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Abstract. We develop a relative isomorphism theory for random Bernoulli shifts by
showing that any random Bernoulli shifts are relatively isomorphic if and only if they
have the same fibre entropy. This allows the identification of random Bernoulli shifts with
standard Bernoulli shifts.

1. Introduction. Shift systems arise naturally in ergodic theory in the
following two ways: as representations of stationary stochastic processes
and via symbolic dynamics for smooth dynamical systems with hyperbolic
properties. These two interpretations are combined in chaos theory to asso-
ciate stochastic features to deterministic systems which can be modeled by
shifts. In particular such an identification allows a classification of systems ac-
cording to stochastic properties. The extreme case is the identification with
Bernoulli shifts, which are models of independent and identically distributed
stochastic processes. This makes the class of dynamical systems which are
isomorphic to Bernoulli shifts especially interesting.

In order to show that Bernoulli shifts need not be isomorphic, Kol-
mogorov introduced the notion of entropy as an extremely successful iso-
morphy invariant. It gained even more importance when Ornstein [Orn70]
showed that entropy is a complete invariant for Bernoulli shifts and even
shifts with the so-called weak-Bernoulli property, i.e. that any such shifts
with the same entropy are isomorphic. This result was extended by Thou-
venot [Th75a] in a relative isomorphism theory for the so-called relative,
conditional or fibre entropy to the case of factors of skew products.

In the theory of random dynamical systems random shifts as introduced
in [BG92] arise naturally via symbolic dynamics for smooth systems with
hyperbolic properties evolving under the influence of noise (see also [GK99]
and [Gun99]). They can be seen as representations of stationary stochastic
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processes in random environments. For the same reasons as in the deter-
ministic situation random Bernoulli shifts, their classification and a suitable
notion of entropy are of interest. Another interesting question arises from the
fact that “deterministic” shifts are trivial examples of random shifts: when
can one identify random and “deterministic” shift systems? The answer to
this question is somehow amazing, but not unexpected: also for random
Bernoulli shifts the fibre entropy is a complete invariant and hence allows
the decoupling of noise and shift systems. For experts in the field of random
dynamical systems it means a surprise, as they are used to new features
in the classification of random systems, as the topological classification of
hyperbolic linear random dynamical systems in [Con97] shows.

In our main result we will show explicitly that random Bernoulli shifts
are (relatively) isomorphic if and only if they have the same entropy. This
result could also be obtained by an application of an extension of [Lin77,
Appendix]| of the relative isomorphism theory of [Th75a], which guarantees
that a property of the generator known as relatively very weak Bernoulli is
sufficient for the fibre entropy to be a complete invariant. We prefer a more
direct approach to pay tribute to the random features of our shift systems.

This paper is also a result of many discussions we had with J.-P. Thou-
venot during several German—Polish Conferences on Dynamical Systems and
Ergodic Theory. At these occasions we also experienced the organizing skills,
determination and the enthusiasm, but most of all the kindness of Anzelm
Iwanik.

2. The main result. Throughout this paper we fix a complete proba-
bility space ({2, F,P) together with an invertible P-preserving ergodic trans-
formation 9. Consider a compact metric space X with Borel o-algebra B,
and a set £ C {2 x X measurable with respect to the product o-algebra
F ® B such that the fibres B, := {z € X : (w,z) € E}, w € £2, are compact.
Then a continuous bundle random dynamical system (RDS) in time Z is
generated by invertible mappings f(w) : F,, — Ey, with iterates given by

f o). f(w) f(w)  forn > 1,
fln,w) =< id for n =0,
fmw)=to o fWw)Tt forn < -1,

for n € Z, w € 2 such that (w,z) — f(w)z is measurable and x — f(w)x is
continuous for P-almost all w. With the help of the skew product transfor-
mation © : E — E, O(w,z) = (Yw, f(w)zx), we call a probability measure p
on (E,F®BNE) f-invariant if it is invariant under © and has marginal [P
on (2. Any such measure p disintegrates via du(w,z) = du,(x)dP(w) with
disintegrations satisfying f(w)u, = poo P-a.s. For these invariant measures
u we introduce the fibre (or relative) entropy of f with respect to u according
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to [Kif86] as h,(f) = hu(O|(Pro|g) " (F)) where the right-hand side is the
conditional entropy of © with respect to (Pro|g)~*(F) and Pro|g is the
natural projection from E to {2. Equivalently one can define h,(f) using
countable partitions P = {A;} of X into measurable sets A; as

n—1
_ _ : o -1lp 3
hu(f) = sm;p hu(f,P) = sm;pnli}ngo H,, ( Z_\:/0 fl,w) me) P-a.s.

where H,_(P.,) denotes the entropy of the partition {A4; N E,} of E,, and
the supremum is taken over all partitions P such that { H,  (P,) dP(w) < .
This representation of fibre entropy can be found in [Bog93] together with
a version of the Kolmogorov—Sinai Theorem which states that for partitions
P satisfying \/;o___ f(i,w) " Pyi, = BN E,, so-called generators, one has
hu(f) = hu(f, P).

