have
reproved Arendt’s result in the framework of linear operators from L!(R™)
into a Banach space. The argument in [H-N] is based on (a). The proof
in [B] is based on a “representation theorem” related to the R. S. Phillips
real inversion formula for the Laplace transform ([Ph]; [H-P], p. 221, Theo-
rem 6.6.3).

Similarly to the above-mentioned result of [H-N] and [B], Theorem 5.1
of the present paper (described in the Abstract) is a generalization of (b)
from elements T of L>(R™), i.e. linear functionals 7' on L'(R¥), to linear
operators T from LL (R*) into a Banach space E. In contrast to [H-N], and
similarly to [B], the proof of Theorem 5.1 is direct: neither (a) nor (b) is used
in this proof, and (b) follows at once from Theorem 5.1 applied to » = 1
and F = R or £ = C. Moreover, some estimations which are troublesome
for general sz, become obvious when » = 1, and the proof of Theorem 5.1
for »x = 1 is simpler than Widder’s original proof of (b), based on (a).

The space LL(R*) is a convolution Banach algebra. Let X be a Ba-
nach space, L(X) the Banach algebra of continuous linear operators from X
into X, and Hom(LL (R"); L(X)) the corresponding set of homomorphisms
of Banach algebras. The elements of Hom(LL(R"); L(X)) are nothing but
continuous representations of the convolution Banach algebra LL(RT) on
the Banach space X. The present paper expounds the case when the oper-
ator T occurring in Theorem 5.1 belongs to Hom(LL (R*); L(X)). In this
connection notice that if T € Hom(LL(R"); L(X)) and Dy = {¢ € C*(R) :
supp ¢ C RT} then the following two conditions are equivalent (!):

(i) T|p, is an L(X)-valued semigroup distribution in the sense of
J. L. Lions [L],

(ii) there is a unique Cp semigroup (Si),.zz C L(X) such that
sup, g (2(t)) 71| S¢|| < oo and

oo

T(p)x = | o(t)Spa dt
0

(1) Indeed, (ii)=(i) is an easy consequence of Definition 1.1 in [L], p. 142. On the
other hand, by (4.1) and (9.3) in the present paper, T¢, € Wi (L(X)) and T¢, is a
pseudoresolvent with values in L(X). By Lemma 2.1 and Proposition 11.4 of the present
paper, if (i) holds, then conditions (iv) and (v) of Definition 1.1 in [L] imply that T'¢, is the
resolvent of a densely defined, closed linear operator A from X into X. By Theorem 12.2
and Lemma 2.1, A is the infinitesimal generator of a semigroup satisfying (ii).
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for all p € LL(RT) and = € X, the integral being understood in the sense
of Bochner (?).

Theorem 12.2 of the present paper deals with Cy operator semigroups
and refines the Hille-Yosida generation theorem. For every M € [1,00) and
every function s with properties as in the abstract, Theorem 12.2 character-
izes the class of the infinitesimal generators of Cy semigroups (S;), gz such
that sup, g (2(t)) " '||S¢|| = M, while the Hille-Yosida theorem gives such
a characterization only for exponential functions s». The proof is based on

the reconstruction of a semigroup from (a candidate for) the infinitesimal

1 2
generator along the scheme: the generator ) the resolvent @ the homomor-

phism of the convolution algebra L. (RT) into the Banach algebra L(X) &
the semigroup. Step (1) is standard. Step (2) is based on Theorem 5.1 which
contains all the technical difficulties. Step (3) resembles a procedure known

in the representation theory of groups.

Acknowledgements. The author is greatly indebted to Wojciech Cho-
jnacki for helpful discussions, for drawing the author’s attention to the fac-
torization theorem for Banach algebras, and for indicating the analogues of
Theorem 10.2 in the theory of representations of groups.

1. The weight function » and the space L. (R"). Throughout this
paper Rt = (0,00), R = [0,00), the numbers w € R, & € Rt and a € R*
are fixed, and s is a fixed strictly positive, continuous, submultiplicative
function on R¥ such that »(0) = 1 and

x(t) _

t—oo Wit

(1.1)

Submultiplicativity of sz means that
s(t +u) < s(t)se(u) for all t and u in R,

Let K be either R or C, and let LL(RT) be the space of the equivalence
classes of K-valued functions Lebesgue integrable on R™ with weight .
Equipped with the norm

o0

Il = § o)) dt, o € Ly, (RT),
0

LL(R*) is a Banach space.

(%) Representations of L'(RT) defined in this way are (implicitly) used in the proof
given in [S-K], pp. 307-309, of the Trotter—Kato approximation theorem for C(y semigroups.
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The strict positivity, continuity and the property (1.1) of > imply that

)\n—&-l o
. —1 n,_—As —
(1.2) Jim (5e(t) 7 | sme 0 (s) ds g = L

uniformly with respect to t € RT, where
s0(t) = e “ix(t).

The uniformity in (1.2) is crucial for the proof of Theorem 5.1. The
pointwise limit (1.2) is considered in [W;I], p. 289, Theorem 6b, under as-
sumptions weaker than ours. The standard weight functions used in the
theory of operator semigroups have the form s(t) = e“?, so that s = 1 and
the uniformity in (1.2) is a trivial consequence of the equality

)\n+1 0
o S s"eMds=1, MNeRt.
0

However in some papers concerning integrated operator semigroups (for in-
stance [deL-H-W-W], [deL-J]) the weight functions s(t) = e**(1 + ct)* with
weR,ceR"Y, k=0,1,... are considered. It is natural to associate such
weight functions with semigroups of (k + 1) x (k + 1) matrices of the form

w c
w c
exp |t
w c
w
1 ct (ct)?/2 ... (ct)k /k!
1 ct e () (k= 1)
= vt
ct
1

Except for the proof of the uniformity in (1.2), the use of our more general
weight functions does not cause any complications. Conditions (1.1) and
(1.2) are insignificant in Sections 2, 3, 8 and 10, and in Sections 2-10 and 12
it is natural to use as general weight functions as possible.

In the proof of the uniformity in (1.2) we use the equality

. I'(z+a)

1.3 1 —_—
( ) r1—>H<}o xe (;1:)

for the Euler I" function, which is an easy consequence of the Stirling formula

([R:I], Sec. 8.22). For all p € R* and # € R consider the probabilistic
gamma density on Rt ([J-K-B], Chap. 17)

=1
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2\ -
BleAs s € RT.

Ya5(8) = X)) ,

The mean value of v, g is 3/, and the variance is 3/A?. A standard appli-
cation of the Chebyshev inequality shows that

(1.4)  if ¢ is a bounded uniformly continuous function on R, then

Ahf;o S I +1(8)p(s) ds = (1)
0

uniformly with respect to t € R+.
In terms of the densities vy g the equality (1.2) takes the form

(L5) Tim (20(8) 71§ g (5)70(s) ds = 1.
0

LEMMA 1.1. The limit relation (1.5) holds uniformly with respect to t in
any compact subinterval of RT.

Proof. Fix any ty € RT. We will prove that (1.5) holds uniformly with
respect to ¢t € [0,%p]. To this end take any T € (to + 1, 00) and define

1 if s €[0,T — 1],
(1.6) cr(s) =< T—s ifse(T—-1,T),
0 if s € [T, 00).
From (1.4) it follows that
Jim (0(1)) ! Vg (s)er(s)xo(s) ds = 1
0

uniformly with respect to ¢ € [0,7 — 1]. Hence the proof of Lemma 1.1 will
be complete once it is shown that

(1.7) /\lim sup S Y, ae+1(8)70(s) ds = 0.

00 te[0,t0] p 4
Let C'=sup, g #0(s)e™*. Then C'<oo, by (1.1). If A& (T/(T — 1 —tg),00)
then, by Chebyshev’s inequality,

sup S %\,[,\t]+1(3)%0(3)d~5’
te(0,t0] 4

A [At]+1 oo
< C sup (ﬁ) S Ya—1,[ae]+1(8) ds
te[0,to] - 1
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(A—l)to-i—(to-‘rl) -2
t 1 1
§C<1+L> sup <T—1—[)\]+ ) [/\t]+2
A—-1 t€[0,to) A-1 (A—1)
1o\t Mo+ 1
< Ceto| 1
e e e

whence (1.7) follows. m

PROPOSITION 1.2. The limit relation (1.2) holds uniformly with respect
tot € RT.

Proof. For every T € [1,00) define

. #0(38) ()
mr = Wt e Mr= sw =5
« tOé
= inf ——, Ny =sup ——.
t>T %O(t) t>T 70 (t)

Condition (1.1 ) implies that limp_, o mp = limp_, oo My =a, limp_, o nyp=
lim7_,0o N7 = @~ ', and hence

(18) lim mrny = lim MTNT =1.
T—o00 T—o00

For all A € R*, t € R*, and every continuous function ¢ on R+ such that
Supg>1 [p(s)]/s* < oo define

[ee]

Ine(@) = | pa (s)e(s) ds.
0

Proposition 1.2 is equivalent to the claim that

lim sup |(320(t)) " It (520) — 1] = 0.

