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Abstract. We extend the Davenport and Erdds construction of normal numbers to
the Z4 case.

1. Introduction. A number a € (0,1) is said to be normal to the
base b if in the b-ary expansion of a, a« = .dids... (d; € {0,1,...,b — 1},
i = 1,2,...), each fixed finite block of digits of length k appears with an
asymptotic frequency of b~ along the sequence (di)i>1. Normal numbers
were introduced by Borel [B]. Champernowne [C] gave an explicit construc-
tion of such a number, namely

0 = .123456789101112. ..

obtained by successively concatenating all the natural numbers written to
base 10.

Let o(x) = ax"+a12" ' +.. . +a,_12+0a, (o > 0,7 > 1) be a polynomial
with integer coefficients such that ¢(n) > 0 (n = 1,2,...). Davenport and
Erdés [DE] generalized Champernowne’s construction and proved that the
number

p(M)p(2)...o(n). ..

obtained by successively concatenating the b-expansions of the numbers ¢(n)
(n=1,2,...) is also normal. We refer the reader to other generalizations of
Champernowne’s construction which appear in [AKS] and [SW].

In [LeSm] we extend Champernowne’s construction to Z%, d > 1, ar-
rays of random variables, which we shall call Z%processes. We shall deal
with stationary Z%-processes, that is, processes with distribution invariant
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under the Z¢ action. We shall call a specific realization of a Z%process a
“configuration”.

In this note we generalize the Davenport and Erdos construction to the
7% case. For the sake of clarity, we carry out the proof only for the case
d = 2. The generalization for general d > 2 is easy and straightforward. We
begin with a very simple generalization (see also [Ci] and [KT]).

We denote by N the set of non-negative integers. Let d,b > 2 be two
integers, N = {(ny,...,nq) | n; € N, i =1,...,d}, A, = {0,1,...,b— 1},
2 =AN"

We shall call w € 2 a configuration (lattice configuration). A configura-
tion is thus a function w : N¢ — A,.

Given a subset F of N, wp will be the restriction of the function w to F.
Let Ne N4 N = (N1,...,Ng). We denote a rectangular block by

Fn={(fi,...f) eN" |0 f; <N, i=1,....d},

h = (hi,...,ha), hy > 1,i=1,...,d; G = Gy is a fixed block of digits
G = (gi)iern, i € Ab, Xw,c(f) is the characteristic function of the block of
digits G shifted by the vector f in the configuration w:

_J1 fw(f+i)=¢g, Vi€ Fn
1 w f — ) )
(1) X ’G( ) {0 otherwise.

DEFINITION. w € 2 is said to be rectangular normal if for any h € N¢
and block Gy,

(2) #{f € PN | Xwo(f) =1} —b~ MmN . Ny =0o(N;y ... Ny)
as max(Ny, ..., Ng) — oo.

As remarked, in what follows we shall consider the case d = 2.

CONSTRUCTION. The map

B f2+f if fo < fi1,
(3) L(fl,f2)_{f;2+22f2—f1 1ff22f1a

is a bijection between N and N2, inducing a total order on N? from the
usual one on N. Let I,, = [a=1/@)p27°/7] n = 1,2,... We define the con-
figuration w,, on Fa,1, 2n1,) @s the concatenation of I2 2n x 2n blocks of
digits with the lower left corner (2nz,2ny), 0 < z,y < I,. To each of these
blocks we assign the number ¢(L(x,y)). Next we use the b-expansion of
©(L(z,y)) according to the order L to obtain the digits of the 2n x 2n block
considered. It is easy to obtain an analytic expression for the digits of the
configuration w,:

(4) wWn(2nx + 5,20y +t) = ap(s(u),

where
(5) u=u(z,y) = ¢(L(z,y)),
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s,t,x,y are integers, 0 < x,y < I,,,0 < s,t < 2n, and
(6) n = Z a;(n)b’

i>0
is the b-expansion of the integer n.

