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266 T. E. Dunan et al.able. If �0 is known and some ergodi assumptions are satis�ed, then thefamily of admissible strategies an be restrited to Markovian ones, thatis, vn = u(xn), where u 2 A = B(E;U), the family of Borel measurablefuntions from E to U . Thus J�0((u(xn); n 2 N)) is minimized over u 2 A.If �0 is unknown then an estimate of �0 is made for eah n 2 N using thestate xn and a ontrol u 2 A is hosen that is almost optimal for the urrentvalue of the estimate of �0. While suh a strategy an be shown to be almostself-optimizing (f., e.g., [5, 9℄) the proedure requires an estimate for eahn 2 N and a hoie of a ontrol. In the approah in this paper an adaptiveontrol is �xed after a �nite time and it is shown to be almost optimal withprobability nearly 1. This approah uses the results on the large deviationsof empirial distributions whih are uniform in the parameter. These largedeviation results are desribed in Setion 2. In Setion 3 it is shown thatan adaptive ontrol an be taken to be �xed after a �nite time and almostoptimal. In Setion 4 two Markov models are given for whih the results inSetions 2 and 3 an be applied.Throughout the paper we denote by:� C(E) the spae of ontinuous bounded funtions on E,� P(E) the spae of all probability measures on E endowed with theweak onvergene topology and with the set of Borel subsets B(P(E)),� B(E) the set of Borel subsets of E.2. Uniform large deviations of empirial distributions. In thissetion we onsider an unontrolled Markov proess (xn; n 2 N) with tran-sition operators P�(xn; �) where � 2 A . The following assumptions aremade:(B1) For f 2 C(E) the mappingA�E 3 (�; x) 7! P�f(x) := \E f(y)P�(x; dy)is ontinuous.For B 2 B(E) and C 2 B(P(E)), the empirial measure and its proba-bility (see [2℄ and [3℄) are de�ned as follows:Sn(B) = 1n n�1Xi=0 �B(xi);(2) Q�nx(C) = P�x fSn 2 Cg;(3)where P�x stands for the onditional probability measure given (xn; n 2 N)starts from x and the true parameter is �. Furthermore let(4) � := ff 2 C(E) : 9a > 0 8x 2 E f(x) � ag



Adaptive ontrol by large deviations method 267and for � 2 P(E), de�ne(5) I�(�) = supf2� \E log f(x)P�f(x) �(dx):Theorem 1. If (B1) is satis�ed then for ompat subsets C and A1 ofP(E) and A , respetively , we have(6) lim supn!1 n�1 sup�2A1 supx2E logQ�nx(C) � � inf�2A1 inf�2C I�(�)where Q is given by (3) and I is given by (5).P r o o f. For d > 1 let�d = ff 2 � : supx2E f(x) � d infx2E f(x)gand for � 2 P(E) letI�d (�) = supf2�d \E log f(x)P�f(x) �(dx):Clearly(7) E�x� exp� n�1Xi=0 log� f(xi)P�f(xi)���= E�x� exp�n \E log f(y)P�f(y) Sn(dy)��= \P(E) exp�n \E log f(y)P�f(y) �(dy)�Q�nx(d�):Sine by the de�nition of the family �d, for n = 1; 2; : : : ;(8) E�x� exp� n�1Xi=0 log f(xi)P�f(xi)�� � dby (7) it follows that(9) \P(E) exp�n \E log f(y)P�f(y) �(dy)�Q�nx(d�) � d:Consequently, for any Borel subset � of P(E) and � 2 A ,(10) supx2EQ�nx(� ) � d exp��n inf�2� \E log f(y)P�f(y) �(dy)�:Now let �d = inf�2A1 inf�2C I�d (�):



268 T. E. Dunan et al.Sine eah f 2 � belongs to �d with d suÆiently large, for f 2 � themappingP(E) � A 3 (�; �) 7! �� log fP�f � := \E log f(y)P�f(y) �(dy)is ontinuous. Therefore, for " > 0 the set�(�; �) 2 P(E) � A : �� log fP�f� > �d � "�is open and C �A1 � [f2�d�(�; �) : �� log fP�f� > �d � "�:Sine C � A1 is a ompat subset of P(E) � A , there is a �nite subsetff1; : : : ; fkg of �d suh thatC �A1 � k[j=1�(�; �) : �� log fjP�fj� > �d � "�:Consequently, for every � 2 A1,C � [f2�d�� 2 P(E) : �� log fP�f� > �d � "�:Now if we replae � in (10) by the setsK�j = �� 2 P(E) : �� log fjP�fj� > �d � "� \ Cit follows that(11) supx2EQ�nx(K�j ) � de�n(�d�"):Hene(12) supx2E sup�2A1Q�nx(C) � supx2E sup�2A1 h kXj=1Q�nx(K�j )i � kde�n(�d�")and lim supn!1 supx2E sup�2A1 n�1 logQ�nx(C) � ��d + ":Sine " > 0 an be hosen arbitrarily small, it follows that(13) lim supn!1 supx2E sup�2A1 n�1 logQ�nx(C) � ��d:To omplete the proof it remains to show that(14) limd!1 �d = inf�2A1 inf�2C I�(�):