T R+
By Lemma 1.1,
lim sup |(s0(t)) 'ni(30) — 1] =0 for every T € RY.
A—00 te(0,T]

Hence, by (1.8), Proposition 1.2 will follow once it is shown that
(1.9) mrny < liminf inf  (3(t)) " Iy 1 (20)
A—o00 te[T,00)
<limsup sup (s¢0(t)) 'x¢(30) < My Ny
A—oo  te[T,00)
for every T € [1,00).
To prove (1.9), take any T' € [1,00) and define the function ¢ by (1.6).
Then
mrps® —mrer(s)s® < xp(s) < Mps® + er(s)so(s)



Widder’s characterization of the Laplace transform 167

for every s € RT. As a consequence,
(1.10)  mpnpt™ I (o) — mr DIy (crpa)
< (50(t)) Mau(500) < Mp Nyt~ I 1 (¢a) + DI i (cr o)
for every ¢ € [T, 00), where D = sup, gz (39(t)) " < oo, and
¢a(s) =s* for s € R,

Since the function ¢p vanishes on [T, 00), from (1.4) and (1.10) it follows
that

liminf inf ¢ %I\ 4(p,) < liminf inf )L
mynyliminf | inf At(pa) < limin tef:?,oo)(%(’( )" Ine(5%0)

and

limsup sup (5¢0(t)) 'Ini(30) < MpNylimsup sup ¢ Iy +(pa)-
A—oo  te[T,00) A—oo  te[T,00)

These inequalities reduce the proof of (1.9) to showing that

(1.11) lim sup [t7%Iy:(pa) — 1] =0.
A—00 te[T,00)

To this end, note that

T, (o0) )\D\tHloso Mg hs g
Mi\Pa) = o ) S e s
te[At]! 5

AL P 41+ @)
Tl AR+

_ ([)\t] + 1)0‘ LM +1+ @)
B At (M) + Der (M) + 1)

Hence

sup  [t7Ix ¢(¢a) — 1

te[T,00)
1\* I'z+ )
< 1+—> —1> sup ———— + sup
<< AT e>ar TO0(T)  asar

By (1.3), the last estimate implies (1.11). m

I'z+ «)
xel(x)

_1‘_

2. The exponentials in LL(R"). For every A\ € (w,00) let ¢, be
the element of L1 (RT) represented by the exponential function ¢t — e~
restricted to RT. Since (9/0)\)"e~* = (—t)"e~, it follows that the map

(2.1) Po : (w,00) X — ¢y € LL(RT)
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is infinitely differentiable in the norm of LL(R*). In terms of the map ¢,
the uniform limit condition (1.2) takes the form

8 n
<ﬁ> ¢A+w
uniformly with respect to t € RT. If t = 0 then n = [\t] = 0, and (2.2) yields
(23 Tim Aol = 1

(2.2) lim (»(t)) " A

A—00 n!

=1
n=[At]

1,5

LEMMA 2.1. The set {¢x : A € (w,00)} is linearly dense in LL(R™).

Proof. For every u € R let 1(q ) be the element of L] (R") represented
by the characteristic function of the interval (0,u]. The set spany {1, :
u € RT} is dense in LL(RT) because it consists of all those elements of
LL(R*) which are represented by K-valued piecewise constant functions on
R™ with bounded supports. Therefore it is sufficient to show that

(2.4) 10,1 € DAL {2 1 A € (w,00))

for every u € RT, where the closure is taken in the norm topology of L1 (RT).
To prove (2.4), fix any u € RT. By (2.3), for every A € (w,c0) the series

[eS) (_1)n+1 en)\u ¢
E nl ni
n=1

of elements of LL (RT) is absolutely convergent in the norm of L. (R*). The
sum 1y ,, of this series is in Spang{¢,» : n =1,2,...}, and hence (2.4) will
follow once we prove

(2.5) Jdim [ = Lol = 0.
— 00

The element vy ,, of LL(RT) is represented by the function

e (_e)\(uft) )n

Rul) == ————=1—exp(-e ).
n=1 :
Thus 0 < ¢ ,(t) <1 and
Tﬂg,u(t) =320 aumn < Mt
whence

D0 (8)3et) dt < se(u) § e XD se(t —u) dt = se() 21,

u u
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so that

o0

(1= 4R u(8)e(t) dt + | 4R, (1)5<(t) dt

u

1Y — L0,u)ll1,c =

<\ se(t) exp(—=eX D) dt + se(w)||pall1, -

Ot 8 Ot &

By the Lebesgue dominated convergence theorem, and by (2.3), the last
estimate implies (2.5). m

The above proof is inspired by a remark on p. 165 of [H-N] concerning
the Phragmén inversion formula for the Laplace-Stieltjes transform.

3. The spaces L(LL(R*1);E), Lip,(R*; E) and M,,(E). Let E be a
Banach space over the field K, and L(LL(R"); E) the space of continuous
linear operators from LL(R*; K) into E. Denote by Lip, (RT; E) the set of
E-valued functions g on RT satisfying the condition 9(0) = 0 and having
finite norm

t

lollso, = _sup(JoeCu)du) llg(t) — gls)l

0<s<t<oo

Equipped with this norm, Lip, (RT; E) is a Banach space.

Let R be the ring of Lebesgue measurable subsets B of RT such that
{p#(t)dt < co. Define M, (FE) to be the set of E-valued measures G' on
R (3) such there is a finite positive C' satisfying

(3.1) IGB)|r < C S »x(t)dt for every B € R.
B

Equipped with the norm
|G|laz,, = the smallest C' satisfying (3.1),

M, (F) is a Banach space.
If T € L(LL(R"); E) then

Gr - Ro>B—-Tlge FE
is a measure in M, (F) such that |Gr|/a, < ||T|, and
gr:RT3t—>Tlo €E
() The terminology used here follows [Ha], pp. 19, 24, 30. Estimate (3.1) implies

that limp— oo ||G(Bn)||g = 0 whenever (Br),¢n is a decreasing sequence of sets in 2R such
that (,,cy Brn = 0. Tt follows that G is countably additive on R, that is, G(U,,en Br) =

> nen G(Br) whenever (Bn)nen is a disjoint sequence in R such that | J,,cy Bn € R.
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is a function in Lip,,(R¥; E) such that ||gr||Lip, < [|T|. If G € M,.(E) then
g RT3t —G((0,t]) € E
is a function in Lip,,(RT; E) such that ||gc|lLip, < [|Gllar..-

ProrosiTION 3.1. The map I, : T — Gr is a linear isometry of
L(L,(RT); E) onto M,.(E). The map I : T — gr is a linear isometry
of L(LL(R"); E) onto Lip,,(RT; E). Hence the map I,ol; ' : G — gg is a
linear isometry of M,.(E) onto Lip, (R*; E).

Proof. Since the maps are linear and contractive, it remains to prove
that

(3.2)  for every G € M,,(E) there is a unique T € L(LL(RT); E) such that
Gr =G and || T < [|G]|as..,

and

(3.3)  for every g € Lip,(RT; E) there is a unique T' € L(LL(RT); E) such
that g7 = g and [T < [|glluip,.-

To this end, let S; be the set of those elements ¢ of LL(RT) which
are represented by functions ¢g for which the set ¢o(R™) is finite. Then
9ot (c) €M for every ¢ € K \ {0}. Let Sy be the set of those elements

of LL(R*) which are represented by piecewise constant functions ¢q. If
T € L(LL(RT); E), G = Gr and g = gr then

(3.4) To = Z cG(pyt(c)) for every p € S
c€po(RT)\{0}
and
(35) Te= Y. cglsuppy'(e)—glinfey'(c)] for every o € Sy,
c€po(RT)\{0}

so that the restriction T'|g, is uniquely determined by G, and T'| s, is uniquely
determined by g. Since S; and Sy are dense subsets of LL(RT), the operator
T € L(LL(R"); E) is uniquely determined by each of the above restrictions,
and the uniqueness parts of (3.2) and (3.3) follow.

To prove the existence part of (3.2), take any G € M, (F) and define
T:S; — E by (3.4). Then

ITelle < > el Gl | (&) dt =IGlar, - llolli,

c€po (R1)\{0} )

for every ¢ € S;. Since S; is dense in LL(RT), it follows that T can be
uniquely extended to an operator belonging to L(LL(RT); E). If the exten-
sion is denoted again by T, then ||T'|| < ||G||as,., and T1p = G(B) for every
B € R, by (3.4). The existence part of (3.3) may be proved by a similar
argument based on (3.5). m
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If T € L(LL(RT); E) then
(3.6) Ty = S ©(t) Gr(dt)  for every ¢ € LL(R™),
0
the integral with respect to the FE-valued measure G being understood
in the Lebesgue-Bartle-Dunford—Schwartz sense ([D-S;I], Sec. IV.10; [D-U],
p. 56). In particular,
(3.7) Ty = S e MGr(dt)  for every \ € (w,0),
0
so that the function (w,00) © A\ — T'¢, € E is the Laplace transform of
the FE-valued measure Gp. Since gr(t) = Gr((0,t]), a formal integration by
parts leads from (3.7) to
(3.8) Tor= A S e Mgr(t)dt  for every \ € (w,00).
0
This formula is indeed true if the integral is understood in the Bochner
sense. For the proof, observe that for every A € (w,00) the continuous
LL(R*)-valued function RT 3 ¢ — e 14y € LL(RT) is absolutely in-
tegrable on R™ and the Bochner integral Sgo )\e_Ml(ovt] dt is an element of
LL(R*) represented by the function

o [ee]

s — S )\e*)‘tl(ovt](s) dt =\ S e Mdt = e .
0 s
Hence §;~ Ae™*1(q 4 dt = ¢, and so
Tox= | Xe MT1ggdt =\ | e Mgr(t) dt.
0 0

4. The Widder space W, (E). If E is a Banach space over the field
K then we define W,,(E) as the normed linear space over K whose elements
are those maps f : (w,00) — E which are infinitely differentiable in the
norm topology of E and have finite norm

1@/ F M\ (o) =
TSNS t A € (w,00), 0,1,...}.

The term by term differentiation theorem implies that W,.(F) is a Ba-
nach space. For reasons which will be explained after Corollary 5.2, we
call W,.(E) the Widder space. The map ¢o defined by (2.1) belongs to
W (LL(RT)) and ||¢e w12 ®+)) = 1.

4D [l = sup{
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LEMMA 4.1. If E is a Banach space and f € W,.(E), then the map
f:(w,00) — E is real analytic and for every u € (w,00) the Taylor series
of f with center at p has convergence radius no smaller than u — w.