Next we define inductively a sequence of increasing configurations w,
on Fionr, on1,)- Put wy = wi, w1 (f) = w) (f) for £ € Fo,1, 201,) and
wy, 1 (F) = wnq1(f) otherwise. Put
(7) Weo = lim W;w (WDO)F(znln,an") = w;u n=12,...

THEOREM. wy 18 rectangular normal.

The proof of the Theorem is given in Section 3.

2. Auxiliary notation and results. Let (uz);>0 be an arbitrary se-
quence in [0,1). The quantity

(8) D(N)=D((us);=) = e

I#mSnSN—uuxe[O,w}—w\

is called the discrepancy of (u,))-'. The sequence (u;)z>o is said to be
uniformly distributed in [0, 1) if D(N) — 0.

To estimate the discrepancy we use the Erdés—Turdn inequality (see, for
example, [DrTi], p. 15)

Q ND(N)§2<H+1+O<§<H clmell).

where e(y) = >, m = max(1,|m|) and H > 1 is arbitrary.
We shall use the following Weyl inequality (see, for example, [DrTi],
p. 15):
217k:

L
(10) Y ew@)| < cOL g + L7 gL

x=1

where ¢(x) = fz* + B2 . 4 Brorx + B, |B - p/al <1/, (pg) =1
and 6 > 0 is arbitrary.

3. Proof of the Theorem. Consider the configuration w,, where n
satisfies the following inequality:
2(n — 1)I,—1 <max(Ny, No) < 2nl,.
Let hi,hs > 1 be integers and
diy i, €{0,1,...,0—1},  0<4d3 < hy, 0<iy < hs.

We consider the block of digits G = (d;; i,)0<ii<hy, 0<is<hs, the configuration
wn, and the block of digits wo = (wn (%, §))o<i<Ny,0<j<N,-
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To compute the number of appearances of the block G in the configura-
tion wg, we introduce the following notation (see (1)):

(11) Vn,G(L1,M1;L2,M2)
= U {(r9) | Xeon.c(irg) = 1},

(4,§)€[L1,L1+M1)X[La,La+M>)
(12)  Vig(Ni, N2)=V;, (0, N1;0, N2).

Let
(13) N1 = 271N11 +N12, N2 = 2TLN21 +N22, with N127N22 S [0,271)

Next, we fix s,t € [0,2n), and compute the number of appearances of G
in the configuration wy = (wn(?,7))o<i<n,0<j<n, such that the shift of the
block G by the vector (i, j) satisfies i = s (mod 2n), j =t (mod 2n). Set

(14)  Agpa(My, My) = U {(i,4) | Xwn.c(i,5) =1 and
(i,j)G[O,Qan)x[O,2nM2)
i=s, j=t (mod 2n)}.
Let € > 0 be arbitrary. To complete the proof of the Theorem it is
sufficient to prove that for all s,¢ € [en, 2n(1 — €)),

|#Aq +.c(My, My) — b=""2 My My | < e My M.
Observe that

(15) Vn,G(Nh Ng) = Vn7G(2nN11, 271]\721) U Vn,G((); 27IN1, 2nN21, N22)
U Va,c(2nN11, N12;0, Na)

(16)  Vi,g(2nNy1,2nNgy) = U U Agv.c¢(Ni1, Nap),
0<s<2n 0<t<2n

(17) Vn,G(OaZanl;2nN21;N22)

= U U (Ast,c(N11, Nox + 1)\ Ag ¢, ¢(N11, Na1)).
0<s<2n 0<t< Nas

Now let
(18) v(i1,i2) = v(s,t,01,42) = L(s + i1, +ia).
Everywhere below 0 < s,t < 2n — hyhs.