We will be mainly interested in the case where X := [[°__ 7% where
7+ = 7% U {oc} denotes the one-point compactification of Z* = {1,2,...}
and X is compact in the product topology and metrizable. We denote the
elements of X by # = (2;). The continuous mapping ¢ : X — X defined
by (ox); = w41 is called the (left) shift. Let k denote a ZT-valued random

variable and put

Srw)i={z € X :2; < k(V'w) for alli € Z} = H {1,... k(W'w)}.
Then {0 : Yi(w) = Zp(Yw) : w € 2} determines a bundle RDS known
as random k-shift (cf. [Gun99]). If {logk dP < oo, then the partition of X
into one-cylinders {z € X : z; = k},ez yields a generator and the random
version of the Sinai—-Kolmogorov Theorem can be applied.

For the random k-shift we consider an invariant measure p induced by
a random probability vector p = {p(w) = (p;(w)) € [0,1]*“) : w € 2} via
disintegrations on cylinder sets as

pol{o € Sy(w) i ai = ag fori = —n,...,n}) = [] pa(9'w)
for any n € N and a; € {1,...,k(9w)}. The resulting dynamical system
(Xk,o,p) is called the random p-Bernoulli shift. Its entropy is given by
k(w
hu(o) = = 1351 pilw) log pi(w) dP(w).

In the following we will be concerned with the classification of random
Bernoulli shifts via fibre entropy. We will call two RDS over the same ab-
stract dynamical system (£2, F,P, ) isomorphic if the induced skew prod-
ucts are isomorphic relative to ¥.

2.1. THEOREM. Let (X, 0) with Slogkz dP < oo be a random p-Bernoulli
shift with corresponding o-invariant measure p and entropy h = h,(o).
Assume that the probability space (2, F,IP) is complete. Then there exist
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e a probability vector ¢ = (q1,...,qn) for some n € N, and a correspond-
ing Bernoulli shift ({1,...,n}% o) with corresponding o-invariant measure
Z
v=gq-,
e a measurable isomorphism & : (Xy, p) — (2 x {1,...,n}% P x v) such
that

hu(U):h; @O@:@O@, PI’QO@ZPI'_Q.

d is a fibrewise homeomorphism in the following sense: Write ®(w,x) =
(w, pw(x)). There exist o-invariant measurable subsets A1 C Xy and Ay C
2 xA{1,...,n} with p(A1) = (P x v)(A2) = 1 such that ¢y, is a homeomor-
phism between A;1(w) and As(w), where A;(w) := {x : (w,z) € A;}.

3. Structure of the proof. In the proof we will allow infinitely many
symbols. Every random probability vector p = (p;(w));en defines a o-invar-
iant random product measure p, on X := 2 x X.

We will prove the following: Let p be any random probability vector such
that p = p, has finite entropy h, (o) = — SQ Yoo pi(w)log ps(w) dP(w). A
sufficient condition for finite entropy is that u is concentrated on X} for
some random variable k : 2 — N with Slogkz dPP < co. We will also assume
hu(o) > 0. (If hy(o) = 0 then for a.e. w there exists i = i(w) with p;(w) = 1.
In this case a random permutation of symbols yields an isomorphism to a
deterministic system.)

Then we will construct an isomorphism ¢ between (X, pp,) and (X, pg),
where ¢ is a random probability vector with the following properties:

(i) hp, (o) = hy, (o),
(ii) there exists a deterministic n with ¢;(w) = 0 for i > n,
(iii) ¢3 is independent of w and lies in the open interval 0, 1],
(iv) if there exists an ¢ such that p;(w) = p; € ]0,1] is independent of w,
then all ¢; are independent of w.

Properties (iii) and (iv) show that a twice repeated application of our
construction yields an isomorphism between an arbitrary random Bernoulli
shift with finite entropy and a deterministic Bernoulli shift.