Proof. Fix any p € (w,00) and X € (w,2u —w). We have to prove that
lim, . ||Rn]lg = 0, where

n

Ro=F) = 32— f () - )™ =

m=0
Take any w’ € (w, p) such that A € (w',2pu — ') and let

M = sup e*‘”/t%(t).
teRT
Then M < oo, by (1.1). Furthermore, by (4.1),
dv

A n+1
A—v)"| [ 8
S <%> (bl/ 1,sc

n!
o] n+1
S (%) e(w'—u)t dt

0

A n
= M||fllw..z)(n + 1)‘ \ %

LU

T >

[Bnllz < |[fllw.. e

o

dv

<M fllw,. e

T =)
S( n!)

]

and hence it remains to check that
A

. A—v)"”
o
Put
b A—v A—pu
T= 0 = /
V—w w—w
Then 1 i1
o =y <L
and
A A n
A=) B A—v 1
(n+1)§(1/—w’)"+2dy (n—l—l)é v—uw dl/—w’
0
_on+1 n _]9\"*1
A=W (S)T dT‘_)\—w”

whence (4.2) follows (4). m

(4) Lemma 4.1 and its proof, due to the present author, were first published in [B] in
the case of x(t) = e“*.
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The following lemma refers to the calculations on p. 21 of [G].

LEMMA 4.2. Let f be a real analytic map from an interval I C (w,00)
to a Banach space E. For every X € I put

_ 1@/ " fMle . _
|f1x —SUP{ 107076l :n=20,1,... }

Then the [0, o0o]-valued function X — |f|x increases on I.

Proof. Lemma 4.2 will follow once it is shown that if |f|, < oo for
some p € I, then |f|y < |f|, for every A € IN(w, p]. So, suppose that p € I
and |f], < co. Since ¢o € W,.(LL(RT)), it follows from Lemma 4.1 that

8 n B o] ()\_/J)qn 8 n+m
(o) o= 55 @)

m=0

for every n = 0,1,... and A € (w,2u — w), the series being absolutely
convergent in the norm of L. (R"). Hence, by real analyticity of f,

() ] < S [@ () s

!
E  m=0 m O E

< |flu f: A= <3>n+m¢u

|
m=0 m: O

forallm=0,1,...and A € I N (w,2p —w). If A € I N (w, p] then
()\ o M)m 8 n+m tn—i—m(lu o )\)m ot
Sy [ LA YL A S A A S

for all t € RT™ and m = 0,1,..., so that

A=—pm o\ S A= o\TT"
A= (o b — Z A—wm (9 b
om! \du = m)! o

1,5¢
o n
a H<a> ¢>\ 1,5¢

Therefore, if A € 1N (w, ], then [[(0/ON)" f(N)||g < |f|ull[(O/ON)" 1,5 for
every n =0, 1,..., which means that |[f|y <|f],. =

< o0

1,5

m= 1,5¢

LEMMA 4.3. If E is a Banach space, w' € (w,00), and fo: (w',00) — E
is an infinitely differentiable map such that supye . ) |folx < oo, then
there is a unique map f € W,.(E) such that f o) = fo.

Proof. The same argument as in the proof of Lemma 4.1 shows that the
map fy is real analytic on (w’,00). Take any p € (w',00). Since |fo|, < 00
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and ¢, € W,,(LL(R™)), Lemma 4.1 implies that

0 ()\_M)m o\™ o0 ()\_M)m a\™
'mz::() T<@> fo(w) ES\fO\NT; T(@) bu 17%<c>o

for every A € (w, 24 —w). Hence the formula

oo ()\_Iu)m 8 m . ,
F) = ZT(@) folw) i A€ (w,w],

m=0

fo(A) if A € (W', 00),
determines a real analytic map f : (w, 00) — E extending fy. By Lemma 4.2,
| fllw,.(E) = SUPAe(w,00) | FIA = SUPxc(wr,00) | folx < 00, S0 that fEW,(E). m

Let C be a closed convex cone in a Banach space E, and let I C R be
an interval. A map f: I — FE will be called C-completely monotonic on I
if it is infinitely differentiable and (—1)"(9/9X)" f(A) € C for every A € I.
This terminology follows [W;I], p. 145, and [W;II], p. 154, where E = R and
C =R*.

LEMMA 4.4. If f € W,(E), W' € (w,00), and f|wr o0) s C-completely
monotonic on (W', 00), then f is C'-completely monotonic on (w,o0).

Proof. It is sufficient to show that if € (w, 00) and (—1)™(9/0u)™ f ()
€ C for every m = 0,1,..., then (—=1)"(9/0N)"f(A\) € C for all A € (w, ]
and n =0,1,... Since f € W,,(E), it follows from Lemma 4.1 that

" © _ m n+m
<((%> fA) = mZ::O % <%> f(n) for every A € (w,2p —w),
the series being absolutely convergent in the norm of E. Hence if A € (w, p],
then

1 (55) 1= Ny () e

=0

5. The main result. Let ¢ € W,.(LL(R™)) be the map defined by (2.1)
and let E be a Banach space. For every operator T' € L(LL(R*); E) consider
the E-valued function T'¢e : A — T'¢) defined on (w, 00). The following the-
orem extends to continuous submultiplicative weight functions s¢ satisfying
condition (1.1) the result proved earlier for s(t) = e“! by B. Hennig and
F. Neubrander in [H-NJ], Lemma 2.3 and Theorem 2.5.

THEOREM 5.1. The map T — T¢e is an isometric isomorphism of the
space of operators L(LL(R1); E) onto the Widder space W,.(E).

Proof. Clearly, T — T, is a linear operator from L(LL(RT); E) into
W.,.(E) with norm no greater than 1. Therefore Theorem 1 will follow once
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it is shown that for every f € W, (E) there is a unique T € L(LL(R™); E)
such that

(5.1) TN e @+yey < N fllw. e
and
(5.2) Toy = f(A) for every A € (w,00).

The uniqueness of T' satisfying (5.2) follows at once from Lemma 2.1.
The existence will follow once for every f € W,.(F) and every p € R
we construct T, € L(LL(RT); E) such that

(5.1), ITullLer my;ey < Kullfllw,. e
and
(5.2), Typr =0, f(w+0,(AN—w)) forevery A € (w,0),
where )
n+ n
iy 0
K = sup ()| (1)
! teRT n! 8,& ! 1,5cIn=[ut]
and i
Op = (1~ elw=N/my,
Indeed, lim,,_,~ 0, = 1, so that by (5.2),,
(5.3) lim T,¢x = f(A) for every A € (w,00),
pr—00

in the norm of E. Furthermore, lim, .. K,, = 1, by (2.2), and hence (5.1)
implies
(5.4) limsup || Tl oo veym) < Ifllw,.&2)-

p—00
Since, by Lemma 2.1, the set {¢ : A € (w,00)} is linearly dense in LL(RT),
from (5.3) and (5.4) it follows that lim, . 7, = T exists in the strong
operator topology of L(LL(RT);E). Also from (5.3) and (5.4) it follows
that T satisfies (5.1) and (5.2).

To construct 7T}, satisfying (5.1),, and (5.2),,, fix f € W,.(E) and u € RY.
For every t € RT put

f(n) (w + :u')"nz[ut} .

0 >”
. ¢w
<8,u o n=[ut]

= lfllw,.(pye”" Kuso(t) = Kl fllw..z)(t)

(5.5) gu(t) = et

Then, according to (4.1),

(=p)"
n!

n+1
wt M
(5.6) 19:Olle < I Flw..zye”’ -

1,5
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for every t € RT. Furthermore, the E-valued function ¢ — g,(t) is piecewise
continuous on R*. Therefore, by (5.6), the formula

o0

(5.7) Tup =\ e)gu(t)dt, ¢ e LL(RY),
0

in which the integral is understood in the sense of Bochner, determines an
operator T, € L(LL(R"); E) satisfying (5.1),. To check (5.2),, take any
A € (w,00). Since, for every n =0,1,...,

(n+1)/p n
M(_M)n S e(w—)\)t dt = MA(_/J) (1 o e(w—)\)/y,)e(w—)\)n/,u

n/p
= (el Ny,

and since | — pe@=N/1| <y, from (5.5), (5.7) and Lemma 4.1 it follows that

oo (n+1)/p (o
Lorn=nd_ (| e Vat) L+ )
n=0 " n/p '

0 (elw=2)/myn
yo e n

n=0

= 0, f (w+ p — pel N = 0, f(w+ 0,(\ = w)).
Thus (5.2), is satisfied. m

The main idea of the above proof is similar to one of the proof of Theo-
rem 2.5 in [H-N]. The difference lies in another choice of the approximating
operators: the operators (5.7) defined by means of the functions (5.5) replace
the operators Ty : LY (RT) 5 ¢ — Sgo ©(t)gk(t) dt € E defined on p. 160 of
[H-N] by means of the functions

k+1
(5.8)  Gr(t) = (_kll)k (%) f<k><§>, teR", k=1,2,...

In the scalar case the functions (5.8) occur in the Post-Widder inversion
formula for the Laplace transform, and in the “general representation the-
orem” of Widder (Theorem 11a of Chapter VII of [W;I], p. 303). If w = 0,
»x =1, X is a Banach space, E = L(X), and RT 5 X\ — f(\) = R, € L(X)
is the resolvent of a bounded Cy semigroup (S),.gz C L(X), then

(i) gr(t) = (%Rk/t)kﬂ fort ¢ Rt and k = 1,2,..., which is related to
the E. Hille approximation formula



=0
X

(5.9) lim sup
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k—0cotei0,p)

1 k
<?Rk2/t> T — St!E
forallz € X and b € R,

(ii) g.(t) = (uR,)M+! for t € RT and p € RT, so that

(5.10) lim sup |[(uR, ety — Sxllx =0

K30 te[0,b]
for all z € X and b € RT (by Theorem 3.6 of [K;1I], Sec. IX.3.3, or Theorem
6.5 of [E-K], p. 31, or Theorem 6.7 of [P], p. 96).