Adaptive ontrol by large deviations method 269Note that for " > 0,C �A1 � [f2��(�; �) : �� log fP�f � > inf�2A1 inf�2C I�(�)� "�and by the ompatness of C�A1 there is a �nite set ff1; : : : ; fkg � � suhthat C �A1 � k[j=1�(�; �) : �� log fjP�fj� > inf�2A1 inf�2C I�(�)� "�:By the de�nitions of � and �d there is d > 0 suh that ff1; : : : ; fkg � �d.Therefore, for eah � 2 A1 and � 2 C,supf2�d \E log f(y)P�f(y) �(dy) � maxi=1;:::;k \E log fi(y)P�fi(y) �(dy)> inf�2A1 inf�2C I�(�)� "and lim supd!1 kd � inf�2A1 inf�2C I�(�)� ":Sine the last inequality holds for any " > 0, and�d � inf�2A1 inf�2C I�(�);the equality (14) follows, whih ompletes the proof.In the proof of Theorem 1 the ompatness of the set C � P(E) isimportant. To relax this requirement an extra assumption on the transitionoperator P�(x; �) is made:(B2) There is a ontinuous funtion  : A �E ! R suh that  (�; x) � 1for � 2 A , x 2 E, the mapping(15) E 3 x 7! sup�2A \E  (�; y)P�(x; dy)is bounded on ompat subsets of E and for eah m > 0 the set(16) Km := �x 2 E : inf�2A  (�; x)TE  (�; y)P�(x; dy) � m�is ompat.Let(17) % := infx2E inf�2A  (�; x)TE  (�; y)P�(x; dy) :If (B2) is satis�ed then % > 0. The following two lemmas are easy adapta-tions of Lemmas 4.1 and 4.3 of [3℄.



270 T. E. Dunan et al.Lemma 1. If (B2) is satis�ed then for eah " > 0,(18) Q�nx(f� 2 P(E) : �(Km) > "g)�  (�; x) exp��n log %� n" log m% �:Lemma 2. If (B2) is satis�ed then for any real number a and any ompatset W � E there exists a ompat subset C(a) � P(E) suh that(19) lim supn!1 n�1 sup�2A supx2W Q�nx(C(a)()) � �a:Using Lemma 2, one an generalize Theorem 1 in the same way as inTheorem 4.4 of [3℄.Theorem 2. If (B1) and (B2) are satis�ed , then for any losed subsetsC and A1 of P(E) and A , respetively , and ompat subsets W of E,(20) lim supn!1 n�1 sup�2A1 supx2W logQ�nx(C) � � inf�2A1 inf�2C I�(�):Subsequently, the following lemma is used.Lemma 3. If (B1) and (B2) are satis�ed then for eah m > 0 the set(21) Cm = f� 2 P(E) : inf�2A I�(�) � mgis ompat in P(E).P r o o f. Sine for eah �xed � 2 Cm the mapping � 7! I�(�) is lowersemiontinuous, there is an �(�) 2 A suh that I�(�) � m. By (B2) forr > 0 the set K�r = �x 2 E :  (�; x)TE  (�; y)P�(x; dy) � r� � Kris ompat inE whereKr is de�ned in (16). Adapting the method of Lemma4.2 of [3℄ it an be shown that for r > %,�((K�r )) � m� log %log r � log % < ":Therefore, for " > 0 there is r > 0 suh that for any � 2 Cm,�((Kr)) � �((K�(�)r )) � ":Consequently, the family Cm of measures is tight. Sine the mapping(22) A �P(E) 3 (�; �) 7! I�(�)is lower semiontinuous, the set Cm is ompat.In the next proposition the rate funtional I�(�) is shown to be positive.Proposition 1. Assume (B1), (B2) and that for eah � 2 A there is aunique invariant measure �� of the transition operator P�(x; �). Let A1 and