The construction of the isomorphism & consists of several steps. In Sec-
tion 4 we define certain symbols to be “markers”, which will be fixed under
the isomorphism. The construction of the isomorphisms depends on the
positions of the symbols relative to the markers. This ensures that the con-
struction is shift invariant, which would not be the case if the construction
was based on fixed coordinates.

In the next step (Section 5) we construct a decreasing sequence of equiv-
alence relations R, (w) C X x X, which partitions X into equivalence classes
of comparable measure. This construction relies on the fact that the measure
of cylinder sets can asymptotically be estimated using the entropy.
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Section 6 contains the construction of the isomorphism. First we define a
probability vector ¢ which coincides with p on the set of markers and which
has at least one deterministic component. The space X is also partitioned
into equivalence classes with respect to ji4. For every natural number r we
construct a correspondence between the equivalence classes with respect
to u, and the equivalence classes with respect to p,. This correspondence
defines a relation R,(w) C X x X. Some properties of the R, (listed in
Lemma 6.1) will ensure that (), -, R,(w) is essentially a measure preserving
one-to-one relation, which gives the desired isomorphism.

The idea of the proof follows a deterministic proof of Keane and Smo-
rodinsky (see [CFS82, Chapter 10, §7]). In particular, in the investigation
of the combinatorial properties of the correspondences between equivalence
classes we can use most of the arguments of the deterministic proof. How-
ever, the random situation requires some new ideas. The main difficulty here
are nonuniformities which arise when the p; are not bounded away from 0
or 1. Most of the work which is needed to handle these nonuniformities is
done in Section 4.

4. Markers and skeletons

4.1. Definition of the markers. We start with a random probability
vector p = (pi(w))ieny and set p = p,. Without loss of generality we can
assume (due to a permutation of symbols) that

| p1(w) log pi (w) dP(w) < 0.
Hence there exists € > 0 such that
Plwe 2:pi(w) €le,1—¢]} >0.

In the case where p;(w) = p; € ]0,1[ is independent of w for some i we
assume ¢ = 1. The symbol 1 will play the special role of the marker for the
symbols in the infinite sequence. We pick a “good” set A € F such that

P(A) >0 and e<pi(w)<1—e foreveryw € A.

In case p; is deterministic choose A = 2, else choose A such that
—{ 4o P1(w) log py (w)dP > 0.
For w € A the marker 1 will not be changed under our isomorphism @,

i.e. if 7, = 1 and ¥*w € A, then the kth coordinate of ¢, (x) will be equal
to 1.

4.2. Entropy “relative to the markers”. Here we consider the “dynamics
relative to the fixed markers”. Set
pi(w) ifwé¢ A,
Di(w) =< piw)/(1 —p1(w)) fweA i#1,
0 fwed i=1,
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e (w) (w)
| —logpg,(w) if pyy(w) >0,
Flw,z):= {o if P, (w) = 0.

Then hg := SFd/Lp can be interpreted as the relative entropy produced by
the symbols ¢ A x {1}. We have hg < h < co. Since

_ W) o w W) — = pi(w) o pi(w) w
ho > Agcm ) logp1 (w) dP(w) ;§1p1<w>1 BT ) B

ho = 0 implies by the choice of A that p;(w) = p; is deterministic and for
almost every w there exists some ¢ = i(w) > 1 with p;(w) = 1 — p;. But
in this case there exists a trivial isomorphism to a deterministic Bernoulli
shift. Hence we can assume hg > 0.

Our next goal is to write F' as a pointwise limit of an increasing sequence
of bounded measurable functions. For this purpose set

Im(w) :=={i e N: pj(w) > 1/m}
for m > 1, w € 2 and choose 4, = iy, (w) minimal with
Di,, (W) := min p;(w).

1€ Jm (w)
Define
Di(w) for i € Jp(w)\ {im},
pi(myw) = ¢ 1— Dicdm (@) {igy Pi(w)  for i =i,
0 otherwise,

Fr(w, ) = {*108;]'0}0(77%60) for zo € Jm (w),
0 otherwise. N
Then lim,, 00 Pi(m,w) = pi(w) for all w € 2, i € N and Fpq1(w,x) >
Fo(w,x), ie. F, /" F for m — oo, and
lim Sﬁmdu - Squ = ho.