The formula (5.9) is related to E. Hille’s proof of the Hille-Yosida
generation theorem (see [H|, p. 238; [H-P], p. 362; [K;II], Sec. IX.1.2;
[P], pp. 33-35). The formula (5.10) is related to the “implicit scheme”
of the finite difference approximation to the solutions of the ACP ([Kr],
pp. 350-351), and was used by H. Trotter in his proof of the Trotter—Kato
approximation theorem for Cy semigroups ([T]; [Y;11], pp. 270-271). In [B]
a formula analogous to (5.5) and (5.8) has the form

(5.11) Gu(t) = —ent i ﬂf(n)( ).
' Jult) = 2 l(n + 1)
The expression on the right side of (5.11) occurs in R. S. Phillips’ [P] inver-
sion formula for the Laplace transform. See [H-P], p. 221, Theorem 6.6.3. If
X is a Banach space and Rt 5 X — f(\) = Ry € L(X) is the resolvent of
a bounded Cy semigroup (S;),.g7 C L(X), then
(if) G () + o4t = eHt 0 ) L (2 R,)" = exp t(u* R, — p) and

n=0 n!

(5.12) lim sup |[[expt(u®R, — u)]z — Siz||x =0

H™—30 ¢€[0,b]
for all b € RT and x € X, according to the approximation formula of
K. Yosida ([Y;II], Remark on p. 248; [E-K], p. 14, Proposition 2.7,
[P], p. 21, Theorem 5.5).

K. Yosida’s famous proof [Y;I] of the Hille-Yosida generation theorem
is related to the approximation (5.12). See [Y;II], pp. 246-249; [H-P],
pp. 361-362; [D], pp. 48-51; [D-M;C], p. 312; [D-S;I], Sec. VIIL.1, Theo-
rem 13; [G], p. 18; [S-K], pp. 304-307; [P], pp. 8-11.

6. Complete monotonicity and positivity. Let E be a Banach
space and let C C E be a closed convex cone. As in Lemma 4.4, an F-valued
infinitely differentiable function f defined on (w,o0) is called C-completely
monotonic if (—1)"f(M()\) € C for every n = 0,1,... and A € (w,00). An
operator T' € L(LL(R"); E) will be called C-positive if T € C for every
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real positive ¢ € LL(RT). Let T'— T'¢o be the isometric isomorphism of
L(LL(R*); E) onto W, (E) appearing in Theorem 5.1.

THEOREM 6.1. Let E be a Banach space and let C C E be a closed convex
cone. Then the isomorphism T — T¢o maps the cone of C-positive oper-
ators in L(LL(R™); E) onto the cone of C-completely monotonic elements
of W,.(E).

Proof. Since ¢ is an (LL(R*))"-completely monotonic element of
W,.(LL(RT)), it follows that if T € L(LL(R™); E) is C-positive, then T'¢q €
W,.(E) is C-completely monotonic. It remains to show that if f € W, (E)
is C-completely monotonic then there is a C-positive T € L(LL(R™); E)
such that f = T'¢,. To this end, let us refer to the proof of Theorem 5.1.
Consider the functions g, : Rt — E defined by (5.5) and the operators T},
defined by (5.7). If f € W,.(E) is C-completely monotonic, then g,(t) € C
for every p € RT, so that the operator T, is C-positive for every p € RT.
Since the cone C closed, it follows that the strong limit 7" = lim,_, T}, is
also C-positive. m

7. Corollaries to Theorem 5.1. Let “a.e.” mean “almost every” or
“almost everywhere” in the sense of the one-dimensional Lebesgue measure.

COROLLARY 7.1 (D. V. Widder). A function f: (w,00) — K belongs to
W..(K) if and only if there is a function h € L= (R") such that
S e Mh(t)x(t)dt = f(N)  for every X € (w, 00).
0
For every f € W,.(K) such a function h is unique up to equality a.e. on RT,
and

esssup |h(t)] = || fllw,. k-
teRt

Proof. By Theorem 5.1, f € W, (K) if and only if there is a unique
continuous linear functional 7' on L. (R™) such that ||| = || f|lw..(x) and
Ty = f(A) for every A € (w,00). By the F. Riesz representation theo-
rem ([D-S;I], Sec. IV.8, Theorem 5; [S-K], p. 156, Corollary 6.1.1; [Y;II],
p. 115, Example 3) for every continuous linear functional 7" on LL(RT)
there is a unique element h of L°(R™) such that esssup,cp+ |h(t)] = || T
and §° p(t)h(t)s(t)dt = T for every ¢ € LL(RT). By Lemma 2.1, this
yields the assertion. m

If w =0 and » = 1 then Corollary 7.1 coincides with Widder’s char-
acterization of the Laplace transform of an element of L>°(R™), given in
Theorems 16a and 16b of [W:I], pp. 315-316, and Theorem 8 of [W;II],
p- 157. Theorem 5.1 may be viewed as a generalization of this last result of
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Widder to functions with values in a Banach space E. For this reason we
call W,,(F) the Widder space. Theorem 5.1, Proposition 3.1 and equality
(3.8) yield the following

COROLLARY 7.2 (W. Arendt; B. Hennig and F. Neubrander). Let f be
a function defined on (w,0c0) with values in a Banach space E. Then the
following four conditions are equivalent:

() f € Wo(B),
(b) there is a unique operator T € L(LL(RT); E) such that f = T,
(c) there is a unique measure G € M,,(E) such that
f\) = S e MG(dt)  for every A € (w,00),
0

(d) there is a unique function g € Lip, (R+; E) such that
f)=2A S e Mg(t)dt  for every \ € (w,00).
0

If the above equivalent conditions are satisfied, then
G(B)=T1p for every B € *R,
g(t) =Tl for everyt c R+’
and
I lw..ce) = 1Tl Loy @y my = NGl ey = 9llip_@F.m)-

The equivalence (a)<(d) of Corollary 7.2 was discovered by W. Arendt
in his well known paper [A], and appeared to be a crucial result for the the-
ory of integrated semigroups of operators. Theorem 1.1 and Corollary 1.2
of [A], pp. 329-330, are concerned with » = 1 and »(t) = e*'. B. Hen-
nig and F. Neubrander in [H-N] have deduced the result of Arendt from
theorems about operators from L'(R*) into E. Our Proposition 3.1 and
Theorem 5.1 follow [H-N]. For s(t) = (1 +t)* the equivalence (a)(d) was
established in [deL-H-W-W], p. 194, Theorem 2.6, without proving that
l9llLip,, = | fllw,.. In [A], [H-N] and [deL-H-W-W] difficult classical results
are exploited: in [A]—the Widder characterization of the Laplace transform
of an element of L>°(R™); in [H-N]—the “general representation theorem”
of Widder, adapted in Lemma 2.2, p. 157, to functions with values in a
Banach space; in [deL-H-W-W]—the Bernstein theorem about completely
monotonic functions, used in the proof of Lemma 2.2, p. 191.

If E is a Banach space then L>°(R*; E)) denotes the space of the equiv-
alence classes of those functions i : Rt — E which are strongly Lebesgue
measurable and essentially bounded on R*. Equipped with the norm |||
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=esssup;ep+ ||R(t)||E, L°(RT; E) is a Banach space. In the following lemma
all the integrals of E-valued functions are understood in the Bochner sense.

LEMMA 7.3. Let E be a Banach space. The following four properties of
E are equivalent:

(i) f € W,.(E) if and only if there is h € L>®°(R™; E) such that f(\) =
§o e Ms(t)h(t) dt for every X € (w,00),

(ii) for every g € Lip, (RT; E) there is h € L®(R*; E) such that g(t) =
Sg z(u)h(u) du for every t € RT,

(iii) for every g € Lip, (RT;E) the Fréchet derivative Dg(t) exists for
a.e. te W,

(iv) for every uniformly lipschitzian function g : [0,1] — E the Fréchet
derivative Dg(t) exists for a.e. t € [0,1],

(v) for every absolutely continuous function g : [0,1] — E the Fréchet
derivative Dg(t) exists for a.e. t € [0,1].

Proof. By integration by parts, the equality in (i) is equivalent to
f) = ALy e*At[Sg s(u)h(u) du] dt for every A\ € (w,00). Hence (i)<(ii)
follows from (a)<(d) of Corollary 7.2 by the invertibility of the Laplace
transform. (ii)=-(iii) follows from Theorem 8 in Sec. III.12 of [D-S;I], or
from Theorem 2 in [Y;II], p. 134, concerning differentiation of a Bochner
integral.

If (iii) holds then there is an h € L>®(R™; E) such that Dg(t) = s(t)h(t)
for a.e. t € RT. Let g(t) = Sg #(u)h(u) dt. The functions g and g are locally
uniformly lipschitzian on RT, g(0) = §(0) = 0 and Dg(t) = »(t)h(t) = Dg(t)
for a.e. t € RT, again by the theorem about differentiation of a Bochner
integral. By Theorem 8.18 of [R;II], it follows that {(g(t) — g(t)) = O for
every t € Rt and every linear functional I € E*. Hence g = § by the
Hahn-Banach theorem, proving (iii)=-(ii).

(iii)<(iv) is a consequence of the fact that for any b € R the restric-
tion g|jo5 of g € Lip,,(R"; F) may be an arbitrary uniformly Lipschitzian
E-valued function on [0, b]. (v)=-(iv) is obvious.

Finally, (iv)=-(v) is a consequence of the Lebesgue theorem about dif-
ferentiability a.e. of a scalar absolutely continuous function ([R;II], The-
orem 8.18). Indeed, suppose that g : [0,1] — E is absolutely continuous

and let v(t) = t + sup, Z?:(q) llg(t:)) — g(ti—1)| g, the supremum being
taken over all partitions 7 : 0 = to < &3 < ... < tun = t of [0,2].