Using (4)—(6) we see that the condition

(19) wn(2mc+3+i1,2ny+t+i2) = di17i27 V(il,ig) S [07]11) X [07h2),
is equivalent to the statement

(20) av(ilyiz)(u(m,y)) = di1,i27 V(il,ig) S [0, h1) X [O,hg)
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From (14), (1) and (19), (20) we obtain
(21)  Agia(My, Ms)
={(2nx + s,2ny +t) € [0,2nM;) x [0,2nM3) |
av(i17i2)(u(x7y)) = di17i2’ v(ilriQ) € [O’hl) X [Oa hQ)}

Let ki,...,kn (h = h1he) be an increasing sequence of integers from the set

(22)  {v(s,t i1 ia) +1]i1 =0,1,...,h1 — 1, i3 =0,1,..., ho — 1},

and p(i1,i2) € [1,h] ((¢1,i2) € [0,h1) x [0,h2)) be a sequence of integers so

that

(23) /”'(i17i2) > /’(‘(jlan) <~ U(SvtailviQ) > U(S,t,jl,jg),

where i,,7, € [0,h,), v =1,2. Tt is evident that

(24) ku(ilaiZ) :’U(S,t,il,ig)—Fl, il :0,1,...,h1—1, iQZO,l,...,hQ—l.

Now put

(25)  dugirig) = div iy 1= 0,1, hy =1, iy =0,1,... hy — 1.

From (21)—(25) we see that

(26)  Agic(Mq, M) ={(2nx + s,2ny +t) € [0,2nM7) x [0,2nMy3) |
ag;—1(u(z,y)) = d;, Vi €1, hiha]}.

LEMMA 1. Let My, M, € [0,1,,), I, = [a=Y/@)p27°/7] st € [0,2n —
15h], h = hihy. Then

(27)  #As (M, M)

ph2—k1—-1_1 pER—kh_1-1_1
= E E Bst(Ml,Mg,d(ZL’Q,...,fEh)),
x2=0 xp=0

where
(28) B (My, My, d) = #{(z,y) € [0, My) x [0, My) |
(u(m, y)b"} € [d/pP R+ (d 4 1) /pFn—Fi+1)),
and
(29) d=d(xa,...,xp)
=dy + zob+ dab®2 R 4 g bFrr TRt g ek

Proof. From (6), we see that the condition ag,_1(u(z,y)) = d;, Vi €
[1, h], is equivalent to the statement

u(z,y) = 1+ di D T b+ dobP T L b dp b T g b

with z; € [0,6%Fi-1=1) ko =0, i =1,2,...,h, 141 > 0. Using (26) and
(29) we get
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(30)  Asia(My, M)

pr2—k1-1_1 pkh—kn—1-1_4
= U - U {@na+s2ny+1) €[0,2nM1) x [0,2nM) |
x2=0 xp=0

u(z,y) =x1 + d(xa,. .. ,xh)bklfl + xh+1bkh}

for arbitrary integers x; € [0,6%17!), x;,1 > 0. Bearing in mind that the
condition
u(z,y) = 21 + dbF 71 4 ap, D

is equivalent to the condition

d d+1
—kn
{u(z, y)b=""} € |:bk‘h,k1+1’ bkh,k1+1>

we deduce from (30) and (28) that
As,t,G(Mla MZ)

ph2—k1—1_1 bR —kn_1—1_1
= U U {2nz + s,2ny +t) € [0,2nM7) x [0,2nMy) |
x2=0 xp=0

{u(x,y)b—kh} € [d/bk}L—k1+1’ (d + 1)/bk"_k1+1)}. -

LEMMA 2. Let 1 < My < M, € [b$27°/7 1), I, = [a= 1/ C@rp2n?/r) ¢ =
(1—¢)2+¢e€(0,1), s,t € [en,2n(1 —¢)], h = hiha, n > 4/e% ¢ € (0,1/(47))
and 0 < |m| < H = pn—ki+5t Then

My—1 M;—1

(31) = X 2, clmdmad o) = O(M My H 17"

22—2772

).