m—0o0

For » € N choose M, such that
\ Fas, dpp > (1= 2701 hy

and set F. := ﬁMT. ‘We note that
(1) F. <logM, and F =sup F, = lim F,.
r T—00

4.3. Construction of “skeletons”. Define a random variable Z : ¥ — N
and random subsets Z,,, n € N, of X' as follows: for (w,z) € X we choose
k > 0 minimal such that 9*w € A, z;, = 1 and set

card{j: 0 < j <k and YWw e A (= z; #1)}
Z(w,z) = ifwe A, zg=1,
0 otherwise,
Zy i={(w,x) : Z(w,z) > n}.
Thus we have determined sets of (w,x) with w € A, 29 = 1, and the next n
symbols corresponding to a noise realization in the good set A are different
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from 1. We have Z,41 C Zpn, (50 Zn) = 0 and p(Z,) > e"TP(A) > 0
by the choice of A. B

For n € N set
%n(w,z) =max{j <0: Z(6(w,)) >n},
Iin(w,ac) zinin{j >0:Z(07(w, ) >n},
lp(w, ) = bp(w, z) — an(w, x),

which are P-a.s. well defined and yield random variables describing length
of words which contain a word corresponding to Z,,. We have

(2) Up(w, ) \(—oo and En(w,z),zn(w,z) N +oo0.

If ap(w,z) < j < En(w,ac), then En(@j(w,x)) = Zn(w,x), an (07 (w,2)) =
En(w,z) 7.].7 and bn(@j(waz)) = bn(wvx) 7]
By Birkhoff’s Ergodic Theorem, for r € N,

,l;n,(w,z)—l

lim = ! Z Fo(09(w,z)) =inf Frdpu > (1 —2"")hy  p-as.

Hence we can find 0 < N1 < Ny < ... such that

N,
~—ho >
(3) ror h’O = IOg Mr
and
1 by (w,z)—1
. . J < __9—r < 9T
(4) ,u{(w,z) o) > F(0(w,x) <(1-2 )ho}_z ,

j:ar(wv’t)

where a,(w, z) := an, (W, z), by (w, ) := by (w,z) and £, (w,z) = I, (w, 2).
Let S be the set of all finite words from the alphabet {x, 1, x}. We define
a so-called r-skeleton for (w, ) by

S X =028, (wz)— (19“T(“”z)w,Tar(w,x),TaTH(w,x), ey To—1(w, ),
where
x if 99w € A°,

Ti(w,z) =<1 ifYweA z;=1,
x if Ywe A, x; # 1.

An r-skeleton is characterized by the property that it can be turned into
an allowable word by replacing the symbols * and x by some symbols from
{2,3,...} or {1,2,...}, respectively. Such a word is called a filler for the
skeleton. Note that r-skeletons consist of consecutive (r — 1)-skeletons.
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5. Partitions into equivalence classes

5.1. Equivalence relations. For (w,z) € ¥ and r € N set

Dy (w,z) = {(w,y) : $p(w,x) = sy (w,y)}.
We will now construct equivalence relations on the sets of fillers for s, (w, x),
which define partitions of D,(w, ) into equivalence classes.
For (w,z) € X choose k = k(w,x) < b1 (w, z) maximal with
b 1
Z Fl(w,x) S 710gM1+§h0£1(w,$)
j=a1(w,z)

which is possible because %hoﬁl (w,z) > %hoNl > log M; by (3). Now define

two relations ~ and - by

(w,2) ~ (w,y) & s1(w,z) = 51(w,y), k(w,z) = k(w,y),
<

xj & y; for a1 (w, z) < j < k(w, ),

(@ 2) = (@,9) & (,2) ~ (@,9),
where
i Sy & ow =y or {xg,y b 0 (T (0'w) \ {iag, (9w)}) =0
for r € N. For a1 (w,z) < j < b1(w,x) we have
(w,x) A (w,y) & 6(w,x) A 67 (w,y).
Define

| FA(w,z) for k(w,z) >0,
Grlw,z) = {0 for k(w,z) < 0.

Note that G1(0%(w,x)) = 0 for k(w,z) < j < b(w,x). Inductively we will
now counstruct suitable random variables G,.(w, z) satisfying G,—1 < G, < F,.
and

by (w,x)—1
(5) > Gr(@(w,x)) < (1= 27")holr(w,7) — log M,.

j=ar(w,r)

For r =1 this is clear, as

by (w,z)—1 ‘ k(w,x) )
Y Gi@(wa)= Y, Fi(O(w,x))
j=ai(w,z) j=ai(w,z)

h
< —logM; + 2261,

1
= hofl(w,l') <1 — 5) — IOng.
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Now consider r > 1 and assume that G,_; has been constructed. Then
choose k, = k,(w, z) < by(w, z) maximal with

ko by (w,z)—1
Y FE@(wa)+ Y G0 (wx))
j=a,(w,z) j=kn
< —log M, + ho(1 — 27" )y (w, x)
and define

_[Blwx)  for k(w) >0,
Gr(w,2) = {cH(w,x) for &, (w,) < 0.