Then v : [0,1] — RT is increasing and absolutely continuous, and v~! :
[0,v(1)] = [0,1] and g = gov~! : [0,v(1)] — E are uniformly lipschitzian.
By the Lebesgue theorem, the derivative Du(t) exists for every ¢ € [0, 1]\ N,
where N is a null set for the Lebesgue measure. If (iv) holds, then the
Fréchet derivative Dg(u) exists for every u € [0,v(1)] \ M, where M is
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a null set. Hence the Fréchet derivative Dg(t) = Dg(v(t)) - Dv(t) exists
for every t € [0,1] \ (N Uv~Y(M)). Since v—! is uniformly lipschitzian,
v~ (M) is a null set. Hence the Fréchet derivative Dg(t) exists for a.e.
te[0,1]. m

According to the definition given in [D-U], pp. 106-107, a Banach space
E is called a Gelfand space if the condition (v) from Lemma 7.3 is satisfied.
A Banach space is a Gelfand space if and only if it has the Radon—Nikodym
property (°).

COROLLARY 7.4 ([A], Theorem 1.4, p. 331). Corollary 7.1 remains true
for functions taking values in a Banach space E if and only if E is a Gelfand
space.

Let X denote a Banach space. Applications of Corollary 7.2 in the the-
ory of operator semigroups and integrated semigroups are concerned with
E=L(X), the Banach algebra of continuous linear endomorphisms of X. In
this connection consider a bounded Cy semigroup (s(t)), g+ C L(X). Then
for every t € R there is an operator g(t) € L(X) such that

t
g(t)r = Ss(u):n du  for every x € X.
0
The L(X)-valued function ¢ — g(t) belongs to Lip,,(RT; L(X)) for s = 1.

LEMMA 7.5. If for a.e. t € RT the derivative Dg(t) exists in the norm
topology of L(X), then the semigroup (s(t)),.gs s continuous on the open
halfaxis R in this topology.

Proof. The assumptions imply that
lim ||n(g(t+1/n) —g(t)) —s(t)]| =0 for a.e. t € RF,

whence it follows that the L(X)-valued function t — s(t) is strongly mea-
surable on R+ with respect to the Lebesgue measure ([Y;II], p. 130). From
now on we follow an argument of N. Dunford [D]. (See [D-S;I], Sec. VIII.1,
proof of Lemma 3; [H-P], p. 305, Th. 10.2.3; [Y;II], p. 234). Fix any t; € R
and put d = %to. Then

() lls(to+h) = s(to)ll = lls(to = D)[s(t + h) = s()]|| < M[s(t+h) —s(t)]]
for all t € [d,2d] and h € [~d,d], where M = sup, g+ ||s(t)|[. The strong

Lebesgue measurability of the bounded L(X)-valued function ¢ — s(t) im-
plies that for any fixed h € [—d,d] the bounded positive function ¢ —

(5) In [D-U], the Radon—Nikodym property is defined on p. 61, and its equivalence
with the Gelfand property is not stated explicitly, but follows from Theorem 2 on p. 107,
Theorem 7 on p. 136, and Corollary 8 on p. 138.
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||s(t + h) — s(t)]| is Lebesgue measurable on [d, 2d] and
2d
lim | lls(t+h) = s(t)] dt = 0.
(See [H-P], p. 86, Theorem 3.83.) The estimate (x) implies that
a2
IIs(to + h) — s(to)|| < v S lIs(t + h) — s(t)||dt whenever h € [—d,d]. =
d
COROLLARY 7.6. If X is a Banach space such that there exists a Cy

semigroup (s(t)),cgs C L(X) which is not continuous on R in the norm

topology of L(X), then L(X) is not a Gelfand space.

8. Convolution and the semigroup of right translations in
LL(RT). This section contains some basic material needed in the sequel.
The proofs are standard and are included only for completeness.

8.1. Convolution in LL(RT). Let ¢ and 1 be elements of L. (RT) rep-
resented by functions ¢° and ¢°. Then the function (s,t) — ©°(s)y°(t — s)
is Lebesgue measurable on A = {(s,t) € R? : 0 < s <t < co}. By submul-
tiplicativity of s, and by the Fubini—Tonelli theorem,

8.1) (1% (5)0°(t — 5)[5(t) ds dt
A

< [ (00t — 8)loe(s)oe(t — 5) ds dit

oo

A
= V1)) | | 10000 = s)oe(t — )] e ds
0 s
= ”90”1,%”¢H1,% < o0,

so that the set
t

N = {t €eR": S|(,DO(S)T/)O(t —3s)|ds = oo}
0
has one-dimensional Lebesgue measure zero. Again by the Fubini—Tonelli
theorem, it follows that

t— n(t) = Ipe\w (D) {0 ()00 (¢ — 5) ds = T\ n () [ o(5)0o(t — 5) ds
0 0

is a finite-valued function Lebesgue measurable on R such that

o0

V In(6)]52(2) dt = 1" (5)0° (8 = 5)[¢(t) ds dt < [[pll1 e[, e
0 A
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The element of LL(RT) represented by 1 depends only on ¢ and 1, is de-
noted by ¢ * 1, and is called the convolution of ¢ and . Evidently,

(8.2) 1% Pll1,0e < [l@llaselleollr, o
and

(8.3) prYP=1hxgp

for all ¢ and v in LL(R"). Furthermore,

(8.4) (px)*xC=@*(P=()

for all o, 1 and ¢ in LL(R'). Indeed, if o, 1 and ( are represented by
functions ¢°, ¥° and ¢° then, similarly to the case of N, the set

M = {t e B § (1) # [0 (5)[C( — )| ds = oo}
0

has one-dimensional Lebesgue measure zero. Furthermore, for every ¢t €
R\ M the function (r,s) — ¢°(r)1°(s —r)(°(t — s) is Lebesgue measurable
on Ay ={(r,s) € R?:0 <r < s <t}, and by the Fubini-Tonelli theorem,
t
W 1 (e’ (s = )¢t = s) drds = § (J9°]  [4°])(s)I¢"(F = )| ds < oo
At 0
Thus, again by the Fubini-Tonelli theorem, if t € RT\M, then
t
Vo *¥)(s)¢(t - 5)

0

[iw‘) JO (s =) dr|¢O(t - 5) ds
0

S
0
S OO (r)y (s — r)¢°(t — s)drds
Ay

t
Ay
¢ _
:Scpo [ S )Co(t—r—u)du}d
0 0
t
Vo =t —r)dr

0
which yields (8.4).

It is obvious that the convolution operator * : LL(RT) x LL(RT) —
LL(R*) is bilinear. Hence conditions (8.2), (8.3) and (8.4) mean that
LL(R") is a convolution Banach algebra.

8.2. Right translations in L (R"). If ¢° is a function on RT then for
every t € RT the right translate of ©° by ¢ is, by definition, the function ¢!
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on RT such that

{0 if s € (0,1],
pi(s) = {¢0(3 —t) if s € (t00).

If t € RT and ¢ is an element of LL(R") represented by a function ¢°,
then

[ee] oo oo

V1 (s)]2(s) ds = | [@°(s = t)]5e(s) ds = | |o° () 52(t + ) du
0 t 0
< 5e(t) | 1% (w)|3e(w) du = 5(8) ||l o0,
0

so that there is a unique element ¢; of L (R™) represented by ¢9. This
element ¢; depends only on ¢ and ¢, and is called the right translate of ¢
by t. The preceding estimate shows that

@tll1, < (D)l o],

for all p € LL(R*) and ¢t € RT. As a consequence, for every ¢t € Rt the

operator Uy of right translation by t, i.e. the operator Uy : ¢ — (¢, belongs
to L(LL(RT)) and

(8.5) 10Ut e ey < #(1)-

The right translation operators constitute a one-parameter semigroup. Since
the set {1(g 4 : @ € RT} is linearly dense in L] (R") and

att t
1U:10,a1 — L0,a1ll1,5 = IL(a,ate) — Lo,1ll1,5 < < S +S)%(u) du,
a 0

it follows by (8.5) that
(8.6) lim [[Usp = |1, = 0

for every ¢ € L (R"). Conditions (8.5) and (8.6) imply that for every
¢ € LL(R") the map Rt > ¢t — Uyp € LL(R") is continuous in the norm
of LL(RT) (see [Y;II], p. 233; [D], p. 13; [G], p. 22, Exercise 2.18.1). Hence

(Ut)yers C L(LL(RT)) is a Cyy semigroup.

8.3. Convolution in LL(R™") as a Bochner integral. If ¢ and 1 are in
LL(RT), and ¢ is represented by a function °, then the Ll (RT)-valued
function R* > t — ¢°(t)Uyyp € LL(RT) is strongly Lebesgue measurable
[Y:IL; p. 130], and, by (8.5),

VIeONUsl e dt < § o)) 191,50 dt = 1l e [l e-
0 0

Hence the Bochner integral Sgo o(t) Ut dt exists.
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LEMMA 8.3.1. If ¢ and v are in LL(RT), then o x v = {° @(t)U dt,
the integral (of the equivalence class of LL(R1)-valued functions) being un-
derstood in the sense of Bochner.

Proof. It is sufficient to show that

(8.7) [ [ § et)ve dt] (s)ds = (o v)(s) ds

B

for all ¢ and v in LL(RT) and for every bounded Lebesgue measurable
subset B of RT. Since ¢ — {, ¢(s)ds is a continuous linear functional on
LL(R™), by Corollary 2 of [Y;I1], p. 134, it follows that

w[g
!

o(t [ th(s)ds} dt

(8.8) | { g (U dt]

| -
-

Let ¢ and ¥° be any functions representing ¢ and 7. Then the function
(t,s) — @°(t)°(s — t)15(s) is Lebesgue measurable on A = {(t,s) : 0 <
t < s < 0o}, and by the Fubini-Tonelli theorem,
[Ie (660 (s = t)1p(s) dsdt = | [ [ () (s — 1) dt] ds
A B 0
< (inf »(s))” il # 1911115

< (mf 5(5)) M@l [Y 1, < 0.
seB

Hence, again by the Fubini—Tonelli theorem,

[ee]

cpo(t)[ [ 0(s — t)1p(s) ds} dt

t

()0 (s — t)1p(s)] ds dt

89 {ol)] §uls)ds] i -

I
$ OM8

S

15(s) ngo(t)¢0(s — ) dt} ds

0

Il Il
— OM8 S

—
AS)
*
S
~
—~
»
S~—
QU
V)

ow ®

The equality (8.7) follows from (8.8) and (8.9). m
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COROLLARY 8.3.2. If p € LL(R") and t € RT, then
t o]

SUsgo ds = S Lo,g(8)Uspds = 1(g4 * o,
0 0

where the function Rt 3 s — Usp € LL(RT) is continuous in the norm of
LL(RT). Hence

d
(8.10) Uip = a[l(o,t] * ¢

for all t € R and ¢ € LL(RY), the derivative being computed in the norm
of LL(RT).