Adaptive ontrol by large deviations method 271C be losed subsets of A and P(E) suh that �� 62 C for � 2 A1. Then(23) inf�2A1 inf�2C I�(�) > 0:P r o o f. Note �rst that the mapping (15) is lower semiontinuous andtherefore it attains its minimum on ompat sets. Moreover I�(�) � 0 for� 2 P(E) and � 2 A and, by Lemma 2.5 of [3℄, I�(�) = 0 if and only if� = ��.By the ompatness of the set Cm, de�ned in (21), for eah m > 0 itfollows that inf�2A1 inf�2C\Cm I�(�) > 0:Sine by the de�nition (21),inf�2A inf�2Cm I�(�) � m > 0;(23) is veri�ed.An additional assumption is made.(B3) For eah � there is a unique invariant measure �� for the transitionoperator P�(x; �) and for  2 C(E) the mapping A 3 � 7! ��() isontinuous.Using the assumptions (B1){(B3) we give a uniform estimate of thedeviations of the running osts from the limit.Theorem 3. If (B1){(B3) are satis�ed , then for " > 0,  2 C(E) andany ompat set W � E there are a p > 0 and a positive integer N suhthat for n � N ,(24) sup�2A supx2W P�x n���n�1 n�1Xj=0 (xj)� ��()��� � "o � e�np:P r o o f. By (B3) for " > 0 and � 2 A there exists Æ� > 0 suh that if�0 2 B(�; Æ�) := f� 2 A : %A(�; �) � Æ�g, then j��() � ��0()j � ". SineA is ompat there is a �nite set �1; : : : ; �k suh that A � Ski=1B(�i; Æ�i).For i = 1; : : : ; k let C"(�i) := f� 2 P(E) : j�() � ��i()j � 2"g. ClearlyC"(�i) is a losed subset of P(E) and if � 2 B(�i; Æ�i) then �� 62 C"(�i).Therefore, by Proposition 1 and Theorem 2 there are p > 0 and N > 0 suhthat for n > N and i = 1; : : : ; k;sup�2B(�i;Æ�i ) supx2W Q�nx(C"(�i)) � e�np:Equivalently this means thatsup�2B(�i;Æ�i) supx2W P�x n���n�1 n�1Xj=0 (xj)� ��i()��� � 2"o � e�np



272 T. E. Dunan et al.for i = 1; : : : ; k. By the de�nition of B(�i; Æ�i ) it follows thatsup�2B(�i;Æ�i) supx2W P�x n���n�1 n�1Xj=0 (xj)� ��()��� � "o � e�npfor i = 1; : : : ; k and onsequently (24) is obtained.The remaining part of this setion is devoted to the study of the large de-viations for empirial distributions of pairs of onseutive states. By analogyto (2) and (3), for B1; B2 2 B(E) let(25) Sn(B1 �B2) = 1n n�1Xi=0 �B1(xi)�B2(xi+1)and for C 2 B(P(E �E)) let(26) Q�nx(C) = P�x fSn 2 Cg:By analogy to (4) and (5) de�ne(27) � := ff 2 C(E �E) : 9a > 0 8x; y 2 E f(x; y) � agand for � 2 P(E �E),(28) I�(�) = supf2� \E log f(x; y)P�f(y) �(dx; dy)with P�f(y) = TE f(y; z)P�(y; dz).Theorem 4. If (B1) holds then for any ompat subsets C � P(E �E)and A1 � A ,(29) lim supn!1 n�1 sup�2A1 supx2E logQ�nx(C) � � inf�2A1 inf�2C I�(�):P r o o f. Note �rst that if f 2 �d, where�d := ff 2 C(E �E) : supx;y2E f(x; y) � d infx;y2E f(x; y)g;then E�x� exp� n�1Xi=0 log f(xi; xi+1)P�f(xi+1)�� � d:If � 2 B(P(E �E)) and � 2 A thensupx2EQ�nx(� ) � d exp��n inf�2� \E log f(x; y)P�f(y) �(dx; dy)�and the proof of Theorem 1 an be easily modi�ed.



Adaptive ontrol by large deviations method 273Remark 1. If I� is de�ned assupf2� \E log f(x; y)P�f(x) �(dx; dy)then following Setion 1.3 of [7℄ an analogue of Theorem 4 an be obtainedwith a simpler proof beauseE�x� exp� n�1Xi=0 log f(xi; xi+1)P�f(xi) �� = 1:However to adapt Theorem 4 to the ase of a nonompat losed set C therate funtional I� of the form de�ned in (28) is required.An additional assumption is made now.(B4) There is a ontinuous funtion  : A � E � E ! R suh that (�; x; y) � 1 for � 2 A and x; y 2 E, the mappingE 3 x 7! sup�2A \E  (�; x; y)P�(x; dy)is bounded on ompat sets and for eah m > 0 the setKm := �(x; y) 2 E �E : inf�2A  (�; x; y)TE  (�; x; y)P�(y; dz) � m�is ompat in E �E.Let(30) % := infx;y2E inf�2A  (�; x; y)TE  (�; x; y)P�(y; dz) :Adapting Lemmas 1{3 and Theorem 2 to the ase of onseutive pairs easilyyields the following results.Lemma 4. If (B4) is satis�ed , then for eah " > 0,(31) Q�nx(f� 2 P(E �E) : �(Km) > "g)�  (�; x; y) exp��n log %� n" log m% �:Lemma 5. If (B4) is satis�ed , then for any real number a and any om-pat set W � E there exists a ompat subset C(a) � P(E �E) suh that(32) lim supn!1 n�1 sup�2A supx2W Q�nx(C(a)) � �a:



274 T. E. Dunan et al.Theorem 5. If (B1) and (B4) are satis�ed , then for any losed subsetsC of P(E �E) and A1 of A , and any ompat subset W of E,(33) lim supn!1 n�1 sup�2A1 supx2W Q�nx(C) � � inf�2A1 inf�2C I�(�):Lemma 6. If (B1) and (B4) are satis�ed , then for eah m > 0,(34) Cm = f� 2 P(E �E) : inf�2A I�(�) � mgis a ompat subset of P(E �E).To prove an analogue of Proposition 1 the following lemma is used.Lemma 7. Assume (B1) and (B4) and that for eah � 2 A there is aunique invariant measure �� of the transition operator P�(x; dy). Then for� 2 P(E �E) the following equivalene is satis�ed :(35) I�(�) = 0, �(dx; dy) = P�(x; dy)��(dx):To verify this lemma the methods of the proof of Lemma 2.5 of [3℄ anbe used. The details are left to the reader.Using Lemma 7 we an state an analogue of Proposition 1 ombinedwith Theorem 5.Theorem 6. If (B1), (B3) and (B4) are satis�ed , then for any om-pat sets W � E, A1 � A and losed set C � P(E � E) suh thatP�(x; dy)��(dx) 62 C for � 2 A1 there are p > 0 and a positive integerN suh that for n � N ,(36) sup�2A1 supx2W P�x nn�1 n�1Xi=0 �xi;xi+1(�) 2 Co � e�np:Remark 2. If E is ompat then the assumptions (B2) and (B4) arelearly satis�ed. An analysis of the proofs of Theorems 3 and 6 shows thatthe onstants p an be given in terms of the in�ma of the rate funtions I�and I�, respetively.3. Adaptive ontrol with observation of ost. Consider now aontrolled Markov proess (xn, n2N) with transition operator P�0;vn(xn; �).The following assumptions are made.(A1) For f 2 C(E) the mappingA � U �E 3 (�; v; x) 7! P�;vf(x)is ontinuous.(A2) There is a ontinuous funtion  : A �E ! R suh that  (�; x) � 1for � 2 A , x 2 E, the mappingE 3 x 7! sup�2A supv2U \E  (�; y)P�;v(x; dy)



Adaptive ontrol by large deviations method 275is bounded on ompat subsets of E and for eah m > 0 the setKm := �x 2 E : inf�2A infv2U  (�; x)TE  (�; y)P�;v(x; dy) � m�is ompat.(A3) For u 2 A := A \ C(E;U) there is a unique invariant measure�u� for P�;u(x; �), and for  2 C(E) the mapping A 3 � 7! �u�() isontinuous.(A4) For � 2 A the optimal value of the ost funtional J� de�ned in (1)oinides almost surely with that of(37) J� ((vn; n 2 N)) = lim supn!1 n�1E�xn n�1Xi=0 (xi; vi)o:Moreover, for any " > 0 there is a �nite lass U(") = fu1; : : : ; urg �A of "-optimal ontrol funtions for J�, that is, for any � 2 Athere is a uj 2 U(") suh thatJ�x ((uj(xn))) � inf(vn) J�((vn)) + ":Furthermore, there is a ompat set W � E that is positive reur-rent for the Markov proess (xn; n 2 N) ontrolled with any ontrolfuntion of the lass U(").An analogue of Theorem 3 is given now.Theorem 7. Assume that (A1){(A4) are satis�ed and �x " > 0. Thenthere are p > 0 and a positive integer N suh that for n � N ,(38) supk=1;:::;r sup�2A supx2W P�ukx n���n�1 n�1Xj=0 (xj ; uk(xj))� \E (y; uk(y))�uk� (dy)��� � "o � e�np:Moreover , the following adaptive strategy (bvj) is "-optimal with probability(1 � e�np)r: hoose n � N , use the ontrol funtion u1 for i < T1 :=T (T (0)+n), then u2 for T1 � i < T2 := T (T1+n); : : : ; and ui for Tr�1 � i <Tr := T (Tr�1 + n), where T (�) denotes the �rst hitting time to the positivereurrent ompat set W after the random time � , determine k 2 f1; : : : ; rgsuh that(39) T�k�1+n�1Xj=T�k�1 (xj ; n�k(xj)) = minq=1;:::;r Tq�1+n�1Xj=Tq�1 (xj ; uq(xj))and after Tr use the ontrol funtion u�k.