Proof. By (22), (18) and the condition of the lemma, we get

(32) ky = max(s? +t, 1>+t —s), k —s—1t>e*n?/2,
(33) 0 <kp, —ky < 2shy + 2thy + 2h? + 2h3 < 8nh + 4h?,
H =0(""").

Let )
(34) Mo e B2/ L], & =(1-¢e)+¢,
and

Mgfl

oly) = Y elmp(a®+y)b~*).
x=0

Applying Weyl’s inequality (10) with § = 2727272 [ = My, k = 2r,
B =amb *r q=0bk/d and d = ged(b*», am), where a > 0 is an integer, we
obtain
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(35)  |o(y)l
< 0(527,2727*72)M&+62r272r72 (bfkhd + Mo—l + bkhdflMo—Zr)

Using the assumption of the lemma, (34), (18), (22) and (32), (33) we
get

g—2r+1

(36) bFnd < b_kha\m| <ab FhH = qpFtstt
_ O(b7k1/2) _ O(b782n2/2)’
(37) M0*1 < b72((17€)2+52)n2/r < bfnz/rj

(38) bkhd_lM(;QT < b(kh)max (MO);IQIT < b4n2(1—5)2+2n—2’r(((1—8)2+52)2n2/r)

_ b74n252+2n — O(b72n262>.

Now from (33)—(38) we have

Mo_lo'(y) _ O(M6:2r2_2r_2b752n22_%) _ O(b7€2n22_27‘_1)7
and 2, 265—2r—2
(39) HMG o(y) = O <7277,
Putting
MZ-1
(40) a1= Y elmp(x)b "),
z=0
Ma—1 M;—1
(41) oy =Y > elmp(a® +y)bFn),
y=0 x=0
Ma—1
(42) os= 3 elmpla® + b ),
x,y=0
and using (5) and (31), we obtain
Ma—1 My —1
(43) S(m) —o1 = Z Z e(mu(x,y)b~") = g9 — 3.
y:O .’I,':MQ

If M < 17512”2/7”7 we apply (39) with My = M; for o9, and the trivial
estimate for oy and o3:

(44)  HM{'My'S(m) =002 4 (HM ' My ")M3)
_ O(b7€2n22_2r_2 + blGnh+(§17§)2n2/r)
_ O(b_é_znszmvfz).
Now let My > bE12n* /T We apply (39) with My = Ms for o9 and for o3:

22727‘—2

(45) HM{ My (|oo| + |os]) = O™ ).
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To estimate the sum o we apply Weyl’s inequality with 6§ = £2r2727—3,

L=M3k=r, 8=amb q=0tr/d d=gcd(b*,am), and repeat the

calculations (35)—(39):

(46) HM{'M; Yoy | = 0B~

By (44)—(46) the assertion of the lemma follows. m
LEMMA 3. Under the assumptions of Lemma 2,

(47) D = D(({u(a,y)bFn ML Mamly — g (phi—kn—s=ty,

=0, y=0

22727“72

).

Proof. We apply Lemma 2, (31), (33) and Erdds—Turdn’s inequality
with H = bFr—Fitstt to get
_ _ S(m)]
D=0O(H "+ (M M) Stm)|
( + (M1 Ms) Z p—

0<|m|<H
1 1
- O(H 1(1 + S““oq%:g{m))
=O0OH "1+ (s+t+1)" " logH))
—OH YA+ (s+t+1) " kn—k+5+1))=0H ). m
Using the definition of discrepancy (8), we get:
COROLLARY 1. Under the assumptions of Lemma 2,
(48) Byt (My, My, d) = My Mab* =*n=1(1 4 O(b=*71)),
where Bg(My, Ma,d) is defined in (28).
COROLLARY 2. Under the assumptions of Lemma 2,
(49) #As1.6(My, My) = b~ "My My + O(My Mab™ 7).
Proof. This follows from (28), Lemma 1 and Corollary 1. m