8.4. A bounded approzimate unit in LL(R*). As a consequence of Lem-
ma 8.3.1,
(8.11) | e MU pdt = g5

0

for all A € (w,00) and ¢ € LL(RT), which means that the map (w, ) > A —
¢xx € L(LL(RT)) is the resolvent of the semigroup (Uy),gz C L(L; (RT)).
Since this semigroup is of class Cy, its resolvent is regular ([D-M;C], p. 310),
that is,

(8.12) Jim [Agr* @ = @fl1 =0

for every ¢ € LL(RT). Furthermore, from continuity of the map (2.1), and
from (2.3), it follows that
(8.13) sup  ||A@all1, < 00

AE[w+e,00)
for every ¢ > 0. Conditions (8.12) and (8.13) mean that, for every € > 0,
the net (Apx)aefwte,00) 15 @ bounded approzimate unit ([H-R;II], p. 87;
[Pal], p. 520) in the commutative convolution Banach algebra L1 (R™).

9. Homomorphisms of the convolution algebra L. (R") into a
Banach algebra A and pseudoresolvents in W, (A). Let A be a Banach
algebra. A pseudoresolvent defined on (w,c0) and taking values in A is by
definition a map r : (w,00) — A satisfying the resolvent equation

(9.1) r(A) = r(p) = (u=Nr(Nr(p)

for all A and p in (w, 00). It is easy to see that the range of a pseudoresolvent
consists of mutually commuting elements of A, and if r(A) = 0 for some
A € (w,00), then r vanishes identically on (w,00). An application of the
Neumann series shows that every pseudoresolvent r : (w,00) — A is a real
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analytic A-valued function on (w,c0) such that

(9.2 (55) 7 = Corap

for all A € (w,00) and n =1,2,... (See [H-P], Sec. 5.8; [D-S;I1], Sec. IX.1;
[D-M;C], Sec. XIL5; [Y], Sec. VII.4.) If r : (w,00) — A is a pseudoresolvent
then, by (9.1),

1 A= .

)5+ 2520 | < Il gt Al )

for every u € (w,o00). Thus, if r : (w,00) — A is a non-vanishing pseu-

doresolvent, then liminfy o, Al|r(A)]| > 1. From this, by (2.3) and (4.1), it

follows that if » € W,,(A) and r is a non-vanishing pseudoresolvent, then

[rllw..a) = 1.

A direct computation (or an application of (8.11)) shows that

(9.3)  the map (2.1), i.e. the map ¢e : (w,00) 3 X — ¢ € LL(RT) is
a pseudoresolvent with values in the convolution Banach algebra
LL(R™).

From (9.2), (4.1) and Lemma 4.2 it follows that if r € W,.(A) and r is a
pseudoresolvent, then

(] = Jim |

(9.4) 7 llw,.ca) :sup{w t A € (w,0), n= 1,2,...}
163" 11,5
= lim sup M.
A—oon=1,2,... |93 |1,

Let Hom(LL(R*); A) denote the set of all continuous homomorphisms
of the convolution Banach algebra LL(R*) into a Banach algebra A. If
T € Hom(LL(R+); A), then [Tp| = limy o0 [ITAGs - T < |T)| - |Teo] for
every o € LL(RT), by (8.12) and (2.3). Hence if 0 # T € Hom(LL(RT); A),
then || T||z(z1 (m+);4) = 1. From (9.3) it follows that

(9.5) if T € Hom(LL(R*); A), then T¢, : (w,00) D X — Ty € A'is a
pseudoresolvent with values in A.

THEOREM 9.1. Let A be a Banach algebra. For every map r : (w,00) —
A the following two conditions are equivalent:

(a) 7 is a pseudoresolvent and r € W,,(A),

(b) there is T € Hom(LL(RT); A) such that r = T¢,.

If these conditions are satisfied then there is exactly one T satisfying (b),
and ||T|| Loy @+y.a) = lIrllw.(a)-

Proof. According to Theorem 5.1, the map T' — T'¢, is an isometry of
L(LL(R*); A) onto W, (A). Tt remains to prove that T € Hom(LL (RT); A) if
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and only if T'p, is a pseudoresolvent. The “only if” part is (9.5). Now suppose
that T € L(LL(R'); A) and T¢, is a pseudoresolvent. Let A € (w,o0),
p € (w,00), A # p. Then

T3+ 8,) = T(510n —0,]) = —{T0x - 79,

because ¢, is a pseudoresolvent, whence T'(¢x * ¢,) = T'py - T'h,,, because
T'¢e is a pseudoresolvent. Thus, by continuity,

T(pxy) =Te Ty

for all p and 9 in {¢) : X\ € (w,00)}. By bilinearity and density (Lemma
2.1), this remains true for all ¢ and ¢ in LL(RT). =

COROLLARY 9.2. Suppose that C' is a closed convexr cone in a Banach
algebra A such that C - C C C. Let T € Hom(LL(RT); A). Then Ty € C
for every positive € LL(RT) if and only if Ty € C for every X € (w, 00).

Proof. If Ty € C for every A € (w,00), then (T¢p))" € C for all
A€ (w,00) and n =1,2,... because C'-C C C. By (9.2), it follows that the
map T'¢e : (w,00) — A is C-completely monotonic. Hence, by Theorem 6.1,
the operator T' is C-positive. m

10. Representations of the convolution algebra L. (RT) and
one-parameter semigroups of operators. Let X be a Banach space, and
L(X) the Banach algebra of continuous linear operators from X into X. Let
L(LL(R"); L(X)) be the Banach space of linear operators from L. (R") into
L(X) continuous with respect to the norm topologies of LL(R*) and L(X).
By the uniform boundedness principle, a linear map T : LL(RT) — L(X)
belongs to L(LL(RT); L(X)) if and only if the bilinear map LL(R*) x X >
(p,x) — T(p)x € X is continuous with respect to the norm topologies of
LL(R*) and X.

A continuous representation of the convolution algebra LL(RT) on a
Banach space X is, by definition, an element of Hom(LL(R"); L(X)), i.e.
an operator T in L(LL(R™"); L(X)) such that T(p ) = T(p) - T (1) for all
¢ and ¥ in LL(R™).

According to Section 8.4, the convolution Banach algebra L. (R*) has a
bounded approximate unit. Hence the Cohen—Hewitt factorization theorem
([H-R;I1], p. 268, Theorem 32.22; [Pal], p. 535, Theorem 5.2.2) implies that
whenever X is a Banach space and T € Hom(LL (R™); L(X)), then the set

(10.1) Y =T(LLR))X = {T(p)x: ¢ € LLRT), 2 € X}

is a closed linear subspace of X. Applying the same factorization theorem
to X = LL(R") and to T : LL(R") > ¢ — ¢x € L(LL(R")) and making
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use of the fact that, by (8.12), LL(RT) * LL(R") is dense in LL(R™), one

concludes that LL(R*) x LL(RT) = LL(R™T). Hence

(10.2) Y =T(L,(RN))Y = {T(p)y: ¢ € L (RY), ye Y}
LEMMA 10.1. Let T be a continuous representation of the convolution

algebra LL.(RT) on a Banach space X, and let Y be defined by (10.1). Then

for every t € RY and y €Y the derivative %[T(1(94)y] ezists in the norm
topology of X. Furthermore, whenever

(10.3) y=T(p),
where € LL(RT) and z € X, then

d
(10.4) L)yl =T(Up)z

for every t € RY, where Uy is the right translate of ¢ by t.

Proof. As a consequence of (8.10), if p € LL(R*) and t € RF, then
T(Upp) = L[T(10,9)T(¢)], the derivative being computed in the norm of
L(X). Hence, ift e R, y € Y, ¢ € LL(RY), x € X, and (10.3) is satisfied,
then (10.4) holds with the derivative computed in the norm of X. m

THEOREM 10.2. Let T be a continuous representation of the convolution
algebra LL(R*) on a Banach space X, and let Y be the closed linear sub-
space of X defined by (10.1). Let (U;), gz be the semigroup of right trans-
lations in L1, (RY). Then there is a unique Co semigroup (St),cgs C L(Y)
such that
(10.5) SiT(¢) =T(Upp) for every t € RT and ¢ € LL(RT).

This unique semigroup satisfies the estimate
(10.6) 1SellLevy < sOIT Ly @+ynexy) — for every t € RT.

Proof. Uniqueness. Ift € R, S; € L(Y) and S;T(p) = T(Uyp) for ev-

ery ¢ € LL(RY), then Syy = 4[T(1(9,4)y] for every y € Y, by Lemma 10.1.

Existence. By Lemma 10.1, for every ¢ € RT there is an algebraically
linear operator S; : Y — Y such that

d
(10.7) Sy = E[T(l(o,ﬂ)y] for every y € Y,

the derivative being computed in the norm topology of X. It follows that

1 .1
I5:oll =t 3 171wl < 171 i 3 e e ) ol = T L0l

so that S; € L(Y) and HStHL(Y) < ||THL(LL(R+);L(X)) - x#(t). Again from
(10.7), and from Lemma 10.1, it follows that S;T(p)x = T(Usp)z for all
¢ € L, (RY) and = € X. Hence (S¢), gz C L(Y) satisfies (10.5) and (10.6).