Then
br(w,z)—1 _ kr(w,) _
(6) Z Gr (6 (w, 7)) = Z F (6 (w, 7))
j=a,(w,) j=ar(w,z)
by(w,z)—1
+ > GO (w,1))
Jj=kr(w,z)+1

< —log M, + ho(1 —27")ly(w, z).
Note that this construction is possible, as with the help of (3),
br —1

(w,2)
Z Gr1(07 (w,z)) < (1 — 27" Nhot,(w, x)

j=ar(w,z)

< (1 -=2""holr(w,x) — log M,.
Define

G(w,z) :=sup Gy (w,x) = lim Gr(w,x).

By (1), (4) and the choice of k. (w, x),

br(w,x)—1
1 - _ 2log M,
: Ej (@7 (w, ) > (1 =2 ")hg — —2—1
u{(w,:c) ) ( )G(@ (w,z)) > ( Yho mw,x)}
J=ar(w,r
>1-27".

We can deduce that

by (w,z)—1
1 .

G- (6 (w, ) du(w, x),

o, Y G )

as 3. G, is constant for @4 @2 (w z), ..., O @x)=1(y x). Therefore

6= |

2log M,
Grdp>a-27) [(1 9 by — 208
Ny
The right-hand side of this inequality tends to hy = SF dp as r — oo, since

2log M, ho
<
N, — r2r-i
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by (3). This implies
(7) G=supG,=F pas.

We introduce the following relations inductively for r > 1:

(w,z) < (w,y) & s (w,2) = 5.(w,y),

67 (w, ;) i~ O (w,y;) for a,(w,z) < j < by(w, ),
(w,2) ~ (w,y) & (w,2) = (,9),
zj & y; for ap(w,x) < j < ky(w, x).

Clearly the relation ~ is finer than the relation - and thus the equivalence
classes of - are unions of equivalence classes of ~.

5.2. Measure of the equivalence classes. Define

Ey(w,z):={y€ X : (w,z) ~ (w,y)},
B (w,z)={y € X : (w,2) = (w,y)}-

5.1. LEMMA. We have
(8) feo (B (w, 7)) 2 poo (D (w, ) exp(—ho(1 = 277)r (w, ),
9 Ho(BL(w,2)) > po(D(w, 2)) exp(—ho(1 — 27710, (w, 2)).
Furthermore, there exists a set B, C X with u(By.) > 1 — 27" such that for
all (w,z) € By,
(10)  po(Br(w,2)) < po(Dr(w,2)) M exp(—ho(1 — 27")l (w, 2)).

Proof. By definition of G, and ~,

by (w,z)—1
(1) pu(Belw,2)) = po(De(w,)exp(— Y GO (w,2))).
j=ar(w,x)
Together with (5) this implies (8). For B, we choose the complement of the
set appearing in (4). By (6) we have k. (w,z) < b,(w,2) — 3 on this set, hence
by (1) and the definition of G,
br(w,z)—1
Y. GO (w,))

j=ar(w,z)

br(w,z)—1 by (w,z)—1

= Z Fr(@j(wax)) + Z (Gr—l(@j(wax)) —FT(@j(w,x)))
j=a,(w,z) j=kr(w,z)+1
b (w,z)—1

> 3 F(0 (@)~ 2log M, > (1-27")hg ™ — 2log M,
j=a,(w,z)

by (4). Thus we obtain (10) with the help of (11).

To prove (9) observe that E!(w,z) (if » > 1) is the intersection of i~
equivalence classes E of length ¢; such that ), ¢; = {,(w, x). It follows from
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(8) that

E/ w :C H/Lw > ,Uw Dr(waz))HeihquQiﬂrl)ei

= Mw(Dr(w,x))efho(lfrrﬂ)lr(“”m). n
6. Construction of the isomorphism
6.1. The probability vector q. With a € [0,1] define
G(w)=pi1(w) forwe 4, q(w)=0forwe A°
g3(a,w) = ae, gy(a,w) =1-q(w)—gla,w).

Note that
a+— aelogae + P(A)(1 — ae)log(1l — ag)
1—q(w) —ae 5
+ | (1 - q1(w) — az)log e e =M@

Ac

is continuous in a and lim,_,¢ E(l)(a) =0. If 71(1)(1) > hg, then by the
intermediate value theorem there exists an ag € (0, 1] such that 2(Y) (ag) = ho
and we can consider

QQ(W) = qg(a@aw)a Q3(CLJ) = qé(a()aw) = Qap€.