LEIZ\/IMA 4. Under the assumptions of Lemma 2, let 1 < Ny < Ny €
[2nb$27°/7 2n1,,). Then

#Vn’G(N17N2) — b_h4n2N1N2 = 200€0N1N2 + O(NlNg/n), ‘€0| S e.
Proof. Using (16) we have
(50) Vn7g(2nN11,2nN21)

= U U U A t.6(N11, Noy).

en<s,t<2n(l—e) min(s,t)<en 2n(l—e)<max(s,t)<2n
We apply (49) to the first union and the trivial estimates to the other unions:
(61)  #V,.¢(2nNi1,2nNa)
= Z (07" N11 Nay + O(N11 Noyb™*74)) 4 1651n% Ny1 Noy

en<s,t<2n(l—e)
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= b7h4n2N11N21 =+ 3252n2N11N21 =+ O(NllNgl),
N21217 |€i|<€7 i=1,2.

Similarly, from (17) and (49) we obtain

(562)  #V4,6(0,2nN11;2nNay, Nog)
= > > (b7"Ni + O(Nipb* ) + 16e3n. N1 No

0<s<2n 0<t<Naz
= b"2nN11 Nog + 3264nN11 Noy + O(N11 Nao)
5 with |&;| < e, i = 3,4. We get a trivial estimate from (11)—(13):
#Vn,c(2nN11, N12;0, N2) < NaNiz < 2nNa < NiN2/n.
Now the assertion of the lemma follows from (13), (15), and (51)—(52). m
Similar notation is introduced for the configuration w (instead of wy,):
(53)  Va(P1, P2) = {(v1,v2) € [0, P1) x [0, %) |
w(m + il,UQ + 22) = di1,i27 V(il,’iz) c [0, hl) X [07 hg)}

We prove the Theorem for the case N; > N;. The other case is simi-
lar.

End of the proof of the Theorem. Let 1 < Ny < Ny, N; > 4b8. Then
there exists n > 3 so that

(54) Ny € 2(n—1)I,—1 — h,2nI, — h).
Now let
(55) N{=2(n—1)1I,_1 —h, N})=min(Ny, Nj).

From (53) and the definition of the configurations w, w,, we get

(56) #VG(N1?N2) = #VW7G(N17N2) - #Vn,G(N{7Né) + #VG(N{7N5)
+ 2€1hNé + 2€2N1 min(h, N2 — Né)

with |g;] < 1,4 = 1,2. It is easy to see that if No < n, then Ny = NJ,
otherwise h < hN,/n and

(57)  #Va(N1, N2) — #Vo.c(N1, Na) = #Va (N7, Ny) — #V, (N7, N3)
+453hN1N2/n with |€3| < 1.

Analogously

(58) #VG(NLNé) - #Vn,G(N{a Né) = #VG(N{/a NQH) - #Mz—l,G(N{/7Né/)
+ 4€4hN1N2/TL,
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where

(59) Ny =2(n—2)I,_2 —h, NY=min(Na, Ny), |eq] <1.

It is evident that

(60)  #Va(NT,Ny)+ #Voo(NT', Ny) < 2NNy < 2N1Na/n.
From (56)—(60) we obtain

#Ve(N1, No) = #V, (N1, Na) — #V,, (N, N3)
+ #Vn—LG(N{a N2/) + O(NlNQ/n)

It is easy to verify that
b§2n2/r _ O(Infl),

where ¢ = (1 —¢)2+¢ € (0,1), and I, = [a~Y/)p27°/7] Hence N; €
[2nb52”2/7', 2nl,) and we can apply Lemma 4:

#VG(N17N2)
=b""Ny Ny — b~"N| N} + 4005 N1 Ny + b~"N{ N} + O(N1 Ny /n)
=b""NiNy +400e5N; Ny + O(N1 Ny /n)  with |e5] < ec. m

Now from (1), (2), and (53) we obtain the assertion of the Theorem. m
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