190 J. Kisynski

Since every y € Y may be represented in the form (10.3), from (10.5) it
follows that So = id [y and for every y € Y the Y-valued function ¢t — Sy
is continuous on R* in the norm topology of Y. Finally, whenever ¢; € R,
ty € RT, yeY,and ¢ € LL(RT) and = € X are chosen to satisfy (10.3),
then, by (10.5),

St,St,y = St, S, T(0)x = Sy, T(Up,p)x = T(Uy, Uy, 0)x
=T(Us41,0)x = Sty 46, T (@) = St 41,9

Thus (S;) is a Cp semigroup. m

teR+
REMARKS. Without using the Cohen—Hewitt factorization theorem, one

could define Y = spanT(LL(R*))X and prove Theorem 10.2 by an al-
most unchanged argument. According to W. Chojnacki [C], the semigroup

appearing in Theorem 10.2 may by defined by S; = ( +) where ¢; is the
unit mass at ¢, T = TW, T is the extension (of B. E. Johnson’s type)
of T|y to a representation on Y of the algebra D(LL(RT)) of centraliz-
ers of LL(R*) and W is an isomorphism (of J. G. Wendel’s type) of the
convolution algebra M,,(K) onto D(LL(RT)). Here M,,(K) is the set of
signed (if K = R) or complex (if K = C) measures u on RT such that
Il = gz #(t) |pl(dt) < oo. Such an approach to Theorem 10.2 follows
the familiar method of reconstructing a representation of a locally compact
group G from a representation of the group algebra L!(G). See [J], Sec. 9;
[H-R;I], Theorem 22.7; [Pal], Sec. 1.9.13.

COROLLARY 10.3. Under the assumptions of Theorem 10.2,
(10.8) T()T (W) =TW)T(v) = | o(t)S.T(¥) dt

for all ¢ and  in LL(RT), the integral of the L(X;Y)-valued function
t — o(t)SiT(W) = ()T (Upp) being taken in the sense of Bochner. As a
consequence,

oo

(10.9) T(p) = lim T(Apx*p) = lim | o(t)S;T(Apx) dt
0

for every ¢ € LL(R™T), the limit being taken in the norm topology of L(X),
and

o0

(10.10) T(p)y = | o(t)Siydy
0

for all o € LL(RT) and y € Y, the integral of the Y -valued function t —
©(t)Sry being taken in the sense of Bochner.
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Proof. According to Lemma 8.3.1 and (10.5),

T(e)T(W) = T(o ) =T( § o(t)Uris d
0
= | e T (W) dt = | o(t)S,T(v)dt
0 0

for all p and + in LL(RT), proving (10.8). The equality (10.9) follows from
(8.12) and (10.8), while (10.10) follows from (10.8) by representing y in the
formy=T()z. m

11. Pseudoresolvents on (w,c0) with values in L(X), their regu-
larity spaces, and their generators. The material of the present chapter
forms the basis for Theorem 12.5. However for Theorem 12.2 this material
is unnecessary.

Let X be a Banach space, and L(X) the Banach algebra of continuous
linear operators on X. We will consider a pseudoresolvent on (w,o0) with
values in L(X), i.e. a map

(11.1) (w,00) 9 A — Ry € L(X)
satisfying the resolvent equation
(11.2) R)\ — Ru = (,u — )\)R)\RN

for all A and p in (w,00). It follows from (11.2) that (R))xe(w,o00) is a com-
mutative family of operators, and that the kernel K and range & of Ry are
both independent of A. See [Y;II], pp. 215-216. The formula

(11.3) G ={(z,y) € X x X : ARyz — x = Ryy for every X € (w,00)}

defines a closed linear subspace of X x X. Following [D-M; XII-XVI], p. 243,
we will call G the extended generator of the pseudoresolvent (11.1). Equa-
tion (11.2) implies that

(11.4) ifz € X, y € X, and there exists a € (w,00) such that pR,z —x
= R,y, then (z,y) € G.

Indeed, it follows from (11.2) that if pR,x —xz = R,y, then
Ry =[1+ (p = NEARy = [1+ (= A R][uR,x — 7]
=puR,x — x4+ p(p — N)Ry\R,x + (A — p)Ryx
=pRx —xz+ p(Ry — R,z + (A —p)Ryz = ARyz — x

for every A € (w,00). The domain of the extended generator G is, by defini-
tion, the set

(11.5) D(G) = {z € X : there exists y € X such that (z,y) € G}.
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It follows that
(11.6) D(G) =S

Indeed, if (z,y) € G and p € (w,00), then z = R, (pz —y) € 3. Conversely,
ifr € Yand p € (w,00), then z = R,z for some z € X, so that pR,z —x =
R,y for y = px — z, whence (z,y) € G by virtue of (11.4).

Appendix I in [Ki] contains a necessary and sufficient condition for a
subspace of X x X to be the extended generator of a pseudoresolvent. If a
pseudoresolvent (11.1) is the Laplace transform of a measurable contraction
semigroup in a function space, then the extended generator (11.3) coincides
with the full generator of the semigroup defined in [E-K], pp. 23-24. See
also [R-Y], p. 263.

If K = {0} then G is the graph of a closed operator from X into X
whose resolvent set contains (w,o0), and the pseudoresolvent (11.1) is the
resolvent of this operator.

According to [D-M;C], p. 314, the regularity space of the pseudoresolvent
(11.1) is, by definition, the linear set

(11.7) R={reX: )\lim AR z — x| = 0}.
It is obvious that
(11.8) RCS,

where & denotes the closure of & in the norm topology of X. If z €e RN K,
then z = limy_, oo ARz = lim)_ o A -0 =0, so that

(11.9) RN K = {0}.
From commutativity of the family of operators (R)), it follows that
(11.10) R\R C R

for every A € (w, 00).

According to [Hi], p. 98, and [D-M;C], p. 314, the generator of the pseu-
doresolvent (11.1) is defined to be the operator A from X into X with
domain D(A) such that

(11.11) =z € D(A) and y = Az if and only if AILH;O INAR z —z) —y|| = 0.
Denote by G(A) the graph of A. Definition (11.11) is equivalent to

(11.12) G(A) ={(z,y) e X x X : /\h_}n;o INAR x — ) — y| = 0}.

It is obvious that

(11.13) D(A) C R

Furthermore,

(11.14) (X XR)NGCGA) C(RxI)NG.
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Indeed, if (z,y) € (X xR)NG, then limy o AR y =y and ARz —x = Ry
for every A € (w,0), so that y = limy .o A(ARxz — x) and (z,y) € G(A).
Hence (X x R) NG C G(A). If (z,y) € G(A), then z€R C S, by (11.13)
and (11.8), so that A(ARyz — x) € § for every A € (w,00), and hence
y = limy .o A\ARxz —2)€S. Thus G(A4) C R x S. Furthermore, if (z,y) €
G(A) and p € (w,0), then

R,y =R, /\lim AAR z — ) = )\lim AMAR, Rz — R,x)
= )\lim MupR,Ryx — Ryx) = (uR, — 1) /\lim ARz = uR,x — x,

by (11.2) and (11.13). Hence G(4) C (R x )N G.

ExAMPLE. Consider an operator B € L(X) such that B> = 0. The
constant map (w,o0) 9 A\ — B € L(X) is then a pseudoresolvent for which
SCK,G={(—By,y):y € X} and R = {0}.

From now on we will make some additional assumptions on the pseu-
doresolvent (11.1). The statements of Lemma 11.1 to Proposition 11.4 are
contained in Section 7, pp. 314-316, of Chapter XII of [D-M;C]. Our pre-
sentation expounds the role of the extended generator G.

LEMMA 11.1. If limy_,o ||Raz|| = 0 for every x € X, then & C fR.

Proof. Let € Q. Fix p € RT and choose z € X such that = R,,z.
Then, by (11.2), ARy — z = AR R,z — R,z = R\(pR,z — z), so that
TER. =m

ProrosiTiON 11.2. If

(11.15) limsup/\HR,\HL(X) < 00,
A—00
then
(11.16) R=3
and
(11.17) GA) =(XxRNGE=MR xR NG.

Proof. Condition (11.15) implies that & = R, and hence equalities
(11.16) and (11.17) follow from (11.8), (11.14) and Lemma 11.1. =

COROLLARY 11.3. If condition (11.15) is satisfied then R is a closed
linear subspace of X, and A is a closed operator from X into X with domain
and range contained in SR.

The following Proposition 11.4 implies at once that a pseudoresolvent
which has range dense in X and satisfies (11.15) is the resolvent of a densely
defined operator. See [D], p. 37, Theorem 2.6; [P], p. 37, Theorem 9.4.
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PROPOSITION 11.4. If condition (11.15) is satisfied and A is treated as
an operator from R into R then the resolvent set of A contains (w,00) and

(11.18) (A=A =Ryl
for every X\ € (w,00). Furthermore, D(A) is dense in fR.

Proof. If x € D(A) and X\ € (w,00), then (z,Ax) € G by (11.14),
whence A\Ryx — x = Ry Ax. This means that

(11.19) Ry(A—A)z =z forall A € (w,00) and z € D(A).

If x € R and A € (w,00), then, by Proposition 11.2, Ryxz € & C R
and (Ryx, \Ryz —z) € (R x R) NG = G(A), so that Ryz € D(A) and
(A= A)Ryx = ARyx — AR)z = ARz — [AR)z — z] = x. Hence

(11.20) Ryz € D(A) and (A\—A)Ryz =« for all A € (w,00) and z € R.