Otherwise we set g2 := ¢2(1), h= 71(1)(1) —eloge and choose g3, . .., g, such
that q3 + ...+ qn = €, q; does not depend on w, and

Z%’long' = ho — h.
i=3

For v := p, we construct skeletons and equivalence classes of fillers in the
same way as for u above. For a.e. (w,z) € X we have

VW(DT(‘U’ x)) = :uw(DT(wa x)) = pl(ﬂar(w7x)w) H(l _pl(ﬁjw))

jeJ
with J = {j : ar(w,z) < j < bp(w,x), Yw € A}.
D, (w,z) splits into finitely many ~ equivalence classes EY), . ,Egr)
corresponding to p and analogously into equivalence classes EY), e ,Et(T)

corresponding to v instead of p in the construction of the equivalence rela-
tion ~.

6.2. Relations on X x X

6.1. LEMMA. For P-almost all w € §2 there exists a sequence (Rr(w)),eN
of subsets R.(w) C X x X which is decreasing in the sense that R,11(w) C
R.(w) and has the following properties:

(i) (z,y) € Rr(w) = sr(w, ) = $p(w,y).
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(ii) If r is even, then R, (w)N (Dy(w,x) X D.(w,x)) is a (finite) union of
products of equivalence classes, i.e. if (w,z) ~ (w,z') and (w,y) < (w,y’),
then (z,y) € Ry(w) < (2/,y') € Re(w). If r is odd, the roles of ~ and =
are interchanged.

(ili) For fized x € X and every n-cylinder C C X the set {w : Ry(w) N
({z} x C) # 0} is measurable.

(iv) Ry(w) is correct in the sense that v,(Ry(w,B)) > u,(B) for every
measurable subset B of X, where R.(w,B) = {y € X : 3z € B such that
(5,) € Ry(w)}. o |

(v) (z,y) € Ry (w) & (09x,07y) € R.(Pw) for ar(w,z) < j < bp(w, ).

(vi) Ry(w) is minimal in the sense that if S C R,(w) satisfies the condi-
tions (1)—(v), then S = R, (w).

Proof. We construct (R,(w)) explicitly. Start with REO) (w) = A{(x,y) :
s1(w,z) = s1(w,y)}. There is a natural ordering on the set of fillers for

$r(w,x), which induces an ordering on the equivalence classes. We go

-(1), E(-l)) in order and put

through all pairs (E ;

K2

R(k+1)(w) o ng)(w) \ (EZ-(l) X E](-l)) if this defines a correct subset,
! . ng) (w) otherwise.

Then R;(w) := RP?(w) is a correct and minimal subset satisfying all the
properties (i)—(vi).

We are now in an w-wise situation described in [CFS82, Chapter 10, §7]
so that we can take over some combinatorial results from there.

Suppose r > 1 is even. Recall that s,(w,x) is a sequence of (r — 1)-
skeletons

5r-1(07 (W, 2))8,_1 (072 (w,2)) ... 5,1 (0% (w, 2)).

Each of these skeletons defines a partition of X in equivalence classes, where
the = equivalence classes are exactly the sections of i~ equivalence classes
with respect to s,_1(607¢(w,x)). Now assume that R,_1(w) with the proper-
ties (i)—(vi) exists. We can define a new subset
RO (w) := {(z,y) : 5,(w, ) = sr(w,y),
(0 2,09 y) € Ry (W'w) for 1 <1<k}
C Rr_l(w).

This Rgo)(w) has all the properties (i)—(v):
e (i) and (v) follow from the definition.

e (ii) holds, as (w,z) ~ (w,y) = (w,2) < (w,y) = (w,z) i~ (w,y).
e (iv) follows from [CFS82, Chapter 10, §7, Lemma 7].
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e (iii) is true, as R,(w) is a countable union of products of cylinder sets

depending measurably on w.
2

w) is not necessarily minimal, but by the same procedure we have

already applied to obtain Rj(w) from Rgo) (w) we can construct a subset
R, (w) which keeps all properties (i)—(v) and is minimal in addition. Namely
we can construct R, (w) by going in order through all pairs of ~ (with respect
to i) and = (with respect to ) equivalence classes respectively. We remove
all pairs which are not needed for correctness. If r is odd, we can proceed
analogously, interchanging the roles of ~ and Z. =

6.3. A one-to-one relation. For r € N and E C X put

R.(E) :={(w,y) : I(w,z) € E with (z,y) € R, (w)},
R7YE) = {(w, ) : 3w,y) € E with (z,9) € R, (w)}

T

and set
R := ﬂ R,.
r=1

Using the completeness of (2, F,IP) it is possible to deduce from Lemma
6.1(iii) the measurability of R,(F) and R, !(E) and thus of R(E) and
R7Y(E) for any measurable set E C X.