276 T. E. Dunan et al.P r o o f. Note that (38) follows from (24). Then for x 2W and n � N ,inf�2A P�x n���n�1 Tq�1+n�1Xj=Tq�1 (xj ; uq(xj))� \E (z; uq(z))�uq� (dz)���� " for q = 1; : : : ; ro � (1� e�np)r:Consequently, by (39) for x 2W ,inf�2A P�x n \E (z; u�k(z))�u�k� (dz) � minq=1;:::;r \E (z; uq(z))�uq� (dz) + 2"o� (1� e�np)r:Sine by (A4), J�0((bvn)) = TE (z; uq(z))�u�k� (dz), P�0 -a.e., it follows thatJ�0((bvn)) � 3"+ inf(vi) J�0((vi))with probability (1� e�np)r.4. Examples. Two models are desribed to demonstrate the applia-bility of the previous results that used large deviations.Model I. E is a ompat metri spae. There is a probability measure �suh that(40) P�;v(x;B) = \B p(x; y; �; v) �(dy)for B 2 B(E), the mapping E � E � A � U 3 (x; y; �; v) 7! p(x; y; �; v)is ontinuous and p(x; y; �; v) > 0 for x; y 2 E, � 2 A , v 2 U . Clearly(A1){(A3) are satis�ed for this model. Furthermore, there is a �nite familyof almost optimal ontrols.Theorem 8. For eah " > 0 there is a �nite lass U(") � A of "-op-timal ontrol funtions for Model I with ost funtionals J�, � 2 A .P r o o f. The proof onsists of three steps:Step I. Initially it is shown that there is a �nite set bU(") = fu1; : : : ; urgof pieewise onstant "-optimal ontrol funtions suh that the set of theirdisontinuity points is of �-measure zero.Let fEn1 ; En2 ; : : : ; Endng, n = 1; 2; : : : ; be a sequene of partitions of Eand fen1 ; en2 ; : : : ; endng, n = 1; 2; : : : ; be a sequene of their representativeelements suh thatE = dn[i=1Eni ; Eni \Enj = ; for i 6= j;



Adaptive ontrol by large deviations method 277�(�Eni ) = 0, the diameter of Eni is not greater than 1=n, eni 2 Eni fori = 1; : : : ; d, fEn+11 ; : : : ; En+1dn+1g is a subpartition of fEn1 ; : : : ; Endng andfen1 ; : : : ; endng � fen+11 ; : : : ; en+1dn+1g:Moreover, let p�;vn (eni ; enj ) = P�;v(eni ; enj ).Consider now a ontrolled Markov proess on fen1 ; : : : ; endng with tran-sition operator p�;vn (eni ; enj ). By Lemma 3 of [1℄ for given " > 0 there is a�nite set fun1 ; : : : ; unrng of ontrol funtions suh that(41) sup�2A sup1�i�rn sup1�j�dn hwn�(enj )� �n� � dnXi=1 wn�(enl )p�;uni (enj )n (enj ; enl )+ (enj ; uni (enj ))i � "2where �n� and wn� are the optimal value and the Bellman funtion of theorresponding ost funtional J�, respetively.Let unj (x) = unj (enl ), wn�(x) = wn�(enl ), and P�;vn (x; �) = P�;v(enl ; �) forx 2 Enl , l = 1; : : : ; dn: It follows that(42) sup�2A min1�j�rn supx2Efwn�(x)� �n� � P�;uni (x)n wn�(x) + n(x; uni (x))g � "=2with n(x; v) = (enl ; v) for x 2 Enl and v 2 U . Note, moreover, that �n�is also the optimal value of the ost funtional J� orresponding to theontrolled Markov proess on E with transition operator P�;vn (x; �).By Lemma 3.3.3 of [6℄ for u 2 A, n = 1; 2; : : : ; there exist probabilitymeasures �u� and �u;n� suh that for x 2 E and B 2 B(E),(43) j(P u;�)k(x;B)� �u�(B)j � (1� d)k�1and(43) j(P u;�n )k(x;B)� �u;n� (B)j � (1� d)k�1with d = infx;y2E inf�2A infv2U p(x; y; �; v):An analysis of the proof of Proposition 1 of [9℄ shows that there exists aonstant K > 0 that is independent of u 2 A, � 2 A and n 2 N, for whih(44) k�u� � �u;n� kvar � supx2EKkP u;�n (x; �)� P u;�(x; �)kvarwhere k � kvar denotes the variation norm.Sine by the ontinuity of the transition density p(x; y; �; v),(45) limn!1 supu2A sup�2A supx2EKkP u;�n (x; �)� P u;�(x; �)kvar = 0;