From (11.19), (11.20) and Corollary 11.3 it follows that if A is treated as an
operator from R into R, then its resolvent set contains (w,o0) and (11.18)
holds. Furthermore, by (11.20), if x € R then ARz € D(A) for every
A € (w,00) and hence z = limy_,oc AR 2 belongs to the closure of D(A),
proving that D(A) is dense in R. =

PROPOSITION 11.5. If the Banach space X 1is reflexive and the pseudore-
solvent (11.1) satisfies condition (11.15), then X splits into the direct sum
X =K+R

Proof. Since every reflexive Banach space is locally sequentially weakly
compact, Proposition 11.5 is a consequence of Corollary 1’ in [Y;II], Chap.
VIII, Sec. 4, p. 218. The following proof does not refer to weak compactness.
The direct sum K + R is a closed subspace of X, because the projector P of
K+ onto R witk Ker(P) = K is continuous. Indeed, Px = limy_,, AR \x
for every z € K + R, and continuity of P follows from (11.15). Let X* be
the space adjoint to X, and for every A\ € (w,00) let R} be the operator
adjoint to Ry. The map

(11.21) (w,00) 2 A — R} € L(X™)

is a pseudoresolvent satisfying a condition analogous to (11.15). Let K* =
Ker R}, 3* = Range R}, and let R* be the regularity space of the pseudore-
solvent (11.21). Then K* NR* = {0} and, by Proposition 11.2, R* = 3*.
Furthermore, R+ = 3+ = K* and TR* = 13" = K. If X is reflexive, then
K+ = (+:%*)L = ®*, by Theorem 2 in [Y;II], p. 137. As a consequence,
(K+R) =K' nRt=R""NK*={0}and K+ R=X. u

12. The Hille-Yosida theorem. Let X be a Banach space, and L(X)
the Banach algebra of continuous linear operators on X. The following
Proposition 12.1 coincides with Theorem 11 in Sec. VIIIL.1 of [D-S;I].
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PROPOSITION 12.1. Let (St),cgz C L(X) be a Cy semigroup such that
sup, g (2(t)) "HISellL(x) < 0. Let A be a linear operator from X into X
with domain D(A). Then the following two conditions are equivalent:

(a) A is the infinitesimal generator of the semigroup (St),cg+, i-e. the
graph of A is equal to

{(:E,y) EXxX: E?SH%(SW _a) —yHX _ o},

(b) A is a closed operator from X into X, the resolvent set of A contains
(w,0), and
A—A) = S e MSxdt  for all A € (w,00) and = € X.
0
Proof. We follow [D-S;I]. There is at most one operator A satisfying (b),

and hence we are reduced to proving (a)=-(b). So, suppose that (a) holds.
Note that

l(Sh 1) { e NSzt = | e*”stl(sh — 1)z dt
h ) h

0

o [ee]

M1 1t
= S e MG dt — e”LE S e NS, dt
0 0

forall h € RT, X\ € (w,00) and = € X. By a passage to the limit as h | 0, it
follows that

S e MG\ — Axdt =z forall A € (w,00) and = € D(A),

0

and
S e MSxdt € D(A) and (\— A) S e MSxdt =z
0 0

for all A € (w,00) and =z € X.

These equalities mean that for every A € (w, 00) the operator A — A, defined
on D(A), has inverse (A — A)~! defined on the whole X and (A — A)"lz =
Sgo e MS,xdt for every x € X. It follows that A is closed and its resolvent
set contains (w,00). m

The following Theorem 12.2 refines the Hille—Yosida generation theorem
in the sense of extending the class of weight functions considered from those
of the form »(t) = e“* to those described in Section 1. However both the
theorems apply to the same class of semigroups, namely to all Cy semigroups.
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THEOREM 12.2. Let A be a linear operator from a Banach space X into
X with domain D(A). Then the following two conditions are equivalent:

(i) A is the infinitesimal generator of a Cy semigroup (St),cg+ C L(X)
such that sup, g (3(t)) 1| Se||Lx) < 00.

(i1) D(A) is dense in X, A is a closed operator from X into X with re-
solvent set containing (w, o), and the map (w,00) 3\ — (A — A)~te L(X)
belongs to the Widder space W,.(L(X)).

If the above equivalent conditions are satisfied, then

_ A =A) ™" ox
(it)) sup ((t) MSillx) = sup T
teR+ A€ (w,00),n=1,2,... ”¢>\ ”17%
Proof. (i)=[(ii)&(iii)]. It is easy to check that if (i) holds, then there
is a unique continuous representation T of the convolution algebra LL(RT)
on the Banach space X such that

(12.1) T(p)r = S o(t)Sizdt  for all p € LL(RT) and z € X,
0
the integral being understood in the sense of Bochner. It is also easy to
prove that
(12.2) IT || o, @+ ):nix)y = sup (¢(6) ISk (x)-
teRF

From (12.1) it follows that the set T(C!(R*))X is dense in X, and that
T(CHR™))X C D(A). Hence D(A) is dense in X.

According to Theorem 9.1, the map T¢, is a pseudoresolvent in
W,.(L(X)) such that

(12.3) 1Toellw,.Lix)) = ITllLLr ®+);L(x))-

By Proposition 12.1 and (12.1), A is a closed operator from X into X,
the resolvent set of A contains (w,o0), and (A — A)~! = T¢, for every
A € (w,00). The last equality implies that the map (w,00) 2 A — (A —A4)~!
€ L(X) belongs to W, (L(X)). Finally, (iii) follows from (9.4), (12.2)
and (12.3).

(i))=-(i). Suppose that (ii) holds. Then the map (w,00) > A — (A — A)~!
€ L(X) is a pseudoresolvent in W, (L(X)). By Theorem 9.1 there is a
T € Hom(LL(R"); L(X)) such that

T(py) = (A=A~ for every \ € (w,00).
It follows that D(A) C Y, where, according to the notation of Chapter 10,
Y =T(LLRM))X.

Since D(A) is dense in X, the Cohen-Hewitt factorization theorem (see
(10.1)) implies that Y = X. Thus, by Theorem 10.2, there is a unique Cj
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semigroup (S¢),cgr C L(X) satisfying (10.5) such that

sup ((t)) | Sulx) < oo
teR+

By (10.10),
A=Al =T(pp)r = S e MSyxdt  for all A € (w,00) and = € X.
0

Hence, by Proposition 12.1, A is the infinitesimal generator of (S) (R W

REMARK 12.3. If X is a reflexive Banach space, then the postulate
in (ii) that D(A) is dense in X is a consequence of the remaining part of
this condition. Indeed, if X is reflexive and A is a closed operator from
X into X with domain D(A) such that the resolvent set of A contains
(w,00) and limsup, . A|(A — A)7!|| < oo, then, according to T. Kato
[K;I], D(A) is dense in X. This may be deduced from Proposition 11.5: for
the pseudoresolvent (w,00) 3 A — (A — A)~! € L(X) one has K = {0} and
S = D(A), whence D(A) =S =R=R+K = X.

REMARK 12.4 ([E-K], Corollary 2.8(a), p. 14). Suppose that the equiv-
alent conditions (i) and (ii) of Theorem 12.2 are satisfied and that C' is a
closed convex cone in X. Then

(I) S;C c C forevery t € RT
if and only if
(I1) (AN=A)"tCcC forevery \ € (w,00).

Indeed, (I)=(II) is a simple consequence of Proposition 12.1. To prove
(IN)=(1), let T € Hom(LL (R"); L(X)) be defined by (12.1). Then T(¢) =
(A — A)~! for every A € (w,00), by Proposition 12.1(b). Hence, by Corol-
lary 9.2 applied to the closed convex cone C = {B € L(X) : BC c C}
in L(X), condition (II) implies that | ¢(t)S,zdt = T(p)z € C whenever
x € C and ¢ € LL(R") is positive. From this (i) follows by an approxima-

tion Siz = lim,, oo Sgo ©n (1) Sy x du with positive ¢, € LL(RT).

THEOREM 12.5. Let X be a Banach space and let Re : (w,00) O A —
Ry € L(X) be a pseudoresolvent belonging to W,.(L(X)). Let A be the
generator of this pseudoresolvent (defined by (11.11)), R its reqularity space
(defined by (11.7)), and S the range of Ry (independent of N). Then

(i) there is a unique representation T of the convolution algebra L1 (RY)
on the Banach space X such that |T| Ly w+y:nx)) = IRellw,.(z(x)) and
Tde = R,

(i) R = =T(LL(RT))X = T(LL(RY))R,
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(iii) there is a unique Co semigroup (St),cgs C L(R) such that

1Sl Lmy < ()| Rellw,.nixyy and ST (p) =T (Upp)

for all t € RY and p € LL(RY),
(iv) Sgo e M8 dt = Ryx for all X € (w,00) and = € R,
(v) G(A) CR xR and A is a closed operator from R into R,

(vi) if A is treated as an operator from R into R, then (w,00) is con-
tained in the resolvent set of A, (A — A)~! = Ry|w for every A € (w,0),
and A is the infinitesimal generator of the semigroup in (iii).

Proof. Assertion (i) follows from Theorem 9.1. Since Ry € W,.(L(X)),
from (2.3) and (9.4) it follows that R, satisfies (11.15). Hence the equality
R = 3 in (ii) follows from Proposition 11.2. From (i) and Lemma 2.1 it
follows that, for every A € (w,00), & = T(¢»)X C T(LL(RT))X C S, and
hence T(LL(R*))X = S, by the Cohen-Hewitt factorization theorem. The
last equality in (ii) follows from (10.2).

Assertions (iii) and (iv) follow from (i), (ii), Theorem 10.2, and (10.10).
By (11.15) and Corollary 11.3, condition (v) holds. Furthermore, according
to Proposition 11.4, if A is treated as an operator from R into R, then the
resolvent set of A contains (w,00), and (A — A)~! = Ry|x for every \ €
(w,00). From the last equality, (iv), and Proposition 12.1, it follows that A
is the infinitesimal generator of the semigroup from (iii). Thus condition (vi)
holds. =

REMARK 12.5. It follows from Theorem 2.4 of [F-Y], p. 31, that the semi-
group in Theorem 12.5(iii) extends to a semigroup (g)teR_* C LR+ K),
K = Ker Ry, which admits on R + K the Yosida approximation not nec-
essarily uniform near ¢ = 0. (Recall that, according to Proposition 11.5,
MR+ K = X if X is reflexive.) The operators (e*4, o) and e* * ¢ oc-
curring on p. 33 of [F-Y] are nothing but our T(¢) and T'(U;p), where
[Uip](s) = p(t — s) if s € [0,t], =0if s € (t,00). m
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