By (2) and Lemma 6.1(v) there exist subsets S1,71 C X with u(S1) =
v(T1) = 1 such that

whenever j € Z and (w,z) € S1, (w,y) € Th.

6.2. LEMMA. There exist shift invariant measurable sets S C Sy, T C
Ty with p(S) = v(T) = 1 such that R restricted to S x T is a one-to-one
relation.

Proof. For even r € N set
K, = {(w,2) : R.(w,x) consists of one -~ equivalence class},
and
L, :={(w,x) € K, : yo is uniquely determined
in the equivalence class R, (w,)}.

Fix D,(w,z). Let n,(w,z) be the number of ~ equivalence classes (with re-
spect to p) E. C D,(w,z) for which there exist at least two = equivalence
classes E!. # E!' (with respect to v) with E, x E, E, x E C R,(w). By the
construction of R,.(w) and [CFS82, Chapter 10, §7, Lemma 6], n,(w,x) is
bounded from above by the total number of ~ equivalence classes in D, (w, z)
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with respect to v,,. From (9), n,(w, ) < exp(ho(1 -2~ (w,z)). Defin-
ing
KL= {(@,2) € £\ Gy : o Bolwo, ) < M2e—h00=200) (D, (w0, 2)}
we thus have
o (Dy (w0, 7) N K

< pto(Dy (w, ) exp(ho(1 — 27 D) 0, (w, 2)) M2 exp(—ho(1 — 27" (w, 7))

= 1 (D (w, ) M? exp(—ho2 "4, (w, z))

< o (D (w, 2)) M2 exp(—ho2™"N,.),
which shows that

w(KL) < M?exp(—ho2™"N,) < M*M; " =0 asr — oo.
On the other hand, we consider
Kl = {(@,2) € D (B, ) > M2 exp(—ho(1 — 276, (w,))}.
By (10), u(K”) < 27" — 0 as r — oo. Therefore we deduce from K, D
2\ (K] UK!) that
lim p(K,)=1.

r—o00
In order to deduce an analogous result for L, we consider
L, = {(w,y) : yo uniquely defined

in the = equivalence class with respect to v}.

If we define functions F and C:‘T analogously to F' and G, with p; replaced
by ¢;, then

(w,y) € L, & éT_l(w,y) = ﬁ(w,y) # 0,

which implies via (7) that lim,_,. v(L,) = 1. From Lemma 6.1(iv), for
L' := R7Y(L,) it follows that lim, oo p(L.) > lim, 0o (L) = 1. Since
L, = K, NL! we have

g M) =1
Define L := Uf’;l Lo N'Sy. The set Sy := ﬂ;’;foo O is shift invariant
with p(S2) = 1. For (w,z) € Sy there exists at most one y € X with

Analogously we can find a shift invariant set T C Ty with v(7T2) = 1 such

that for (w,y) € Ty there exists at most one x € X with ((w,z), (w,y)) € R.
Set
S:={(w,x) € S : I(w,y) € Ty with ((w, ), (w,y)) € R},
T:={(w,y) € Tp : Iw,x) € Sz with ((w,z), (w,y)) € R}.
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Clearly R(S) C T and R~*(T) C S. Therefore R is a one-to-one relation on
S xT. We have

1= p(Se) =v(Te) < lim u(R(T2)) = w(R(T2)),

T—>00
which implies
u(S) = p(S2 N Ry (T2)) = 1.
Analogously v(T)=1. =
6.4. The isomorphism @. Now we are prepared to finish the proof. Define
®:S5— 1T via
[B(w,2)} = R{@.2)}) and y=6u(2) & (w,y) = dw,2).

From 6.3 it is clear that @ is measurable and commutes with ©, i.e.
¢9w 00 =00 ¢w-
For E C S we have (using v(T°) = 1)
v(@(E)) = v(T NR(E)) = v(R(E))
- u( N RT(E)) = lim v(R,(E)) > u(E),
r=1

=00

and analogously u(®~1(E)) > v(E) for E C T, i.e. ¢ is measure preserving.
It remains to show the continuity of

o S(w) ={z: (w,z) €S} > Tw) ={y: (w,y) €T}
and of ¢ 1. Let
C={zeX:z_p,=a_pn,...,Tn =an}
be a cyhnder set and € X with ¢, (x) € C. There exists an even r € N
with @' (w,z) € L, for |i| < n (L, from the proof of Lemma 6.2), i.e.

the coordinates (¢, (z)); for |i| < n are uniquely determined by the =
equivalence classes E'.(©%(w,)) for —n < i < n. Hence

$@n( ) 07 B0 (w,)) € 6.1(C),
which means that ¢_!(C) contains an open neighbourhood of x in S(w).
The continuity of ¢! follows in the same way.