278 T. E. Dunan et al.for �� = infu2A TE (x; u(x))�u�(dx) it follows thatsup�2A j�� � �n�j � sup�2A k�u� � �u;n� kvar + supx2E; v2U j(x; v) � n(x; v)j ! 0as n ! 1. Therefore, for suÆiently large n from (42), (44), and (45) weobtain(46) sup�2A min1�j�rn supx2Efwn�(x)� �� � P�;uni (x)wn�(x) + n(x; uni (x))g � ";whih means (f. the proof of Theorem 3.2.2 of [6℄) that bU(") = fun1 ; : : :: : : ; unr g is a set of "-optimal ontrol funtions for the original Markov pro-ess. It follows from the onstrution that the set of disontinuity points ofthe above ontrol funtions is of �-measure 0.Step II. It is lear that for i = 1; : : : ; r there is a sequene ui(n) 2 A,n = 1; 2; : : : ; suh that(47) limn!1 �(fz 2 E : ui(z) 6= ui(n)(z)g) = 0:We laim that for any bounded Borel funtion f : E ! R suh that theset of disontinuity points of f is of �-measure 0, and for i = 1; : : : ; r,(48) limn!1 sup�2A j�ui� (f)� �ui(n)� (f)j = 0:Assume that ontrary to (48) there is a sequene (�n; n 2 N) from A suhthat �n ! � 2 A and for some i 2 f1; : : : ; rg,(49) j�ui�n(f)� �ui(n)�n (f)j > Æ > 0for suÆiently large n.By the tightness of a suitably hosen subsequene nk it follows that�ui(nk)�nk =) �where � is a probability measure on E. We now show that � is invariant forthe transition operator P a;ui(x; �). In fat, for g 2 C(E) it follows thatj�(g) � �(P�;uig)j � j�(g) � �ui(nk)�nk (g)j+ j�ui(nk)�nk (g) � �ui(nk)�nk (P�nk ;ui(nk)g)j+ j�ui(nk)�nk (P�nk ;ui(nk)g)� �ui(nk)�nk (P�;ui(nk)g)j+ j�ui(nk)�nk (P�;ui(nk)g) � �ui(nk)�nk (P�;uig)j+ j�ui(nk)�nk (P�;uig)� �(P�;uig)j= I1k + I2k + I3k + I4k + I5k:Clearly I1k ! 0 as k !1, and I2k = 0. Moreover,I3k � jgj supx;y2E supv2U jp(x; y; �nk ; v)� p(x; y; �; v)j ! 0



Adaptive ontrol by large deviations method 279as k !1. De�ne(50) M = supx;y2E sup�2A supv2U p(x; y; �; v):Sine �ui(nk)�nk is an invariant measure it follows that �ui(nk)�nk (�) � M�(�).Therefore, �(�) � M�(�). Consequently, by (47), I4k ! 0 as k ! 1, andsine the set of disontinuity points of P�;uig is of �-measure 0, I5k ! 0 ask !1.By the uniqueness of the invariant measure it follows that � = �ui� . Sine� does not depend on a partiular subsequene it follows that(51) �ui(n)�n =) �ui�as n!1. Using similar arguments it also follows that�ui�n =) �ui�as n!1, whih together with (51) ontradits (49). Thus, (48) is satis�ed.Step III. The following inequality is elementary:sup�2A ��� \E (x; ui(x))�ui� (dx)� \E (x; ui(n)(x))�ui(n)� (dx)���� sup�2A h��� \E (x; ui(x))�ui� (dx)� \E (x; ui(x))�ui(n)� (dx)���+ ��� \E((x; ui(n)(x))� (x; ui(x)))�ui(n)� (dx)���i= I1n + I2n:By (48) learly I1n ! 0 as n!1. Sine by (47) alsoI2n � kkM�(fx 2 E : ui(n)(x) 6= ui(x)g)! 0as n ! 1 with M de�ned in (50), for suÆiently large n, for � 2 A andi = 1; : : : ; r it follows that(52) J�x (ui(n)) � J�x (ui) + " � �� + 2":Thus, the set fu1(n); : : : ; ur(n)g ontains 2"-optimal ontrol funtions forthe ost funtional J� with � 2 A .Therefore, (A4) is also satis�ed.Model II. Let E = Rd . Assume (xn; n 2 N) satis�es the following reur-sive formula:(53) xn+1 = f(xn; �0; vn) + g(xn)wnwhere f : Rd � A � U ! Rd and g : Rd ! Rd � Rd are ontinuous boundedfuntions, there is a ontinuous bounded inverse matrix g�1, and wn is asequene of independent, identially distributed standard Gaussian random



