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ON THE ALGEBRA OF CONSTANTS
OF POLYNOMIAL DERIVATIONS IN TWO VARIABLES

BY

JANUSZ Z I E L I Ń S K I (TORUŃ)

Abstract. Let d be a k-derivation of k[x, y], where k is a field of characteristic zero.
Denote by d̃ the unique extension of d to k(x, y). We prove that if ker d 6=k, then ker d̃=
(ker d)0, where (ker d)0 is the field of fractions of ker d.

1. Introduction. Let k be a field of characteristic zero. Let k[x1, . . . , xn]
be a polynomial ring in n variables over k and let d be a k-derivation
of k[x1, . . . , xn]. Denote by k[x1, . . . , xn]d the ring of constants (the ker-

nel) of d and let d̃ be the unique extension of d to the quotient field
(k[x1, . . . , xn])0 = k(x1, . . . , xn) of k[x1, . . . , xn]. It is well known ([1] 8.1.5)

that if d is locally nilpotent then k(x1, . . . , xn)d̃ = (k[x1, . . . , xn]d)0. How-
ever if we do not assume that d is locally nilpotent, this equality is not
valid even for the polynomial ring in two variables. Indeed, consider the
derivation d defined by

d(x) = x, d(y) = y.

Obviously, k[x, y]d = k. But k(x, y)d̃ 6= k because x/y ∈ k(x, y)d̃. It turns
out that in the polynomial ring in two variables the equality (k[x, y]d)0 =

k(x, y)d̃ holds under an additional assumption.

Theorem. Let d be a k-derivation of k[x, y]. If k[x, y]d 6= k, then

(k[x, y]d)0 = k(x, y)d̃.

This theorem (for k = R) appears in the paper of S. Sato [2]. The proof
given there is incorrect, because the formula for degy h (see the second line
on page 14 in [2]) does not hold in some cases. The aim of this note is to
give a complete proof of the Theorem.

2. Proof of Theorem. Let us set d = f∂/∂x+ g∂/∂y for polynomials
f, g ∈ k[x, y]. If at least one of the elements f , g is zero, then the proof is
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straightforward, because then it is easy to compute k[x, y]d and k(x, y)d̃. We
may assume that f and g are both nonzero polynomials.

Since k[x, y]d 6= k, the transcendence degree of k(x, y)d̃ over k is greater
or equal to 1. By the condition d 6= 0, this transcendence degree equals 1.

Hence, by the Lüroth Theorem, k(x, y)d̃ = k(θ) for some θ ∈ k(x, y) \ k.
Let us set θ = F/G for relatively prime elements F , G of k[x, y]. Since
k(θ) = k(1/θ), we may assume that degy F ≥ degy G, where degy F denotes

the degree of F with respect to y. By the condition k[x, y]d 6= k, there exists
an element h ∈ k[x, y]d\k. Then we have degy h > 0 and degx h > 0 because,
if degy h = 0, we have h ∈ k[x]. Hence we have d(h) = f(x, y)∂h/∂x = 0
and ∂h/∂x = 0. Therefore h ∈ k and we have a contradiction. In the same
way, we have degx h > 0. Let

F = fny
n + fn−1y

n−1 + . . .+ f0,

G = gmy
m + gm−1y

m−1 + . . .+ g0,

where n = degy F , m = degy G and fi, gj ∈ k[x] for i = 1, . . . , n and
j = 1, . . . ,m. Now, let us consider two cases.

Case 1: n = m and degx fn = degx gn = r. Then let fn = crx
r + . . .+c0

and gn =drx
r+ . . .+d0 where ci, di∈k for i=1, . . . , r. Consider the element

θ−cr/dr. It is not equal to zero, because θ /∈ k. Obviously θ−cr/dr = H/G,
where H is the polynomial in k[x, y] equal to F − (cr/dr)G. Then H and
G are relatively prime, because F and G are relatively prime. We also see
that either degyH < degy G or they are equal but coefficients of the highest
power of y in H and G are polynomials in k[x] of different degrees. Then we
put θ′ = 1/(θ− cr/dr) instead of θ and we are in the following second case.

Case 2: n > m, or n = m but degx fn 6= degx gn. Since h ∈ k[x, y]d ⊆
k(x, y)d̃ = k(θ), we can write

h =

∑t
i=0 aiθ

i∑s
i=0 biθ

i
=

∑t
i=0 ai

(
F
G

)i∑s
i=0 bi

(
F
G

)i =

∑t
i=0 aiG

t−iF i∑s
i=0 biG

s−iF i
Gs−t

for ai, bi ∈ k and at 6= 0, bs 6= 0. We proceed to show that in this case we
have

degy h = (t− s)(degy F − degy G) = (t− s)(n−m).

It is clear that degy G
s−t = −(t − s)m and it is sufficient to prove that

degy(
∑t

i=0 aiG
t−iF i) = tn and degy(

∑s
i=0 biG

s−iF i) = sn. Assume, with-

out loss of generality, that the degree of
∑t

i=0 aiG
t−iF i is not equal to tn.

If n > m then each term of the form Gt−iF i has a different degree with
respect to y. Since the highest degree (equal to nt) has G0F t and at 6= 0,
the equality degy(

∑t
i=0 aiG

t−iF i) = tn holds. Hence, we may assume that
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n = m and degx fn 6= degx gn. Obviously, degy(
∑t

i=0 aiG
t−iF i) ≤ tn. If the

inequality is strict, then it follows easily that the coefficient of ynt equals
0. Therefore

∑t
i=0 aig

t−i
n f in = 0. Since degx fn 6= degx gn, all polynomials

of the form gt−in f in have different degrees. Since at least one of the elements
a1, . . . , at is nonzero, it follows that the above sum cannot be equal to 0.
This proves the formula for degy h. Because degy h > 0, we get n > m and
t > s.

The equality h(x, y)Gt−s(
∑s

i=0 biG
s−iF i) =

∑t
i=0 aiG

t−iF i implies that
the polynomial

atF
t +

t−1∑
i=0

(aiG
t−i−1F i)G

is divisible by G and hence F t is divisible by G. But (G,F ) = 1, so we have
G ∈ k and θ ∈ k[x, y]. This completes the proof.

Let us end the paper with the following question. Let d be a k-derivation
of the polynomial ring k[x1, . . . , xn]. Assume that the transcendence de-

gree of k[x1, . . . , xn]d is equal to n − 1. Is it true that k(x1, . . . , xn)d̃ =
(k[x1, . . . , xn]d)0? A positive answer to this question would be a natural gen-
eralization of the Theorem. Note (for example [1] 7.1.1) that for any nonzero
k-derivation of k[x1, . . . , xn] the transcendence degree of k[x1, . . . , xn]d is less
than or equal to n− 1.
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