7. Remarks. Our main result states in particular that one can find
relative isomorphisms which are able to decouple the noise from the shift
in random shifts. This means that qualitatively a random Bernoulli shift
shows the same behaviour as a “deterministic” Bernoulli shift, at least in the
ergodic theoretical sense. Though random Bernoulli shifts do not generate
any new dynamical phenomena, they are useful in investigations of RDS,
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e.g. those generating random fractal structures (cf. [Kif96]), as they draw a
real-time picture of the dynamics in contrast to other symbolic descriptions
which might be obtained via relative isomorphisms.

If we recall from Ornstein’s theory (see for example [Orn70], [Pet83] or
[CFS82)) that all two-sided Bernoulli shifts of the same entropy are isomor-
phic, we have the following amendment to Theorem 2.1.

7.1. COROLLARY. Any two random Bernoulli shifts (X%,,0,pu1) and
(Xh,,0,12) of the same entropy and with loghk; € LY(02,P), i = 1,2, are
relatively isomorphic.

This result can even be extended to a wider class of random shifts and
RDS. As pointed out by Thouvenot such a work can make use of an ex-
tension in [Lin77, Appendix] of the relative isomorphism theory of [Th75a].
There, the same notion of relativized or fibre entropy is used together with
the assumption that F is countably generated by a partition H. Then it is
proved that if there exists a finite partition P of the bundle FE or 2 x X
that has the property known as H-conditionally finitely determined, then the
corresponding RDS if it has finite fibre entropy, is relatively isomorphic to a
random Bernoulli shift of the same entropy. In fact, the condition of a finite
partition P can be weakened to countable partitions with finite entropy,
as it is only used to obtain a version of the Shannon-McMillan—Breiman
Theorem, which in our situation is provided by [Bog93, Theorem 2.2.5].

The notion of a partition to be H-conditionally finitely determined is
rather abstract and difficult to check. Fortunately it could be shown by
[Th75b] that it is implied by the so-called very weak Bernoulli property of
a partition; these notions are in fact equivalent, as shown in [Rah78] (see
also [Kie84]). We will use only a restriction of that notion, the weak Ber-
noulli property of a partition (see e.g. [Shi77]) with an w-wise representation
according to [Kie84].

7.2. DEFINITION. Let P, Q be two partitions of a measurable bundle £
such that P(w) and Q(w) are finite partitions of FE,, P-a.s. They are called
(w,e)-independent with respect to a probability measure u for some & > 0 if

Z o (PN Q) — puw(P)pw(Q)] < e.
PeP(w), QeQ(w)
The partition P is called weak Bernoulli with respect to a bundle RDS ¢
and its -invariant measure p if for every ¢ > 0 and P-a.a. w € 2 there
exists an N = N(w,e) such that the partitions \/?:_01 o(i,w) 1P (Piw) and
ViZy @i 4+ t,w) " "P(9 W) are (w,e)-independent for all n > 0, r > 0,
t>s+ N.

Obviously random Bernoulli shifts and also random Markov shifts with
aperiodic matrices P (cf. [Gun99]) have the weak Bernoulli property with
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respect to the partition in one-cylinders. Thus the already mentioned result
of Thouvenot and Lind, which we can cite as follows for our situation, applies
to them.

THEOREM 7.3 (Thouvenot-Lind). Assume that F is countably gener-
ated. Then any two random k-shifts (Xi,,0, 1), (Zk,, 0, 2) which satisfy
the weak Bernoulli property and have the same entropy are (relatively) iso-
morphic. In particular they are isomorphic to a random Bernoulli shift with
this entropy.

Let us mention once more that such a classification result allows the
decoupling of the noise process described by the abstract dynamical system
(2, F,P,¥9) and the shift dynamics. The price one has to pay for this de-
coupling is the loss of information, e.g. on time scales, due to the relative
isomorphism. Moreover this result shows implicitly that an interesting class
of random shifts does not generate any new dynamical features. Nevertheless
it is useful in analyzing smooth RDS with hyperbolic properties.
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