280 T. E. Dunan et al.variables. By the ontinuity of f , g, and g�1 it follows that (A1) and (A3)(f. [9℄) are satis�ed. In (A2) let  (�; x) = x2 + 1 so that (�; x)TE  (�; y)P�v(x; dy) = x2 + 1f2(x; �; v) + g2(x)and Km is ompat ifsup�2A supv2U[f2(x; �; v) + g2(x)℄ = o(x2)as x2 !1, and, in partiular, if f and g are bounded.Hene (A2) is satis�ed. Just as for Model I there is the following result.Theorem 9. For given " > 0 there is a �nite family U(") of "-optimalontrol funtions for Model II with ost funtionals J�, � 2 A .P r o o f. By Lemma 1 of [9℄ there are a �nite measure � that is absolutelyontinuous with respet to Lebesgue measure in Rd and a onstant M suhthat for x 2 Rd , � 2 A and v 2 U ,�(�) � P�;v(x; �) �M�(�):Consider now a sequene of partitions fEn1 ; : : : ; Endng, n = 1; 2; : : : ; of Rdand representative elements fen1 ; : : : ; endng, n = 1; 2; : : : ; suh thatRd = dn[i=1Eni ; Eni \Enj = ; for i 6= j;�(�Eni ) = 0, eni 2 Eni for i = 1; : : : ; dn, the diameter of Eni is not greaterthan 1=n for i = 1; : : : ; dn�1, endn � fx 2 Rd : kxk > ng, fEn+11 ; : : : ; En+1dn+1gis a subpartition of fEn1 ; : : : ; Endng andfen1 ; : : : ; endng � fen+11 ; : : : ; en+1dn+1g:Now the methods of the proof of Theorem 7 an be used. Note only thatthe value of d in (43) is now replaed by �(Rd).Thus, (A1){(A4) are satis�ed. Moreover, for any u 2 A and transitionoperator P�u(x)(x; �), the assumption (B4) is satis�ed with the funtion (�; x; y) = x2 + y4 + 1.5. Adaptive ontrol with estimation. Consider �rst the ase ofModel I. For u 2 A and �; �0 2 A let(54) Ku(�; �0) := \E \E p(x; y; �; u(x)) log p(x; y; �0; u(x))�(dy)��u (dx):Fix " > 0. By the proofs of Propositions 7 and 4 in [5℄ there is Æ > 0 suhthat for �; �0 2 A and u 2 U("), if Ku(�; �) �Ku(�; �0) � Æ then



Adaptive ontrol by large deviations method 281(55) k�u� � �u�0kvar � ":By the ontinuity of Ku(�; �0) and the ompatness of A there are a �nitesequene �1; : : : ; �k and � > 0 suh that for � 2 A there is �j suh that� 2 B�(�j) = f� 2 A : %A(�; �j) � �g and for u 2 U("),Ku(�; �) �Ku(�; �j) � Æ=2;sup�2A jKu(�j ; �)�Ku(�; �)j � Æ=16:(56)For u 2 U(") let(57) b�un = n�j : n�1Yi=0 p(xi; xi+1; u(xi); �j)= maxq=1;:::;k n�1Yi=1 p(xi; xi+1; u(xi); �q)> maxq�j�1 n�1Yi=0 p(xi; xi+1; u(xi); �q)o:Theorem 10. For Model I there exist a p > 0 and a positive integern � N suh that for u 2 U("),(58) inf�2A infx2E P�x fk�u� � �b�unkvar � "g � 1� ke�np;where b�un is given by (57).P r o o f. Let(59) Cu(�i; �j) = nl 2 P(E �E) :��� \E�E log p(x; y; u(x); �j) l(dx; dy) �Ku(�i; �j)��� � Æ=8o:If � 2 B�(�i) then P�u(x; dy)�u�(dy) 62 Cu(�i; �j) beause\E�E log p(x; y; u(x); �j)P�u(x; dy)�u�(dx) = Ku(�; �j)and by (57), jKu(�; �j)�K(�i; �j)j � Æ=16. Therefore, by Theorem 6 thereare a p > 0 and a positive integer N suh that for n � N , i; j = 1; : : : ; kand u 2 U("),sup�2B�(�i) supx2E P�ux n���n�1 Xm=0 log p(xm; xm+1; u(xm); �j)�Ku(�i; �j)��� � Æ=8o � e�np:



282 T. E. Dunan et al.Then from (57) for n � N and i; j = 1; : : : ; k;(60) sup�2B�(�i) supx2E P�ux n���n�1 Xm=0 log p(xm; xm+1; u(xm); �j)�Ku(�; �j)��� � Æ=4o � e�np:Sinen�1 n�1Xm=0 log p(xm; xm+1; u(xm); b�un) � n�1 n�1Xm=0 log p(xm; xm+1; u(xm); �j)for j = 1; : : : ; k; using (60) it follows thatKu(�; b�un) + Æ=4 � Ku(�; �j)� Æ=4for j = 1; : : : ; k with probability 1� ke�np, for � 2 A and u 2 U(").Consequently, using (56) for u 2 U(") we getinf�2A infx2E P�ux fKu(�; �) �Ku(�; b�un) � Æg � 1� kepnand by (55) it follows that (58) is satis�ed.Now onsider the following adaptive strategy: Choose n � N where Nis as in Theorem 10 and test eah ontrol funtion of the family U(") for nunits of time. Then for q = 1; : : : ; r determine(61) �q = n�j : nq�1Xi=n(q�1) p(xi; xi+1; uq(xi); �j)= maxj0=1;:::;k nq�1Xi=n(q�1)p(xi; xi+1; uq(xi); �j0)> maxj0�j�1 nq�1Xi=n(q�1) p(xi; xi+1; uq(xi); �j0)oand �nd p 2 f1; : : : ; rg suh that(62) \E (y; up(y))�up�p(dy) = minq=1;:::;r \E (y; up(y))�up�p(dy):By Theorem 10 the following orollary easily follows:Corollary 1. The ontrol strategy bvj = up(xj) for j � nr is 2"kk-optimal with probability (1� ke�np)r.For Model II de�ne, for u 2 A,(63) Ku(�; �0) = \Rd \Rd k(y � f(x; �0; u(x)))g�1(x)k2 P�u(x)(x; dy)�u�(dx)



Adaptive ontrol by large deviations method 283and(64) Kum(�; �0)= \Rd \Rd(k(y � f(x; �0; u(x)))g�1(x)k2 ^m)P�u(x)(x; dy)�u�(dx):By Proposition 1 of [9℄, Ku(�; �0) andKum(�; �0) are ontinuous funtions intheir two variables. Moreover, the following ontinuity property is satis�ed.Lemma 8. If u 2 A thensup�;�02A jKu(�; �0)�Kum(�; �0)j ! 0as m!1.P r o o f. Suppose that for �m ! � and �0m ! �0 there is Æ > 0 suh thatjKu(�m; �0m)�Kum(�m; �0m)j > Æ:Sine(65) Ku(�; �0) = \Rd Efk(f(x; �; u(x))�f(x; �0 ; u(x)))g�1(x)+�k2g�u�(dx)and(66) Kum(�; �0) = \Rd Efminfk(f(x; �; u(x))� f(x; �0; u(x)))g�1(x) + �k2;mgg�u�(dx);where � is an N(0; 1) random variable and E is expetation, and by Propo-sition 1 of [9℄, k�u�m ��u�kvar ! 0, it follows that Kum(�m; �0m)! Ku(�; �0)and Ku(�m; �0m)! Ku(�; �0) as m!1. This is a ontradition.Lemma 9. For " > 0 and u 2 A there is a Æ > 0 suh that if Ku(�; �0)� Æ then k�u� � �u�0kvar � ".P r o o f. If the lemma does not hold then Ku(�n; �0n) ! 0, �n ! �,�0n ! �0 and k�u�n � �u�0nkvar � " for n = 1; 2; : : : and an " > 0. FromLemma 8 it follows that K(�; �0) = 0. By (65) and the proof of Theorem9 it follows that f(x; �; u(x)) = f(x; �0; u(x)) for almost all x 2 Rd withrespet to d-dimensional Lebesgue measure. Sine f and u are ontinuousfuntions, f(x; �; u(x)) = f(x; �0; u(x)) for all x 2 Rd , and onsequently�u� = �u�0 , a ontradition.Combining Lemmas 9 and 8 gives the following orollary.Corollary 2. For " > 0 there are m > 0 and Æ > 0 suh that foru 2 U("), if Kum(�; �0) < Æ then k�u� � �u�0kvar � ".



284 T. E. Dunan et al.Fix " > 0 and takem as in Corollary 2. There are a �nite set �1; : : : ; �k 2A and � > 0 suh that for � 2 B�(vj) and u 2 U("),(67) Kum(�; �j) � Æ=2and(68) sup�2A jKum(�j ; �)�Kum(�; �)j � Æ=16:Let(69) b�um = n�j : n�1Xi=0 k(xi+1 � f(xi; �j ; u(xi)))g�1(xi)k2= minq=1;:::;k n�1Xi=1 k(xi+1 � f(xi; �q ; u(xi)))g�1(xi)k2� minq�j�1 n�1Xi=0 k(xi+1 � f(xi; �q ; u(xi)))g�1(xi)k2o:Using Theorem 6, Corollary 2 and (67){(69) as in the ase of Model I yieldsthe following theorem.Theorem 11. Given Model II for a given ompat set W � Rd there arep > 0 and a positive integer N suh that for n � N and u 2 U("),inf�2A inf�2W P�x fk�u� � �ub�unkvar � "g � 1� ke�pn:LetW � Rd be a ompat set that is positive reurrent for eah u 2 U(").Choose n � N and use ontrol u1 for i < T1, u2 for T1 � i < T2; : : : ; andur for Tr�1 � i < Tr where Ti is de�ned as in Theorem 7.For q = 1; : : : ; r let�q = n�j : Tq�1+nXi=Tq�1 k(xi+1 � f(xi; �j ; u(xi)))g�1(xi)k2= minj0=1;:::;n Tq�1+nXi=Tq�1 k(xi+1 � f(xi; �j0 ; u(xi)))g�1(xi)k2< minj0�j�1 Tq�1+nXi=Tq�1 k(xi+1 � f(xi; �j0 ; u(xi)))g�1(xi)k2o:Find p 2 f1; : : : ; rg suh that\E (u; up(y))�up�p(dy) = minq=1;2;:::;r \E (y; uq(y))�up�p(dy):Just as for Model I, the following orollary is obtained.
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